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In this work, we introduce a class of balanced urn schemes with infinitely many colors indexed by 74,
where the replacement schemes are given by the transition matrices associated with bounded increment
random walks. We show that the color of the nth selected ball follows a Gaussian distribution on R? after
O(logn) centering and O(+/logn) scaling irrespective of whether the underlying walk is null recurrent or
transient. We also provide finer asymptotic similar to local limit theorems for the expected configuration
of the urn. The proofs are based on a novel representation of the color of the nth selected ball as “slowed
down” version of the underlying random walk.

Keywords: central limit theorem; infinite color urn; local limit theorem; random walk; reinforcement
processes; urn models

1. Introduction

1.1. Background and motivation

In recent years, there has been a wide variety of work on random reinforcement models of various
kind [3,11,13,15,17-20,24,29,30,33,34,36]. In particular, there has been several work on differ-
ent kinds of urn models and their generalizations [3,11,13,15,18,19,24,29-31]. The so called urn
schemes was started by the seminal work of Pélya [38]. Since then various generalizations with
finitely many colors have been studied in the literature [1-3,11-14,19,24-29,35]. See [36] for
an extensive survey of the known results. However, other than the classical work by Blackwell
and MacQueen [10], there has not been much development of infinite color generalization of the
Pélya urn scheme. In this paper, we introduce and analyze a new Pdlya type urn scheme with
infinitely many colors indexed by Z<.

In this work, we will only consider balanced urn schemes. More precisely, if R :=
(R, )i, jeza denotes the replacement matrix, that is, R(i, j) > 0 is the number of balls
of color j to be placed in the urn when the color of the selected ball is i, then for a balanced urn,
all row sums of R are constant. In this case, we may assume R is a stochastic matrix. We will
also assume that the starting configuration Uy := (U, ;) jezd is a probability distribution on the

set of colors, namely, Z¢. As we will see from the proofs of our main results, this apparent loss
of generality can easily be removed if ) jezd Uo,j < 00. Since R is a stochastic matrix and Up a

probability distribution on Z¢, we can now consider a Markov chain on Z¢ with transition matrix
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R and initial distribution Uy. We will call such a chain, a chain associated with the urn model and
vice-versa. In this work, we are interested to study the process when R is the transition matrix of
a bounded increment random walk on Z?. This is a novel generalization of the Pélya urn scheme,
which we term as urn model with infinitely many colors.

Our main motivation comes from the work of Blackwell and MacQueen [10], where the au-
thors introduced a possibly infinite color generalization of Pdlya urn scheme, with only a diago-
nal replacement scheme. The model then described a process whose limiting distribution is the
Ferguson distribution [9,10], also known as the Dirichlet process prior in the Bayesian statistics
literature [23]. Our model complements this work where we consider replacement mechanisms
with non-zero off-diagonal entries and observe that unlike in the Blackwell and MacQueen model
[10], the asymptotic configuration is non-random and is always approximately Gaussian after ap-
propriate centering and scaling.

It is worth mentioning here that due to the presence of the off-diagonal entries in the re-
placement matrix our models do not exhibit exchangeability of the observed sequence of col-
ors. Hence, we use completely different techniques than [10] to study our model. For finite
color case with off-diagonal entries, the typical approach is to use eigenvalue techniques and
martingale methods. For infinite color case, one may try to use eigenvalue techniques by con-
sidering the replacement matrix R as a bounded linear operator on an infinite dimensional
topological vector space. However, such an approach immediately leads to technical difficul-
ties.

In this work, we formulate a suitable “coupling” of the observed sequence of color with the
underlying Markov chain (see Proposition 7 in Section 3.1 for exact statement). This approach is
entirely new for studying urn models. So far we have been only able to use this approach when
R is transition matrix of a bounded increment random walk. However, we strongly believe that
the method may be generalized for more general replacement matrices.

Finally, we would like to note here that our model is also a generalization of a subclass of
models studied in [15], namely the class of linearly reinforced models. In [15] the authors prove
that for such models cardinality of all the colors will grow to infinity, provided a color is observed.
As we will see in Section 2, our results will not only show that the cardinality of all colors will
grow to infinity, but will also provide the exact rates of their growths.

1.2. Model

Let {X;};>1 be iid. random vectors taking values in 7@ with probability mass function
p(u) :=P(X| =u), u € Z% We assume that the distribution of X; is bounded, that is, there
exists a non-empty finite subset B C Z¢ such that p(u) = 0 for all u ¢ B. It is worthwhile to
note that the assumption that B is finite may be removed. Instead, if we assume X| has moment
generating function on an open interval around 0, then all the results of this paper will hold. But
for simplicity, we will assume B to be finite.

Throughout this paper, we take the convention of writing all vectors as row vectors. Thus,
for a vector x € RY we will write x” to denote it as a column vector. The notation (-, -) will
denote the usual Euclidean inner product on R? and || - || the Euclidean norm. We shall always
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write

ni=E[X1],
> =E[X] x1], 1)
T() :=E[exp((2, X1))], 1 eRe.

We shall write X' := ((0};))1<i, j<a and assume that it is a positive dell‘inite matrix. Also 2%
will denote the unique positive definite square root of X, that is, X'2 is a positive definite
matrix such that ¥ = 2%2%. When d = 1, we will denote the mean and the second mo-
ment (and not the variance) by u and u;, respectively, and in that case we will assume

uy > 0.
Now let Uy be a probability distribution on Z¢. Throughout this paper, we will assume there
exists r > 0, with

Z exp((A, v))Up,y < 00, 2)

veZd

whenever ||A|| < r. In particular, (2) is satisfied when Uy ,, = 0, for all but finitely many v € 74,

Let S, := Xo+ X1 + -+ + Xy, n > 0 be the random walk on Z¢ starting at X distributed ac-
cording to Uy and with increments {X ;} ;> which are independent. Needless to say that {S, },>0
is a Markov chain with state space Z?, initial distribution given by the distribution of X and the
transition matrix

Re= (v~ ), ez ®

In this work, we consider the following infinite color generalization of Pélya urn scheme where
the colors are indexed by Z4 . Denote by U, := (Un,p)yeze € 10, oo)Zd the configuration of the
urn at time »n and define a random variable Z,, by

P(Zy=v|Up, Up-1...., Up) xUpy,  vEZL’

Note that Z, represents the randomly chosen color at the (n + 1)th draw. Starting with Uy we
define (U, ),>0 recursively as follows

Un+l = Un + RZ,” (4)

where Rz, is the Z,th row of the replacement matrix R. We will call the process (U, ),>0 as the

infinite color urn model with initial configuration Uy and replacement matrix R. We will also

refer to it as the infinite color urn model associated with the random walk {S,},>0 on Vi
Random configuration of the urn: Observe that since R is a stochastic matrix

Y Upw=n+l, )

veZd
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for all n > 0. Thus the random configuration of the urn, namely, nU”

277 18 a probability mass
function on the set of colors. In fact,

Un,v
n+1’

P(Zn=U|Un»Un—l,--~,UO)= UEZd. (6)
In other words, the nth random configuration of the urn is the conditional distribution of the
(n 4 1)th selected color, given Uy, Uy, ..., Uy,.

Expected configuration of the urn: By taking expectation in equation (5), we get

> EUwl=n+1, (7

veZd

for all n > 0. Thus (Eili”l”] )yezd 1s also a probability mass function. In fact, it is the distribution

of Z,, the (n + 1)th selected color. This follows by taking expectation on both sides of equation

(6),

E[Up,0]
n+1 "~
For the rest of this work, we will be interested in the asymptotic properties of the random and
expected configurations.

P(Z,=v) = ®)

1.3. Notations

Most of the notations used in this paper are consistent with the literature on finite color urn
models. However, we use few specific notations as well, which are given below.

(i) As mentioned earlier, all vectors are written as row vectors unless otherwise stated. Col-
umn vectors are denoted by xT, where x is a row vector.
(ii) For any vector x, x2 will denote a vector with the coordinates squared.
(iii) The standard Gaussian measure on R? will be denoted by ®, with its density given by

1 Ix 1>
ba(x) = (ZN)d/ZeXp(— > ) x eRY.

For d = 1, we will simply write ® for the standard Gaussian measure on R and ¢ for its
density.
(iv) The symbol = will denote convergence in distribution of random variables.

(v) The symbol —2, will denote convergence in probability.

1.4. Outline

In the following section, we state the main results, which we prove in Section 4. In Section 3, we
state and prove two important results, which we use in the proofs of the main results. In Section 5,
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we further generalize our results for urns with infinitely many colors, where the color sets are
indexed by other countable lattices on R?. An elementary technical result which is needed in the
proofs of the main results is deferred to the Appendix.

2. Main results

Throughout this paper, we assume that (€2, F, P) is a probability space on which all the random
processes are defined.

2.1. Weak convergence of the expected configuration

We present in this subsection the central limit theorem for the randomly selected color. The cen-
tering and scaling of the central limit theorem are of the order O(logn) and O(4/logn), respec-
tively. Such centering and scalings are available because the distribution of the randomly selected
color behaves like that of a delayed random walk, where the delay is of the order O(logn), see
Proposition 7.

Theorem 1. Consider an infinite color urn model with initial configuration Uy and replacement
matrix given by (3). Let Z,, be the (n + 1)th selected color. Then

Z, —ul
In ZROEM L NLO.5). asn— oo ©)
logn

Recall that the probability mass function of Z, is given by (Egiliv])vezd. Thus the above
result essentially gives an asymptotic weak limit of the expected value of the configuration of the
urn, when viewed as a probability distribution on R¢, after centering by s logn and scaling by
Vlogn.

The following result is an immediate application of Theorem 1.

Corollary 2. Consider the urn model associated with the simple symmetric random walk on 72,
d>1.Then,as n — oo,

Zn
Jlogn

where 1 is the d x d identity matrix.

= Nu(0,d'1,),

The above result essentially shows that irrespective of the recurrent or transient behavior of
the under lying random walk, the associated urn models have similar asymptotic behavior. In
particular, the limiting distribution is always Gaussian with universal orders for centering and
scaling, namely, O(logn) and O(/logn), respectively.
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2.2. Weak convergence of the random configuration

In this subsection, we will present an asymptotic result for the random configuration of the urn.
Let M be the space of probability measures on R?, d > 1, endowed with the topology of
weak convergence. Let A, be the random probability measure on Z¢ C R? corresponding to the

random probability vector nLﬁl . It is easy to see that the function A, is measurable.

Theorem 3. For any Borel subset A CRY, let

AS(A) = A (VIognAZ? + plogn),
where we define
xAX? = {xyEl/Z:y € A}.
Then, as n — 00,

AS L@, in M. (10)

We note that Theorem 3 is a stronger version of Theorem 1.

2.3. Local limit theorem type results for the expected configuration

It turns out that under certain assumptions the expected configuration of the urn at time n, namely,

(F‘n[ij’{] )n>0 satisfies a local limit theorem.

Note that X is a lattice random vector taking values in Z¢. Also as we assume that the ¥ =
E[X ITX 1] is positive definite, so X is d-dimensional, that is, there is no sub-lattice A C 74 of
dimension less or equal to (d — 1) such that P(X| € A) = 1. Let £ be its minimal lattice, that is,

P(Xiex+L)=1 (1)

for every x € 74, such that, P(X; =x) > 0, and if £ is any closed subgroup of R4, with P(X, €
y+ L) =1 for some y € 74, then £ C £’ and the rank of £ is d. We refer to pages 226-227
of [4] for formal definitions of minimal lattice of a d-dimensional lattice random variable and
its rank. Let £ = det(L) (see pages 228-229 of [4] for more details). Now let xo be such that
P(X1 € xo + £) = 1 and we define

1
LD .= x0 X2 = SlognuE? 4+ ——z5712 ¢ L‘}. (12)

n
{x.x— Jlogn logn

Theorem 4. Assume that P(X1 =0) > 0. Then, as n — o0

det(X1/2)(\/Togn)? ]P’(Z" — plogn
L Jlogn

21/2=x> — ¢a(x)| —> 0. (13)

xe[,f,d)
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For d = 1, it is well known that (11) can be explicitly written as
P(X)€a+hZ)=1, (14)

where a € R, and 4 > 0, is the maximum value such that (14) holds. # is called the span for X
(see Section 3.5 of [22]). Then from (12) we obtain

h
£ .= {x:x: -2 o n+7z,zez}. (15)
" iz logn N g 1 logn

Therefore, in one dimension, (13) can be stated as

2 logn (Z,,—;Llogn )
su P =x|— — 0. 16

Observe that Theorem 4 covers only the case when P(X| = 0) > 0. The next theorem is for the
special case when the urn is associated with the simple symmetric random walk on Z¢, d > 1,
which is not covered by Theorem 4.

Theorem 5. Assume that P(X| = *+e;) = ﬁ for 1 <i <d, where e; is the ith unit vector in
direction i. Then, as n — 00

d d \/3 _ .
ng;) (d)2 ({/logn) P(Mzn—x> ¢a(x)| — 0, 17

where [,,(,d) is as defined in (12) with u =0=xo, X =1y and L = Jdze.
The following result is immediate from the above theorem.

Corollary 6. Assume that P(X| = +e;) = ﬁ for 1 <i <d, where e; is the ith unit vector in
direction i. Then, as n — 00

1
(V2mdlogn)d’

As we see in Theorem 5, the assumption P(X| = 0) > 0 of Theorem 4 can be removed. For
dimension d = 1, we will present later a somewhat technical result, namely, Theorem 10 in Sec-
tion 4.3, which will give another such example. Unfortunately, we do not know the full generality
under which the local limit theorem holds, though we conjecture that it holds for all cases.

P(Z, = 0) (18)

3. Auxiliary results

In this section, we present two results which we need to prove our main results. These results are
two very important tools for studying infinite color urn models associated with random walks on
7% and hence presented separately.
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For z € C, define I, (z) = [}, (1 + %), forn > 1, and set Io(z) = 1. It is known from Euler
product formula for gamma function, which is also referred to as Gauss’s formula (see page 178
of [16]), that

li T, (2)
1m

n—-oo pt

Tz+1)=1 (19)

uniformly on compact subsets of C\ {—1, =2, —3,...}.

Recall T (1) := ZUeB exp({A, v))p(v) is the moment generating function of Xj. It is easy
to note that Y(A) is an eigenvalue of R corresponding to the right eigenvector x(1) =
(exp({A, v)))fezd. Let F, =0 (U;:0 < j <n), n >0 be the natural filtration. Define

— U,x(A)
M,(A\) = ——"—. (20)
" M, (Y (1))
From the fundamental recursion (4) we get,
Un+l =Un +Xn+lR» (21)

where x,1+1 = (Xn+1,0)pezd 18 such that x,41,7, =1 and x,41,, =01if u # Z,,, where Z,, is the
random color chosen from the configuration U,, at the (n + 1)th draw. Thus,

Uns1x(2) = Upx(X) + Y1 Rx ()
= Upx(X) + T (D) xns1x(A).

(22)

Thus,

T(A
EWHM@HEJ=%MM+T@EUHM@HEJ=O+;%DMMW~

Therefore, M, ()) is a non-negative martingale for every A € R?. In particular E[M,(1)] =

Mo(h).

3.1. A representation of Z,,

We now give a representation of the distribution of Z, in terms of the increments {X ;};>1. The
following proposition shows that the distribution of Z,, is the same as a delayed random walk.

Proposition 7. For eachn > 1,

n
znizo+21jxj, (23)
j=1

where {1} j>1 are independent Bernoulli random variables such that E[I ;] = j%, j > 1landare

independent of {X j} j>1; and Zy is a random vector taking values in 74 distributed according to
the probability vector Uy and is independent of ({1} j>1;{X}j>1).
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A formal proof of this result is given below, using the martingale sequence (M, (1)),>0, as
defined in (20). However, one can also establish the representation given in (23) intuitively. Let
Ta+1 be the random recursive tree on n + 1 vertices, say, {vg, vi, v2, ..., v,} [21,39]. We put
i.i.d. weights on each of the n edges of 7,4 given by {X;};>, as defined in Proposition 7. Let
Zo with distribution given by Uy be as defined in Proposition 7. Then from the equations (21)
and (5), it follows that the distribution of Z,, is given by

Zy + weighted length of the path from vg to vy, in Ty 1.

This shows (23) must hold.

It may be noted here that the above representation is similar to a discrete time branching
random walk (BRW), with i.i.d. increments given by {X;} >, but on the random recursive tree
(Tw)n>1. Unlike the usual BRW [5-7], in this case the underlying tree is not a Galton—Watson
branching process tree. Also as described above, in this case we are interested in studying the
position of a randomly chosen particle, instead of the maximum displacement.

Proof. As noted before, the probability mass function for the color of the (n + 1)th selected

ball, namely Z,,, is (2222)) ;. So for € RY with ||A]| < r, where r is as in (2), the moment

generating function of Z, is given by

: _ (00 o
o %1 exp((, V) ELUp ] = = E[M,(\)]
L)
 on+1 Mo (24)
— T 1 YO
MO(A)E( FE j+1)
The equation (23) follows from (24). 0

Observe that in the proof of Proposition 7 we require the assumption (2), which guarantees
that Mq()) is finite.

3.2. Uniform £, boundedness

Our next theorem states that around a non-trivial closed neighborhood of 0 the martingales
(M (X))n>0 are uniformly (in 1) £2-bounded.

Proposition 8. There exists § > 0 such that

sup sup E[Mﬁ (A)] < 0. (25)
re[—8,819 n>1
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Proof. From (22), we obtain
E[(Uns1x(0))7 1 Fo] = (Unx ()’ + 2Y W) Upx (WE[ n1x(3) | Fo ]
FL2E[ (10 (W) | Ful.

It is easy to see that

1
E[xn+1x() | Fa] = Upx(2) and E[(xn+1x(x))2|fn]=mUnx<2A). (26)

n+1

Therefore, we get the recursion

E[(Ups1x(2))’]

(1 + w) [(U.x ()]

+1

27

+ TZ()\)IE[U x(20)]

n+1 " '

Dividing both sides of (27) by 12 w1 (Y,
420 2
— a+28 12(3) E[Uyx(2)]
E|{M =—"" "E(M 2

M ®] = + )2 MO M2, (C0) 9

Recall that M, (21) is a martingale, thus E[U,x(21)] = I1,(Y(21)) M((21). Therefore from
(28), we get

—2 I, 27T (M) —
B[] = 5, g 0 2
+iT2()L) l_[ (1428 Mt (LM 17 o )
ok Las T merey T
27

We observe that as T (1) > 0, so m < 1 and hence rg,z((zg ((;\);))) < 1. Thus

1 -1 (Y (22))
M (A Mo + Y2 Mo (2 _— 30
E[M, ()] < Mo() + Y20 Mo )Zk o) (30)

Using (19), we know that
2T

M (T() ~ 31)

T2(Y(A) + 1)

Note that Y(0) = 1 and Y (L) is continuous as a function of A. So given n > 0, there exists
0 < K1, K> < 00, such that for all A € [—n, n]d, K1 <T() < K>. Since the convergence in (19)
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is uniform on compact subsets of [0, 00), given ¢ > 0 there exists N1 > 0 such that for all n > N
and A € [—n, n]?,

PZra) +1) 1
- E)I‘(T(Zk) 1) kZN:l k12T ()T 2h)
Z 1 M1 (Y (22))

Sk o)

rZ(r) +1) Z 1

<( .
=( +S)F(T(2)‘)+1)k>m KIH2T 00— 20

Recall that Y (1) = >, .z exp({(A, v)) p(v). Since the cardinality of B is finite, we can choose
a 8o > 0 such that for every A € [—6p, SO]d, 27 () — Y(2A) > 0. Choose § = min{n, do}.
Since 2Y(A) — Y(21) is continuous as a function of A, there exists a Ao € [—8, §]¢ such that
min ;g 53¢ (2T (1) — T (21)) =27 (o) — Y (2A0) > 0. Therefore,

o0 o0

1 1
; 2T —T0on = ; K2 Y o)=Y ko) *

Therefore given ¢ > 0 there exists Ny > 0 such that VA € [—4, 814

o0 oo

1 1
Z T —Ten = Z 2T o) —T2rg) ¢
k>N k>N>

%, Y2(A) and Mo(2)) being continuous as functions of A, they are bounded for A €

[—§6, S]d. Choose N = max{Np, N,}. From (30) we obtain for alln > N,

1 -1 (T(21))

k TI2(T() 32

E[M,(1)] < Mo + C) Z

for an appropriate positive constants Cp, C».
ZN 1 (Y (20)
k=1k Tz ro)
[—38, 8]¢. Therefore, from (32) we obtain that there exists C > 0 such that for all 1 € [—8, §]¢
and foralln > 1

and ﬁg (1) being continuous as functions of A, they are bounded for A €

E[M. ()] <C.

This proves (25). [l
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4. Proofs of the main results

For proving the central and local limit theorems, we will use the representation (23), which after
the appropriate centering and scaling can be re-written as

Zy—plogn 4 Zo | 2j—11jXj—plogn

Jlogn Jlogn Jlogn

So, without loss of generality, we may assume that Zy = 0, in other words, the initial configura-
tion of the urn consists of only one ball of color 0.

(33)

4.1. Proofs for the expected configuration

Proof of Theorem 1. Observe that

n

n

1
H{Xﬁﬂﬁ—umW=§jfﬁw—umﬂ—+uw—u, (34)
j=1 =17
where y is the Euler’s constant.

Let X, = Valr(Z’}-=1 1;X ;). Itis easy to see that

n T
1 rn
Zy=Y | —E[X]xi] - .
" jﬁ(j+1[ Hal u+1ﬂ>

Thus as n — oo
1
logn

r, — X, (35)

where the matrix convergence is entry-wise.
Recall P(X| € B) =1, where B C Z is a finite set, thus for any ¢ > 0, we have

1 n
oo E[Hljxj||21{\|1/-Xj|\>£logn}] — 0, (36)
ogn ‘= :
as n — 00. Therefore, by the Lindeberg—Feller Central Limit Theorem (see Proposition 2.27 on
page 20 of [40]) we conclude that as n — oo

Z,—pl
wzﬂvd(()’ ).
logn

This completes the proof. ]
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4.2. Proofs for random configuration
In this subsection, we will present the proof of Theorem 3. We start with the following lemma.

Lemma 9. Let § be as in Proposition 8, then for every ) € [—8, 8] as n — oo,

— A »
Mn<@> o (37)

Proof. Observe that Mo(1) = 1, since Zy = 0. Therefore, from equation (29) we get

n

1,2T®*) | H,2TR) 3 T2() M1 (Y (24)
M(r@a) — Mp(re)) ko T@2Y@)

—2
E[M,()] =
k=1
Replacing A by A, = \/%gn, we obtain
I, 2T (An)) | T, 27 (A4)) 2": Y2 () i1 (Y (240))

—2
E[Mn()‘”)]: H%(T()\n)) H’%(T(kn)) k [T 27 (An)) .

(38)
k=1
We observe that

lim Y(A,) =1. (39)

n—o0
Since the convergence in formula (19) is uniform on compact sets of [0, c0), we observe that for
re[-8,8)¢
QY () T2 1

im = —
n—o0 H%(T(An)) ra) 2

Therefore,
im T, 2T (M) Y2(00) T 1 (Y (24,)) 11— (D
n—oco TI2(Y(An)) K 2T () 2k TIk(Q2)
B 1
T k+2)(k+ 1D’

Now using Proposition 8 and the dominated convergence theorem, we get

2T () o= Y200 i1 (T2A) 1 1
1m = Z _— — -,
oo TR(Y()) 4=k TkQY() = k+2)(k+1) 2

Therefore, from (38) we obtain

E[M. ()] — 1 asn— oo. (40)
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Observing that E[M,, (A,)] = 1, we get

Var(M,,(A,)) = 0, 41)
as n — oo. This implies

Mn()m) _P) 1 asn — oQ,

completing the proof of the lemma. |

Proof of Theorem 3. Note that A, is the random probability measure on Z¢  R?, correspond-

ing to the random probability vector nli"l . That is, for any Borel subset A of Z¢,

1
An(A)= -2 D Uno:

veA

For A € R the corresponding moment generating function is given by

1
n+1

Z exp((A, v))Up,p = LU x(A) = LM (M, (YT )) (42)
) n,v n + 1 n n + 1 n n .

vezd

The moment generating function corresponding to the scaled and centered random measure AS

is
v—plogn __p\\ Uiy

exp( (A, —————2% —

Z p<< Jlogn n+1

veZd

1 B i (,\2—1/2)

= exp( (X, n/lognX ))U,,x Jlogn

1 B L1 xz‘ﬂ) ( <A21/2>)
_n+lexp( (A, my/lognx ))Mn<@ (T oo )

To show (10) it is enough to show that for every subsequence {nj}i>1, there exists a further
subsequence {nkj}?o=1 such that as j — oo

exp(— (A, u lognkj))ﬁ < A )l'[ (T( A )) N <AZ‘AT) @3)
S _ exp| ——
ni; + 1 "k Jlogny; " J1ogny; Pl

for all A € [—38, 8]¢ almost surely, where § is as in Proposition 8. From Theorem 1, we know that

Z, —pnlogn

@ = Ny(0,1,).
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Therefore using (24) as n — oo we obtain,

Zn
exp(—(k,u logn))E[exp<<A,@>>:|
1 i o (v 2 Azl
= rpenttonioen (1( ) ) oo 45

Now using Theorem 14 from the Appendix it is enough to show (43) only for A € Q¥ N[—8, §]¢
which is equivalent to proving that for every A € Q¢ N[—8,8]¢ as j — oo

— A
My, <7> — 1 almost surely.

J%ognk;

From Lemma 9, we know that for all A € [—§, §]¢

W, (—2 21
—> asn — oo.
" Jlogn

Therefore using the standard diagonalization argument, we can say that given a subsequence

{ni}k=1 there exists a further subsequence {ny; }7‘;1 such that for every » € Q¢ N[—3§, §]¢

— A
M e <7> — 1 almost surely.

J%ognk;

This completes the proof. U

4.3. Proofs of the local limit type results
In this section, we present the proofs for the local limit theorems.

Proof of Theorem 4. Since without loss we have assumed Uy = &g, so from Proposition 7, we
obtain Z, 4 > i=11;X . The random vector X is a lattice random vector. Therefore, /; X is
also a lattice random vector. By our assumption P(X; =0) > 0, so 0 € B, therefore, X; and
;X j are supported on the same lattice.

Observe that Z, is a lattice random vector, for every n € N. By Fourier inversion formula (see
(21.28) on page 230 of [4]), we get for x € Cﬁ,d),

Zy,—plogn __ i,
Pl =12
( Jlogn *

£
B (2w 4/Togn)4 det(X1/2) /(@f*xl/z)

Y (1) exp(—i(r, x))dt,
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where v, (1) = E[exp(i {z, Z”%gl‘;g"z*l/%)], ¢ = |det(£)| and F* is the fundamental domain

for X as defined in equation (21.22) on page 229 of [4]. Also, by Fourier inversion formula we
have

da(x) = ;/ exp(—i(t, x)) exp(—w> dr
Q2m)d Jpa ’ 2 ’

Thus, given ¢ > 0, there exists N > 0 such that for all n > N, we get the estimate

det(El/z)(./logn)dP Z, — plogn
l J/logn

2‘/2=x) — ¢a(x)

1 / ||r||2>
<— Y (t) —ex (—— dr+¢
(zn)d (VTognF*x1/2) " P 2
Therefore, it is enough to prove that as n — oo
el
Yu(t) —exp| ——— )| dr — 0. (44)
(JTognF*x1/2) 2

Now we follow an argument similar to the proof of a local limit theorem for sum of i.i.d. lattice
random variables in one dimension, as given on page 190 of [37]. We observe that to prove (44),
it is then enough to show that for any ¢ > 0, we can choose a compact subset A € R¢, such that
for all n large enough

Z(n, A) :=/ [ (0)|dt <e. (45)
(VlognF*51/2)\A

Fix ¢ > 0, we will show that (45) holds for a suitable choice of a compact subset A of R4,
Note that, for every r € R4, and each n

’

[ ()| < |gn(®)

where

. . Z?:lljxj —-1/2 _ 1 I —1/2
ool - o))

where the last equality follows from argument similar to that of (24). This implies that

|gn (1) dt

A]gn(,/lognw)I dw.

T(n, A) < f
(JIognF* T2\ A

= (\/logn)d /

F* 21/2\ «/l(ign

(47)
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We can choose § > 0, such that for all w € B(0, 8) \ {0}, there exists b > 0, such that

~ bllw)?

T@iw)| <1 (48)
[T w)

(see Lemma 2.3.2(a) of [32] for a proof). From (46), we obtain for some positive constant C1,

" b wEwT>

|gn(Vlognw)| < eXp<— —

i+l 2

(49)

wXw!
<Ciexp| —b > logn |,

where the first inequality follows from 1 — x < exp(—x), and the second inequality is implied by
(48). We write

(\/logn)d/* ) |gn(v/lognw)|dw = Z1 (n, A) + To(n),
FrE\ e A

where

Ti(n, A) := (,/logn)df( }gn(,/lognw)| dw

B(o,a)zl/Z\ﬁA)szl/Z

and

Tr(n) = (,/1ogn)d/ |gn(v/lognw)| dw.

F*X/2\B(0,8)X1/2

Now it is enough to show that for a suitable choice of a compact subset A of R? and n sufficiently
large, Z1(n, A) < ¢ and Zp(n) —> O as n — oo.

d wXw!
Zi(n, A) < Ci1({/logn) exp( —b logn ) dw (50)
BO&E2\ A 2
13T
<C / exp(—b )dt <&, (629
B(0,5/Togm) Z1/2\ A 2

where in the above equation we use (49) to obtain the first inequality, and for the last inequality
we note that for a given ¢ > 0, we choose a compact A C Rd, such that

13T
Ci exp| —b dt <. (52)
]Kd\A 2

Since the lattices for X and I; X are same, for all w € 7* \ B(0, d), we get |[Y(iw)| < 1, so
there exists an 0 < 7 < 1, such that, [Y(wX~Y/2)| <, for all w € F*X1/2\ B(0,8)X/2.
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Therefore, using the inequality 1 — x < exp(—x), we obtain

n
1
|8 (v/lognw)| < exp(— 20 n)) < Crexp(—(1 — ) logn) (53)
j=i
for some positive constant Cy. Therefore, using equation (21.25) on page 230 of [4], we obtain
Tr(n) < Cy(v/logn)? exp(—(1 — n)logn) — 0 asn — oo, (54)
where C) is an appropriate positive constant. This completes the proof. ]

Proof of the Theorem 5. In this case P(X| = ®e¢;) = ﬁ for 1 <i <d, where ¢; is the ith unit

vector in direction i. Thus u =0 and X' = %Hd.
For notational simplicity, we consider the case d = 2, the general case can be written similarly.
Now for each j e N, I;X; is a lattice random vector with the minimal lattice 72 1t is easy
to note that 277 x 27 Z is the set of all periods for /; X ; and its fundamental domain is given
by (=, )2. Similar to the proof of Theorem 4, it is enough to show that for any & > 0, we can
choose a compact subset A of R?, such that for all n large enough

I(n,A)<e, (55)

where

T )= [ fno]ar
Ho\A

with H, := (—/Togn, \/Tognm)?.
As before, we can write

I(n,A)=1i(n, A) +1Ir(n).

Using arguments similar to (51), one can easily show Z; (n, A) < e. It remains to show that
Ir(n) — 0 as n — oo.

To do so, we first observe that for t = (t(l), t(2)) € R?, the characteristic function for X 1
is given by T(it) = (costV + cost@). If ¢ € [—m,7]* be such that |Y(ir)] = 1, then
te{(m,m),(—m, ), (w,—m), (—m, —m)}. The function cosé is continuous and decreasing as a
function of 6 for t € [5, w]. Choose 0 < 5 < 5 such thatforr € A} = (-, 7)2NB(0,8) N DE,

we have | Y (it)| < 1, where D = [ — n, m)?U[—7 + 1, —7) X [T —n, m)U[—7 + 1, —7)? U
[t —n,m) X [-m +n,—m), and § is as in (48). Let us write

Lr(n) = TJ1(n) + J2(n),
where

Fiim:=togn [ |/ lognu)|aw,
Ay
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and
Ja(n) :=logn / |¢n(‘/lognw)| dw.
D

It is easy to note that
Ji(n) <logn f, |¥n(vlog nw)| dw,
Ay

where A denotes the closure of A;. For w € A, there exists 0 < « < 1, such that, T <a.
Therefore, using bounds similar to that in (53) we can show that

Ji(n) —0 as n — oQ.
We observe that

jz(n)§4logn/ |1/fn(\/lognw)|dw.
2

[r—n,m7]

Hence, it is enough to show that as n — oo

logn/ |¥n (v/1ognw)| dw — 0.
[r—n.7]?

For w € [ — n, 7], we have 0 < |(1 + @)I <+ W) < 1. Therefore,

T(lw) ‘ 1
( ) n+1

logn/ |¢n(\/lognw)|dw = -
[r—n,7]

We now assume that d = 1 and P(X| =0) =0. Let h be the span for X. We can now write
P(I1 X1 €a+ hZ) =1, where a € R and h > 0 is the span for /1 X;. It is easy to note that
h < h. The following result gives a local limit theorem under the assumption that 2 < 2. This
assumption is non-trivial, and a concrete case is, when P(X; = 1) = P(X| = 2) = 1/2. Then,
h=1.The support for I X1 is {0, 1,2} and & = 1, satisfying the assumption < 2h.

| (w)| = ]"[

So,

logn—>0 asn — o0. O

Theorem 10. Assume that h < 2h, then, as n — 0o

NITER! Z,—nl
sup o OgnIE”< n _ HI0ST =x) —¢(x)| — 0, (56)
reLd h /2 logn

where Ef,l) is as defined in (15).
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Proof. This proof is similar to the proof of Theorem 4, except we now have d = 1, which is sim-
pler. So we omit most of the details and only point out the key differences, where the assumption
h < 2h is crucial.

We begin by observing that the bounds for |¥£2 log”IE”( n—plogn

vz logn
those in the proof of Theorem 4, except for that of Z,(n), where in this case,

=x) — ¢(x)| are similar to

VR
Ig(n)::,/logn/ ' |g,,(w,/logn)|dw
V28

and § is chosen as in (48) and g, (-) is as in (46). We have to show
Ir(n) — 0 as n — oQ.

The span of X being h, for all 7 € [8, 27”), T (it)| < 1. Note that here we use the assumption

h < 2h The characteristic function being continuous in #, there exists 0 < n < 1, such that,

,ﬂ‘ﬁ]c[&/—,znr) So, as n — o0,

Tr(n) < Cao exp(—(1 — n)logn)(w — 8),/logn — 0. (57)
O

5. Urns with colors indexed by other lattices on R¢

We can further generalize the urn models with colors indexed by certain countable lattices in R¢.
Such a model will be associated with the corresponding random walk on the lattice. To state the
results rigorously we consider the following notations.

Let {X;};>1 be a sequence of random d-dimensional i.i.d. vectors with non-empty support
set B C R and probability mass function p. We assume that B is finite. Consider the countable
subset

Znibi:nl,nz,...,nkEN,bl,bg,...,bkeB

of R? which will index the set of colors.

As before we consider S, := Xo+ X1+ -+ X, n > 0, the random walk starting at X¢ which
is distributed as Uy. We say a process (Uy),>0 is a urn scheme with colors indexed by S and
replacement matrix R and starting configuration Uy, if (U,),>1 is defined recursively by (21),
where now R is given by

Re=((pv - 10), g0 68)

Following the same nomenclature as done earlier, we will call this process the infinite color urn
model associated with the random walk {S,,},>0 on S?. Naturally, when S = Z, this process is
exactly the one discussed earlier.
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We will use same notations as earlier for the mean, non-centered second moment matrix and
moment generating function for the increment X (see (1) for the definitions). As before, we
denote by Z,, the (n + 1)th selected color. Just like in the previous case, the expected proportion
of colors in the urn at time n will be given by the distribution of Z, but now on S¢.

From the proof of Proposition 7, it follows that the result holds also for this generalization.
This enable us to generalize Theorem 1 and Theorem 3 as follows.

Theorem 11. Consider an infinite color urn model with initial configuration Uy and replacement
matrix given by (58). Let Z,, be the (n + 1)th selected color. Then

Z, — ul
In RO NL(0.X). asn— oo. (59)
logn

Theorem 12. Let A, € M be the random probability measure corresponding to the random

probability vector nli’l . Let

AS(A) = Ay (v1ognAZY? + plogn),
where A is a Borel subset ofRd. Then, as n — o0,
AS L@, in M. (60)

The proofs of these two theorems are similar to Theorem 1 and Theorem 3, respectively, and
hence omitted.

As an application we now consider a specific example, namely, the triangular lattice in two
dimensions. For this the support, set for the i.i.d. increment vectors is given by

B={(1,0),(~1,0), 0, —0, v*, —0?},

where w, w? are the complex cube roots of unity. The law of X is uniform on B. This gives the
random walk on the triangular lattice in two dimensions. The following is an immediate corollary
of Theorem 11.

Corollary 13. Consider the urn model associated with the random walk on two dimensional
triangular lattice then as n — 00

Zn 1
2 Ny (0,21, ). 61
NET 2( 5 2> (61)

Proof. Since 1 + w + w? = 0, therefore it is immediate that i = 0. Also we know that w =
% + i@. Writing w = (Re(w) + i Im(w)), we get

E[(x{")"] = £ (1 + (Re(@)” + (Re(w?))?).
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Since Re(w) = Re(w?), therefore

B[(x{")"] = £ (1 +2(Re@)’) = 5.

Similarly, Im(w) = — Im(w?), and hence E[(X?)?] = 2((Im())? + (Im(0?))?) = 3. Finally
2
E[x{Vx®] = —5 Im(1 + o+ w?) =0.

So X = 1I,. The rest is just an application of Theorem 11. ]

Appendix

We present here an elementary but technical result which we have used in the proof of Theorem 3.
It is really a generalization of the classical result for Laplace transform, namely, Theorem 22.2
of [8].

Theorem 14. Let v, be a sequence of probability measures on (R?, B(R?)) and let m,(-) be the
corresponding moment generating functions. Suppose there exists § > 0 such that m,(A) —

exp(%) as n — oo for every A € [—8, 8]d N Qd, then as n — oo
vy = . (62)

Proof. Choose a 8’ € Q such that 0 < §’ < 8, and observe that for every a > 0

d

vn(([—a, a]d)c) < Zexp(—(S/a)(mn(—(S/ei) +my (5/61')),

i=1

72
where {ei};.lzl are the d-unit vectors. Now for our assumption we get m,, (8'e;) —> exp(%) and

2
mu(—8'e;) — exp(‘%) as n — oo for every 1 <i <d. Thus, we get

sup vn(([—a, a]d)c) —>0 as a — o0.
n>1

So the sequence of probability measures (v,),>1 is tight. Therefore, for every subsequence
{ni}k=1 there exists a further subsequence {ny;};>1 and a probability measure v such that as
n— oo,

Vg = .

Then by dominated convergence theorem

M, (1) —> moo (), Vi e (=5,8)%NnQ?,
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where m o, is the moment generating function of v. But from our assumption

A 2
My, (h) —> exp(%), Vi e [—8,81Y NQY.

So we conclude that

NA: .
moo()»)—exp T y V)»e(—8,8) ﬁ@ .

Since both sides of the above equation are continuous functions on their respective domains, we

get that meo(X) = exp(@) for every A € (-4, 8)?. But the standard Gaussian distribution is
characterize by the values of its moment generating function in a open neighborhood of 0, so we
conclude that every sub-sequential limit is standard Gaussian. This proves (62). (]
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