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Chapter 1

Introduction

1.1 Branching Random Walk

Branching random walk (BRW) was introduced by Hammersley [23] in the early ’70s.
Over the last five decades, it has received a lot of attention from various researchers in

probability theory and statistical physics. The model, as such, is very simple to describe.

It starts with one particle at the origin. After a unit amount of time, the particle dies
and gives birth to a number of similar particles, which are placed at possibly different
locations on the real line R. These particles at possibly different places on R form the
so-called first generation of the process and can be described through a point process,
say Z on R. After another unit time, each of the particles in the first generation behaves
independently and identically as that of the parent, that is, it dies, but before that, it
produces a bunch of offspring particles which are displaced by independent copies of
Z. Further, the particles in generation one behave independently but identically of one

another. The process then continues in the next unit of time and so on.

If we denote the number of particles in generation n by NV,,, then from the definition,
it follows that { N, },>0 is a Galton-Watson branching process with progeny distribution
given by N := Z(R). So the backbone of the process is a branching process tree with
weighted edges, where the weights represent the displacements of the particles relative

to their respective parents. We write |v| = n if an individual v is in the n-th generation,

1



2 Chapter 1: Introduction

and S(v) denotes its position, which is the sum of all the displacements the particle v
and its ancestors have received. The stochastic process {S(v) : |[v| = n}p,>0 is typically

referred to as the classical branching random walk (BRW).

Figure 1.1: I.I.D. Gaussian displacement binary BRW

To illustrate this, we consider a specific example. Let N = 2 with probability one and
Z = ¢, +0¢,, where {;’s are i.i.d. N(0,1). As displayed in Figure 1.1, the backbone of this
process is just a binary branching tree with weighted edges, and the weights on the edges
are i.i.d. N(0,1) random variables. At time n, there are a total of 2" particles. Each
particle is positioned at a random distance from the origin with distribution the same
as the position of a random walker starting at the origin and taking n i.i.d. standard
Gaussian steps. Note that the positions of the particles at the same generation are
identical, but they need not be independent. In fact, for two particles v and v at the
n-th generation, if we denote u Av as their least common ancestor in the associated tree,
then

Cov (S(u), S(v)) = uAv|.

Further, this leads to the following observation.

# {w : |lw| = n, Cov (S(u),S(w)) > k} _ 2n—k’
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for any non-negative integer £ < n. This observation is often referred to as “branching

random walk is log-correlated” .

1.2 The Modification

In this work, we consider a modified version of the classical BRW. The modification is
done at the last generation where we add i.i.d. displacements of a specific form. Since
the modifications have been done only at the last generation, we call this model a last

progeny modified branching random walk or abbreviate it as LPM-BRW.

In our model, we introduce two parameters. One is a non-negative real number, which
we denote by 6 > 0. The other one is a positively supported distribution, which we will
denote by u € P(R,). The parameter 6 should be thought of as a scaling parameter
for the extra displacement we give to each individual at the n-th generation. This extra
displacement is as follows. At a generation n > 1, we give additional displacements to
each of the particles at the generation n, which are of the form %Av = % (logY, — log E,),
where {Y;}jy|=n are ii.d. p, while {E}},—, are ii.d. Exponential (1) and they are

independent of each other and also of the process (S(u)) . We denote by R} (6, 1)

lu|<n
the maximum position of this last progeny modified branching random walk (LPM-BRW ),
i.e.,
1
R} (0, ) = max{S(v)+910g(Yv/Ev)}. (1.1)

|v|=n
If the parameters 6 and p are clear from the context, then we will simply write this as

Ry . A schematic of the process is given in Figure 1.2.

1.3 Motivation

Our main motivation to study this new LPM-BRW model is what we will see in the
sequel that, there is a nice coupling of R} with a linear statistic associated with BRW
(see Theorem 2.3.2 for details). For such statistic, asymptotics can be computed us-
ing various martingale techniques, some of which are known. This novel connection is

indeed the reason why the model intrigued us. Our model is one example where this
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Figure 1.2: Last progeny modified branching random walk (LPM-BRW)

coupling technique works. We believe (also see Chapter 2) that this connection is a novel

mathematical tool that has the potential for many more applications.

The other motivation and perhaps more straightforward one, is to be able to compare
our results with the existing ones in the context of the classical BRW (such as, asymp-
totics derived in [2]). We see a difference appears in the constant factor in front of the
Bramson correction (see Theorem 3.5.3), but the final weak limit remains the same.
This in turn shows that the centered asymptotic results are heavily dependent on the
displacements given at the end nodes, but not the limit. While doing this comparison,
we also have been able to get the exact constant for the centered limit which was earlier

not known (see Remark 3.5.5 for the details).

1.4 Survey of Known Results

1.4.1 Almost Sure Asymptotic Limit

Hammersley [23] introduced the BRW model as the first-death problem in an age-
dependent branching process. In his model, he considered the tree to be a family tree,

and the edge weights were the lifespan of a person. And he asked at what point in time
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a death first occurs to some member of the n-th generation. Although he needed to
study the minimum of a branching random walk, the minimum can be converted into
the negative of the new maximum by changing the sign of the increments. So the study
of the minimum and the maximum are essentially the same. We will denote the position
of the right-most particle in the generation n by R,, = R, (Z). The following result was

proved by Hammersley.

Theorem 1.4.1 (Hammersley [23]). If P(N = 0) = 0, then there exists a constant vy

such that
R
Busy
n

Hammersley proved this using the properties of super-convolutive semigroups. Later,

it was also proved using Liggett’s version of Kingman’s subadditive ergodic theorem (see

Zeitouni [34] for the details).

Kingman [25] showed that the convergence in Theorem 1.4.1 is almost sure under
certain assumptions and also calculated  explicitly. In his model, the ‘lifespans’ are
always non-negative and so after changing the sign, the underlying point process Z is

supported on (—oo,0]. We define

v(t) :=logE [/ et Z(dx)] , (1.2)
R
and we denote by v* the Fenchel-Legendre transform of v, i.e.,

v*(a) :=sup {ad —v(0)} . (1.3)
OeR

Kingman assumed that there exists § > 0 such that 0 < v(0) < co. This implies v(0) > 0

and v(t) < oo for all ¢ > #. He showed that

Theorem 1.4.2 (Kingman [25]). Under the above assumptions, on the event of survival
of the branching process,

n
— =7y a.s.,
n

where v :=sup {a : v*(a) < 0}.
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Relaxing the assumption in Kingman’s work [25] that Z is supported on (—o0, 0],

Biggins [9] showed that

Theorem 1.4.3 (Biggins [9]). Ifv(0) < oo for some 6 > 0, then on the event of survival
of the branching process,

=y oa.s.,
n

where v 1s as in Theorem 1.4.2.

1.4.2 Centered Asymptotic Limits
From historical point-of-view, it is interesting to note here that Biggins [9] wrote:

“Of course pride of place in the open problems goes to establishing more
detailed results than Theorem 1.4.3 of the kinds that are already available

for branching Brownian motion.”

Indeed, McKean [30] showed that for similar continuous time version with Branching
Brownian Motion (BBM), the maximum position, when centered by its median, con-
verges weakly to a travelling wave solution. Later Bramson [16, 14] gave detailed order
of the centering and showed that an “extra” logarithmic term appears, which later
was termed as the Bramson correction. Later Lalley and Sellke [27] gave a different
probabilistic interpretation of the travelling wave limit through certain conditional limit

theorem and using a new concept called the derivative martingales.

To obtain the centered asymptotic limits for BRW, Bachmann [6] considered the case
in which the underlying point process Z consists of N i.i.d. random variables from some
log-concave distribution and N satisfies P(N > 1) = 1, P(N = 1) < 1 and E[N] < oc.

He showed that

Theorem 1.4.4 (Bachmann [6]). Under the above assumptions, there exists a strictly
monotone, continuous distribution function G (with G(0) = 1/2, in order that G is
unique) such that for any o € (0,1) and x € R,

lim P(R, < qp + ) = G (o + 1),

n—oo
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where gy and q, are the a-quantiles of the random variables R, and the distribution

function G, respectively.

Using recursive distributional equations, Aldous and Bandyopadhyay [4] proved the
tightness of the centered maximum. They assumed that P(N > 1) =1, P(N =1) < 1,

and v(t) < oo for some ¢t > 0, and proved

Theorem 1.4.5 (Aldous and Bandyopadhyay [4]). If
(median(Rp41) — median(Ry,),n > 0) is bounded above,

then

(Ry, — median(Ry),n > 1) is tight.

A similar result was also obtained by Bramson and Zeitouni [15]. They studied the
branching random walk where the point process Z consists of N i.i.d. random variables

from a distribution F' for which there exist a > 0 and My > 0 satisfying
Fx+ M) < e ™MF(2)

for all z > 0 and M > Mj. They assumed that P(N > 1) =1, P(N = 1) < 1, and

E[N'] < oo for some ¢ > 0, and showed

Theorem 1.4.6 (Bramson and Zeitouni [15]). Under the above assumptions,

(Ry, — median(Ry,),n > 1) is tight.

Note that the above results tell us about the asymptotics of R,, shifted by its median
or the a-th quantile, but none of them provides an exact formula for the median or the

a-th quantile.

The second-order term for R, was then obtained in 2009 by two independent groups
of researchers, Hu and Shi, and Addario-Berry and Reed. Hu and Shi [24] showed that
if one assumes that E[N'*?], v(—6), and v(1 + §) are finite for some § > 0, E[N] > 1,

and v(1) = v/(1) = 0, then
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Theorem 1.4.7 (Hu and Shi [24]). Under the above assumptions, conditionally on the

system’s survival

... Ry 3
lim inf = —= a.s.;
n—oo logn 2
lim sup = —— a.s.; and
n—oo logn 2
o2, 3
logn 2

Addario-Berry and Reed [1], on the other hand, considered a supercritical branching
random walk where the underlying point process Z consists of N i.i.d. random variables.

They proved

Theorem 1.4.8 (Addario-Berry and Reed [1]). Suppose that the following conditions
hold:

e there exists an integer d > 2 such that P(N <d) = 1;
e there exists ¥ > 0 such that v(—19) < co; and
e there exists 0y > 0 in the interior of the set {t : v(t) < oo} satisfying v(0y) =

901/(00) .

Let G be the event that the branching random walk survives. Then

v(6o) ilogn—i—O(l),

E[R,|6] = % n—200

and there exist constants C > 0, § > 0 depending only on the increment distribution,

such that for all t € R

This immediately implies that under the above assumptions, conditionally on the
system’s survival,

0
d O)n + 3 logn is tight.

Fn = 0o 200
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Finally, Aidékon [2] proved that the centered maximum converges in law to a ran-
domly shifted Gumbel distribution when E[N] > 1 and there is a 6y € (0, 00) satisfying
v(0p) = 6o/ (0p). Under some mild conditions on the underlying progeny point process,

he showed that

Theorem 1.4.9 (Aidékon [2]). There exists a finite positive constant ¢ such that for all

z €R,

lim P R, — V(Qo)n + ilogn <z|=E ¢ e ,
n—00 00 200

where Dge > 0 on the event of systems survival and it is also the a.s. limit of the

derivative martingale { Dy }n>1 defined as

D, = - Z (60S(v) — nv(6o)) e(0oS(v) (o))

[v]=n

This essentially settles the long-standing open problem of Biggins [9].

1.4.3 Brunet-Derrida Type Result

The point process convergence for the classical BRW was proved by Madaule [29]. He

showed that

Theorem 1.4.10 (Madaule [29]). Under the assumptions of Theorem 1.4.9, condition-
ing on the set of non-extinction, the centered point process at the n-th generation, denoted
by

Zn = Z 6{903(v)710g E, 7m/(00)+% logn—log Dgg}’

[v|=n
converges in distribution to a decorated Poisson point process, and the limiting point

process is independent of Dgs.

Following is the definition of a decorated Poisson point process:

Definition (Decorated Poisson Point Process). Let 3 = > .-, d¢, be a Poisson point
process on R with intensity measure Ae”Fdx for some X > 0. Then, independently

for each point (;, we replace it with a point process x; shifted by (;, where {x;}i>1 are
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independent copies of a point process x and are also independent of the Poisson point

process 3. Then the resulting point process

=) T (x)

i>1

is called the Poisson point process 3 decorated by x. Here, T, represents the translation

by x.

1.4.4 Large Deviations

Gantert and Hofelsauer [21] calculated the large deviations for the laws of { R, /n},>1.
They considered the case where the point process Z consists of N i.i.d. copies of some
random variable X, whose moment-generating function is finite in a neighbourhood of
0. They showed that if E[N] > 1, and the process satisfies both the Kesten-Stigum and
the Schréder conditions, i.e., E[Nlog N] < oo and P(N < 1) > 0, then

Theorem 1.4.11 (Gantert and Hofelsauer [21]). Under the above assumptions, condi-
tionally on the event of survival of the branching process, the laws of { Ry, /n}n>1 satisfy

the large deviation principle with the rate function

I(xz) — log E[N] if x > ;
O(x)=4¢ 0 if x =;
. xf(lft)'y) .
st fpen (=)} e
where p = —logP(N = 1), and I is the rate function for the random walk whose incre-

ments are i.i.d. copies of X.

As mentioned in Gantert and Hofelsauer [21], the Schréder condition is only required
for the lower large deviations, i.e., x < . That means the upper large deviations remain
the same even if we omit the Schroder condition. However, the result is incomplete since

it does not provide the lower large deviation rate function in this case.
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1.4.5 Time Inhomogeneous Setup

The time inhomogeneous setup was studied by Fang and Zeitouni [20]. In their setup,
the underlying point process consists of two i.i.d. mean zero Gaussian random variables,
whose variances vary with generations. For each n > 1, the variance is o2 in the first
|n/2] many generations and in the remaining [n/2] many generations, it is o2. Here,
|z] denotes the greatest integer less than or equal to x, and [x] represents the smallest

integer greater than or equal to x. They showed that

Theorem 1.4.12 (Fang and Zeitouni [20]). When o3 < o3,

7 2
Rn = ( (of +03) 10g2) n —+ %bgn is tight.

Theorem 1.4.13 (Fang and Zeitouni [20]). When o2 > o3,

R, —

logn is tight.

\/210g2(0'1 +O’2)n+ 3(0’1 +02)
2 2¢/2log?2

Note that in this section, we have only stated the results that are relevant to our work.

There are many other very important and interesting results that are not mentioned here.

1.5 Outline

The thesis is organized as follows. Chapter 2 provides our most important tool: the
coupling between the maximum statistic and a linear statistic. Chapter 3 contains the
asymptotics of the maximum. In Chapter 4, we present Brunet-Derrida type results for
our LPM-BRW model. The large deviation rate functions are discussed in Chapter 5.

Finally, in Chapter 6, we provide the results in the time inhomogeneous setup.






Chapter 2

Coupling between a Maximum

and a Linear Statistic !

2.1 Introduction

In this chapter, we first define a few operators on the space of probabilities which we
use to develop a novel mathematical tool. This novel technique allows us to obtain a
very simple coupling between the right-most position of our LPM-BRW model with a
more well-studied statistical quantity known as the smoothing transform. This coupling

helps us to get the results related to our LPM-BRW model in the subsequent chapters.

2.2 A Few Operators

Let Z = > 5, 0¢; be a point process on R. In the sequel, we denote P(A) as the set
of all probabilities on a measurable space (4, A), R = [~00,00] and Ry = [0, 00]. We

define the following operators.

!This chapter is based on Section 3 of the paper entitled “Right-most position of a last progeny
modified branching random walk” [7].

13
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2.2.1 Maximum Operator

Definition 2.2.1. The mazimum operator My : P (]I_Q) —-P (]R) is defined as
Mz(n) = dist (mjax {&+ Xj}> ,

where {X;}j>1 are i.i.d. n € P (R) and are independent of the point process Z.

We denote M7(n) as the n-th iterate of Mz(n). Suppose we add i.i.d. displacements
from 7 to each of the particles at the n-th generation, where the added displacements
are also independent of the BRW. Then as illustrated in Figure 2.1, the distribution of

the new maximum will be M7%(n).

Figure 2.1: Illustration of the maximum operator

Proposition 2.2.1. For any n € N,

|v|=n

M7 (n) = dist (max {S(v) + XU}> ,
where { Xy }jy|=n are ii.d. n € P (R) and are independent of the BRW.

Proof. 1t follows from the definition that

{S): | =1} L {g:j>1}. (2.1)
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So, the proposition holds trivially for n=1. Suppose the proposition holds for n = k — 1

for some k£ € N. Observe that

maX{S(v)-i-Xv}:maX{ max {S(”)+Xv}}

|v|=k lu|=1 | |v|=k,u<v

Jul=1 [v|=ku<v

:max{S(u)+ max {S(v)—S(u)+Xv}}. (2.2)
Here u < v means v is a descendant of u. Now, for |u| = 1, we have
{S() = S(u) : [v] = k,u <v} <= {S(): jo] =k —1}. (2.3)

Thus
Tui= max {S(v)—S(u)+ Xy}~ MEY(n).

|v|=k,u<v

Also, note that T,’s are ii.d. and are independent of {S(u): |u| =1}. Therefore

by (2.2),
max {S(v) + X, } = max {S(u) + Tu} ~ Mz o My (n) = M3(n).
Hence, by induction, the proposition holds for any n € N. O

Remark 2.2.1: Note that if we take n = &y, we get that R, ~ M}(dy), and R}, ~
M3 (n) if n is the distribution of §log(Y/E), where Y ~ u, E ~ Exponential (1), and
they are independent of each other. Also, note that in the expression of M, if we
replace the maximum by sum and the addition by multiplication (one way of doing that

is exponentiation), we will get the operator discussed next.

2.2.2 Smoothing Operator

Definition 2.2.2. The smoothing operator Lz : P(Ry) — P(R,) is defined by

Ly(un) = dist Zegﬂ'Yj ,

Jj=1

where {Y;};>1 are i.i.d. p € P(Ry) and are independent of the point process Z.
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If we denote L7 (1) as the n-th iterate of Lz(u), then we have the following.

Proposition 2.2.2. For any n € N,
Y =dist| Y VY, |,
|v|=n

where {Y,}|pj=n are i.i.d. p € P(Ry) and are independent of the BRW.

Proof. Note that by (2.1), the proposition holds trivially for n=1. Suppose it holds for

n =k — 1 for some k € N. Observe that

Z SOy, — Z Z SOy, — Z oS(w) Z SW=SWy | (2.4)

v|=k u|=1 |v|=ku<v u|=1 v|=k,u<v
|v| | ;

Also, by (2.3),
Sy Z GS(v)—S(u)K} NLléil(,U,)

u
|v|=k,u<v

Note that T’s are i.i.d. and are independent of {S(u) : |u| = 1}. Therefore by (2.4),

Y SOy, = 3 ST~ Ly o L (1) = Ly (u).

lvl=n |u[=1

Hence, by induction, the proposition holds for any n € N. O

2.2.3 Link Operator

Definition 2.2.3. The link operator £ : P(Ry) — P(R) is defined by
Y
= dist | log —=
E(p) = dis <0g E)

where E ~ Ezponential (1) and Y ~ p € P(Ry) and they are independent.
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2.2.4 Scaling and Centering Operator

Definition 2.2.4. Fora > 0 and b € R, the operator =, on the set of all point processes

1s defined by
Eap(Z) = Z a¢;—bs

J=z1

where Z = 2]21 d¢;- Sometimes we may denote Zq0 by Eq for notational simplicity.

2.3 Transforming Relationship

The following result is one of the most important observations, and it links the operators

defined above.

Theorem 2.3.1 (Transforming Relationship). For all k € N,
MEo&=EoLk.

Remark 2.3.1: The above theorem is a formalization of the intuitive idea that under
the link operator £, a (Max, +)-type algebra on general random variables gets rightly

converted to the usual (+,-)-type algebra on non-negative random variables.

Proof. Let Z =3 5, 0¢;, {Ej}j>1 are iid. Exponential (1), {Y;};>1 are i.i.d. p, and

they are independent of each other. Now,

Y,
Mz o &(pn) = dist | max <§j + log j>
j

Ej
dist log Y0 dist | —1 in 22 (2.5)
= dils max (0] = dils — 10 min . .
J & E; & J ng'Yj

. E;
Let A be the o-algebra generated by Z and {Yj}j21. So, given A, {e,;-jjyj}j>1 are

conditionally independent and

Ej

e&i Y;

A ~ Exponential (e'gﬂ' Y}) .
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This implies

. Ej . &5
min &Y, A ~ Exponential Z e>Y;
jz1
We also have
Ey .

———— | A ~ Exponential eSY;

221 €9Y] ;
Therefore

E.
min 234 __ B (2.6)
J eéij ijl 65’}/}'
Applying this to (2.5), we get
My o &(p) = dist | —1 in L
o = dist [ —log [ min
Z M g j eij}
: Ey
Therefore, by induction, for all k € N,
MEo&(u) =Eo L (k)
z O c\H o Liz\K).
O

Remark 2.3.2: An alternative proof of Theorem 2.3.1 is as follows. Let {m;},5; be an
i.i.d. sequence of Poisson point processes with intensity e™* dx. Now, we consider the

superposition

X= Zﬁﬁlogyj (75) (2.8)

j>1
where 7, is translation by x. In equation (2.8), {{;};>1 are as earlier, {Y}};>; are
i.i.d. u, and these two sequences are independent of each other and also independent of

{7‘(']‘ }j>1. Note that max m; is Gumbel-distributed, i.e., distributed as —log F1. Hence,

max X == max (fj +logY; —log Ej) : (2.9)
j
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On the other hand, each T¢; 110 y; (ﬂ'j) is a Poisson point process with intensity e~ Y; dx,

and thus, X is a Poisson point process with intensity (Z i>1 b YJ> e ¥ dx. Therefore,
max X = log Z e5Y; | 4+ maxm 2 log Z e5Y; | —log Ey. (2.10)
Jj=1 Jj=1

Now by combining (2.9) and (2.10) and then using induction we get the required result.

This alternative proof was indicated by an anonymous referee.

As an immediate corollary of the above theorem, we get a very useful coupling be-

tween the LPM-BRW and the linear statistic associated with the linear operator.

Theorem 2.3.2. Let 0 >0 and u € P(Ry). Then for any n > 1,
OR;, (0,11) = log Y(0) — log E,

where Y'(0) = > jol=n 3y, {Yo}o|=n are ii.d. p, E ~ Exponential(1), and
{Yo}v|=n and E are independent of each other and also of the BRW.

Proof. From (1.1) together with Proposition 2.2.1, it follows that

0R;(9. 1) = max {05(0) + 1o8(Yo/ Eu)} ~ M2, 70 E(1). (2.11)

v|=n

Therefore, by applying Theorem 2.3.1 and Proposition 2.2.2, we get

dist (0R;, (6, 1)) = MZ, (70 E(n)

=E&o Lz, 5 (p) = dist (log Y} —log E).






Chapter 3

Asymptotics of the Right-most

Position !

3.1 Introduction

In this chapter, we first present and prove some asymptotic results about the associated
linear statistic, which we later use together with the coupling technique mentioned in

Chapter 2 to obtain the asymptotics of R;.

3.2 Assumptions

Before we state our assumptions, we introduce the following important quantity. For a

point process Z = Z;Vﬂ d¢;, we will write

m(t) = E [ /R et""”Z(dx)} _E get@

where ¢t € R, whenever the expectation exists. Naturally, m is the moment-generating

function of the point process Z.

!This chapter is based on Sections 2.1, 2.2, 4, 5.1, 5.2, 5.3 and 5.4 of the paper entitled “Right-most
position of a last progeny modified branching random walk” [7].

21



22 Chapter 3: Asymptotics of the Right-most Position

We now state our main assumptions. Throughout this work, we will assume the
following three conditions hold:
(A1) m(t) is finite for all ¢t € (—¥, 00) for some ¥ > 0.

(A2) The point process Z is non-trivial, and the extinction probability of the underly-
ing branching process is 0. In other words, P(N =1) < 1,P(Z({a}) = N) < 1
for any a € R, and P(N > 1) = 1.

(A3) N has finite (1 4 p)-th moment for some p > 0.

Remark 3.2.1: (A1) implies that m is infinitely differentiable on (—1,00). Together

with (A3), it also implies that there exists ¢ > 0 such that for all ¢ € [0, c0)

(/Rem Z(dx))Hq] < oo0. (3.1)

E

To see this, observe that

/ e Z(dr) < Ne™@5o 16 (3.2)
R

This, together with Holder’s inequality, implies

E [( /R e Z(dm)) o

e (o)

1 i 2
s(E [qu)j)l B B <maxév1t£j)]

1 ~

o »
< <E [N<1+Q>2D1 “E /e(Hq) te Z(daz)]
R

q

- <E [N(Hﬂ ) = <m (t(l + q)Q/q)> "

Then, by choosing ¢ such that (1 + ¢)? < 1+ p, one gets (3.1).
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3.3 A Specific Scaling Constant 6

We define
v(t) = vz(t) :=log (m(t)) = logE [/R et Z(daz)]

for t € R, whenever m (t) is defined. Note that under assumptions (A1) and (A2), v is
strictly convex in (—, 00). Although this is a well-known fact, we are unable to find an

exact reference to it. So we give a proof of this.

Proposition 3.3.1. v(t) is strictly convex in (—1,00).

Proof. From assumption (A1), we know that

m(t) = E [ /R emZ(dx)] < o0,

for all t € (—,00). Therefore using the dominated convergence theorem, we have for
all t € (—v,00),
m/(t) = E [/ zel® Z(dx)} < 00,
R

and

m’(t) =E UR riel” Z(dq:)] < o0.

From assumption (A2), we have that P(Z({a}) = N) < 1 for all a € R. Therefore for

all a € R,

E /R (z — a)2'® Z(dx)} >0

=E /R z2el® Z(d:c)] — 2aE [ /R zel® Z(dx)] +a’E [ /R et Z(dw)] >0

<[ e zan] [ o an)] - (5] 2 Z<dx>b2

= m"(t) - m(t) > (m'(t))*.
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Hence for all t € (-1, 00),

m!(t) - m(t) — (m(t))*
(m(®))*

> 0.

V”(t) —
This proves the proposition. O

We now define a constant related to the underlying driving point process Z, which
we denote by 6y. Let

0o = inf {9 >0: ”(99) = 1/(9)} . (3.3)

The fact that v(0) is strictly convex ensures that the above set is at most singleton. If
it is a singleton, then as illustrated in Figure 3.1, 6y is the unique point in (0, c0) such
that a tangent from the origin to the graph of v(6) touches the graph at § = 6y. And if
it is empty, then by definition 6y takes value oo, and there does not exist any tangent

from the origin to the graph of v(#) on the right half-plane.

Y
A
D
NS
//\)
)
QY
el
7
A
|
|
|
|
|
|
|
|
|
|
- ! » T
O .’17700
y

Figure 3.1: Construction of the quantity 6g

Remark 3.3.1: It is worth noting that v(0)/6 is strictly decreasing for 6 € (0,6,) and
strictly increasing for 6 € (0y, 00). Therefore, as shown in Figure 3.2, when 6 is finite,

it is the unique point of minimum for v(0)/6.
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A
\J

Figure 3.2: Graph of y = v(z)/x

Remark 3.3.2: Note that

V(:) = lim %logE [Wn(e)] )

n—o0 N

where W,,(0) = W,,(0,0) is as defined in (3.5). v(0)/0 is often referred as the “annealed
free energy”. Further, using Jensen’s inequality, it is easy to see that, the so-called

“quenched free energy”, say F(6), defined below satisfies the following inequality

1 v(0
F(9) := lim —HIE [log W, (0)] < 0)‘

n—o0 N

Whether 6 is finite or infinite can be characterized by the following proposition.

Proposition 3.3.2. 0y < oo iff

lim v(6) — 6 ( lim u’(x)> <0.

60— 00 T—00

Proof. Let f:(0,00) — R be a function defined as

T—r00

FO0) =v(6) — 0 ( lim V’(m)) .
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Since v is strictly convex,

£1(0) =/ (0) — (lim 1/(3:)) <0,

T—00

for all # € (0,00). Therefore f is strictly decreasing in (0,00), and hence limg_,~, f(0)

exists.

(Only if part). If limg_,o f(0) > 0, then for all § € (0, c0),

v(0) — 0V (0) > v(d) — 0 (xlgrolo 1/’(3:)) > 0,

which implies 8y = oco.

(If part). Now, suppose 0y = oo, i.e., there does not exist § € (0,00) satisfying
v(0) = 6v/(0). Since v and v/ are continuous and by assumption (A2), v(0) > 0-2/(0),
we have v(6) > 61/(0) for all § € (0,00). Let T, be the tangent to the graph of v at the

point x for some x € (0, 00), i.e.,

for all § € (0,00). Therefore letting 2 — oo, we obtain
> im 1/
v(0) >0 (xli)rrolol/ (m)) ,

for all € (0,00), which implies limgy_,~ f(6) > 0. This completes the proof. O

Remark 3.3.3: An alternative proof for the “if part” is as follows. If limg_,~ f(6) < 0,

then there exists 6 € (0,00) such that f(€) < 0, which implies
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Therefore, by Remark 3.3.1, 8y < oc.

Remark 3.3.4: It is to be noted that 0y is always finite if lim,_,~ ¢/(z) = oco.

3.4 Few Auxiliary Results on the Linear Statistic

In this section, we provide a few convergence results related to the linear operator, L7,
as defined in the Section 2.2.2 and associated linear statistic, which is defined in the

sequel (see equation (3.5)).

We start by observing that if we consider the point process =g, (4)(Z), then
V2, 0)(2) (@) = logE [/R =20 Z(dx) | = vz(af) — avz(8).
Differentiating this with respect to «, we get

Ve, 0 (2)(@) = 07 (af) —vz(6).

So, by taking v = 1, we obtain vz, (z)(1) =0, and

vz (0)
>0 iffy <6< oo
vz (1) =007(0) —vz(0) § =0 if 6 =0 < oo

<0 iff8<by<oo.
Therefore, using Theorem 1.6 of Liu [28], we get

n w do if0=0p< o0,
LEQYVZ“,)(Z) (1) = (3.4)
pe° if 0 < 6y < oo,

where for all 6 < 6y, pug® # do is a fixed point of Lz, vy (0)(Z) and have same mean as .

Note that as pg° is a fixed point of Lz, ), we have

wz(0) (z

p3({0}) = E [z ({oh)™]
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Together with assumption (A2), this implies for all § < 6y, ug°({0}) € {0,1}, and hence

pg”({0}) = 0.

We now define the linear statistic associated with the linear operator L7,.

Wa(a,b) i= Y 5070, (3.5)
lv|=n
To simplify the notations, sometimes we may write W,,(a,0) as W, (a). From Proposi-
tion 2.2.2, we get that

Lz, ,(z)(01) = dist (Wh(a,b)).

—a

Since {Wy(0,v2(0))}n>1 is a non-negative martingale, it converges a.s. Therefore (3.4)
implies that almost surely,
0 if 0 =0y < o0;
W (0,v2(0)) — (3.6)
D if 0 < ) < oo,
for some positive random variable Dg° with E[Dg°] = 1, and the distribution of Dg° is

a solution to the following linear recursive distributional equation (RDE)

AL N IS0, (3.7)

lv|=1
where A, are i.i.d. and have the same distribution as that of A. Biggins and Kypri-
anou [12] have shown that under the assumptions in Section 3.2, the solutions to the
linear RDE are unique up to a scale factor whenever they exist. Therefore Dg° is the

unique solution to the linear RDE (3.7) with mean 1.

The following proposition provides convergence results of W, (a, b) for various values

of a and b.
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Proposition 3.4.1. For any a > 0 and b € R, almost surely

0 if a <6y, b>rv(a); (1)
D ifa <6, b=v(a); (44)
Wi(a,b) = oo ifa <6, b<via); (iid)
0 if 0p < 00, a > 0y, b > av(by)/0; (iv)
00 if Op < 00, a > 6y, b < av(by)/0p. (v)

To prove this proposition, we use the following elementary result. We provide the

proof for the sake of completeness.
Lemma 3.4.1. Let f : [0,00) — R be a continuously differentiable convex function and
S be a convex subset of [0,00) X R satisfying
o (z,y) €S forall0 <z <xzy andy > f(x) and
o (x,y) ¢S forall0 <z <zp andy < f(x),
for some x¢g > 0. Then
SC{(z,y) 1y = Tue(2) },

where Ty, (+) denotes the tangent to f at xg.

Proof. We define a function g : [0,00) — R as

g(z) =inf{y: (z,y) € S}.

We first show that ¢ is convex. Take any xj, xo such that g(z;), g(z2) < oco. By
definition of g, for every e > 0, there exist y; < g(x1) + € and y2 < g(x2) + € such that
(z1,91), (¥2,52) € S. So for any o € (0,1), (az1 + (1 — &)z2, 01 + (1 — @)y2) € S.

Therefore

glazy + (1 — a)az) < ayr + (1 — a)yz < ag(z1) + (1 — a)g(zz) + e
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As € > 0 is arbitrary, we have

glary + (1 — a)zz) < ag(z1) + (1 — a)g(za),

and this is true for all & € (0,1). Therefore g is convex.

Let T,(.) be the tangent to f at x. As f is continuously differentiable, T, converges
pointwise to Ty, as © — x¢. Note that g = f in (0, ). Therefore for all z € (0, x¢), T,
is also tangent to g at x. As g is convex, g > T, for all z € (0,x0). Hence g > Ty,,. This

completes the proof. O
Proof of Proposition 3.4.1. Proof of (i),(ii) and (iii). Noting that
Wa(a,b) = Wa(a,v(a)) - ")

(i), (ii) and (iii) follow from (3.6).

Proof of (iv). For a > 6y, we have

Wn(a,b) _ Z 6aS(v)—nb

[v[=n

a/0o
Z e(aS(v) —nb) 6o/a

[v[=n

IN

— W, (60, b /a) ™™

(

Since W, (a, b) is non-negative, using (3.6), we get that for a > 6y and bby/a > v(6y),

a/bo

Wn (90, V(H())) . e'ﬂ(lx(ﬁo)_bgo/a)>

Whn(a,b) — 0 as.
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Proof of (v). Using (i) and (iii), we know that there exists N' C Q with P(N) =0
such that for all w ¢ A" and (a,b) € [(0,60) x R] N Q?,
0 ifb>v(a);

Wi(a,b)(w) —
oo ifb<v(a).

For any w ¢ A and any subsequence {ny}, we define

S ({ri},w) = {(c, d) : limsup Wy, (¢, d)(w) < oo} .

k—o0

Now, suppose (c1,d1), (c2,d2) € S ({nk},w) Then for any « € (0,1),

limsup Wy, (ac1 + (1 — a)e, ady + (1 — a)dy) (w)

k—o0

= liin sup Z exp (a [e15(v)(w) — npdy] + (1 — @) [e2S(v)(w) — nkng
%0 T,

IN

a |[limsup Z exp (c15(v)(w) — nkdy)
k—o0 |o|=ns,

+ (1 —«) [limsup Z exp (c25(v)(w) — nkds)
k—o00 |o|=ns,

=« |lim sup Wnk (017 dl)(w)

k—o0

+(1-a) [limsup Wi, (c2,d2)(w)| < 0.

k—o0

Therefore S ({nk},w) is convex. As Q2 is dense in R?, the conditions in Lemma 3.4.1
hold for the convex function v, the convex set S ({nk}, w), and the point 6y. Thus for

any a > 6y and any b < av(6y)/6o, we have (a,b) ¢ S ({ni},w), which implies

lim sup Wy, (a,b)(w) = oo.

k—o00

This holds for all subsequences {n;} and all w ¢ N. Hence for all a > 6y and all
b < av(by)/bo, we have

Wh(a,b) = oo a.s.
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The following corollary is a simple consequence of Proposition 3.4.1.

Corollary 3.4.1. Almost surely

7
" “0) if < 6 < oo,

Proof. From the definition of W), in (3.5), it follows that
log Wy, (0,b) = log W,,(0) — nb. (3.8)

Therefore, by applying Proposition 3.4.1, we get that for 6 < 6y < oo, almost surely

—oo if b>v(0);
log Wp,(0) — nb — (3.9)
00 if b < v(0);

and similarly for 6y < 0 < oo, almost surely

—oo if b > 6v(6y)/0o;
log Win(6) — nb — (B0)/o (3.10)

o0 if b> 91/(90)/90

Combining (3.9) and (3.10) proves the corollary. O

Remark 3.4.1: To understand why the limit in Corollary 3.4.1 becomes constant for

0 > 6y, let us consider

F(0) = lim log W (6)

n—00 nb

Since [Wy(0)] Y0 i non-increasing in €, so is §(¢). Now by the Cauchy-Schwarz in-

equality, we get that for any 61,602 > 0,
2
(Wn(ﬁl + 92)) < Wn(291) . Wn(292).
Since dyadic rational numbers are dense in the real numbers, this gives us that

Wn(Oé@l + (1 — a)Hg) < Wn(el)a . Wn(eg)lia,
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which means that log W,,(6) is convex in 6, and therefore so is 6F(6). Now, for 6 < 6,
§(0) = v(0)/60. So by Remark 3.3.1, the left-derivative of § is 0 at 6. Hence the right-
derivative is greater than or equal to 0 at 6y, by convexity of the function 6 — 6F(0).
Using again this convexity, it is now easy to show that §'(6) > 0 for all § > 6, hence
§(0) > F(bp) for all & > 6y. But since § is non-increasing, it has to be constant for

0 > 6.

Our next result gives a relation between W,,(0) and Y;}'(§), where Y}}'(6) is as in

Theorem 2.3.2.

Proposition 3.4.2. For any 0 € (0,6p) and also for 8 = 6y < oo,

b.<

w(0) »

where () is the mean of .

Proof. Before proving this proposition, we first quote a result of Biggins and Kypri-

anou [10], which is a particular case of Lemma 2.2 in Kurtz [26].

Lemma 3.4.2. Suppose {c;} is a sequence of nonnegative constants satisfying >, ¢; = 1,
with a = max; ¢;. Suppose {Y;} are independent identically distributed copies of a random

variable Y with E[|Y|] < oo and E[Y] = 0. Then, fore <1/2,

9 1/a 00
P Zcm > e §€2</ at-IP’(]Y|>t)dt+/ P(|Y|>t)dt>.
0 1

i=1 /a

Now, observe that

Vo) OS()
Wa(0) () = z;n (W) (Yo — (1) - (3.11)

We define
9S()

e
M,(0) = = .
(6) := max S aln €5 W, (0)

OR,
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For 0 € (0,6p), we choose any 601 € (6,6y). Then we get

Wn(el)]a/el < [Wn(el,y(gl))]9/91 _e—nG(”<9>_V(01))
Wa(0) W, (60, v(6))

(3.12)

Since v is strictly convex, v(6)/6 is strictly decreasing for 6 € (0,6y). Therefore using
Proposition 3.4.1, we get
M, () = 0 as. (3.13)

For 6 = 0y < oo, by choosing 02 € (0y, 00), we obtain

W @)% [0 (02, 03060)/00) | N
Wh(6o) - nWp(0o,v(00)) . (3.14)

Aidékon and Shi [3] showed that when 6y < oo, under the assumptions in Section 3.2,

there exists a positive random variable Dg¢ such that

1/2
W60, v(00)) 2> (22> Die. (3.15)

ye

The details of the random variable Dgg and the constant o2 have been discussed in

Remark 3.4.2. Hu and Shi [24] proved that if 6y < oo, then for any 6 € (6, c0),

Ov(6o)\ » 30
log Wi, | 0, —5 3.16
logn ©8 ( 90 - 290 ( )
under the assumptions in Section 3.2 .
By applying (3.15) and (3.16) to (3.14), we get that for 6y < oo,
M, (60) 2+ 0. (3.17)

Thus, by combining (3.13) and (3.17) we obtain that for any 6 € (0,6y) and also for
0 = 90 < 00,

M, (6) £ 0. (3.18)
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Now, let F be the c-algebra generated by the BRW. By Lemma 3.4.2, for every

e € (0,1/2), we have

m
P gvnn((?)<“> > el F
gé /OM"@MR(G)t-]P’(\Y—(M)\>t)dt+/oj P(|Y — ()] > 1) dt |,

Mn (0)

which by (3.18) and the dominated convergence theorem, converges to 0 in probability

as n — oco. Then by taking expectation and using the dominated convergence theorem

lim P ( > 6) =0.
n—o0

This completes the proof. O

again, we get
Yi'(0)
W (6)

— (1)

Remark 3.4.2: The constant o2 in Equation 3.15 is defined as
o2 :=E Z (60S(v) — 1/(00))2 efoSw)—v(to)
lv]=1

The random variable Dg® is the almost sure limit of a derivative martingale defined by

Dy ==Y (60S(v) — v(fp)n)ePos )0,

lv]=n

The same derivative martingale also appears in Biggins and Kyprianou [11]. Dg® > 0

a.s. under the assumptions in Section 3.2 and is a solution to a linear RDE given by

AL S bSOl A, (3.19)
lv]=1

where A, are i.i.d. and have the same distribution as that of A.
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3.5 Convergence Results

We classify our model in three different classes depending on whether the (scale) pa-
rameter 6 is below, equal or above the quantity 6y. We term these as below the boundary

case, the boundary case, and above the boundary case, respectively.

3.5.1 Almost Sure Asymptotic Limit

The following result is a strong law of large number-type result, which is similar to

Theorem 1.4.3.

Theorem 3.5.1. For every non-negatively supported probability p # dg that admits a

finite mean, almost surely

0 )
R (6 =g if <0 < oo
o) if By < 60 < .
Remark 3.5.1: Note that the almost sure limit remains same as %000) for the boundary

case and also in above the boundary case.

Proof. (Upper bound). We denote 8 = min(d,0y). Using Markov’s inequality, we have

that for every € > 0,

b (RZ(Q,M) B Z/(BB) S 6) < o n(Betv()/2 [eBR;(G,u)/ﬂ .
n

Now, using Theorem 2.3.2, we have

8/(26)
E [eﬁRW’#)/Q} —E ||} S0y, E [E—ﬁ/@e)] ,

[v[=n
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where E ~ Exponential (1). Using a subadditive inequality and then using Jensen’s

inequality, we get that

E {eﬁRrAau)/ﬂ <E \/ 3 eBSwyf? .1 (1 _ 2’;)

[v]=n

)y /0 BN o B
< |E Zeﬁs()yv 'F<1_20>_ e (5)'<N>6/9'F(1—29>7

lvl=n

where (1) /g is the (3/6)-th moment of 1. So for every € > 0, we have

Pcmfw>_f?>%>§V@Mw¢(;>fn&@

which implies

(R0
Z]P’( nl ’“’)—”(6)>e><oo. (3.21)
n=1 n 6
Since € > 0 is arbitrary, using the Borel-Cantelli lemma, we obtain for all § > 0, almost
surely
R (0. 1) Y0 i < 6y < oo;
lim sup el AT/ < (3.22)
n—00 n
- ) if gy < 0 < oo.

(Lower bound). For u such that |u| = m < n, we define

R = RO 0.0 = max {50+ 1os(e/5) | - 500 (3.23)

n—m —
[v|=n,u<v

Here u < v means v is a descendant of u. Note that {Rz(fr)n}wzm are i.i.d. copies of

1

_n, and are independent of the BRW up to generation m. Now, the definition of R},

in (1.1) implies that

R} (6, 1) = max {lvlmax {S(U) + ;log(Yv/Ev)}}

|u|=m =n,u<v

= max {S(u) + RZ(_@”(G, u)}

lul=m

> S(iim) + max B (0, ), (3.24)

- ful=m
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where iy, = U, (0, ) = arg max|y|—p, R,*l(fq)n(G, 1).

The boundary and below the boundary case (8 < 6y < 0o or § = 0y < o). For any
e € (0,1) and for 0 < 6y < 0o or = Oy < oo, using (3.24) together with Markov’s
inequality, we get

p(Hilb)_v0) )

5 “(u (60
]P’(S(uwm)—i— max RH(EﬁJ(H,,u)<n<9)—e>)

IN

lul=[ /7]

) v(o) e ; _ne
S]P’(urn?&(mRn_Lﬁj(G,u)<n< 0 5 + P S m)) < 5

v() e o 9/4 9S(@ 2
<E|P(R,_ | m0.p)<n < - > +e AR [e* (@ ymp)/ ] . (3.25)

0 2
Here |z] denotes the greatest integer less than or equal to =, Ny represents the total
number of particles at generation k, and ¢ is as in assumption (A1). The combination of
Theorem 2.3.2, Proposition 3.4.2, and Corollary 3.4.1 gives us that for any 6 < 6y < oo

and also for 0 = 6y < oo,

Ri(0.0) v, v(0)

; (3.26)

Therefore for all large enough n,

IP’( 5 (@) <n<”(;)—;>> <e (3.27)

Since P(N = 0) = 0, N|, 5| < n implies that at least [\/n] — [logyn| many particles

have given birth to a single offspring, and therefore
—1
P (NW] < n) < (PN = 1))lVii-Tosanl (3.28)
For the second term on the right-hand side of (3.25), we have

E e S0m)?] <E Wi m(—0/2)] = eV, (3.29)
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By combining (3.25), (3.27), (3.28), and (3.29), we have for all large enough n,

(Tl 20 )

<t (IP’(N _ 1))[x/ﬂ—ﬂogz n] + e—neﬂ/4+[\/7ﬂu(—19/2)’

which implies for all € € (0, 1),

i]}» (RZ(:’“) _ o) _ —e) < . (3.30)
n=1

So by using the Borel-Cantelli lemma, we obtain that for § < 6y < co or § = 6y < oo,

lim inf Z2® 1) 5 VO (3.31)

n—oo n 0

Above the boundary case (By < 0 < 0o). To get the lower bound for 0y < § < oo, we

need the following result, the proof of this is given at the end of this proof.

Proposition 3.5.1. For every non-negatively supported probability u # o that admits

a finite mean, almost surely

log Y,V (0 0
og Yz'(0) R
no V(00)

Now observe that,

OR;, (0, 1) = max {0S(v) + log Y, — log E, }

|v|=n

> max {#S(v) + logY, } —log E,,, (3.32)

lv|=n

where v, = vy (6, p) 1= arg maxy,—, {65(v) 4+ logV, }. Also, observe

VIO +00) = > OISOy, < W, (0p) - e Hvi=n {050 Hog Yo}, (3.33)

[v[=n
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Therefore we have

OR: (6, 1) S log Vi (0 +0600) logWy(bh) logFEy,

3.34

Since E [|log E,, || is finite, the Borel-Cantelli lemma implies that the last terms on the
right-hand side of (3.34) converges to 0 almost surely. By Corollary 3.4.1 and Propo-
sition 3.5.1, the first and the second terms almost surely converges to (6 4+ 6y)v(6o)/0o

and v(6y), respectively. Thus, we obtain that for y < 6 < oo,

(6 0
lim inf Tl ) 5 v00) (3.35)
n—oo n 90
Combining (3.22), (3.31), and (3.35) completes the proof. O

Proof of Proposition 3.5.1. Notice that Proposition 3.5.1 is only required to prove the
lower bound of Theorem 3.5.1 above the boundary case. We can therefore use the results

proved in the proof of the remaining cases to prove this proposition.

Now, Theorem 2.3.2 says that
OR" (0, 1) == log Y(0) — log E.
Since E [|log E|] < oo, (3.21) and (3.30), together with the Borel-Cantelli lemma, imply
that for 6 < 6y < oo and also for 8 = 0y < oo,

log Vi'(6) _ v(0)

po7 R (3.36)

and for 0y < 6 < oo,
log Y.\ (6
lim sup 0g ¥ (0)

n—00 nd

0
<) (3.37)
to
So for any a > 0 and b € R, we have almost surely
0 ifa<ébp b>vr(a);

Via)-e™ ¢ o ifa< 0o, b < v(a); (3.38)

0 iffy <oo,a>0y b>av(fy)/b.
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Now, the exact similar argument as in the proof of Proposition 3.4.1 (v) suggests that

for 6y < 0o, a > 0y and b < av(6y)/0o,
YH(a) e ™ = 0o as.

n

This, together with (3.38), implies that for 6y < 6 < oo,

log Y, () . v(0o)

nd 90 a.s.

Therefore, combining (3.36) and (3.40) proves the proposition.

(3.39)

(3.40)

It is worth mentioning that Corollary 3.4.1 gives an alternative proof of the following

well-known result of Biggins [9].

Theorem 3.5.2. Almost surely

R, V' (0o) if 6y < 003
LN
n

limg o /(0)  if 6 = 0.

An alternative proof. From the definition, it follows that

Wn(e) — Z 695’(1}) > eGRn'
|v|=n
Also,

Wn(29) _ Z 6205(11) < Z eORn—i-QS(v)
[v|=n

v]=n

This implies
log Wi (260)  log Wy ()
nd nf

<&<
~—n ~ nb

log Wy (6)

(3.41)

(3.42)
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If 0y < oo, then for any 0 € (0y, 00), letting n — oo and using Corollary 3.4.1, we get

) v(0o) B v(6o) < liminf& < limsup& < v(6o) a.s.,
b0 fo =% N T pco M bo

which implies almost surely

= /(6o). (3.43)

Now, suppose 6y = co. By Corollary 3.4.1, letting n — oo and then letting § — oo,

we obtain

lim v(20) — V—e) < lim inf & < lim sup & < lim @ a.s.
oo 0O 0 n—oo n nooo M oo 0O
Since v is convex, we know that
20) —
lim o) = lim v/(f), andalso lim v(26) — v(6) = lim v/(0)
—oc0 0 0— o0 6—00 0 0—o0
Therefore, almost surely
R
on li (0). 44
n e ) (3.44)
Combining (3.43) and (3.44) completes the proof. O

Remark 3.5.2: As pointed out by an anonymous referee, this alternative proof has
a direct relation with the proof by Kingman [25], where Kingman used the fact that
§'(6p) = 0, where § is as in Remark 3.4.1. As explained in Remark 3.4.1, Corollary 3.4.1

relies on the fact that §(6p) = 0, which we have also used in the alternative proof.

3.5.2 Centered Asymptotic Limits

The centered asymptotic limits vary in the three different cases depending on the value
of the parameter 0 as described above. We thus state the results separately for the three

cases.
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The Boundary case (6§ = 0y < )

Theorem 3.5.3. Assume that p admits a finite mean, then there exists a random vari-

able Hg', which may depend on 0o, such that,

* V(HO) 1 d 0o 1
Ry — %o n+ 20, logn — Hg5 + % log(u). (3.45)

Remark 3.5.3: Notice that the coefficient for the linear term is exactly the same as
that of the centering of R,, as proved by Aidékon [2]. However, the coefficient for the
logarithmic term is 1/3-rd of that of the centering of R,, as proved by Aidékon [2]. The
limiting distribution is also similar to that obtained by Aidékon [2], which is a randomly

shifted Gumbel distribution.

Proof. As mentioned in (3.15), for 6y < oo, Aidékon and Shi [3] have shown that under

the assumptions in Section 3.2,

9 \1/2

VW (o) - e7™00) = \/n W, (6g, v(60)) 2 <2> Dy,
This, together with Proposition 3.4.2, implies that
no?

9 \1/2
Vo) - 2 (2T g ), (3.46)

Therefore, taking the logarithm of both sides and then applying Theorem 2.3.2, we

obtain the result in (3.45) with

: (3.47)

1 1 2
Hge = % [logDé’g + §log <7r02> —logE
where E ~ Exponential (1) and is independent of the BRW. O

As we have seen in the proof of the above theorem, we have a slightly stronger result,

which is as follows:
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Theorem 3.5.4. Assume that p admits a finite mean. Let

oo 1 oo 1 72
Hgo = e [logDe0 +3 log <7r02>] , (3.48)
where
o @.5. . 1 B80S (v
Dgy =—= nh_{gO _W | El (905(1)) —nv (90)) e?05( ), (3.49)
1 2
2. _ _ 00S(v)
o :=E E 0oS(v) — v (6p)) e . (3.50
m (6p) U|=1( ) )
Then
« V() 1 A a 1
— —1 — H® — 1 —logE b1

where E ~ Exponential (1).

Remark 3.5.4: We note here that the H gg‘ in Theorem 3.5.3 has the same distribution
as Iffé?(f — % log E/, where E ~ Exponential (1) and is independent of jflgg’.

Remark 3.5.5: One advantage of the above result is that we have been able to identify

2

the exact constant for the limit, which turns out to be %log (ﬂ—), where o2

= is given

in the equation (3.50). As far as we know, this was not discovered in any of the earlier

works.

Proof. Observe that for any 6 > 0,

OR* (0, 1) — log V() = max (6S(v) +logY, —log E,) —log | Y ™y,

|ul=n

-1
0S(w)y
€ v
=—1 in E, 3.52
og |IJ|1£7IL <Z|u|_n easm)yu> (3.52)

Let A be the o-algebra generated by the BRW and {Yv}|u|=n- So, given A, the random

. 695(1}) Y, -1
v Z‘u|:n e@S(U)Yu

variables

[v|=n
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are conditionally independent and

-1
@)y, ) 5y,
<Z|u|— NEm ) A ~ Exponential <Z|u| 35w Yu) )

Therefore

05(v) -1
min F. ety A ~ Exponential (1)
"UIZTL v Z"U,I egs(u Y ’

which is independent of A. Hence, we obtain

-1
0S(v)y
€ v
in E, — B, 3.53

where F ~ Exponential (1) and is independent of A. By applying the above equation
o0 (3.52), we get
OR; (0, 1n) —logYt(0) = —log E. (3.54)

This, together with (3.46), gives us the required result. O

Below the Boundary case (6 < 6y < o0)

Theorem 3.5.5. Assume that p admits finite mean, then for 0 < 6y < oo, there exists

a random variable Hg°, which may depend on 0, such that,

n s Hg® + %log(u). (3.55)
Remark 3.5.6: We note that in this case the logarithmic correction disappears.
Proof. As mentioned in (3.6), we have for any 6 < 6y < oo,

Wo(0) - e ™0 = W, (0,v(0)) = DY a.s. (3.56)
Together with Proposition 3.4.2, this suggests that

Y20) - e ™0 Ly D (), (3.57)
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Thus, taking the logarithm of both sides and then applying Theorem 2.3.2, we get the
result in (3.55) with

Hg® = - [log D§° —log E] (3.58)

| =

where £ ~ Exponential (1) and is independent of the BRW. O

Once again, just like in the boundary case, here too, we have a slightly stronger

result, which is as follows:

Theorem 3.5.6. Assume that p admits a finite mean. Let
700 1 o
where Dg° is the mean 1 solution of the following linear RDE

AL N7 IS0, (3.60)
lv|=1

where A, are i.i.d. and has the same distribution as that of A; and E ~ Exponential (1).

Then

v(®) e 4, % [log(y:) — log E] . (3.61)

R, — 7

Remark 3.5.7: It is to be noted that the random variable Hg° in Theorem 3.5.5 has

the same distribution as ﬁgo — %Iog E, where E ~ Exponential (1) and is independent

of ﬁgo.
Proof. Combining (3.54) and (3.57) completes the proof. O

Above the Boundary case (6) < 6 < 00)

Theorem 3.5.7. Suppose = 61,

Rrx — v,

n 6o p 3
—_— = ——. 3.62
logn 260 ( )

Remark 3.5.8: We would like to point out here that this is not the best result for this

case. For technical reasons, which will be clear from the proof, we have only been able
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to prove it for p = §;. Also, the result is unsatisfactory as it is not a centered limit as
in the other two cases. However, we note that we now capture the right constant for the

logarithmic correction.

Proof. Hu and Shi [24] have proved that under the assumptions in Section 3.2, for

Oy < 0 < o0,
v(6o) p 30
log W, (6) — 0 ——. 3.63
logn <og () 0o n) ~ 200 (363)
Since W, (#) = Y;21(6), using Theorem 2.3.2, we get the required result. O

3.6 A Specific Example

We consider the modified version of the i.i.d. Gaussian displacement binary BRW, where
N = 2 with probability one, Z = d¢, + ¢, with §;’s i.i.d. N(0,1), and p = 6;. In that
case,

2 92
v(f) =logE [6951 + 6952] =log <2692> =log?2 + o

Differentiating with respect to 6, we obtain
V(0) = 0.
From definition in (3.3), it follows that
10g2+928:0§ = = /2log2

Therefore, in view of Theorem 3.5.3, there exists a random variable, say, G, with a

randomly shifted Gumbel distribution such that

R} (\/2log2,01) —/2log2n + logn—d—>Goo.

1
2¢/2log 2

The corresponding result for R, derived from Aidékon’s [2] work is as follows.

3 d
R —\/2log2n+ ——— logn % G/,
n 08Nt S Toga BT T T
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where G/ is a randomly shifted Gumbel-distributed random variable.



Chapter 4
Brunet-Derrida Type Results !

4.1 Introduction

In this chapter, we present results of the type Brunet and Derrida [17] for convergence
of the extremal point processes. Their conjecture for the classical BRW was proved by
Madaule [29]. Here we present similar results for our LPM-BRW. It is to be noted that
the convergence of the point processes mentioned here is under the vague convergence

topology on the set of all counting measures on R.

Throughout this chapter, we will work under the assumptions (A1), (A2) and (A3)

as stated in Section 3.2.

4.2 Few Technical Results on Point Processes

In this section, we prove two technical facts, which we use to prove our main results.

Lemma 4.2.1. Let {Ei,n 1 <i<my,n > 1} be an array of independent random vari-

ables with E;, ~ Exponential(N;y). Suppose for all n > 1, Y7 N, = 1, and

!This chapter is based on Sections 2.3, 5.5 and 5.6 of the paper entitled “Right-most position of a
last progeny modified branching random walk” [7].

49
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lim,, s max?i”l in = 0. Then as n — oo, the point process
Mn
g, BN
Ei,n )
i=1

where N is a homogeneous Poisson point process on Ry with intensity 1.

Proof. Since > "% Aip = 1, lim,, oo max,'™ A;, = 0 means lim,,_,o my, = co. We fix
any k € N. For m,, > k, we denote E(1 ), E(2.n), - -, E(r,n) as the first k order statistics
of {Eipn:1<i<my}. Then for 0 <z <xp <--- < x, the joint density function of

E(lm,)a E(zm), e ,E(k,n) is given by

FB ) Beamy s B (T1: 2, -+ Tk)

k n
(J1532++-40k)  \1=1 =1
€5(k,n) 1#J1,5255Jk

k k n
S SR 01 £ R 5 5 VIS SR YOS SR CRY
(515925235 i=1 i=1 =1
€S (k,n) 1#51,52,-,Jk

where
S(k,n) = {(jl,jg,...,jk) (1,2, oma¥ g, # G forall 1 <r<t< k}
Now, we use the following transformation.

le,n = E(l,n)v Y2,n - E(Q,n) - E(l,n)v SRR Yk,n = E(k,n) - E(k—l,n)'
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The Jacobian of the above transformation is 1. Therefore for any non-negative real

numbers y1, %2, . .., Yk, the joint density function of Y7 ,,, Y2,,...Y% , is given by

fyl,n,Y2,n,-~-Yk,n (yh Y2,. .. 7yk)

k k 7 n k
R SR 61 £00 1 B SV o) IR S § o
(J15325-++4JK) i=1 =1 r=1 =1 r=1
€S (k,n) I#51,925:Jk
k k k r—1
ST o B D Sl £ 1 D ol b oE ¥ PR S
r=1 (d15d25-0k)  \1=1 r=2 \ =1
€S(k,n)
Now, observe that
k

k Mmn
> (T ) = [ v
(G15d25-+0k) =1 =1

€S(k,n)

k—2

IN

k k Mn Mn
> (ITvn +(2> ;A?,n ZlA

(41:925-+dk) \i=1
€S(k,n)

Note that > "% X, = 1. So, if we write A}, = max;"" \;,, we obtain

k k k
o T <1< D2 T Yin +<2>A;:.

(J15325-50k)  \1=1 (G1d2500k) =1
€S(k,n) €S(k,n)

k k k r—1
> (T[] = 22 (TTen | rexm [ 20| 2 Min | v
(J1,325-50k)  \t=1 (J15d250k)  \1=1 r=2 \ i=1

€S(k,n) €S(k,n)

k
" €Xp Z (r=1)yrAy,

(J1:d2,--dk) \t=1 r=2
€S(k,n)

IN
)
=
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Thus letting n — oo and then applying (4.3), we get

k k r—1
dm o Y | [T | exp > Nm | ur | =1 (4.4)
(J1532+--59k)  \1=1 r=2 \i=1
€S(k,n)
Applying this to (4.2), gives us
k
B fyy s Vi (U182, Uk) = exp —Z}yr : (4.5)
r=

If we write the k-th order statistic of the homogeneous Poisson point process N as Qk)>

then the joint density function of Q(1), Q2) — Q1),-- - Q) — Q-1 is given by

k
fQ(1),Q(2)*Q(1),-~~7Q(k)*Q(k—1) (Y1,92,- -+, Yk) = €xp | — Z Yr

r=1

Therefore by Scheffe’s Theorem, we get
d
(Yip, Yo, ... Yin) — (Q(U,Q(z) — Q) Q) — Q(k—l)) :
Equivalently, for any k& € N,
d
(E(l,n)7E(2,n)7 . '7E(k,n)) — (Q(U,Q(z), - ')Q(k)) : (4.6)

Now, take any continuous function f that vanishes outside a bounded set, say, [0, M].
We fix any € > 0, and choose kg large enough so that P (/\/ ([0, M]) > k(]) < €. Observe

that for any x € R,

oo ko
p(/o de§x>—IP’ Zf(Q(i)>§x S]P(N([O,M])Zko)<e. (4.7)
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By (4.6), we obtain

0o M ko
li d 0g, — Ein ) <
1£S£pP /0 f ;Ew <z P ;f<(’))<x
< lim P (B < M) =P (Quy < M) <. (4.8)
In view of (4.6), we also get that
ko ko
i=1 =1

Thus, by combining (4.7), (4.8), and (4.9), and letting € — 0, we finally obtain

/oofd f:aE i>/oofd/\/. (4.10)
0 =1 0

This, together with Proposition 11.1.VII of Daley and Vere-Jones [18], gives

Mn

S o, LN

i=1
This completes the proof. ]
Remark 4.2.1: An alternative derivation of Lemma 4.2.1 can be obtained using Rényi’s
representation [31] and the generalized version of it by Tikhov (see equation (3) of

Tikhov [33]). The details of such a derivation are similar to the proof presented here.

For the sake of completeness, we have provided our own proof.

Lemma 4.2.2. If N = Zj>1 d;, is a homogeneous Poisson point process on Ry with
intensity 1, then Y = Zj>1 d_10g3; @S an inhomogeneous Poisson point process on R

with intensity measure e~ % dx.
Proof. For any Borel set B C R, we have that

Y(B)=N({e *:x e B}) ~ Poisson(Ap), (4.11)
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where

AB:/ d.’L':/ e_xdx.
{e—*:z€B} B

Also, note that for any disjoint Borel sets By, Ba, ..., By, the random variables N ({e™® :
x € B1}),N({e™® : © € Bs}),...,N({e ™ : x € By}) are independent, which means
V(B1),Y(B2),...,Y(By) are also independent. This, together with (4.11), completes

the proof. 0

4.3 Convergence Results

For any 6 < 6y < 0o, we define

Zn(e) = Z 5{95(1})—10gE1,—n1/(0)—logDgo}’ (4'12)
|v|=n
where Dg° is defined in the Theorem 3.5.6. Also for § = 6y < oo, we define

Zn(00) == > 6

lvl=n

, (4.13)
{GOS(U)—log E, —nu(60)+% log n—log Dgg —% 1og(#) }

where Dgg and o2 are as in Theorem 3.5.4.

Our first result is the weak convergence of the point processes (Zn (0))n>0.

Theorem 4.3.1. For 0 < 6y < oo or 0 =6y < oo,
Zn(0) = Y,
where Y is a Poisson point process on R with intensity measure e~ dzx.

Proof. Let F be the o-algebra generated by the BRW. We know that conditioned on F,
{EUWH(H)e_QS(”) vl =n,n > 1} are independent, and

05 eOS(v)
E,W,(0)e~%5®)| F ~ Exponential W .
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Note that

=1
—~ Wa(0)
and by (3.18), we also have that for 6 < 6y < 0o or 6 = 6y < o0,

eé‘S(v) »

max — 0.

[v|=n Wn(g)

Therefore by Lemma 4.2.1, for any positive integer k, Borel sets Bi, Bs,..., By and

non-negative integers ¢y, ts, ..., tr, we have

P| D Spw@peoso(Br) =t1,.... Y g @ye-oso (Br) = ti| F

[v]=n |v]=n

5P (N(B1) =t1,...,.N(Bg) =t;), (4.14)

where N is a homogeneous Poisson point process on R, with intensity 1. Therefore,

using the dominated convergence theorem, we get

Z Op, Wy (0)e—05m (B1) =t1,..., Z O, W, (0)e—05w) (Bi) = ti

v[=n

=P (N(B1) =t1,...,.N(By) =t). (4.15)
or equivalently (see Theorem 11.1.VII of Daley and Vere-Jones [18]),

Z OB, Wi (0)e—05() LN (4.16)

|v|=n

Since —log(.) is continuous and therefore Borel measurable, (4.16) suggests that

d
Un(0) = Z 008 (v)—log Ey—log W (8) — Vs (4.17)

|v|=n

where ) is a Poisson point process on R with intensity measure e~* dx. To simplify the

notations, for all 8 < 0y < oo, we denote
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and for 8 = 6y < oo, we denote

1 1 2
Apn(6p) :=nv(by) — 3 logn + log Dy + B log <7m2) :

Recall that by (3.6) and (3.15), for 6 < 6y < oo or § = 6y < 0,
A, () —log Wy () £ 0. (4.18)

Now, take any positive integer k, non-negative integers {t;}*_;, and extended real num-
bers {a;}¥_, and {b;}}_, with a; < b; for all i. We choose § € <O,minf:1(bi - ai)/2>.

Then, we have

P (un(e) (a1 = 6,by +6)) < 1, ., Un(0) ((a, — 6,bg + ) < tk)

— P (|4n(0) — log W, (0)| > 0)

IN

i (Zn(ﬂ) (a1, b1)) < t1, .., Zo(0) ((ar, by)) < tk)

IN

P (Un(0) (a1 + 8,61 = 8)) < ., Un(6) ((an + 6, b5 = 9)) < 1)

+ P (|45 (6) — log Wy (0)| > 6) . (4.19)

Now, by (4.17), we have U, (0) 4 Y, which by Lemma 4.2.2 is a Poisson point process
with intensity e™* dx and is therefore continuous. Thus, by allowing n — oo and then

letting § — 0, from inequality (4.19) we get that

lim P (Zn(ﬁ) (a1, b1)) < t1, .., Zo(0) ((ar, b)) < tk>

n—oo

=P (y ((alv bl)) < tl? cee N ((aka bk)) < tk) )
or equivalently, Z,(0) 4 Y. This, together with Lemma 4.2.2, completes the proof. [

Following is a slightly weaker version of the above theorem, which is essentially a

point process convergence of the appropriately centered LPM-BRW model.



4.3 Convergence Results o7

Theorem 4.3.2. For 6 < 6y < oo,

d
Z 6{95(v)—logEv—nu(9)} — 25Cj+IOngo7
|v|=n j>1
and for 0 = 0y < oo,
2.6 =30
{HOS(v)flog Evfm/(ao)Jr% logn} ¢j+log DSSWL% log(%>’
Jj=1 7

|v|=n

where )Y = ijl d¢; s a Poisson point process on R with intensity measure e”* dz,

which is independent of the BRW.

Proof. For 8 < 6y < oo, we define

Un(0) == Z 00,5 (v)—log Ey—log Wi (6)+log Dg° -

lv|=n
and for 8 = 0y < oo, we define
Un(00) := IZ: 5905(v)—1ogEv—logwn(90)+1ongg+§1og($)'

By an argument similar to that of the proof of Theorem 4.3.1, we get that for § < 6y < oo,

d
Z/[n(e) — Z 6Cj+10g Dgo-
Jjz1

and for 0 = 0y < oo,
Un(00) 5>

5 1 2
j>1 6 +Hlog Dgg+3 log<ﬁ) 7

where Y = Zj>1 d¢, is a Poisson point process on R with intensity measure e™* dz,

which is independent of the BRW. Now, for 8 < 6y < oo, we write

Zn(g) = Z 5{03(1})710gEU7m/(0)}7

v[=n
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and for 0 = 0y < oo, we write

Zn(QO) = Z 5{005(U)—logEv—m/(90)+%lOgn}'

[v[=n

Then by replacing U,, by U, and Z, by Z, in inequality (4.19) and then letting n — oo

and § — 0 gives us the required result. O

Now, we denote Vmax as the right-most position of the point process ), and we write

Y as the point process ) seen from its right-most position, that is,
y = Zécj_ymax'
Jj=1
Following result is an immediate corollary of the above theorem, which confirms that

the Brunet-Derrida Conjecture holds for our model when 6 < 6y < 0o or 8 = 6y < oo.

Theorem 4.3.3. For 0 < 6y < oo or 0 =6y < o,

d —_
Z 5{9S(u)—1ogEv—0R;(0,51)} - V.
[v|=n

Remark 4.3.1: Asin Theorem 1.4.10, Madaule [29] showed the convergence of the cen-
tered point process obtained in the classical setup to a decorated Poisson point process.
However, unlike in our case, he could not explicitly derive the limiting point process.
Although it is to be noted that in our case the decoration disappears. This is because

for the boundary and below the boundary cases,

€ P
max — 0. 4.20

However, (4.20) does not hold for above the boundary case. This added complication is
the main reason that the results for above the boundary case remains open.
Remark 4.3.2: The point process ) can be described explicitly in the following way:

Let N =5 i>1 d;, be a homogeneous Poisson point process on R with intensity 1 and
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99

E ~ Exponential (1) be independent of N'. Then

j21

d
V=004 0 10g(140,/)"






Chapter 5

Large Deviations !

5.1 Introduction

In Chapter 3, we have learned that for any 6 > 0, R} (6, 1)/n converges almost surely

to a finite constant, as mentioned in (3.20). If we call the limit as ¢(), then we have

*

0
lim P (R"("LL) > x) =0 for z > ¢(#); and also

n—00 n

lim IP’(R"(G"M) <.CE> =0 for x < ¢(6).

n—00 n

This chapter investigates the exponential decay rates of these probabilities, which is in
essence a problem of large deviation principle (LDP). To study them, we need slightly

more solid assumptions about the model, which are as follows.

(A1’) The progeny point process Z consists of N i.i.d. copies of a random variable,
say X, whose moment-generating function is finite everywhere, i.e., for all
A €eR,
mx(\) =E {e*X] < 0.

IThis chapter is based on the paper entitled “Large deviations for the right-most position of a last
progeny modified branching random walk” [22].

61
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(A2') The point process Z is non-trivial, i.e., P(N = 1) < 1 and P(X =t¢) < 1 for
any t € R. The extinction probability of the underlying branching process is
zero, i.e., P(N =0) = 0.

(A8') N has finite (1 + p)-th moment for some p > 0.
(A4') For all k € Z,

/ 2® du(z) < oo.
0

Note that under assumption (A1’), the moment-generating function of the progeny point

process Z

N
m(\) =E | Y M| =mx())-E[N].
i=1
So if we denote ¢(\) :=logmx(\), then we have

v(A) = ¢(A) + log E[N]. (5.1)

5.2 The Rate Function

Let {X,,}n>1 be i.i.d. copies of X. We define S,, := > ;| X;. It follows from Cramér’s
theorem (see Dembo and Zeitouni [19]) that the laws of {S,/n},>1 satisfy the large

deviation principle with the rate function

I(z) := ilelﬁ Az — P(N). (5.2)

Since v is strictly convex and differentiable, so is ¢. Thus, using Theorem 1 of
Rockafellar [32], we obtain that I(x) is strictly convex and differentiable on the interior

of its effective domain Dy := {z € R: I(x) < oo} with I'(x) = (¢')~!(z). This implies

Therefore, whenever p := —logP(N = 1) is finite, there exists a unique point afj €

(inf D7, E[X]) such that a tangent from the point (c(6),0) to the graph of I(z) + p
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touches the graph at = = ag, ie., ag satisfies

I(a))+p

;g:;@g‘sza@- (5.3)

We denote d(6) := max {c(0),¢'(d) }. Then we have

Theorem 5.2.1. The laws of {R} (0, 1) /n}n>1 satisfy the large deviation principle with

the rate function

Oxr — ¢(0) — logE[N] if z > d(0); (i)
I(x) — log E[N] if ¢(0) < x < d(0); (i1)
0 if v = c(0); (i)

I' (af) (z = c(9)) if af <x <c(f) and p < oo; (iv)

I(z)+p if x < al and p < oo; (v)

00 if x < ¢(0) and p = oo. (vi)

We refer to Figure 5.1 for an illustration of the theorem.

To prove Theorem 5.2.1, we need the following lemma, which provides LDP for each

of the branches of the LPM-BRW.

Lemma 5.2.1. Let Y ~ p and E ~ Exponential (1) be independent of each other and
also independent of the random variables {Xy}n>1. Then, for any 0 > 0, the laws of

{57" + % log(Y/E)}n>1 satisfy the large deviation principle with the rate function

I(z) if x < ¢/(0);
b — 6(0) if x> ¢(0).
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Figure 5.1: Illustration of Theorem 5.2.1

Proof. For each 6 > 0 and A € R, we define

To(A) : = lim 1 log E [eASnJr%log(Y/E)}

n—oo N

A) it A< 0;
= lim 1 log (e"‘bo‘) -E [Y’\/e} -E [E—A/9}> — ¢(})
e o ifA>0.

Its Fenchel-Legendre transform is

Ty(x) :=sup Az — To(A) = sup Az — ¢p(A) = Iy(x).
AER A<0

Since 0 belongs to the interior of the set {A € R: Ty(A) < oo}, it follows from the

Gértner-Ellis theorem (see Dembo and Zeitouni [19]) that for any closed set F,

n—oo TN TzEF

1 Sn 1 .
lim sup — log P (n + v log(Y/FE) € F) < —inf Iy(z), (5.4)
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and for any open set G,

1 S 1
liminf —logP | = + —log(Y/E) € G | > — inf  Iy(x). 5.5
e n OB <n + no og(Y/E) € ) - xeG,laI:1<¢/(9) (@) (5:5)

Note that since Y is a positive random variable, there exists a constant o > 0 such that

P(Y > «) > 0. Now, for any = > ¢'(6), we have

n

n 1 _ Y
P (S + —log(V/E) > m> > P (S, > nd'(0)) - P(Y >a) P (E < ae(e—¢ (9>)) .
Therefore using Cramér’s theorem, we get

lim inf 1 log P (S; + % log(Y/FE) > x) > —1(¢'(0)) — 6 (z—¢'(0)) = —Ip(z). (5.6)

n—oo mn

Combining (5.5) and (5.6), we obtain that for any open set G,

1 1 — — - > .

n—oo n

This, together with (5.4), completes the proof. O
Now we have all the machinery to prove the theorem.
Proof of Theorem 5.2.1. Proof of Part (vi). Recall that as in (3.24), we have
F50,00) = () + max R, (0, 1)
Since {S(u)}y|=m are identically distributed and are independent of {R:L@n}‘mzm, we

also have

Sm.- (5.7)

Now, for any = < ¢(f) and € € (0,6(9) — x), an argument exactly similar to that

in (3.25) gives us

N n
P(R;, <nz)<E [IP’ (RZ—L\/EJ < n(x+6)> ij]

+P(Sm < —me). (53)
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Here |z | denotes the greatest integer less than or equal to z, and Ny represents the total
number of particles at generation k. Note that Nj is at least 2% since P(N = 1) = 0.

Now since z + € < ¢(6), which is the almost sure limit of RZ—L o /n, we have

N n
lim sup 1 logE []P’ (RZ—L\/EJ <n(x+ 5)) L\ﬂ]

n—oo T

9lvn]
< lim log P (R;;_Lm < nlz+ e)) - —. (5.9)

n—oo N

Let {t,}n>1 be a non-negative real sequence increasing to co such that ¢(—t,) < logn.
Such a sequence exists since ¢(A) < oo for all A < 0. We can construct such a sequence

by the following recursive relation

th—1+1 if ¢(—t,—1 — 1) <logn;
t4 =0, andforalln>2 t,= ! ¢( 1—1) g

tn-1 otherwise.

Then using Markov’s inequality we obtain

. 1 . 1 —ntne —tnS
= _ - ne nS|ym]
lim sup - log P (SL\/EJ < ne) < lim —log (e E [e })

n—oo n—oo N

= lim —t,e+ Mnji(_tn) = —o0. (5.10)

n—oo

Therefore, by combining (5.8), (5.9), and (5.10), we get that for p = oo and all z < ¢(0),

1
lim ——logP(R) < nz) = occ. (5.11)

n—oo N

Proof of Parts (i) & (v). (Lower bound). Take any x < ¢() and ¢ € (0,1]. Observe

that for |v| = [tn] and € > 0,

P(R; <nz)>P (S(U) + Rj[((i})—t)nj < nx, Npyp) = 1)

> P (NW - 1) P (R’[(H)nJ < n(1—#)(c(d) + e))

P (Sﬁrﬂ <nx—n(l—1t)(c(d)+ 6)) : (5.12)
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Here [x] denotes the smallest integer greater than or equal to x. Also, note that Ny,
S(v) and R’[éfz tyn) re independent of each other, which implied the last inequality. For
the first term on the right-hand side, we have

1 .1 "
nh_)Igoﬁlog]P’ (N[m] = 1) = lim —logP(N = 1)/ = —pt. (5.13)

n—oo M,

For t = 1, the second term equals P(Y < E) > 0, and for ¢t € (0,1), ¢() is the almost

sure limit of RT(I—t)nj/ (n(1 —t)). Therefore for all t € (0,1], we have

tim L logP (R, ) < n(l— 0)(e(0) +6)) = 0. (5.14)

n—oo n

Finally, for the last term, using Cramér’s theorem, we get

lim L logP (SW < na —n(l —1)(c(8) + e)) = ] (x —(- tz(c@ + 6)> . (5.15)

n—oo n

whenever

0<t< flz):= min{l,cc(e)_:”}.

So, by combining (5.12), (5.13), (5.14), and (5.15), and allowing € | 0, we obtain

1 — (1=
liminf —log P(R; < nz) > — inf {pt 4+t (ac(t)c@)) } ‘
n—oo N 0<t<f(x) t

Since [ ((:U — (1 —t)c(0)) /t) is non-decreasing for t > (c(f) — z)/(c(6) — E[X]), the

above inequality implies

n—oo N t

lim inf ! logP(R) < nx) > — OiItl£1 {pt +1tl <$(1t)CW)> } . (5.16)
<i<

(Upper bound). Now, we fix any k € N and define n; = |nif(z)/k| for all i =

0,1,2,...,k. Since Ny, = Ny = 1, for any n > 2, we have

o
[\

P(R: < nz) =Y P (Nm. <n2 N, > n2) P (R;; < na| Ny, < 0% Ny, > n2>

@
i
o

+P (Nnk—l < n2) -P (RZ <nx|Np,_, < nz) . (5.17)
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Using Theorem 2.5 of Gantert and Hofelsauer [21], we get that for 1 <i <k —1,

lim L logP(N,, < n?) = —L@)P. (5.18)

n—oo n k

On the other hand, using inequality (3.24), we have for all e > 0 and 0 <i < k — 2,

P (RIL < nz| Ny, <n? Ny, > n2)

<P (S(aw) <na = (n—nip1)(c(0) — €)| No, < 02 N, > n2)

Ni+1

—n; n;
|u|:ni+1 MN—"T441 141

+P ( max R\ < (n—mniy1)(c() —€)

N,, <n? N, > n2>

2

<P (S, <nz— (n—nip1)(c(0) —€) + P (R* < (n—ni1)(c() — e))" .

n—n;iy1

(5.19)

Notice that S(in,,,) is independent of Ny, and N, ,, and by (5.7), it has the same

distribution as S, ,, which implied the last inequality. Now, we know that c(0) is the

almost sure limit of R;’;_niH/(n —n;41). Therefore for any i =0,1,2,...,k — 2,

lim 1 logP (R* < (n —mnip1)(c(0) — e))n2 = —00.

n—oo N nNit1

Thus, from (5.19), we get that for any i = 0,1,2,...,k — 2 and € > 0 small enough,

1
lim sup — log P (R;'; < nx‘ Ny, <n? N,
n

n—oo

2
—

< lim S logP (Sn,., < nz — (n—niy1)(c(8) —¢€))

n—oo N

(i+1)f(z)

o y T — (1 - 7(i+1,1f(x)) (c(6) —€)
k

(i+Df(x)
k

(5.20)

For the last term of (5.17), if f(z) = (¢(f) — x) / (c(9) — E[X]), we trivially have

limsup%logIF’ (R: < nx|Np,_, < n2) <0=—f(z) I (E[X]).

n—oo
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and if f(z) =1, we have x < E[X]. In that case, from Lemma 5.2.1, we have

1
lim sup — log P (RZ < nx|Np,_, < n2)
n

n—oo
n—oo

1 1
< limsup — log P <Sn + i log(Y/E) < nm) = —I(z).

Combining the above two inequalities, we get

z— (1 - f(x))c(d)
f(z)

1
limsup — log P (Rfl < nx| Ny, , < n2> < —f(z) I <
n

n—oo

) . (5.21)

Therefore, by combining (5.17), (5.18), (5.20), and (5.21), and then allowing € | 0 and

k — oo, we obtain

lim sup 1 log P(R;, < nx) < — inf {pt +tI (m—(l—t)c(@)) } . (5.22)

This, together with (5.16), implies that for any = < ¢(6) and p < oo,

lim — > log P(R; < nz) = inf {pt I (x_(lt_”c(@))}

n—oo N 0<t<1

— inf {(p +I(y)) o(0) — = }

y<z

= (c(0) — ) (;22 {Z(Z)I—(yzj})

I' (af) (z —c(0)) if af <z < c(0);

- (5.23)
I(z)+p if @ < aj.
O
Proof of Part (iii). This part follows from (3.20). O

Proof of Part (ii). Note that ¢(0) < d(f) means d(6) = ¢/'(6) = /(). Therefore, ¢(0) <

d(0) occurs iff 6y < oo and 6 > fy. So this part is only relevant for this range of 6.
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(Upper bound). Take any x € (¢(0),d(0)] and observe that
P(R;, > nz) = E [P(R}, > nz|N,)] <E [Nn P <sn + %log(Y/E) > nx)]
= (E[N])" - P <Sn + %log(Y/E) > nm) :

Since ¢'(0) > x > ¢(0) > E[X], using Lemma 5.2.1, we get

1
limsup —log P(R;, > nx) < log E[N] — I(z). (5.24)

n—oo N
(Lower bound). For any a € (0,1), using inequality (3.24), we obtain

P(R; >nz) >P (S(ﬂ\_omj) + |u\H:12Ll§nj RF((?za)nW > nx)

lul=lan]

>P (S(ﬁtanj) > Lanjx) -]P’( max R?((;L)—a)n] > [(1— a)yﬂg;)
>P (Slomj > LOszm) P <NLanJ > % .E[N]Lomj>

P <urr:1?;(nj RiY o > [ = a)nle

1 an
Nion) > 5 -E[N]L J)
1 an
ZP(SLW > Lomj:v) P (NLMJ >3 -E[N]L J>

. (1 - (1 —P (Rf1_aye > [(1- a)nwx)> s M) .

Note that for any a € [0,1] and ¢t > 2,

1—(1—a)t—at+a2t2—/ / <2t2—t(t—1)(1—3)t*2) dsdr >0
o Jo

=1—(1-a)'>at(l—at).
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Therefore, for all large enough n, we get

1
P(R,, > nz) > P (Sl_omj > Lomjx) P <NLanJ >3 E[]\[]LMJ)

) % "E[N] [an] .]P>< F(I*a)ﬂ > [(1-— a)n}x)

- <1 - % BN P (R > [0 a)nwx)> . (5.25)

Note that since ¢(0) = v(6p) /6y, we have

I(x) = ilelg Az — ¢(X) = Ooz — ¢(by) = by (z — c(0)) + log E[N].

Now, for all z € (¢(0),d(0)], we choose o, such that

bo (z — c(6))

0= %S g (@ — e(0)) + log E[N]’

which ensures (1 — ay)I(x) > log E[N]. Together with (5.24), this implies

lim E[N]Le=n] ~]P’< Fanm > [(1— ax)oﬂm) —0.

n—oo

Therefore, for o = a, the last term on the right-hand side of (5.25) tends to 1, as n

tends to co. Also, assumption (A3') implies that (see Athreya and Ney [5])

n—o0

1
lim P <Nman > 3 E[N] Lasz> > 0.
Thus inequality (5.25) indicates
L. 1 % . 1 . 1 lazn|
lzrgg.}fﬁlog P(R;, > nx) > nh_)rgo Elogﬂ” (SLasz > |agn)| w) + nh_{r;o - log E[N]

ool «
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Together with Cramér’s theorem, this implies

1 1
liminf — log P(R}, > nz) > a, (logE[N] — I(z)) + (1 — o) lim inf — log P(R}, > nx).

n—oo N n—oo N

(5.26)

Since I(z) is finite for = € (c(6),d(0)] = (¢'(6o), #'(0)], using Lemma 5.2.1, we have

1 1 1
liminf — log P(R), > nx) > lim —logP (Sn + —log(Y/E) > n:c) =—I(z) > —0c0.

So, from (5.26), we get

1
liminf —log P(R,, > nx) > logE[N| — I(z). (5.27)

n—oo 1N

Combining (5.24) and (5.27), we obtain that for all z € (c(6),d(0)],

1
lim ——logP (R}, > nz) = I(z) — log E[N]. (5.28)

n—oo N

Proof of Part (i). (Upper bound). Using Markov’s inequality, we obtain that for any

z € R and any A\ < 0,

P(R* > nz) < e ™ .E [eAR;*L} <e LR Z eAS(v)Y;)\/HEU—A/Q

|v|=n

_ e—n)\x . E[N]n . en¢(A) .E [Y)\/G} T <1 - ;‘) ]

Since this inequality holds for all A < 6, we have

n—oo

1
limsup —log P(R;, > nx) < 1}{%191 —Ax + ¢(A) + log E[NV]

= —fz + ¢(6) + log E[N]. (5.29)
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(Lower bound). For any x > d(f) and any € > 0, from Theorem 2.3.2, we get

* "
p(Ballr) N\ _p(log¥u(l) logE
n no nb

> p (k’gym > d(6) —26> P <—1°g9E > x—d(9)+2ﬁ> :

nb n
(5.30)
Now, take any #; > 0 and denote p; as the distribution of Y?%/¢ Then we have
1/ 1/61
(Y#(H))l/e _ Z eGS(U)Yv > Z 6915(1))}/1)91/9 _ (Y;{“ (91))1/91 ) (5'31)
lv|=n lv|=n

From Theorem 2.3.2, we also have

* M1
p(BnOuim) gy ) op(loe¥e (O) losE o
n nbq nby

log Y log E
§P<M>d(9)—2e>+m><—°g >e>.

nbq nby
(5.32)
Therefore, by combining (5.30), (5.31), and (5.32), we obtain
(6 (0 log &
p(B0) ) 5 (P(mw>d(9)_6> e >>)
n n nb;
log B
P (— B S x—dO)+ 2e> . (5.33)
nf
Observe that for any ¢t > 0,
. 1 . 1 _,—nt
lim —logP(—log E > nt) = lim —log <1 —e € ) = —t. (5.34)
n—oo n n—oo n

Now, for 6 < 0y < oo or 6 = 0y < oo, we take 61 = 6. In that case, d(f) = ¢(), which

implies
1 *
lim - logP (Rn(gl’“ﬁ > d(6) — e) -
n

n—oco n
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As a result, in view of (5.33) and (5.34), we get that for § < 6y or 6 = 6y < oo,

liminf - log P <R”(f;’”> > x) > 0 (x — d(6) + 2¢) . (5.35)

n—oo 1,

For 0y < 0 < oo, we know that ¢(f) < d(). So choosing € < d(0) — ¢(6), by part (ii) of

the theorem, we have

n—oo n

lim 1 logP (R;(G;"ul) > d(0) — e) = —Wy, (d(0) —€) = -y (d(6) —¢) .

Now, we choose 0 large enough such that 6;¢ > Uy (d(@) — e), which ensures

lim ~ log (]P’ (R”w;“l) > d(6) — e> —P (—logeE > e)> = —Wy (d(0) —¢).

n—00 N nvi

Together with (5.33) and (5.34), this implies that for 6y < 6 < oo,

lim inf 1 logP (Rj;(z’u) > x) > —Wy (d(0) —€) — 0 (x — d(8) + 2¢) . (5.36)

n—oo n

Since € > 0 can be chosen arbitrarily small and ¥y is continuous in [¢(f), c0), by com-

bining (5.35) and (5.36), we get that for any 6 > 0,

*

1
linl)inf —logP <R"(9"u) > ZE> > —Wy (d(9)) — 0 (z—d(0)) = -y (z). (5.37)
n—oo n n
Thus, by combining (5.29) and (5.37), we finally obtain that for any x > d(6),

lim ! logP (R}, > nz) = 0z — ¢(0) — log E[N]. (5.38)

n—oo N

This completes the proof of Theorem 5.2.1. ]
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5.3 Comparison with Branching Random Walk

While proving the above result, we also observe that we can complete the LDP for
{Ry/n}n>1, which was proved by Gantert and Hofelsauer [21] but only partially (see
Theorem 1.4.11).

Theorem 5.3.1. The laws of {Ry/n}n>1 satisfy the large deviation principle with the

rate function

I(z) —10gE[N]  ifz > c(fo); (i)
0 if & = c(6o); (ii)
O(x) =1 I'(af) (z—c(b0)) ifaf <x<c(fo) and p <oo; (iii)
I(z)+p ifx <afy and p < oo (iv)
~ if < c(6p) and p = 0. (v)

\

Remark 5.3.1: The parts (i), (ii), (iii), and (iv) of Theorem 5.3.1 were proved by
Gantert and Hofelsauer [21] as mentioned in Theorem 1.4.11. Part (v) was unsolved,
which we prove here. Also, parts (iii) and (iv) of Theorem 5.3.1 calculated by Gantert

and Hofelsauer [21] have been simplified here.

Proof. For (iii) and (iv), the expression in Gantert and Hofelsauer [21] can be simplified
as we did in equation (5.23). The proof of (v) is essentially the proof of the part (vi) of

Theorem 5.2.1 verbatim. O

Remark 5.3.2: Note that assumption (A3') was only required for the almost sure con-
vergence of R} (6, 1)/n and therefore is not required to prove part (v) of Theorem 5.3.1.
But we do need E[Nlog N] < oo for the remaining parts, as shown in Gantert and

Hofelsauer [21].

We observe that for 6y < 6 < oo, the lower large deviations for the laws of { R, /n}n>1

and {R} (0, 1)/n}n>1 coincide.



76

Chapter 5: Large Deviations

For 6y < 0 < oo, the upper large deviations for the laws of {R} (0, u)/n},>1 agrees

with that of {R,/n},>1 up to ¢/(0).

5.4 Specific Examples

To illustrate Theorem 5.2.1, we consider two specific examples. Our first example is

when N takes value 2 with probability 1, X ~ N(0,1), § = 3, and g = é;. Then, as

displayed in Figure 5.2, the large deviation rate function for the laws of { R}, (3, 61)/n}n>1

is

fi(z) =

3:6—%—101;;2 if z > 3;

2 log2 if /2log2 < x < 3;
o0 if x < /2log?2.

v2log?2 3

Figure 5.2: Graph of f;

On the other hand, if N takes the value 1 with probability 1/2 and 3 with probability

1/2, and X, 6, and p are as in the previous example, then, as demonstrated in Figure 5.3,
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(2 V3)ylog2 VZTog2 3

v

Figure 5.3: Graph of f>

the large deviation rate function for the laws of { R} (3,01)/n}n>1 is

(

3z — 5 —log2 if z > 3;
§_10g2 if /2log2 <z < 3;

(2- v2)Viog2(v2TogZ —x) if — (2—v2)Vlog2 <z < y2Tog2;

%—l—log? ifxg—(Q—ﬂ)\/logQ.

Notice that the upper large deviations coincide because E[N] remains the same in

both examples. However, since P(IN = 1) is different, the lower large deviations do not

match.






Chapter 6
Time Inhomogeneous Setup !

6.1 Introduction

In this chapter, we consider a modification of time inhomogeneous branching random
walk, where the driving increment distribution changes over time macroscopically and
we give certain i.i.d. displacements to all the particles at the n-th generation. We call
this process last progeny modified time inhomogeneous branching random walk (LPMTI-

BRW).

6.1.1 Model

We fix k € N. Foreachi =1,2,...,k, welet Z; be a point process with N; := Z;(R) < oo
almost surely and ¢; be a sequence of integers satisfying Zle gi(n) = n, and we write
tm = > i1 gi(n). A time inhomogeneous branching random walk (TI-BRW) is a discrete-

time stochastic process that can be described for each n > 1 as follows:

At the 0-th generation, we start with an initial particle at the origin. At time
t € (tm—1,tm], each of the particles at generation (t — 1) gives birth to a random num-
ber of offspring distributed according to N,,. The offspring are then given random

displacements independently and according to a copy of the point process Z,,.

!This chapter is based on the paper entitled “Right-most position of a last progeny modified time
inhomogeneous branching random walk” [8].

79
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As earlier, S(v) denotes the position of a particle v, which is the sum of all the
displacements the particle v and its ancestors have received. We shall call the process
{S() : |v]| =t,0 <t < n,n > 1} a time inhomogeneous branching random walk (TI-

BRW).

We then modify this process by giving further displacements to all particles of the n-th
generation. The additional displacements are of the form %(— log E,), where {Ey}|y=n
are i.i.d. Exponential (1) and are independent of the process {S(v) : |v| < n}. We
call this new process last progeny modified time inhomogeneous branching random walk

(LPMTI-BRW). We denote by R} (#) the maximum position of this LPMTI-BRW.

6.1.2 Assumptions

We first introduce the following important quantities. For each point process Z; with

1 <i <k, we define

vi(a) = log & [ /R e Zi(d:v)] , (6.1)

for a € R, whenever the expectations exist. Needless to say that for each ¢ =1,2,...,k,

v; is the logarithm of the moment-generating function of the point process Z;.
Throughout this chapter, we assume that all the Z;’s satisfy the assumptions in
Section 3.2, i.e., for each i =1,2,...,k,
(A1") v;(a) is finite for all a € (—1, 00) for some ¥ > 0.

(A2") The point process Z; is non-trivial, and the extinction probability of the un-
derlying branching process is 0, i.e., P(N; = 1) < 1, P(Z;({a}) = N;) < 1 for
any a € R, and P(N; > 1) = 1.

(A3"”) N; has finite (1 4 p)-th moment for some p > 0.
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6.2 An Auxiliary Result on the Linear Statistic

As done in the homogeneous setup, here too, we introduce some specific quantities. For

eachi=1,2,...,k, we define

6 = inf {a S @) _ u;(a)} . (6.2)

a

We also define the linear statistic
WE‘I(G)(ql(n), @(n)...,qu(n), 21,29 ..., Zy) = Z eas(”), (6.3)
|v|=n

in the TI-BRW, where the underlying progeny point process is Z; for the first g;(n)

generations, Z, for the next g2(n) generations, etc., and Z, for the last gx(n) generations.
Then we have

Lemma 6.2.1. Suppose q;(n) — oo for all 1 < i <k, then for any 0 < min; 0;) < oo

and also for 6 = 61y < min;x; 6(;) < oo,

W.Il0) (i (n), ... qx(n), Z1,. .., Zy) - e~ Tt alwna(®)

TI — 1
W, oy (O)(ar(n), Z1) - ez ()

Proof. Without loss of generality we can assume that v;(0) = 0 for all i = 1,2,... k.

This can be made to satisfy by centering each point process Z; by v;(0).

We prove the lemma by induction on k. We note that for £ = 1, the lemma holds

trivially. We assume that the lemma holds for K = m — 1 for some m € N.

Now, we take kK = m. For each v such that |v| = ¢1(n), we define

W O @), @2(n) o am(n). 21, 2 Zp) = Y @50 (g

lu|l=n,v<u
in the TI-BRW, where the underlying progeny point process is Z; for the first ¢i(n)
generations, Zy for the next ga2(n) generations, etc., and Z,, for the last ¢, (n) gener-

ations. Notice that {W;g(@)(ql(n),(p(n)...,qm(n),Zl,Zg...,Zm)} are 1.i.d.

[v[=q1(n)
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and have the same distribution as W;—Iql(n) 0)(g2(n) ..., qm(n), Z2...,Zy). Now, since

0 < min;; 0;), by our induction hypothesis,

T1 n)...,qm(n), Zo..., Zm
Wiy O - Gm0) 22 Zo) (6.5)

Wil (0)(az(n), Z2)

q2(n

Note that Wg(ln) (0)(g2(n), Z2) is essentially the linear statistic in the homogeneous setup
where the underlying progeny point process is Zs, and so by Proposition 3.4.1 (ii), it
converges almost surely to some Dg’i@) which has mean 1. This, together with (6.5),
implies

WL 0 (@) an(n), Zo. .., Zn) 25 D).

n—qi(n

Since v;(#) =0 for all i = 1,2,...,m, w Il )(0)(q2(n) cesqm(n), Za ..., Zy,) also has

n—qi(n

mean 1, and therefore we get

WL O @) . qm(n), Z .. Zin) E D3 (6.6)

n—qi

Now, in the TI-BRW, where the underlying progeny point process is Z; for the first
q1(n) generations, Zy for the next go(n) generations, etc., and Z,, for the last g, (n)

generations, we observe that

WILO) (i (n), ..., qm(n), Z1, ..., Zm)

-1
w0 ), 2))
ef5() —TI
= Z 65 (u) (Wn,v(e)((h(n)a(h(n)"'7Qm(n)721722“-7zm) _1> .
[v|=q1 (n) E\u|=ql(n) €

(6.7)

Since the TI-BRW is homogeneous up to qi(n)-th generation and 6 < 6y, by (3.18), we

get
v (0) 693(1}) » 0
n = 1max — U.
QI( ) |v|:q1(n) Z|u|:q1(n) eQS(u)
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Let Fy, (n) be the o-field generated by {S(v) : [v| < qi(n)}. Then by Lemma 3.4.2, for

every € € (0,1/2), we have

WL (qi(n),...,qm(n), Z1, ..., Zm)
WXL 0)(@(n), 21)

qi1(n

P

— 1| >e| Fn

1
2 My ()@
- ﬁ(/o ) Mql(n)(e)t-]P’<‘W;£Iql(n)(0)(q2(n)...,qm(n),Zg...,Zm) - 1‘ > t) dt

o0

+ / IP’(‘ngql(n)w)(qg(n)...,qm(n),Zg...,Zm) - 1‘ > t) dt)

1
My () (@)

o [ [ o
< 52(/0 ]P’()WEIql(n)(e)(qg(n)...,qm(n),Zg...,Zm) —Dw)‘ >t/2) dt

1
M (n)<9> 00
+/O DO ALy (O)E - P ((Dw) - 1‘ > 1/2) dt

+/Ool P(’Dgf’@)—l‘>t/2> dt) (6.8)
Mgy (n) @)

By using the dominated convergence theorem, the second and the third term on the
right-hand side of (6.8) converges to 0 as n — oo, and by (6.6), the first term also tends
to 0 as n — oo. Then by taking expectation and using the dominated convergence
theorem again, we get

i (| Wat @)@ (n), o gu(n), 21, .. Zn)

n=00 w Il ©)a@m), 21)

q(n

-1l >¢| =0,

which implies
WL (qi(n), ..., qm(n), Z1, ..., Zm) v 69)
wIL 0) (@), 21)

qi(n

So, if the lemma holds for & = m — 1, it also holds for k& = m. Therefore, by using

induction we complete the proof. ]
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6.3 Convergence Results

6.3.1 Asymptotic limits
Our first two results are centered asymptotic limits of the right-most position, which are
similar to Theorems 3.5.3 and 3.5.5 in the homogeneous setup.

Theorem 6.3.1. Suppose q;(n) — oo for all 1 <i < k, then for any 6 < min; f;) < oo,

there exists a random variable Hﬁl) depending only on 0 and Zy, such that,
~ ai(m)vi (6) 4
(0) =Y == S Hy, (6.10)

Theorem 6.3.2. Suppose gi(n) — oo for all 1 < i < k and 0(;) < ming; 03 < oo,

then there exists a random variable ng) (1) depending only on Z1, such that,

. qi(n)v; (0 ~
Rn (9(1)) o Z 0(1§ (1)) log (ql(n)) —d—> H9(1)7(1)- (611)

n 1
pa 20)
Remark 6.3.1: It is very interesting to note that the centered asymptotic limit only
depends on the point process of the first set of displacements. More interestingly, the
result is valid as long as ¢;(n) — oo for all 1 < ¢ < k. In particular, the rate of
divergence of ¢;(n) can be very slow but we will still have the centered asymptotic limit
depending only on the distribution of Z;. Thus our model LPMTI-BRW may be used
as a very efficient “statistical sheave” to filter out the distribution of the first set of
displacements (may be thought as the “signal”) from a number of others which may be

considered as “noise” and of much larger in numbers compared to that of the “signal”.

We thus feel this result may have greater statistical significance.

Proof of Theorems 6.5.1 amd 6.3.2. Notice that an argument similar to that in the proof

of Theorem 2.3.2 gives us
« d 15/ T1
9Rn - Wn (9)((]1(”), QQ(TL) cen ,qk(n), Zl, ZQ ey Zk) — log E, (612)

where E' ~ Exponential (1) and is independent of the TI-BRW.
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Since the TI-BRW is homogeneous up to ¢;(n)-th generation, Proposition 3.4.1 (ii)
implies that for any 6 < min; f;) < oo,

Wb O) @ (n), 1) - =@ Ly Dz, (613

where Dg‘h) is a positive random variable with mean 1, whose distribution depends only

on § and Z;. Similarly, (3.15) suggests that for 6 = 6(;) < min;; 0(;) < oo,

1/2
— n)v 2 o
Var () WL (0)(q1(n), 21) - e ©) 2, () DF ay (614)

TOo7]

where Dg<01> (1) is also a positive random variable, whose distribution depends only on
Z1. Here, D(S,o(na Dgfw(l), and 0% are the quantities exactly similar to Dg°, Dg(‘)’, and o2,

respectively, discussed in Section 3.4.

Now, by combining (6.12), (6.13), (6.14), and Lemma 6.2.1, we get the required

results with

1
HSy =5 [log D) — log E} : (6.15)
and
HE = |log D2 o+ tlog [ <2 ) —log B (6.16)
01),(1) 0.1 &6.),(1) T 5708 To? S5\ :
where E ~ Exponential (1) and is independent of the TI-BRW. O

Once again, just like in the homogeneous setup, here too, we have a slightly stronger

result. As in Theorem 3.5.6, we let

1

Hg ) 7 log Dy,

where Dgo(l) is the unique solution of the following linear recursive distributional equation

with mean 1.

A= DRI (6.17)
lo|=1
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where A, are i.i.d. and have the same distribution as that of A. As in Theorem 3.5.4,

we also let
~ oo 1 o 1 2
H9(1),(1) = % log D9(1)7(1) + 5 log (71_(3-%) 5
where
o a.s. .. — a1 (n)v
Dy, (1) Jim = Y (9<1)5v - Q1(n)V(9(1))) P Semar(mO), (6.18)
[v]=q1(n)
2 2 001y Su—(61))
oy = E Z (9(1)51, — V(@(l))) e’® @ . (6.19)
lv]=1

Then we have

Theorem 6.3.3. Suppose q;(n) — oo for all1 < i < k, then for any 6 < min; f;) < oo,
()i (0) e
Ry(6) = T — HyYyy = —log E, (6.20)
i=1

where E ~ Exponential (1).

Theorem 6.3.4. Suppose gi(n) — oo for all 1 < i < k and 0(;) < min 0 < oo,

then

k
. qi(n)v; (0 1 o~
Ry (01)) — E 6(15 ) + 200 log (q1(n)) — H9(1)7(1) 4, —log E, (6.21)
i=1

where E ~ Ezponential (1).

Remark 6.3.2: Note that Hﬁl) in Theorem 6.3.1 has the same distribution as ffﬁl) —
log E/, where E' ~ Exponential (1) and is independent of ﬁﬁl). Similarly, Hé’(ol (1) in
Theorem 6.3.2 has the same distribution as H g(ol (1) log E, where E ~ Exponential (1)

and is independent of H 003 (1)"

Proof of Theorems 6.5.3 and 6.3./. An argument exactly similar to that in the proof of

Theorem 3.5.4 yields that for any 6 > 0 in the time inhomogeneous setup,

OR, —log W, 1(0)(q1(n), g2(n) ..., q(n), 21, Zo ..., Z4) == log E, (6.22)
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where E ~ Exponential (1).

Now, by combining Lemma 6.2.1, (6.13), (6.14), and (6.22) we obtain the required

results. O

As a corollary of the above results, we obtain that if the centering term converges
after dividing by n, then R} /n has a limit in probability. In particular, we have the

following result:

Theorem 6.3.5. If for all 1 <i <k, ¢;(n) — oo satisfying lim,, o ¢;(n)/n = a; > 0,

then for any 6 < min; 6(;) < 0o and also for 6 = 6(1) < min; ;) < oo,

R;‘;n(e) 7y ozw; ) (6.23)
i=1

6.3.2 Brunet-Derrida type results

Here we present results of the type Brunet and Derrida [17] for our LPMTI-BRW.

For any 6 < min; ;) < oo, we define

)}, (6.24)

0,1

Zn(0) = ||z: 5{95(U)—log Ey—F | qi(n)wi(0)—0H5°
and for (1) < min;z; 6;) < oo, we define

(6.25)

ATHEDIK)

lv|=n

N )
{0<1>S(v)—log Ev—Zle qi(n)ui(e(l))—&-% log(q1 (n))—O(l)Hgsl) ) }

where ﬁﬁl) and ﬁgZ) (1) are as in Theorems 6.3.3 and 6.3.4. Our first result is the weak
convergence of the point processes (Zn (9))n>0, which is similar to Theorem 4.3.1 in the

homogeneous setup.

Theorem 6.3.6. Suppose g;(n) — oo for all1 < i <k, then for any 6 < min; 6; < oo

and also for 6 = 6(1) < min;z; ;) < oo,

Zn(0) = Y,
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where Y is a Poisson point process on R with intensity measure e~ dz.

Remark 6.3.3: Notice that the limiting point process ) in Theorem 6.3.6 and the
limiting point process ) in Theorem 4.3.1 are exactly the same. This tells us that just

like the maximum, the limiting point process also remains unaffected by inhomogeneity.

The following is a slightly weaker version of the above theorem.

Theorem 6.3.7. Suppose q;(n) — oo for all1 <i <k, then for any 6 < min; 0;) < oo,

d
2 a5 tog By @) 200, (6:26)

[v]=n Jj=1

and for 01y < min; 6(;) < oo,

d
oo , 2
Z 5{0(1)Sv710g E‘vfzle qi(n)ui(G(U)Jr% log(ql (n))} - ; 6<j+0(1)H6(1),(1) (6 7)

|v|=n

where Y = ijl d¢; s a Poisson point process on R with intensity measure e”* dz,

which is independent of the process {S(v) : [v| < n}.

Proof of Theorems 6.5.6 and 6.3.7. A similar argument as in the proof of Theorem 4.3.1
and Theorem 4.3.2, together with (6.13), (6.14) and Lemma 6.2.1, yields Theorems 6.3.6
and 6.3.7. ]

Let Ymax be the right-most position of the point process ), and ) be the point

process Y viewed from its right-most position, i.e.,
y = Z5Cj_ymax'
Jj=1

Then as a corollary of the above theorem, we get the following result, which confirms
the validity of the Brunet-Derrida Conjecture for LPMTI-BRW for 6 < min; ;) < oo

as well as for for 6 = 6(;) < min;»; 0(;) < co.
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Theorem 6.3.8. Suppose g;(n) — oo for all1 < i <k, then for any 6 < min; 6; < oo

and also for 6 = 6(1) < min;z; ;) < oo,

d —_
Z 5{95@)71%&793;(9)} — .

|v|=n

Remark 6.3.4: Notice again that the limiting point process ) in Theorem 6.3.8 and

the limiting point process ) in Theorem 4.3.3 are exactly the same.

6.4 A Specific Example

In this section, we consider a time inhomogeneous Gaussian displacement binary BRW,
which is a specific example of inhomogeneous BRW introduced by Fang and Zeitouni [20].
Here we shall consider the last progeny modified version of the same example. To be
precise, let Z1 = 0¢), + ¢, Z2 = O¢yy 4 Ogp0, E11, &12 are idd. N (O, 0'%), &91, &9 are i.i.d.
N (0,032) and q1(n) = g2(n) = n/2. In this case, we have

o?t? o3t?

yl(t)zlogZ—l—T and Vg(t):logQ—l—T,

and
v2log2 v/2log?2
0p=—"— and O =-—-—"—.
01 g9

Therefore by the Theorem 6.3.2, we obtain that

Theorem 6.4.1. Assume o1 > o2, then the following sequence of random variables

R*

n

v2log?2 log2 /2log2 / , 9 o1
— | —nl|o + (01 + 02> +logn | ———
o1 2 40’1 2\/210g2

converges in distribution to a non-trivial distribution which depends only on oy.

As a comparison, we note that in Fang and Zeitouni [20], it is shown that for this

example, when o1 > 09, the following sequence of random variables

R, —n ((01 + 09) 10g2> + logn <3<01 +02)>

2 2/210g 2
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is tight.

Thus for our model, we have been able to establish more than Fang and Zeitouni [20]
as we obtain a weak limit for the right-most position of the LMPTI-BRW after an
appropriate centering. However, we only have this for the case when o1 > o2. As
mentioned in Theorem 1.4.12, the other case when o; < o9 has also been worked out
by Fang and Zeitouni [20], and the tightness of the right-most position has been proved
with an appropriate centering. Similar results were studied by Bovier and Hartung [13]

for the two-speed BBM, where the initial speed o1 changes to o9 after some time.
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