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Note:

• Please write your name and roll number on top of your answer paper.

• There are 3 problems each carrying 5 points. Solve as many as you can. Show all your
works and write explanations when needed.

• This is an open note examination. You are allowed to use your own hand written notes
(such as class notes, your homework solutions, list of theorems, formulas etc). Please note
that no printed materials or photo copies are allowed, in particular you are not allowed
to use books, photocopied class notes etc.

1. Let (Xn)
n≥0

and (Yn)
n≥0

be two martingales with E
[

X
2
n

]

< ∞ and E
[

Y
2
n

]

< ∞ for all n ≥ 0. Show
that

E [XnYn] − E [X0Y0] =

n
∑

m=1

E [(Xm − Xm−1) (Ym − Ym−1)] .

2. Suppose (Xn)
n≥1

is an exchangeable sequence of zero mean random variables with E
[

X2
1

]

< ∞. Show
that any two of them have non-negative correlation.

3. Let (Xn)
n≥0

and (Yn)
n≥0

be two non-negative sequences of random variables which are (Fn)
n≥0

adapted where (Fn)
n≥0

is a filtration. Assume that

E
[

Xn+1

∣

∣

∣
Fn

]

≤ (1 + Yn) Xn .

Then show that if
∑∞

n=1
Yn < ∞ a.s. then limn→∞ Xn exists a.s. and is finite.

Good Luck
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