Recursive Distributional Equations and Associated Recursive Tree Processes

Antar Bandyopadhyay

Institute for Mathematics and Its Applications University of Minnesota (Some parts of this poster are joint work with Professor David J. Aldous and some are taken from my doctoral dissertation done under him at UC, Berkeley)

General Setup

• (S, S) is a measurable space, and P is the collection of all probabilities on it. • (ξ, N) is a pair of random variables such that N takes values in {0, 1, 2, . . . ; ∞}. • ( Xj ) j≥1 are i.i.d S-valued random variables which are independent of the pair (ξ, N).

• g (·) is a S-valued measurable function (with appropriate domain).

Recursive Distributional Equations

Definition : The following fixed-point equation on P is called a Recursive Distributional Equation (RDE) X d= g ( ξ; Xj, 1 ≤ j ≤∗ N ) , where Xj’s has the same distribution as of X.

Examples / Results / Open Problems / (Guesses)

Underlying Model RDE S Unique Solution ? RTP Endogenous ? 1. Markov chain X^d= f (X_1, ξ) State Space Classical – 2. Height of a (sub-critical) GWBP H^d= 1 + max (H_1, H_2, . . . , H_N ) N Yes Yes 3. Quicksort Distribution (Rösler, 1992) X^d= UX_1 + (1 − U)X_2 + C(U) R No (one parameter family) Not known 4. Positive range of a BRW R^d= max_i (R_i + ξ_i)^+ R^+ No (not in general) Yes / No 5. Extremes in BRW X^d= −γ + max_i (ξ_i + X_i) R Not known (perhaps not) Not known (perhaps not) 6. Discounted tree sums X^d= η + max_i (ξ_iX_i) R^+ No (not in general) No (not in general) 7. Mean-field minimal matching on PWIT X^d= min_i (ξ_i − X_i) R Yes Yes

8. Frozen percolation on binary tree X^d= { X_1 ∧ X_2 if X_1 ∧ X_2 > U ∞ otherwise

(1/2, 1] ∪ {∞} Yes (with full support) Not known (perhaps not)

9. Mean-field TSP X^d= min^{[2]}_i (ξ_i − X_i) R Not known (existence ?) Not known

Comments :

• The case N = 1 a.s. leads to the Markov chain example which is fairly well studied. • The Quicksort RDE is a classical example of linear RDE which was studied by Rösler (1992), who proved the existence of a solution with finite second moment. Later Fill and Janson (2000) found the set of all solutions.

• Biggins (1998) showed that under technical conditions the RDE associated with positive range of a BRW has a one parameter family of solutions.

• For BRW it is known (Bachmann, 2000) that a solution of the RDE (5) above exists if one assumes that ξ_i’s are i.i.d. with a log-concave density (also some other technical conditions needed).

• Aldous (2001) showed that one can compute the limit of mean-field random assignment problem using meanfield matching problem on PWIT. The RDE (6) and its unique solution is the key in that argument.

• The frozen-percolation problem was first studied by Aldous (2000).

• The relation of RDE (9) and mean-field TSP is through heuristics, no rigorous calculations are known.

Basic Monotonicity and Contraction Lemmas

Let T : P → P be the associated operator with an RDE.

Monotonicity Lemma : Let S be an interval of the form [0, x0] or [0, ∞). Suppose that T is monotone and let T n (δ0) d−→ μ⋆ where μ⋆ is a measure on [0, ∞]. If μ⋆ ({∞}) > 0 then the RDE has no solution. Otherwise if T is continuous with respect to increasing weak limits, then μ⋆ is a solution of the RDE and if μ is any other solution then μ⋆ ⪯ μ.

Contraction Lemma : Suppose that P is a complete metric space and T is a (strict) contraction on it, then the RDE has unique solution, whose domain of attraction is all of P .

Recursive Tree Framework (RTF)

To each RDE one can associate the following triplet which we call the Recursive Tree Framework (RTF) • Skeleton : T ∞ := (V, E) is the canonical infinite tree with vertex set V := { i | | i ∈ N d, d ≥ 1 } ∪ {∅}, and edge set E := {e = (i, ij) | | i ∈ V, j ∈ N }, and root ∅. • Innovations : Collection of i.i.d pairs { (ξi, Ni) | | | i ∈ V } . • Function : The function g (·).

Recursive Tree Process (RTP)

Consider a RTF and let μ be a solution of the associated RDE . A collection of S-valued random variables (Xi)i∈V is called an invariant Recursive Tree Process (RTP) with marginal μ if • Xi = g ( ξi; Xij, 1 ≤ j ≤∗ Ni ) ∀ i ∈ V. • Xi ∼ μ ∀ i ∈ V. • Xi is independent of { (ξi′, Ni′) | | | |i′| < |i| } , for all i ∈ V\{∅}, where |i| = d if i ∈ N d.

Remark : Using Kolmogorov’s consistency, an invariant RTP with marginal μ exists if and only if μ is a solution of the associated RDE.

Endogeny

Question : Let G be the σ-field generated by the innovations { (ξi, Ni) | | | i ∈ V } , then is X∅ G-measurable ?

Definition : We say an invariant RTP is endogenous if X∅ is G-measurable.

Why to study Endogeny ? That’s another story and not discussed here !

Two Basic Facts About Endogeny

Proposition : Consider a RTF such that the associated Galton-Watson branching process tree is a.s. finite, then the associated RDE has unique solution and the invariant RTP is endogenous.

Proposition : Suppose S = R + and the function g is monotone in each x-coordinate and also assume that it is continuous with respect to increasing limits in the x-coordinates. If the sequence of measures (T n (δ0))n≥0 is tight then T n (δ0) d−→ μ⋆ where the limit μ⋆ is a solution of the RDE and the associated invariant RTP with marginal μ⋆ is endogenous.

Bivariate Uniqueness of 1st Kind

We will say that an invariant RTP with marginal μ has Bivariate Uniqueness of 1st Kind if X Y d= g ( ξ; Xj, 1 ≤ j ≤∗ N )

g ( ξ; Yj, 1 ≤ j ≤∗ N ) ⇔ X = Y a.s. and X d= μ,

where ( Xj, Yj ) j≥1 are i.i.d and has the same law as of (X, Y ), and are independent of the innovation (ξ, N).

Bivariate Uniqueness of 2nd Kind

We will say that an invariant RTP with marginal μ has Bivariate Uniqueness of 2nd Kind if X Y d= g ( ξ; Xj, 1 ≤ j ≤∗ N )

g ( η; Yj, 1 ≤ j ≤∗ M ) ⇔ X and Y are i.i.d. μ.

where ( Xj, Yj ) j≥1 are i.i.d and has the same law as of (X, Y ), and are independent of the innovations (ξ, N) and (η, M), which are also independent of each other.

Intuitive Pictures

The Equivalence Theorems

Theorem [1st and 2nd Equivalence Theorems] : Suppose S is a Polish space. Consider an invariant RTP with marginal distribution μ.

(a) If the endogenous property holds then the bivariate uniqueness property of 1st / 2nd kind holds.

(b) Conversely, (under technical conditions) if the bivariate uniqueness property of 1st / 2nd kind holds then the endogenous property holds / the tail of the RTP is trivial.

(c) Further, the endogenous property holds, if and only if,

T (2) n (μ ⊗ μ) d−→ μ↗. (c’) The RTP has trivial tail, if and only if, T ⊗ T n ( μ↗ ) d −→ μ ⊗ μ.

Note :

1. T (2) and T ⊗ T are the operators associated with the bivariate RDEs of 1st and 2nd kind respectively.

2. μ↗ is the measure on the diagonal with marginal μ; and μ ⊗ μ is the product measure. 3. The tail of an RTP is defined as H := ∩ n≥1 σ ( Xi | | | |i| ≥ n ) .