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4. ITNTRODUCTION

e Condwmmank  Problom - %ww o Aisced graph

G, +he propoty thak Gln,p) 0T G, M) condamins G
o5 o subgraph, A Monstone . Thuh At propody  had

o Aowhold. Owr oim 45 o Fimd the Howheld  and
amvesigake whethay  iks shanp.
Lok  £(m.q) donste -the #of distinck copier ol
G MKA%~%€'%7P3T- TP Xe dowte Hhe #Hof copies o G am
€, , we shall fimd Ahal EXe - L, q). pla. ga,tga;m,
we oo Aow L, a) = mA ond s E X, = Y pla.
T /bozzfr\”va/eo' , we Find Aak EXg »o owd
by 4 momenk  mekhed, P(xa>0) —0. New we amk
pole thaer P[Xa>o)-‘>i ol -fp>‘r'Y\"V‘1/e0|. Considon. e

follo wing. th G

—29/4
WQMMqua.Takefpz-’h ' e see po>
-2/3 ~VK4/€K4

—valeq ., Ruk GL%—OM’Y\ P << T .
S0, p (X, >0) =0 ond so dots P(Xa>0), an G conkaing

Ka So, why door ap=m 2 dpom’€ work ?
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2. ASYMPTOTIC EQUIVARIANCE [@1& 4 (np) &
‘%('“;MW, whon 7p = M/:\r]

Once we g o Anreshold forv  condnmumenk
ot o [iaed oph G An &, (np) , ok dom A% o find
the  fome for €im,M) while it yporading —ha fpol
Aok M«\o%mplz\ cordeman ment fpmfu&g A ,w\chu}y\y\%

Own goal 4 o wrablish  condifiens  punden
with  which  coogene ot Pyt eB) o o ord
wmplts  conwvongeh et P (4. M) e 8) o o on 4. Ne
may  consader  the rpecial cane pwhan p- M/NL TThe
amachinowy  going o be wed one dlomardany  Qaws ol
qp'zrobaxb'\l/\ﬂ odong, with oo wwdt Hom M“W Ne
chall find thak  comewty of @ » & wefal feadwe
FDT WL ’"PVO\’POM'

Scanne d with CamScanner



Lemma 2.1. - Leb & be oo comerx propody of subseds 17,
ond Lt M, M, M, be +aue m’ra%v;, Lanckens of N sa&{sﬁiy\ﬂ_
O <&M £€MLM, LN, Then

P (Gn m) e Q) > P G«%C’Y\,MJ cq)+ P (%LC%MD@@Q -1

Moteover, 4 P(Gn M) e@) —>1 ah N> for A=1,2; them
P(w%(m,hﬂé@;) —> 1,

A prepeby u cowex At and only . 4k
the intoueckion ok an snousting and a decwaing pPropoty.

_Plo_e_(’f (Claim 2.2)) -
‘= pank” > Lot @, % &, be om MmOV omd o
decwanng prepenty suspeckhively.
Covaden, @ - @, N G,

ko A B.C e sk ACBCC kX A CED
Now . Ae@= Ae & NG, = AE S
= Be &, - )

[rAcB % &1
Similondy, Ce@® => Ce & NG, = C< @,

= BE Go - *¥)
[-Becc & ]
Fom 4 & +4) , we concude thak Be @, NG, 1 Be g
Since, A B.C  wow onbitrawy edomends of 2 and AcBcC
it AL,c e @ amplied Be@, we conclude Q # conwex.
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"= pak” — ot @ be a conwex fQJ’?OP(”"Q'E‘l-

Detine,  @,- Sae2l [ABeq with Boal
G,- Saeo” [3Be@ with 24 7%

Ne thall dhew At Q, & @, anc AN AMING. ond
cQacnaaA‘m%a prepolics, suppeckively. Let Be @, & AD2B.
Since Be@,, TBCB 2t Beq, dw empliet g'cg Al
As B'e@ , Ae@®, . S Be@ SAcQ, don A 2B, funce
G, % mvewing. By gsimilan ongumenk, ene cam show that
G2 % decuaping.

Tt swmanms o shew @ =-8,04Q,.-
&) Take Be §, NG, , hence FA.C 3t ACB &
A€B ; and BCC &4 ced. By the comvewty ol &, Bed.

b) Take B e @; tnce BCB, Bed, £ B Q,.

Thornedone, Be @, NQ,. |
__ slbeve siadements -ogethen wnply 8- B NG, H

Prost  (Lowmra 2.4) — '@@:.{':pm, A a %@ |
Since (@ 45 cewex , by ke Clam 2.2, &, moeasng

% 8. doonearing prepodis 3k Q- 8, N8,
Define, A- BlGoH. M e Q) ,B= P G, M) e Q).

Henee, ANE = B (G0, M e® Na,): (G Mmey)

Sinc prang)= P(A) + P(B) - P(AUB)
& P(A) + P(B) — 4
s& PEGMM) € G)+P GMMD e 3,)) |
[ MM N & g1, 6, ]
> P&Gmmm)ed)+ pgn.M)ed)—
G =06.06,]
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Tundene,
PG, mye G) £yP (G M. Mje a) + P (G(n M2 eq)-1.

Te % N>, f;moi-ta2, P(40mMYea) > L, We imvoke

/

'Sawwze Tm. 0 ondude P (@CmM)e@D-—\fi b e N0l
2
TTheovem 2.3 1- Lek §am% o be o A ot neal nwmb ot
pnd b x e R be fixed TP Lo enowy /‘Af—‘oﬁyéq’ww& %’ank%men\,-

et %fx“"s'helt\r . thonwe exrsts oo “FUU'&JV\-OJ‘- MbMﬂuAﬂJ/\CE ~hal
conNeTaeh to K Aon ok N >0, XKy —> X

s owedk s ealled e ' subsequance primciple’.

—

Propositien 2.4 - Lel & be o conwer WPU&H ol subonets
S il < iRt
b 7 & LE o<«MenN I PG . M/) € @) » 4 M M—>eo,

thon P &L MY EB) 4.

Proed- (Pep. 2.4) - Deling, xn - P (4 M ea) . Ae
dake o tubseq $nkmene 68 $Enbgar - LA WE MAY
hone 2 rpowioiites Lo Hhe  exprusiion M(N=-M) g Lon

N
Ahe pubs, igc""k’%mkeu\r——
S e MOW M- M)

k = o0 N (7 )
Ay fimpwp MO (N = MO) 5 50,
K —> 00 N(’YIK) |

Te Lovk cate Aappens  whan e o sosgg. Ny A6

M (es) 70 = M ) s 0. Smee M< N 4he  recand
N(ﬁn“ﬂ
e ocaws  odhon when T g AL MM) - OW en

N (M) — M(n”w;_\r o). O(‘ﬂ
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Thoedore @VOJ\@HMM% boilk domn o comaden. e carnes —
A WM R _M(N-—M)_%M)

N
b) M = O(d) oY C’> N— M = Oci)

Cate— ) o—  [Je hawe, by e (aw ol Aotal fp’b’oba\ﬂ)ib‘:’l“j

N‘ = k
] CM’M/)GC%H%(M,M/N)‘
P (%—Cm;M/ﬂ € @’) _ZiP (q% " P (‘«%(’Y\,M/N)\= k)

= i?(‘\%@n,@é@b. P ({%(M,M/N)]:k)
= REAGEI AR b N%_('Yl,k)]
Lok, M, & Mz ANAPAINZL P(w%(/h,kﬁe@,) fo k<M 2 ¥3M,
wspeckively.
Hemee, )\‘(MB
yea) P GAIOIES

M) eg) € P (4 (n, M
P 64 4 P (140 i) > M) -9

. Aid Ber (M/N).
New, ¢ (n,M/w) d o X, r+ Xy, whow XiAv

Hemee, by CLT . smee [ (\%(M,M/nﬂmz M, we hawe
P (16, enm| M) = Vo & P (gm0 > M) = Vo a4 well.

Fom ),
om P (G0nMA0) €6)

" (/\'YY\/WL—]Q PC%_(’Y\;MSGGD t '1{7_‘_

< L.
Lo S pgm m)e &) 4

i:

Seilanly, we may coonve ak;

PG, made @) ¢ P (1-6.(m, M| € M) T
P (gln, M) € 8)- P (1G.(n )7 M)
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And, whing -the fack  Hhak P (1g . mad| > M) —> /2, we

%t

4. lm PG mw)ca)
M =7 0

¢ | hmank P (G, M) €8) L
=2 + N =00
> P (gmm)eo) =7 4

By Lewwa 2.4, since M <M&Mg, G 44 Covwex X

P (g m)ca)ya fn i=t2 we conclude p(gm,M)ea) 74

Core—10) 3- By e law of okal probability,

P (g M /K ¢ Gﬂ

7 '\ip (-6 tn M/n) €8 \WﬁC’V‘JM/ﬂl k). P (['%(%,M/N)\s k)

K=o
S )= )
= m, k) ¢ 6) P(\%@’"M/N
= KZ’Z P (’eﬂ-( K [w%(’h:’P’)\': K A ’,%KC'V\,ﬂl

SRl
L Pl ¢ a) o (1 tn. MA)- M)M
e ¢6). () @%)N; L N
We ol BOW MY = NC ﬂ_{:\%@__

K
Ne Pone , AL o&kEm MNey = 4_"_:_)
N ~M
Mgy @Y (- (1~ 1)
- M
> (- M) (- )

Liwsn e 00D, 58 WM< C, ym, oL Home C.

- M
So . BCN;M) > (l~ %}Nﬂ (l—f%) k)
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= N 6——C
Ah N —> 00, Cl' T\l_) —7 '

and  C M o mphSs
_clog (- €) > _mlog (- &) >0

, ! Trun.
s n o0, — c g (i- %\ Sea 0; Ao bY T Squueze

- M LD%(\— %ﬁ S0 b N>R

= (\——%#M_;imrn.;oo.

hm BN, M) > ¢~ € ( from +#)

My

Thevefove , Tom ¥).
i © (&.6n.MA0) ¢ 6)

0 -
M= o0
S U;nooP (4tn M E @) - m(»';nw B (N, M)
41

5 oS bm p(g.mds) >0

N>y R
e, Gim P (G0 MY E 8)=0 , 40 o (4, M ed) > 1.

m —> 0
2 (M) = B (N, N-M)

o
~ m B (N, N-M) e . 5o
Hemee, af{ N- M= o, Pl

e cmilanly chall  wvie b (ab o Gne D),
m p (&0, M)da)=0 = p (Gn,M) eq) 4.

N 7R

Care — C) - e ghsowe,

Lo all  Auhiequenct o §xnY, .- PG €)Y

%LQ: - "%AJ\BT‘V\-UL 2o A2, "F@)l which %fr'n“l%fmk-lc-ﬂ\f —~ 4
A

COW\/PLQJ:& 4he P TOO%
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Coolloy 2.5 == Leb § be an anousing pooprty of

obacds of T, omd Lk M= M@ =0,
STE PG mad) ea) > thei

S TE PG moma) eq) > 0 then P e

Proel: A pww&ﬂj Q A nOLAVRL O'b; dlﬁlcmwwgr 4;’“{’ i
G % comwex. he cam ke AB.C e 2" with AQBFC. -
Ac eqd. TF @ % 4mOwamng, req>BEQ . b & A

B (g (m md e d) > 4.
(& (m, M € @)~ O.

docneawng, ce S = BE Q. | d
Ao, o fp're/pv\;%xaﬂ@; A% mm%q/g oand enly

D> Simee @S w deowanwng omd  Jumce cownex, Prop
2.4 cproves Ay while whing - fack M
p(Ae B0 = P(ré¢a)—~1. z
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3. THE THRESHOLD

For o fined groph G, the ~problom ef AGE M)
cmn&ﬁnu%_ak Lark one copy of G wab fuk sindied by
Evdis and  Rémmi an 1260, Sime G 4 fixed, ond &y (o0, M)
Grows  ak M e, copin of G am (%qu,M) one called  smalk

SL&;%WMM. |
They fownd the Hourhold Lovr the case when G 4
bodomced. Tp 1981, Bollbbds selved the rproblam  m Audl

WU\‘\'\J_ We ahall  cpanenk o siplit vosien of e
prook, guwn by Rutinke and  Vime (9e5), Tt 1 o clowmical
exomple whane  arobhod of momands  hawe ban  apphied.

Omnee we  find e toushold for G M), we
wenld uht e dools  an Seckion 2 4o fimd  the Ahngs s d
for w%(m,M).

.
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ek G be o fiwed graph; we donote the #eb copier of
G am GOnp) by X,

Lemma 3.4.-  [EXg = (/V‘ |_ZC_TL_____,bO€Ci

ank (G)
whene, fo & fiaced W G, Vo % Ca & ch}ivd"j
dinote e Hel vodicer and edger ol G. dnd omk @)
fe size of 4he awdomor phitm growp ot G

Proet = for an m, +he  complede %MP/?A Kun condzuns
Ne ., . an many dufinck copies of & graph H, whow ay
A 44:1 ywumben e copier b H oam Ko

Por H=G , we demst ovder he (wq) g AN

slim & (/D’Plﬂj‘: ot G by ‘ék =1, vac\ Ae. Thanm,
C"’o., Aq
X, = Zi(a\ﬂi ez edges of \g,\mppm n %(’”’@)
=1

e andicader Tundom vamablos on e guumands ane
aid and Afellew 3‘5@1(/}3“) Tronedsre .
EXq- Mc,, . ag . pto
Clasm 3.2. - o, x aub(@) = vq!
Poef (Claim 3.2) - Fach pomudakion 6 of [ve] = §4,..

dodines o copy o HE G :
& copy ol HG wrrekponds o a sk ot @

KVG' —n’l\.ﬁ, wP\j H»éqG‘%OT -“/\ﬁ_ /PQh'Yh 6 M QCQ%(]}) %:(’KGG),B)G(L)):
1<1<26%  whne Ty 99 444 < %k % Foed copy of
G.

G Q&%@S of

But G-Gs A FT st o each 4, T3 5L

(x5, 93) - ("Cre‘m,vwcn), o 4,9 <lq, de. 2} T *#
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s owndo morphism.  Hemee an enOW Vo - volex zubgnaph,
e Hel copies o G oan b nupeaks ok (&) Fmas . Thodove,

ac‘ - Val /QJ)UQT (51\. Z]

Fom Claim 3.2., the pwool of Lemma z1. follows.

Theovyem 3.3 By o graph G with Ve vendiers A& ¢ edga,
W o (nValed), dun P(gonp) conkwinmt a copy of G)

—7 0 o4 M 0.

Proet: Define., Xg— Hol copieh of G dn G 7).

Swppose thak, PO = G, pTVaka | gine - o (n” %),

o5 Mo, o -—>o0.

QA’@/A“' ~F@JL Ve /‘?\md C‘Si')’\f_ﬁ_ G M ’P‘l%QFJ)J

(m).%ﬂé c.mVa  far Rome Cro o, for oMt
4
¥n Yy me, for some me,

EXeg £ C. ne . 666‘ , /nhec"vc'/ec’" ; for n >me
A-€. 0 ¢« EX, éc.%zc‘ , %’IM>MQ.\54%’V\%°°,
e wee 'Soauedze “m.” Fo concdude EXgq 0.
Hene, using Mankev's tnegquality
0 < Fem (Ka> 0) = P one) (Xe > 1)
é' EXqg —> 0 oy M e,

Applying ' Soquweze Tam fon aethar Ame complater fhe proot.
B
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Delimdion 2.4, - (onmidon a %(0%7% H o poith vy vodices & ¢y ecl%g/s,
Suppose Vy > 0.
Tre. quankity ACH) = Cq/va 5 howd 0 he ths ' oty ot

; e & (H) —
Conmder,  mm () #W%;Q deFined by, m (H) = 0o |

\ Yu'ro
() A called Hhe mantomwon Aoty of H.
N % called "balamad' 4 L) = (), AL AL fon evew
He H, L)< &) IE L sadisfion d(n) > L (v for
H CH, we el H Ao be ‘stidly balonced!
Rom “Theovem 3.3. We howe Agem, P{&(,h,,ﬂ (Xq >0)

ie for rp«m—‘/&@. One com
1A @)

—Vallg

—> 0 'F@’L P <KL m
Ak Q%Pedc P%_(M,@ (Xe,>0) —> 4 for P> m7

AP S MA@
Soy = WO -1 1@ shune W (n) 20k n—> 0.

1.¢

“Than , y .
%4 - (VM\ k(@

24{\”-(3-30“\ Vn » Mg, for rome C & Mg

Ve, cC — VG
_om e e m

R R R el @
Doty Ak sudfice for fﬁ(m,@ to condmn o copy ok GP
e Ml Find ouk Atk Ak 2 mob. To e his,

consmdor the  ghraph wm R 3.4,
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[N
AN
1 1
RN O

We see Aok Q) - % G olbo conkmns Ky b

- 5/%

o tuboopaph; d(c) - &
d(a) % d(Ckq), say & H5  (Conmder, P=N

We bee,  mo.m- S ,n»e/g‘%(e/g_g/ﬂ

o VA ,M‘L/Q‘g

Tk, we obsewe , p/mEE) - R8s 0 0h M0

Hemee, EX, —>e0 aym—>e.  (from @),
4/6 - 5(F)
i, ABis A -l G

fho/,hwxlchCKz‘\= ,n—llzl —5> 0 ab p > 0. Ffo'm Thesyem

517

S IALRA) 12

So,
3.3, we conclude
for p=-m YA, P (X4 >0) < P(Xk4>°\ —~ 0
£ om,w) wonw't condain ov cory of Ky M %A CopY
ok G, o-ns. Tk duppos becamse G cordans o b graph
(kg) donsen Hnam Ak selt

Truovem 3.5 t- Lok G be a finced %Wh with €e 7 0.

-\ /m @)

EXyg,—0 ab N> nWe see Haak.
s

“Them , o ez

. D _
L\’YY\ l C«g& (m, ’p) 2 O[’) ‘ L ()
M =y R0 4. q,{,, P Tm
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Prock-

‘O'-S¥‘0Lﬂcmuu’b% — Lok H< g be sk @)= A (wH).

“Than . |
>0 as m—>©, from
'—P@d.(’h,’P) CXCI > O\ £ B& (m, ) C><H > O’)

\ /
hoe Xy denoter s copieh oF WO

Theo vem 3.3,
(n,). |
“ Thuk, whem  p= 0 (m"’”“fa‘) L a-as. Ahane a5 mok

' ‘ o copy ot G.
copy of H w “%C“"ﬂ"\@@» ond  fonce, N .
14" - ctatomant = TThe second momund medhed w1

We dodine,

be guguived —fo prove +his.
z‘éq = @QC’V‘)'P.) = AVAm E,%Cm,’r’) (xH) )

HcG , en>o

Simce , E Xy = fp“e*‘,rn'\’” o fo oy H Foed;, wt %UQ:
T = et
. HeG, €yyo 7

Lemma 3.6.:- Leb G be a %Muph with €g >0, Hun

Van (Xg) = (4-) §  maT pian e

HcaG,en >0

y

Xa¥Y 5 IE X2

oy e (EXF gy (BXD
B HC GQ,e¢u >0 EX'H E’EC(

Lemma 3.7 5 - For any graph G with e¢ >a, TFAE :
’—_’-_——’_—_‘—f- .

Br VM R s 00 Lo envery HCG with Vy >0,

Sy EXy >0 fer evowy HCG with vy >0,
/i‘.,v> @C‘—%OO .

— 4o complake Hhe proel of Tum. 3.5, we cbhUwe that
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A gy mmVmM@ L Ee 50 by Lemma 3.3 Hene by the
second momank yebed L Lemma 3.6

Pe,nrey (Ka=o) ¢ YorOa) (EXaY 50175, . o).
(Exe)  (ExXa)

T (A P (6&(%,-@3 Q) = P ‘EG?L P >> = m (&) 7]

M — R

Poel (Lemma 3.6) - @ dihned m Lemma 3.4 Uk
Y Tg, = 14 (alk eq edger of G. oppeoL 4w %(M:Pﬂ

Hemet, X, ZIC‘% =¥ VMCXQ5= ZC@V CIGEAICIIt’>.
£ £,

New, +he edaer of Ge & Gt ane disjoink wenld wnply
Tay & Tgp v andep. Troedove, 2L E@GY) & E(Gy) one
disioink,  Cov(Tay, Tep) = 0

New we comsider Gy & Gy 46 H= Ge NG + @,
po H U o wloquph ol G with 2¢nu>0. Such G & Gy
may be chosen by thae fellovoing. wowy

one chooges vu vortices for H. Then chooses Vo -V

voles o Ge L Brom - v wouwy vodices. dAnd  finally
chooteh Vg - Vu moowy vodias fom  m— Ve oy NI NG,
voles for G s com be dsne b

£ N— Vi N-Nea\ VA 2 (Vo - Vi)

( VHB ' (Va -VH>' ('VQ—VH =M " e
e comsbornds waed w = dovsm'F CQL?U’\G] s M, ’bv& on H.
And e probability fen Ahe edger 4o oppeon n G, LGy

i /FZH',P'?.(QQ—QH) _ ,p?éc\-ﬂﬂ , ond o appean m Gy

. ¢
or Gy w p
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Thowdore,
Von (Xan = Z Cov CIGL-,ICH;')

t
. e ) 1FCa Tae) - E (1.0 E Tae)§

EGONE Gy) = ¢

ZMVH ‘ﬂZCVc.—VH\ : EPQZQ*ZH _ fp?@]

)(

HCG, ¢uyo
—VH —€H €
v 2¢ »
> 2V g2, VT 1 - p
HCEG, ¢yyo

< g Ge) P T e

HCG,2nuy 0
— the Lt swladien fellows fom the fack -that,
(4-pM) > Q=)
& U*”P(ﬂ = (1-p) (‘+'P+--+fpe“")

¢ (v-p) Qtp++ 'Byec&”') < 2¢. (\-P)

~

Hemee . .
Vo (X&) = G=9) 2o T

HCG,Luyo0

2¢p, - €
.-Pﬂt H

2
: (\—’P) Z&(m«m,}ozq) /,an,peH
H(_:Cl)eH70 )
: ( ?\QEX&)
d _ L—
= (EXe) (-p) MA% i E Xy,
HeG, ¢ >0

_ e penudbimate nebalion follows from the Fack Hot
EXy « nYapla ie Tc.,C Ak, er—wdpta—F

—

Scanned with CamScanner



o < - P
Cl.m'\(Cy,P(Ol ¢ EXey < CT,H'VQ, pta Ly e .

~

dAnd  albo Fom -Ahe Lack Aok, for lbnge

____I _ ZZQ fyym')c__l____—-
L S vi_en X : A p CH
MNAN S G 4 n¥Hp S HEG, Epo
Hea,eyzo 1T Heg,en»o
i am g SN
— sine Mow ot ak mosk 284 pany Toum
b7

Hemce the rpoet.

Paool (Lemma 2.3.) -
Wy iy O —> Leb HIC G be AE A= m@). If
Mt 5o o all WG, it tme for HewL Se
m (&)

/Y\'VH’/PZH’ - (m,pel-l'/'VHf)VH’ S0 A N =>4 A0 NP
e ah Mo . S0 AWy =AY,
Foo P-4, A i tewial. T ogp<r , b Aollows
’ -'rIH
W/% 'P@IL W H Q C\, r)/\'VH /PZH - (/hfpcg\.c"\.) )VH >/ (’n fPTn(G{))

L5 0 b M. So A=y A

) = @ — e hawe Exa = MNc, v PH, From

. v o ¥R peH
lemmma 3.1, gt NC o ypan =M H, EXyxm7 Bt

Thas %ive)g e both side  omphicakiens.

3 mn Xy ,
¥ (iad) <= (V)" = Say g —>o0- Since Oe = he G

oy (onger eacpectodion wenld go o nfindty on well.
So ) = Al
And, il > iy 4 trivial smee Ba B alto expechation

7
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Remak 3.8.1- Tf  dgnr) >0, Xa/EXe S

%319% - P%(m,@(\xq -EXg|>e€- HEXQA

- Py (| -1]2¢)

< \imﬂg ;3 [Clubysho's 4ned]
c - o]
. 0(a/7a) [Lomma 26
- o).

7

“Theavem 3@&-%Tm%md%mm Quﬁhﬂ:@ﬁ‘mm
edge,

2 — /o (&)

o , M M<KLm
on P (gm0 2 ) - 2~ /m (&)
mn = o0 o _% M N

Prook = Conbmining. o Foed subgraph 2 o vonetone
’P'b’@’?‘lﬁﬁ'ﬁ FTOT N = (:23} We ‘*DL“GL P = M/N.—

By Twm. 3.5, we have,
0, q/{L M ,n—l/‘m(cx)
bmP (G, M/10) D G) = y

Y\ =7 R 4, ,1"{ %>> ,yrl/'mCCD
For sulficienkly longe m, ond by Covollooy 2.5,

B (gm,m)Da) >0 g %«m_l/m@

7.2 . p (%CM'ND ») Q) —~ 0 ‘F@J‘L ™M <<fy\2—1/‘)’7)(&0;
—1
Soilaly, P (G0 M D 6)—>1  Fov M >y m2 ),

[Both of Hhem Hollow from the fack thak N < m? ]

B
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Excamople 3. 10, -

() For k>3, a k-oyelo # balanced. Hemes fhs.
thowshold for *%Cm,qﬂ ‘o condam o k-oyels A A/m o, simee
m@)= n/m-4 for G o he omy cycde.

W) For k32, +he complebe opaph Ky 2 belamerd,
so m(Ky)- Ke, /v - _k_;_l Sy e Awwhsld o ‘%(,ﬂ’,.[;)

o a.as conlan k& ) ,n-z/ck—n‘
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4, SURGRAPH COUNT AT THRE SHOLD

e wawe obuady Acen fat By o Hawd graph
4, 4he dowdwsld  for  condmiumank of G am -Z&C'm'p\ 24
= Vm @ Thow opankien  thak fellows A, whother 4y 48
Ahaogp .
Thit Aechien prekents rusults m%oouﬁfw\% the
me@)  gpd Ahenm  Aowsh thak

aspmpotics of dg  omd mp
(), +he

the  ahusdeld in Tum. 3.5 K coaunc. For p= @
ompudakion of - U PgmaA Do) » somuwhak L Hfadk
M7 0

An %mel- |
Bk dum, o nwwdk, proved ondependently loy

Rellobn's (M‘Zl\; ond  Komsneki ond  Rucinska (253), for
dhe clow of abvickly loalomed  gropht mmakes Ak gamer.
iy compuker the  Lnuking disbribudion of- X,
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Teorem 41- Lek G be o fined opraph with ok Ltk one
edge . TRew. for evow sequince p- pm) <4,

enp == Ba] ¢« P (50N DE) ¢ exp - @ (@]

_ el ol s dheovem awolues Hhe FKG imequality,
honce that Aas been  skipped. |
Rosalk 4.2. - phen - @(M—I/%(CO), we hane g, = ® (1)
for a groph G.
Procf (e howe abuady mokiced am e proef ot T

§ [\ "WM'Y\ /V\VH rsz
—~
G HCG, ¢y>0 ‘

Foxy - @ (= V/m @) |

Vi - Za/m@)
M

be X nan N
“ HCG, ¢uyo
v m(e) — e fm @ -
% AN M
2
HQO\;EH>O
Cimet . )= omar SN ypcg, Veem (@) - w0
Heg VM
Lo am #), dhe gqrondity An RHS 44 mmazed  whon the

eaporenk sl m 4 Z0 AL Vu/ew - U (&) . Thenefare -

By X M-t o= OO).

Repuld 43"~ TIf - @ (a1 /@), we hawe

o - mswp P ( () DG) <4
0 < [mmr\% p({(’f( 'Wo)ja) < M =500 % :

m > o0

Proet:  Using Theovom 4.1 X Rosdb 4.2., ah m— 0
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ohon  p = @(,h—l/mCa)))
0 < bmant P (G, D G) ¢

M — o0

T compledes he proot.
Puult 44 - Te dhosheld an Twm. 35 cannob be sharpond.

bmswp P (G PP G) 44
M —» o0
£l

Prosl: Comsiden m= 4. ten for P - VM@ pek

e = (1+fy{)r{o\ _ Q,n—l/'m(fx): @(m—\/m(m)_

By Rowdt 4.3, -Wm%h ’FZ(W’]MS we hawe

hmsup P (40,9 D G) < 4

m —> 0

Fowdore +he Avusheld m 35 A ok shanp  from ahove.
Comilaly, we dwke M= L then o p- -mP
we hane P = @) (m-V/me) . Abt P < (1—4'\)55 , we Nawe

fom Rowulk 4.3
Lo P (G 0nP) D G) >0

So Ahe %\r\hﬂ;lwfd camnst be ghaopened Hom ldow. Hence
the  prwoet- 7
w' - TE G w a sricty b aloneed %’M\{ﬂ’/\ and
mfp"'“cc‘) —>c >0, tham X -dﬁ*- Poi (A) , the  Poitkom
dishelbnign  pith  mean A - oY auk (@),

Proet: The echinique ol 'Method oF Momunts’ shall
be wed 4o prove Ahis Aheovem. Lek X danotey e
H#el drkimek copich of G am 4ln,w). Lekt Gr be the
disbnck copies b G wm Kn o -4, M0y, Aq .
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Lk T, denste Hhe andicakor aandom vaable thak he
peph G 4 condmwned am Gn,p). e Theaelore,

X = %Iqt
We comidaon e fackovial momends of X . T+ we
ean ghow el e fackovial memends e X covwgeh
to tak ot 2, for 2 A Pai()), Vkemw, +he proet

dome .

Debime, (Xe)e - X (Xe-0) - (Ka-xr), For kzt—the
kM factorial memunk b X

Thon, we hane,

EXe)x = E[Xa a-1) - (Xa-k+1)]
- 2 P@as - = Tg,- 1)

a‘i;"/C‘K

- B¢ + Bk
whoe By & Ef suspeckively dengte the rpantial swms
whan  dhe yorker aeds of G, -, Ge 0 (;ILLA/jo‘\V& ond ot
Aok usbpeckively.
fohen Hhe vorker sds ot G, Ge one djoink, Ta,,..,
TG, ow independenk. Hence,

PCICllﬂ" :IC\K: _{L\= P(——{Cil:i;--,:[qks ’_1_)
. p(za-1) - P(Tg-1)

te Hae
HQY\CL, DK = CC\,& . (f}oacl)k - {/\)W Ca,f( CQW Q@

Hol k- venlen disjonk copin et G an K.
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Now K

m m - Vg m— (k-0v Ve |
Cak Z(Va\'( Vo ) ( (w\ q'[ﬁ@]
— gince we may choose Fk vy vobian ank el m,
than vy vorkias ek ok YOMMIMNG. M- Vg M ~voiah
and 50 gm.
Sinee G by balowad, m@)= alva. So,

Ml :

Cope = 0 )
(n-kve) !l (auk(@))

Since AA™@) . m S oas m—>m we hawe,

v v,
Qpec".'h 4 Sl m> e

. € CVq e K (qu)k
¢,
' v mYa = [ ] ~ kv
nd KV,
snd m = fh-(mrﬁ---('h*k\’cﬁn ~ N ’
(m - kve)!
K v K
. Ex = Ca,&-[’PQq] A [ ¢’ :l _ K
omk(a) 1 - -

TP we com show Ahak B % o), the prosk 2
compleked. Comider o k mot  mudmally voker dinjoink
opits ok G whane ane t mouy vodies. Lk ¢y donabe
dhe ammrwem det edgor am mch Eovokeac psion.
Claim 4.6. - For evow k 22 ond k<b<kVg, we hae

e > tm@&).
Proet (Clawm 4.6) = For o %mh F, we qu

—_—

—r(\'ﬂ: ’YY\(C\yVF - <£ .
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We more Ak, £(@ =0 and sine G % shricky
baloumaed, £ @) <8 >0 for eNOW HQG. for k=2,

kbt £-—H UM, b F- G,UG, be a met rrudnally
yOokex dibjoink wmen e 2 copieh of G Since,
'\/qUH = VQ ¥ Vyu - VQ[}H

Y Ceun = 20+ Cu — eony — for ouwy QP
0\2«’ H; e fx,e,o_-ﬂflﬂ&f

FRIURY - FEY + £(R)- £(RNF,) — for owwy
yreWh  F B New, H- G, NG, # a PropOL Mb?—m,(nh
et G. Thenedove

‘F(F\‘: ‘FCGIIU al?_) i —F@h\’r 'F(O\:J" ‘FCH)Z ”'F(H) <O.

Now, Hon some k> 3. Wb w atsume fon ouw
ot amudually  ~vondex djoink  wnion of /k—?qom st ¢,

K = K
“C(LJIQ’) 0. Sy Gy ® & COPY of G A-&'Acyﬂq{)ﬂqw
+ B, Thew, )

’F( DGL\ . —FCH‘CLL\ + F (QK{-IX - ‘F(H)

: ?(&?G;\~ £(v) <o.

Twedore,  F£C(F) <o for oy sich wmweh, G)yPﬂoCﬂﬂ/\j
whan the # edger % mimimiom L wmen ok total +
moavg voRess. Hemee, m(a)-t - e <o. %

Hawing. proven cloom 4.6, e duwoke, Zy- 5,4+ tm(@)

whot G >o. ek us donste by F e family of oll
yupht  obotaned oy faking. umont of K mobt all sparrwise
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vonkex disgoink copitr ef G

- E—(?: - ZWC(”"F\"PZF — whae £, F) denotes
F ety '
e fel fequncs Gu,.., Gi oF & dinkinek copier of G At
K K
e v (UG) . St & UGyar
3! g7
for o dotel eb MC., ey cheios. Cleaby,

f(n,B) = nVF omd  gmee Q¢ 4 the amn.

Het ¢dge ot o t-veken whien, Wwe howve

kveg — 1

Ey = 7.0 %)
t- K

kv ~ 1

%
§ ZAO[(M,PW@‘\) _,p6hj
L=k
Nsw,fy\ff"mcc‘) -5 C ml}(e/s P 20 ‘hunedore , ab 6t >0 Y,
p &va -1
By - Zocﬁ\ - o(1). Z!
t-4

Foom Rewldb 4.4, we find thak m VM@ s comne
Houshold for  condmmmant of G dhen p 4 @ (- 1/m@),
the denivaBen of  Um P(%C”"'@ >a) may net lee oy,

M -7

Buk, v stricty walanced %WW); mot ondy e
precise volue of e Gomik |, bk e enkive LWmibing
Lnkrilowkien cam be caloulaked for Xq.

We mow shalk see e QC%MW omm%%/(m of Thwm,
4.5, (
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Teorem 47 Leb G e a sbrictly loalanced guaph, and Lok
Xy devote dhe #Hof copies of G A Gn, ), TIf M A em? Ve,
for home cvo, Ham X, S5 Poi(h), Fhe Poisson dirbribubion
with - maan A . (gcysa f auk (@),

Proof: Lok (Xedx be debined ot am TTm. 45 TThe
tum. Wil be proved A we cam ghow E(Xx — A for

enow K> 4.

e ghignne,

EGay = S P(Ta- - Ty - 4)
G, -, i

- Ex + Eo

— whow  the pardial swms E, & E,. swppeckivaly coven
e canes whon e vordkex ks of the K- wnon  cie
pposvwise dvjoind and mpk paiTwise dirjoink.

Whon e vokew sebs ol Gy, G e Parwise
At joink | Tg.°s e andep. Y& Towdore, we can cpose
the Kk many dinjeink copies by choorng, them  one by
Ohe. Fmkly  Hom mvobic, Hhen Bom v, vodhees
amd %o om;.., fHnally the frwnaim)m% M- keq ouny
edges oy be choten Bom ok of N - ke adges,

Thwredure, N - qu)

B (MY (o) e e
(Vc‘ auk () ( v ) ok (@ "

N

(1)

- Ke- )V o kea! M L

= /Y-}CVOLX *( B c‘) . 'VG\‘ . T—T ( -
27 ank(4) L =i
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.Vq Vql
& M 2c
K N4
V4 Vg o K Vo, | 2¢ e
Ex ~ G e L:l : ] - 7
e - V4! ok (@) m e

] [CQQ&‘] N

Tk @)
WL we need o Aheow s el tak E\: =@ From
Cloom 4.6, , ¢x >tm(a) for oy mom - verten (;Q,\Wmv&
corpiels whion of copin of G, for G syicddy balanced.

Thenefore,
£ - 3. () [0) b (o))
t=Vg
[Simce, (:\\141“;:} (N Tz) {,OT

N, ]
KVe -1 ( . O —1 "
= > _0(m" T _f>
b= Vg t=0 S
kv
- ilg(mt M/
+ =V¢ 6
S o [(ne (raym @Y 100) ]
£- Vg | [wlmuu, Oe - %M%m(a)]
m G")%m -—%\(’kymm fonce M/N =0 ah M=

“Thanefove, E%: ZOCQ = o), 2
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APPE NDI X

K
Rosed® For k>4, (M) > (%)

Proot- o 2 (M- C(m-krr)
- K- K1 (m-K)! _ k(kfﬂ"'(K"‘*')

N o, n—T S N 'FOT oéT<k A}LQV\CQ the ’P'D'O&g )

m-—"T K
Reyadk - Fay oy T, K AL m>'2r+k,( " )x’h,

Proof: (”’"*T), (n—1
K T TRI. (k-

T

Covellow - For ouy 7,k 2 M >7+k, (’Y‘;?>N .

Theovems  fohen X = 2 Ti 1 oa sum of dndicakors,

ie T
Hhomn
SN N C R R
A, ey el
oheng Z* domotes  gaum VoL dabinct omdices.

L]
1, s L7

Resul b (Mebhod of Momaonks) -
o) For a non (-ve) amtegn valwed qamdom variable X,

p(x »>0) ¢ EX,
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B_“ll“& For owm amcuwamng proporky O —
o 0< P <P <4 Amplies
Pl )€ @) ¢ PGme)ea)
b) 0< M, £ M <N umples
P Ginm)e @) ¢ PG M)ea)
Asymetotic Notations -

v Qp = O (by) ov Um m—>ew, 2{ 3C e omd Ng € N A.k.

Onl € Clom ¥ M2 Te.

W am - QCn) atv bmm e, B bn= O(an),

4 om- (Wl A an= OCbn) omnd an- 0w,

Ao = by, R am: (O (lon)

V) am ~ lonm SY VN Wmm >0 , Om/bn —> 4.

VY O - o(by) , 1 % bmm—=>eo  an/py, >0, Adc Veso

HNe AE. Vm 2Ny [an/kn] <€

Vi) Om S bn 0% bn <« am AL bn= 0(an)

e sy An, on ok slaked do o vomdom  struckuwe and
depending en 1, Hwlde  onas de aymptotically olarco sk

sl 4l P(Aw) —7 4 as m -z 0.
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Notutio W -

-y tnop) = Bimemial Romdom cermplf\ with Qcﬂgc prolo. P.
{é.('“:h’ﬂ"} Wniform  Randowm camph with M edges.
V) > Volbex et of gnaph ¢

E @)~ Edge Ack el %710-{3?/1 G

lE(e)] /1al — #ofedger of G [abo @]

V(| = #of vodkies of G [alho ve]

ok (@) =+ size of ombomor phism Gronp oF G
EO)r = 7™ fackorial moment of X

d(@) ~ denity ef graph G

m(G) = masdmum  Luwty et gvaph G

7 —> [n]x[n] , rek of all cposvible edger ol Km.
(n] = 052, MY

27 5 power ek of T

N— MC, = “7[

Excreises -
o)  Lemma 2.1 £ Pomaak 3.8,
v) Claum 2.2, g) Rowdt A.2.

&)  Paoposition 2.4 h) Ropudl 4. 4.
d)  Covellawy 2.5
¢) Claom 3.2
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