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WARNING

The slides are not complete either in the statements of

the claims or their proofs.

Many details will be filled in during the lectures, but not

all. Mostly, I shall give only sketches of proofs.

The lectures are rated ‘A’, i.e., ‘for mature audience
only’. There is no sex or violence, but working knowl-
edge of Brownian motion and stochastic calculus will be

needed.



All random processes described in these lectures are fic-
tional and any similarity with the behavior of any person

or persons living or dead is purely coincidental.

General reference: | HE RED BC)C)K>l<

*Ergodic Control of Diffusion Processes, by A. Arapos-
tathis, V. S. Borkar, M. K. Ghosh, Cambridge Uni. Press,
Cambridge, UK, 2012.



OVERVIEW OF DIFFUSION THEORY



Consider the d-dimensional diffusion

X()=[X10), -, XaOI*

satisfying the s.d.e.

¢ ¢
X(1) = Xo+ [, m(X(s))ds + | o(X(s))dW (s).
e m:RY— RY o RI— RIXM gre Lipschitz, and,

e VW is an m-dimensional standard Brownian motion

independent of Xj.



Solution concepts:

1. Strong solution: Given an m-dimensional Brownian
motion W and an R%valued random variable X
independent of W on a probability space, construct

X satisfying the above on this probability space.

2. Weak solution: Find a probability space on which
there exist W, X, X, with Xg, W independent and
prescribed in law as above, and X satisfying the above

s.d.e.



Uniqueness notions:

e For strong solutions, uniqueness <— (if X, X’

two solutions, then X = X’ a.s.)

e For weak solutions, uniqueness <— (if X, X’

two solutions, then X, X’ agree in law.)



Ito formula

Define the ‘extended generator’ L as:
Lf:=(Vfm)+ %tr (JJTV2f> .
Then fort > s > 0,
FX®) = FX)) + [ LFX(w))dy
+ [(VFX (), 0 (X (©))dW (1)),

Ito-Krylov formula: As above for f ¢ leo’](O:(Rd),p > d,
when o is uniformly non-degenerate, i.e.,

Amin(aaT) > ¢ for some § > 0.



Martingale formulation:

Weak solution < for all f € C2(RY),

FX() — [ LF(X(s))ds, >0,

is a local martingale w.r.t. F; := natural filtration™ of X.

(‘=" immediate from the Ito formula, converse from

‘martingale representation theorem'.)

“‘right-continuous completion’



A brief historical perspective

1. Kolmogorov: Using

E[(X({4+A) - X@)IH{||X({t+A) - X)) < e}|X(P)]

m(X(#))A, and,

E[(X(t+ D)= X)X+ A) - X)) x
HIIX(E+A) — X)) < e X(®)]

~ o(X()o(X()' A,

Q

(plus a few technical conditions), can derive the

evolution equations for the transition density.



p(s,z;t,y)dy =~ P(X(t) = y|X(s) =x),t > s.

In forward time t:
o _
ot
(Kolmogorov forward equation / Fokker-Planck or
‘master’ equation) and in backward time s:
% +Lp=20
(Kolmogorov backward equations), with the initial,

resp., terminal, condition

p

im _p(s,z; t,y) = dz(y).
t—s—0



Limitation: Needed PDE theoretic results (then un-
available) in order to go anywhere starting with this.

This prompted the next development.

. Semigroup approach (Feller, Dynkin):
Define T} : Loo(R%) — Loc(R%) by

Tif(z) == E[f(X(1))|X(0) = z].
Then for s,t > 0,

TtOTS:TSOTt:Tt+S, TO:I.



That is, 1¢,t > 0, is a semigroup —— Hille-Yosida
theory of semigroups applies. A ‘clean’ theory possible
if T, maps C,(R%) to itself. Then X is called a Feller
process (strong Feller if it maps Loo(R%) to Cy(RY)).

In semigroup theory, a key role is played by the

generator g given by
T —
”mH sf—f
610 d

~gf| =0

for f in a dense ‘domain’ D(G), with the associated

evolution equation (cf. Komogorov equations)

ol f
ot

=Tgf =01t



Limitation: D(G) can be difficult to get a handle on.

. Parallel development Ito (foreshadowed by W.
Doeblin): Diffusion as a stochastic process given by

the s.d.e.

. Martingale approach (Stroock-Varadhan): Works
with the extended generator £ which coincides with g
on its domain, but is easier to work with. Specificaion

only in terms of ‘law’.



Local existence/uniqueness + ‘non-explosion’ <= global

existence/uniqueness.

Sufficient conditions for non-explosion: linear growth,
Khasminskii criterion, stochastic Liapunov functions. We

assume non-explosion.

1. m measurable, bounded, o continuous, non-degenerate:
existence/uniqueness of weak solutions
(Stroock-Varadhan).

For degenerate case with m and o continuous, only

existence, no uniqueness (Hartman example).



2. o Lipschitz, non-degenerate, m locally bounded, mea-
surable with linear growth: existence/uniqueness of
strong solutions

(Zvonkin, Veretennikov)

3. m,o locally bounded, measurable with linear growth,
o hon-degenerate: existence through smooth approxi-
mations (Krylov), no uniqueness guarantee (examples

by Nadirashvili, Safanov)



Theory extends to time-dependent coefficients, but cau-
tion is required: non-degeneracy is not sufficient for the
existence of densities (example by Fabes, Kenig). Leads

to two parameter semigroup 75+, ¢t > s > 0O, satisfying

Ty =1, Tsrodys="Tyy for0O<u<s<t.

Degenerate case: selection of Markov family through

Krylov selection or viscosity solutions.



The PDE connection

Assume o non-degenerate, Lipschitz, m measurable with

linear growth.

1. Consider the elliptic equation

Lu(x) — au(x)
u(x)

—f(x) VxeD,
h(x) V x € 0D,

for f,h continuous,a > 0, D a bounded open set with

‘exterior cone’ condition.



Unique solution u € W%@(D) NC(D),p > 2, given by
w(z) = E [/OT e F(X(£))dt + e *Th(X (7)) X (0) = x]

where 7 :=inf{t > 0: X(t) = 0D}.

2. Consider the parabolic equation

0 = %u(m,t) + Lu(x,t) — au(x,t) + f(x,t)
VaxeD, te(0,T),
u(x,t) = h(z) V2xe€oD,te (0,T),
u(z,T) = g(x) Vo € D,

for f,h,g continuous, T, a > 0.



Unique solution
u € WaoP(D x (0,7)) N C(D x [0,T)) N C(D x [0,T1),

p = 2,
given by

u(x,s) =
B T ot p X (0))dt 4+ e T
(g(X(T))I{T>T}+ h(X(7))I{T <T})X(s) = 7]

where 7 :=inf{t > s: X(t) = 0D}.



Ergodic theory of Markov processes



Ergodic theorem
Let S;,t > 0, be a semigroup of measure-preserving trans-
formations on a probability space (2, F, P), i.e., Vt,
P(S71(A) i=PHweQ: Si(w) € A}) =P(A)V Ae F.
Define the invariant o-field I := the P-completion of
{Ae F:5714) = A vt}
Ergodic theorem:

lim - [ F(Si(@))dt = E[fIZ] a:s

V f € Ll(Q,F, P)



{S¢} is ergodic if T is trivial, i.e., A€ T =—= P(A) =0 or

1. Then for f as above,

lim - [ F(Si@))dt = ELf] a:s

Here P is an invariant (probability) measure for {S;}.

Let 2 be Polish with F := its Borel o-field completed
w.r.t. P.

Define M := the set of invariant probability measures of

{15t}



e M is closed convex,

e Any limit point of up = %fgy 0 St_ldt,u e P(£2), in

P(2) as T' 1T oo is in M (nonempty if {u:} is tight).

e Extreme points of M are ergodic and are mutually

singular.

e Every n € M is a barycenter of ergodic measures.



ERGODIC THEORY OF MARKOV
PROCESSES

Take Q := D([0,); R%Y) with F := the Borel o-field
completed w.r.t. P. Fort € 'R, let 64 : 2 — €2 denote the
shift operator: 0:;(w(:)) = w(t+ ).

£ € P(S2) is stationary if 04t € R, iS measure-preserving
on (2, F,§).

Assumption: Transition kernel p(dy|x,t) is continuous in

x (Feller property).



The set of all stationary measures compatible with the

transition kernel p(dy|-,-) is closed convex.

Let J denote the set of its extreme points and £ the set

of ergodic measures.

CLAIM: ¢ e J = ¢ €&, i.e., it is ergodic.



Sketch of Proof:. Consider t € (—oco0,0). If the
claim is false, there exist mutually singular &1,&> € £ and
O <a<1suchthat € = a1+ (1 —a)&>. Then for some
AeF,

4 _ I, d2_ la

A= oL 24 A =552 |
L7 ge = a7 "2 ae T 1-a

Let &;(t) denote the restrictions of & to F; := the natural
filtration, and

d&;(t)
dg (1)

the corresponding R-N derivatives. Then A;(t) — A\; a.s.

Ni(t) = = B[N Fi]

and by stationarity, A\;(t) = A\; a.s.



It follows that

A1(t + s)
A1 (t)

= 1 a.s. A.

Write

Erts(dw,dw’) = &(dw)rs(dw'w),
£%+S(dw,dw/) fg(dw)uﬁs(dwqw), i =1,2.



T hen
dg%—l—s
d§t+s

/ d‘gt ts
(w,w) = d§<> 5 (uw) as

t  dugg

That is, for: =1, 2,

'L'

'y s(w,w) —/\t(w) LS (W|w).

ts

Hence for ¢+ = 1,2, almost surely,

()
th,S

:].ﬁl/%szytjs.
dyt78 ’



That is, the regular conditional law of the canonical pro-
cess X,y given F; is P(s,Xy,dy) a.s. Hence ¢ € J, a
contradiction to extreme point property of & Thus &

must be ergodic. O

Let u € P(R?Y). A set A € B(RY) is p-invariant if
p(Alz,t) = 1 for y-a.s. © € A and at t > 0. Then T, :=

the set of u-invariant sets is a o-field.

Let £ € J and u its one dimensional marginal.



Lemma: If B € Z,,, then Ig(w(0)) = Ig(w(t)) a.s.

Proof

E(Ip(w(0)) # Ip(w(t)))
— /B 1(dx)P(t, z, BY) + /BC u(dz)P(t,x, B)
= 0.

Thus Ip(w(0)) is Z,, measurable.



Theorem: Let ¢ € J. If C € F is &-invariant, then

Io(w() = Ig(w(t)) a.s. for some B € B(RY).

Sketch of Proof Let X := the canonical process. Then
F(Xy) := Ex, [Ic(X)] — I¢ as.

By stationarity, f(X;) must be of the form Ig(X(¢)) a.s.

(cf. Lemma above). O

Thus ergodic decomposition of path space «<— decom-
position of state space (Doeblin decomposition).



ERGODIC THEORY OF

NON-DI

FGi

=2\

FRAT

F DIFFUSIONS



Say that a diffusion is positive recurrent if for some
bounded open D C R4z € D and tp := min{t > 0 :
X(t) € D}, Exlmp] < .

For this definition to make sense, we need:

1. If Ex[mp] < oo for given D,z as above, it is true for all

€I.

2. If Ex[tp] < oo for some D as above, it is true for all
such D.



Proof of the first claim (sketch):
Let R > 0 be such that {z} UD C Br :={y : |ly|| < R},
Tr = min{t > 0: X(t) ¢ Br}. Then
Yr(y) = Eyltp ATR] = 0O
is the unique solution in W2P(Bp\D) N C(BR\D) to

[,w = —1 1in BR\D,
v = 0 on 0D UOJOBpg.

But

Yr(x) = Ezltp ANTR] T Ezltp] as R 1 oo.



By Harnack’s inequality and elliptic regularity,
2 —
YT e WoP(D9) N C(DC)

uniformly on compacts, where 1 > 0 solves

L) —1 in D¢,

Y O on 0D.

Hence one has:

Eylmpl = ¥(y) < oc.



We also have: for C compact in D¢,

max E,mn| < oo.
na ylTD]

Proof of the second claim (sketch):

Let G C D¢ be a bounded open set and 7 its first hitting
time. Pick R > r > 0 such that DUG C B,. Define

Co = min{t > o : X(t) € 0Br},,
o = min{t > (. : X(t) € 0BR},
Ck+1 = min{t > o} : X(t) € 0Br},

for k> 0. Then {0, (.} are finite a.s.



Claim: pg := SUPcon, Pu(tg > 01) < 1.

Proof of claim:

o(x) := Py(7g > oq1) is the unique solution to

Lo = 0 on Bp\G,
0 = 0 on 090G,
= 1 on 0B5B;.

By strong maximum principle, ¢ cannot have a maximum

in Bp\G, hence the claim.



Balrg] < Belrol + X BalGil G < 76 < Gl
00 k
= FEz[mo] + ];_:1 21 Ez[(¢m — Cm—1) X
I{Ck—1 < 7¢ < (k)]

— Bl 4+ S > Eal(Cn— Cm1) X

m=1k=m
3 H{Cp—1 < 7 < (i}l
= Ezlrol + > Ezl(¢m — Cm—1)I{7g > (m-1}]

m=1
Q)
< Eilrol+ X pB 1 sup Eyl¢]
m=1 y€O By
sup E [C1]
< Eylrol A yelafpoy
< oo. L]



Theorem: If X is positive recurrent, it has a unique

invariant distribution which has a strictly positive density.

Sketch of proof: From PDE theory, p(dy|x,t) = p(y|z,t)dy
for some p(-|-,-) > 0. If p is an invariant probability mea-

Sure,

u(dy) = [ p(d)p(yle, t)dy,
implying that p has a strictly positive density. Also, if
u, 1’ are two invariant probability measures, they are
mutually absolutely continuous w.r.t. the Lebesgue

measure, hence w.r.t. each other. Thus they must be

identical.



Existence:
Define empirical measures vy € P(R¥),t > 0, by:

[ i = [ F(X())ds, | € CH(RD.

Claim: Almost surely, any limit point of v in P(R%) as

t 17 oo IS an invariant probability measure.



Proof of the claim:

For f € a countable convergence determining class of

compactly supported C? functions,

IBLI(X(s))ds _ f(X(@®) — f(X(0))

t t
%/Otwf(X(s)),a(X(s))dW(s»

— 0 a.s.

by the strong law of large numbers for square-integrable

martingales.



Thus outside a P-null set,
/Lfdu =0

for f as above, for any limit point v of vy as t 1 oc.
The claim follows by Echeverria’'s theorem (to be proved

later). ]

Thus it suffices to exhibit one such v.



Khasminskii construction:

Ler By, Bg,{o,(} be as before. Then Y, := X({n),n >

0, is a 0By-valued Markov chain.

Compact state space — at least one invariant probabil-

ity measure

PDE thory — transition kernel mutually absolutely con-
tinuous w.r.t. surface measure of 0B, —>

unique invariant probability n € P(0By).



Define u € P(R%) by

[ fdn _ JoB, Bz /5" f(X(s))ds]n(dz)

JoB, Ez[¢1]n(dx)
Then
§F(X(s)ds _ St lgn , J(X(8))ds
Gk Zr,l%=1(€m — Cm—1)
ki? /fd,u a.s.

T his completes the existence proof.



Digression: Pseudo-atom construction

Let {X,,n > 0} be a discrete time ¢-irreducible Markov
chain on a Polish space S with transition kernel p(dy|z),

satisfying the minorization condition:

There exists a Borel set B C S satisfying ¢(B) >0, § >0
and v € P(S) with v(B) = 1, such that

p(Alx) > év(A)Ig(x) V Borel A.



Let S* ;=5 x{0,1}. For Borel AC S, let
AO = A X {O}, Al = A X {1}

Construct an S*-valued process (X, in),n > 0 (called the

split chain) as follows:

(1—8)P(Xy € AN B)
+ P(Xg e AN B,
P(Xp € AN B).

P((Xo,i0) € Ap)

P((Xo,i0) € A1)



2. If X, =z € B,inp, = 0, then X,,; 1 = y according to the
probability

1

1—_5(13(dy|33) — ov(dy)).

Moreover, if y € B, i,41 = 1 with probability 9.
Otherwise 1,41 = 0.

3.If X, =z € B and i, = 1, then X,,1; = y according
to probability v(dy) and ¢,,4.1 = 0 or 1 with probability
1 —0, 0 resp.



4. If X, ¢ B and i, = 0, then X,,41 = y according to
p(dy|z) and if y € B, i,41 = 1 with probability 4.

Otherwise ,,41 = 0.

5. B¢ x {1} is never visited.

Theorem: X, X agree in law.

B x {1} acts like an atom and is called a pseudo-atom.



Theorem: Let p = the (unique) invariant probability

measure for X. Then

E[f(X()] = [ fdu ¥ f € Cy(RY).

Sketch of proof:

Let Y denote the stationary solution corresponding to
p(dy|-). Consider the Markov Chains {X(n)},{Y(n)}. Let
(Xn,in), (Yn,jn),n > 0, denote the corresponding split
chains. Define the coupling time at the pseudo-atom

7 :=min{n >0 : ((Xn,in), (Yn,jin)) € (Bx{1})x(Bx{1})}.



Can show 7 < oo a.s. Couple the two split chains at T.
Then for f € Cy(RD),

E[F (X)) — ELFY )]
= |B[(f(X(®)) — FY () I{T > t}]
< KP(r>t)—0 as t1 oo.

The claim follows. O



Stochastic Liapunov theory

Stochastic Liapunov condition: Suppose there exists a
C? function V : R% — R such that

o ||m||aj||Too V(CE) — 00, and,

e there exist ¢,C > 0 and a bounded set B ¢ R% such
that

£V(ZL‘) S —€ —I— CIB.



T heorem Under above condition, X is positive recurrent.

Proof: Let v denote the first hitting time of A = a
bounded open set containing B. Then by Dynkin formula

and Fatou’s lemma,

JQQV(y) —V(z) < Ez[V(X(7))] - V(z)
< B, UOTﬁ\/(X(s))ds
< —eFEx[T].

The claim follows. O



converse: Let k£ : [0,00) — [0,1] be a continuous
onto increasing function and g := [ k(||z||)du(x) € (0, 1).

Consider the Poisson equation
Lyp(x) + k(||z]|) — 8 = 0.

If this has a solution v, then for B := {z : k(||z]|]) — 8 <
15—5} and 7 := the first hitting time of B,

() > Eol [ (R(IX @) = B)dt + (X (7).

It follows that

I = 0.
e V1) = 00



Also, for €' := maxycp [k(||lyl) — A] and e := 12,
L) < —e+ Clp.

T hus converse holds.

For existence of ¢, use the vanishing discount argument:

For o € (0,1), consider

Lypa(z) + k([|z|) — ava(z) = 0.

This has a unigue bounded solution

Ya(@) i= Ex | [ e k(||X (®)]])dt]



Let ¥a(-) :=¢a(-) — 1a(0). Then
Lpa(x) + k(||z]]) — apa(z) — arpa(0) = O. (1)

But for 7 := the ‘coupling time at the pseudo-atom’,

D(@)| = B[ e ™ (f(Xa(t)) = F(Xo(t)))dt]
= Bl e (F(Xa() — F(Xo(¥)))dt]
= [BL[] e (f(Xa(t) — F(Xo(t)))di]

< KEFE[71] < .

Then by elliptic regularity, 1¥o — % in an appropriate sense
along a subsequence as o | 0. Letting o/ 0 in (1) along

this subsequence, we get the Poisson equation for .



Variants: Geometric ergodicity
LV S —’}/V —|— CIB.

Can show FE [e9"B] < oo for some a > 0, where 7p is the
first hitting time of a bounded open neighborhood of B.
Thus P(7 >t) < Ke~™ and therefore E[f(X ()] — J fdu

at an exponential rate.

h-norm ergodicity

LV < —~h + ClIp,

where [im,ii1o0 h(x) = oco. Then E[f(X(t))] — J fdu for
all f € C(RY that are O(h).



CONTROLLED DIFFUSIONS



Controlled diffusion:

X(1) = Xo+ [, m(X(s),u(s))ds + [ o(X(5))dW (s).

where for a compact metric ‘action space’ U,

e the map (z,u) — m(z,u) : R x U — R% is continuous
INn x,uw and Lipschitz in  uniformly in u, and,

e u(-) is a measurable U-valued control process that
IS non-anticipative: for t > s > 0, W(t) — W(s) is
independent of right-continuous completion of
oc(W(y),u(y),y < s). (1)



Say that u(-) is:

e admissible if (1) holds,

e feedback if it is adapted to the natural flitration of
X,

e Markov if u(t) = v(X(t),t) Vt for some measurable v,

e stationary Makov if u(t) = v(X(t)),t > 0.



Relaxed control: Replace U by P(U) and consider
P(U)-valued control. (‘Young measures’)

‘Chattering lemma’: This is a legitimate relaxation.
By abuse of terminology, we continue to use notation
m(X(t),u(t)) instead of fm(X(t),y)u(t,dy). ‘Control’

will always taken to be relaxed.

The original framework then coresponds to u(t) = dg)-

We call this a precise control.

Similarly define precise stationary Markov control etc.



Ergodic occupation measures:

Under a stationary Markov control v, X is a time-homogeneus
Markov process.

Say v is a stable stationary Markov control (SSM) if X
has an invariant distribution n. (Unique if nondegener-
ate.)

Define the ergodic occupation measure u® € P(Rd x U)
by
1’ (dedu) = n(dx)v(x, du).

Let § := the set of ergodic occupation measures.



Define the controlled extended generator L by:
for f € C2(R%),

1
Lf(z,u) ;= {m(z,u), VSf)+ Etr (JJT(CL‘)VQf(a:)> .
Theorem: G = {u: [Lfdu=0V fe CZ(RY}.
(To be proved later.)

Corollary: G is closed convex.



Sketch of proof: [Lfdu = 0 holds under weak conver-

gence —— closed.

Suppose [Lfdu; = 0 with
w;(dx, du) = n;(dx)v;(du|z),i = 1, 2.
Let u = ap1 + (1 —a)us, a € (0,1). Then
pu(dx, du) = n(dx)v(du|z)
where n = an1 + (1 — a)no, and,
dny

o(dule) = a2 @)r(dufe) + (1 - a>@7§<x>vz<du\x>,

satisfies [ Lfdu = 0 == convex. O



Define empirical measures vy € P(R* x U),t > 0, by
1 /t
[ fdve =" [ ] F(X (), w)uls, dy)ds, | € Cy(RYx ).

Theorem: v; € P((RU {o0}) x U) T {adoo + (1 —a)u :
uw e G,ae[0,1]}. If {vg,t > 0} is tight, then vy — G.

Proof For f € a countable convergence determining set
in C8(RYx U), a.s.,

tIoo f(t) L(X(s),u(s))ds
t

FX(@) = f(X(0) V(X (9)), 0(X(s))dW(s))
t t

0

It follows that [ Lfdy; — O a.s., implying the claim. O



Ergodic control problem: For k € C(R% x P(U)) > 0,
kE(x,u) ;= [k(x,y)u(dy), minimize

_ 1 [T
n%igpffo k(X (1), u(t))dt
(a.s. version) or
Iirpégp;/OTE[IC(X(t),u(t))]dt

(average version).

In the non-degenerate case, under SSM v with ergodic

occupation measure pu, this equals [ kdy a.s.



1. (Near-monotone case) lim INf) 2100 Mming k(x,u) > B

where 3 :=inf,,cg [ kdp.
2. (Stable case) G compact.

Theorem: Under either condition, an optimal SSM

exists and under any admissible wu,

1 /T _
iminf — | k(X (¢ t))dt > min [ kdp a.s.
minf . [ k(X(®),u(®)dt > min [ kd



Assume non-degeneracy

—= each SSM v has a unique stationary distribution and

unique ergodic occupation measure.

Theorem: EXxtreme points of G correspond to precise

controls.

Corollary Under above conditions, an optimal precise
SSM exists.



Sketch of proof: Let u(dx,du) = n(dz)v(dulz) be an

extreme point of G. Suppose there exist:

e a2 bounded (w.l.o.g.) set A of measure > 0,

e v:RY— (0,1) with v(z) A (1 —~(z)) > e >0 on A,

e SSMs v;(dul|z),i = 1,2, such that v{(du|zr) = vy(du|zx)
on A€, vi(dulx) # vo(dulx) a.e. on A, and

v(dulz) = y(z)v1(dulz) + (1 — v(x))va(dulz).



Need: § € (0,1), v(du|zr) such that

Hy — 5,&1)1 + (1 — 5):“@ :

That is,

d’r]fv

v(du|x) §—2(x)vy(dulx) + (1 —6)

Tl
dpvy (x)v1(dulz) + (1 — §)pz(x)o(-|x)
dpvy () 4+ (1 — 8) () |

d -
" (2)o(dulz)
d'r]'U

Fact: 0 < 4§71 < pulx) <> < oo Vz € A.



Let SSM v € U := { the SSM that agree with v on A€}.

Define
o d1¢€
 S1e+6o(1 —€)
Jx) = v(|x Opv, (2) v(|lx) —vi(|z)), u
w(-|z) (|>+(1—5)g0u(a:)((|) 1(:]z)), vel.

Can show: The map n, — nw has a fixed point v =

Ho — 5,“?)1 + (1 — 5):“?7 :

The claim follows. O



Uniform stability

Assume: All stationary Markov controls are stable.

Let U4 be a set of SSM, h an inf-compact function on

domain dependent on the context, and :

M(U) = { ergodic occupation measures uy,v € U},

H(U) := { invariant probability measures n,,v € U},

7(D) := the first hitting time of an open ball D.



Then the following statements are
equivalent:

1. For some open ball G and some x ¢ D,

< 0.

(D)
E? h(X¢)dt
U By HO%)

2. For all open balls D and compact ' c R®

D
supsup E; [/T( )h(Xt)dt] < 0.
veld xel 0

3. SUB e M (1) [ hdu < oo.



4. There exist non-negative inf-compact V € C?(R%),
k > 0 such that

LYV(x,u) < k—h(x,u) YVueU.

5. For any compact ' € R% and ¢y > 0, the set of mean

empirical measures vy, t > tg, ve U, x €, Iis tight.

6. H(U) is tight.

7. M(U) is tight.



10.

. M(U) is compact.

. For some open ball D and = ¢ D, {r(D), v € U} is

uniformly integrable.

For all open balls D and compact ' ¢ RY,
{r(D), z €l,veU}is uniformly integrable.



(Sketch)? of Proof:

1. Equivalence of (1), (2),(3):

(2) = (1) free, (1) = (2) by Harnack.
(2) = (3) == (1) by Khasminskii.

2. (3) =— (4) = (1):

(3) = (4) via the ‘HJB equation’.
(4) = (1) by Dynkin's formula.



. (4) = (5):
For R >> 0,

0 < ( inf h(x))E[/OtI{HX(s)H > R}ds

=] >R

[

5 [/Ot h(X(s))ds]
< kt+ V(x).

Dividing by t and letting t T oo, the claim follows.



4. (5) = (6) <—= (7)) <— (8) = (3):

Since limit points of tight measures are tight, the first
claim follows. The equivalences are easy to prove.
The last claim follows by an explicit construction of

a suitable h.

5. (10) = (9) obvious.



6. For (9) = (6), let v, — v iIN U. Then the corre-
sponding processes converge in law. Using Skorohod
construction, we may consider the convergence to be
a.s. Then the return times in Khasminskii construc-
tion converge a.s., and by uniform integrability, so do
the expectations in the Khasminskii representation.
T hus stationary distributions depend continuously on
v. Continuous image of a compact set is compact.
T herefore the set of invariant distributions for v € U

IS compact.



7. For (6) = (10), let D1 = D in the KhasminskKii

construction. By a p.d.e. argument,

(2.v) > E, [ [ (D) IBR(X(s))ds]

IS continuous. By tightness of invariant distributions

and the Khasminskii representation,

7(D1) R1oo
sup supE[ ITnc (X (s ds]—)O.
up sup Jo T I (X (5))

Thus (x,v) — E;[r(D1)] is continuous. The claim

follows. O



DEGENERATE PROBLEMS



Main Result:

[Lfdr =0 Vf € Cg(RY) == = is the marginal of a
stationary solution (X (), u(-)),
l.e., an ergodic occupation measure.

Corollary: Ergodic control problem <«—
Minimize [kdy : [ Lfdu = 0 Vf € C5(RY)

—= existence of optimal controls under near-monotonicity

/ stability hypotheses.



(Sketch)?V of proof of ‘Main Result’:

Define

e Ly :D(Ly) := Range(] — %c) — Cp(R% x U) by:

Lng :=n[I - L)1 —1Ilg ¥V g € D(Ln),

o M . ={F cCy(R*xREIxU) :

fi € Cp(RY), f € CL(RY x U), g; € D(Ln)},



o fOr F' € M,

NF =
/ {;1 fi(z)[(I — %ﬁ)_lgi](ib‘) + fi(x,uw)| w(dx, du).

Can check:

o for fn:=(I—+L)71f,

||fn—f|| — 0, Lnfn=Lf, | Lnfndr = 0.

e N\ is well-defined: if F' has two different representa-
tions, they lead to the same AF,



e [AF| < ||F||, A1 =1,AF >0 for F >0,

e F(x,y,u) = h(x) = ANF = [ hdm1, Where
7T].(') L= 7T('7 U)!

o ['(z,y,u) = f(y,u) = NF = [ fdr.

AF = [ Fdv for some v € P(RExXREXU) = 71 (dz)n(dy, du|z).



Furthermore, [n(A x Bl|z)m1(dx) = 7w(A X B).

—— can construct R x U-valued stationary Markov chain
{(Yi, Z3) }-

Let ("(¢),t > 0, be a Poisson process with rate n.
Set X"(t) := YC”(t)? U(t) .= WZ“(t)7t > 0.

(X™(-),U™(-)) is a stationary solution of the martingale

problem corresponding to £L,, with marginal .



Final step: Let n 1 oo, let (X(-),U(-)) be a limit point in

law.

Fact: (X(-),U(-)) the desired stationary solution.

— the set of such laws is a closed convex set.

The extreme points are ergodic.

However: for a fixed initial law, the situation is different!



Define an equivalence class, called the marginal class,

by:

(X)), UG) = (X'(),U'()) <= (X)), U®)), (X'(1),U'(t))
agree in law for a.e. t.

Claim: for fixed initial law, extremal marginal classes
are singletons which are Markov, albeit possibly time-

iInhomogeneous.



Sketch of proof:

Use the fact that extreme points of the closed convex
set of probability measures on a product space with a
given marginal are the measures for which the regular

conditional law on the other space is a.s. Dirac.

Suppose Markov property fails at ¢, then the law of
(X ([0O,t]), X(¢)) is a mixture of laws of {(5fX(t)(°)’X(t))}'

—— the marginal class of (X (-),U(-)) is not extremal.



Corollary: Existence of optimal Markov OR ergodic

control.

Open issue: both together?

Another open issue: characterize all limit ergodic
occupation measures attainable with a given initial law
(ala L. C. M. Kallenberg’'s work on controlled Markov

chains)



SINGULAR PERTURBATIONS



Consider the two time-scale system

(non-degenerate)

dZ¢ = h(Z¢, XE, Up)dt +~(Z)dBy,

1 1
€ €

as € | 0. Assume relaxed control =

h(z,z,u) = [h(z, z,y)uldy), b(z,z,u) = [V (2, z,y)du(y).

Intuition: The fast time-scale sees the slow time-scale
as quasi-static and the slow time-scale sees the fast
time-scale as quasi-equilibrated.



T his motivates:

e the associated system

dXT = E(Z, XT, UT)dT + O-(Za XT)dWTa

e the averaged system
dZy = h(Zg, pe)dt + ~v(Z4)d B,

where

h(z,v) = /h’(z,x,u)u(dm,du).



Define

Eef('Z?x?u) —

(V2 (20), W (2,2, ) + St ()T ()2 1) (2, 2)

£ (9752, 6 (o) + Str(o()oT (IV2N)(,0) ).

€

ﬁzf<$) —
<<vw £z ), b (2,3, 0)) + étr(a(z)aT (2)V2F) (2, :13)) |

£f(2) =
(V1) Bz m)) + () V3£ (2)),



and ergodic occupation measures:

G¢ = {pePRIXR™xU): [Lfdu=0V f e C7},

Gz

{uep(nme):/szdu:ov]fecg},

G = {u(dz,dzdu) = n(dz)v(dxdu|z) € P(REx R™ x U) :
/Z”("|Z)f(z)dn(dz) =0V feC?),

corresponding to the full system, the associated system

and the averaged system, resp.



Let ergodic occupation measures p¢(dz,dx,du) for the
overall system
— u(dz,dz,du) = n(dz)v(drdu|z)

along a subsequence as € | O.
Take f(z,z) = f1(2)f2(z) in
E/Zefd,ue =0
and let € | O along the subsequence to obtain

/fl(Z) /ﬁzfz(x,u)u(d:cdu|z)dn(dz) =0

— for n-a.s. z, v(dzxdul|z) € G..



Now take f(z,x) = g(z) in
/LAEfd,u€ =0
and let ¢ | O along the subsequence to obtain
/ £V £ () dn(dz) = 0
— u e gq.
Cconverse: Under technical conditions, every u € G is
attainable as such a limit.

—— control problem for the (lower dimensional) averaged

system well approximates the original control problem.



Small noise limit for stationary
distributions

Consider
dX: = b(X3)dt + eo(X3)dWrk.

Here, b, are smooth and bounded with bounded

derivatives, ¢ non-degenerate.

Let a(:) :i=o(-)a()?L.



Assume:

e for some o > 0,8 € (0, 1],

IIHmH?up asup Amax(a(z) DY + [zl *Po(z)? (Hx”)] < 0.

e b(0) = 0 and is the globally asymptotically stable equi-

librium of

2(t) = b(z(t)).



Let n°(dx) = ¢°(x)dx denote the stationary distribution.

Then it is easy to show that
n® — &g in P(RY).
Furthermore, for
Le() = (b,V())+ %tr(avz(.))7
we have

[ Lefdn =10V f € CF(RY

— L7p°=0.



For ¢¢ := —e21og(p°),

2
—tr(avnge) + min (B¢ — w)! Vot —|— . uw'a "ty

where,
- 0
J 0x;
€2 52 5,

— €2cF,



This is the HJB equation for an ergodic control problem

for
dXy = (b°(X¢) — ug)dt + eo (Xy)dWr,
with cost
Iir?Tigp; N E[%uta(xt)—lut _ 2e(R]dt

Fact: ¢¢ — ¢¢(0) is relatively compact in C(R%).

Let € | 0O == a limit point ¢ satisfies (in viscosity sense)

min (b—u)Tqu—I—1 To=lul = 0.




This is HJB equation for

y(t) = —b(y(t)) —u(t), =(0) ==z,
with cost

1 o -1
o w®aly()  u(t)dt,
to be minimized over all y(-) as above satisfying y(¢t) — O

as t T oo. ¢(x) is the corresponding minimum cost.

Thus ¢ is the ‘rate function’ for concentration of n¢ near

Z€ero.



More generally, z(t) = b(xz(t)) may have multiple equilib-

ria {x;}

—— need to fall back upon the Freidlin-Wentzell device

to obtain:

¢(x) = inf min ([ u@®aly®)  u)dt + ¢(z;)),

O

where the infimum is over all trajectories of the above
controlled o.d.e. that tend to one of the equilibria as

t 1 oo.



