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Abstract 

This paper is a contribution to a new line of theory arguing that a certain 

outflow of human capital (brain drain) is not always a bad thing to the source 

country. First, it enriches the methodology by solving the problem with 

assumption on workers’ heterogeneous talent and shows that the distribution 

of talent is important. Second, in contrast to the previous literature, this paper 

shows that positive effect of the outflows may never take place under some 

certain conditions. Third, if there is a positive effect, there exist conditions in 

emigration constraints that maximize the gain from brain drain - or the 

“optimal brain drain” conditions. Relevant policies on emigration for the source 

country are then suggested.  
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1. Introduction 

The term “brain drain” was popularized after WW II when there was a huge number of leading 

scientists immigrating to United State from Western Europe, Canada and Soviet Union 

(Rapoport 2002). However, the causes and consequences of brain drain led to debates and 

resolutions in the United Nations only as early as 1967, concerning the argument that the poor 

countries lost their most talented people to the rich countries  (Lowell 2002). During the 1970s, 

many economists paid attention to the issue, creating the first wave of “brain drain” economics. 

Notably Jagdish Bhagwati, among others, may be the most influencing figure in the debates. 

Economists during the period shared, more or less, a consensus that brain drain is a zero-sum 

game, in which the rich nations gain on the loss of the poor nations.  (Bhagwati and Hamada 

1974, Bhagwati 1976, Bhagwati  and Partington 1976, Hamada 1977, Bhagwati 1979a, 1979b, 

and later Kowk and Leland 1982, Miyagiwa 1991).  This first wave seemed to fade away with 

the decline of the “first generation” of development economics in the late 1970s2.  It must wait 

for almost two decades to see the second wave to take place, following the raise of “new” 

growth paradigm, in which human capital was realized as an important engine of economic 

growth. 

Mountford (1997) for the first time argues that brain drain is not always a “curse” to poor 

countries, if not an effective way to escape from the “poverty trap”. His argument is that 

people in a poor country may have stronger motivation to get more skills if they see some 

probability of emigrating to a rich country, where they can earn more with the same level of 

human capital. This line of thinking has been developed theoretically (Vidal 1998, Stark et al. 

1997, Dos Santos and Postel-Viney 2003), and empirically (Beine et al. 2001, 2003). As a result, a 

new generation of brain drain policy is introduced (Stark et al 1998, Stark and Wang 2002, Dos 

Santos and Postel-Viney 2003, Stark 2004) and gradually considered (Drinkwater et al. 2002, 

Lowell 2002, Lowell and Findley 2002). 

This paper is a contribution to this line of theory. It develops a model reconfirming that brain 

drain is not always a bad thing to the source country. But it differs from previous literature in 

some aspects. First, the paper loosens the homogeneous worker assumption and shows that 

heterogeneous talent is an important determinant of brain gain or brain drain. Second, in 

contrast to the previous studies, this paper shows that positive effect of brain drain is not 

inevitable: under some conditions, this effect never occurs. Third, if there is positive effect, 

there exist conditions of emigration constraints to maximize the gain from brain drain - the 

optimal brain drain conditions. 

                                                 
2 Barro and Sala-i-Martin (2004: 16-21) provide a good brief review of phases in development of growth theory. 
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The next sections present three models. The first is a general model, which setups basic 

assumptions and points out a general approach to solve the problem. The second is a baseline 

model applied to the case of general emigration. The third extends the applications to a more 

realistic case of brain drain. The final section is the conclusion. 

2. A General Model 

2.1. Assumptions 

Workers’ talent )(τ : 

Consider a small economy including N workers with different degrees of talent. Following 

Lucas (1988), assume that a worker’s talent iτ  follows a given probability density function 

(pdf), )(τf . This means, the probability of a worker with degree of talent iτ  is )( if τ , or the 

number of people with talent iτ is: )( ii Nfn τ= . The following conditions hold: 0)(lim
0

=
→

τ
τ

f  

and 0)(lim =
∞→

τ
τ

f (Figure 1). 

 

 

 

 

 

 

 

 

 

As a continuous pdf, this condition holds:  1)(
0

=∫
∞

ττ df      (1) 

Cost of education (c) and individual  human capital formation (h): 

Workers work and at the same time choose to invest on their own human capital. The human 

capital investment expenditure is ic . If one invests ic , she will accumulate a stock of human 

capital ih :  

)(τf

τ  

Figure 1. Probability density function of a worker’s talent 
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),( iiii chh τ= .     (2) 

),( τch may be called the human capital formation function. This function shows that the 

individual human capital accumulated depends on the worker’s talent and her human 

investment expenditure. In principle, she can receive more education from school or more 

skills from leaning-by-doing or from any source, but these activities are costly in terms of real 

resource, which are counted in ic . 

In general, h holds the following properties:  

;0>
∂
∂

c
h

 02

2

<
∂
∂
c
h

; 0>
∂
∂
τ
h

  (3) 

From these properties, one can obtain the substitution rate of investment expenditure and 

talent:  

;0<

∂
∂
∂
∂

−=

c
h

h

d
dc τ
τ

   (4) 

This implies that to attain a same amount of human capital, the more talented the worker is, the 

less real resource she has to sacrifice. 

Worker’s total income (TU): 

The compensation for worker’s labor is assumed equal to her level of human capital stock: 

ii hU = . That means, her life income is:  

)],([0 iiiii chchTU τ+−+= .   (5) 

Where 0h  is the worker’s initial human capital endowment. 

Probability of emigration (π ): 

Each worker has chance to emigrate to another country where the marginal human capital 

product is higher. Therefore, at any level of human capital stock, the successfully emigrating 

worker will receive an incomeω times higher than the same worker working domestically, or: 

imigratei UU ω=)(     )1( >ω .   (6) 

Suppose the probability of success is )(hππ = . π can be an increasing, decreasing, or constant 

function of h, depending on migration policies or other current situations.  
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Objective function: 

It is assumed that each worker decides how much real resource to invest in her human capital 

to maximize her expected life income. Or:  

    )()( 0)( iiic
UEchTUMax +−= .   (7) 

2.2. General Solution 

Our central concern is the domestic aggregate human capital formation ( )Η , which has been 

widely realized as an important source of productivity and economic growth. The model’s 

solution includes some steps. First, we calculate Η  in cases with and without emigration.  

Second, we compare them and examine how the difference between them depends on the 

model’s parameters. 

Human capital formation without emigration ( )0Η : 

In the case of closed economy, having solved the maximization problem of her own, the worker 

at given talent iτ  will choose to invest )(0 iic τ∗
 in her human capital, therefore she possesses a 

level )(0 iih τ∗ of human capital. Thus, total human capital stock of the economy 0Η  is the sum 

of all )(0 iih τ∗ . Since )( iτ  is a continuous variable: 

∫
∞

∗ ⋅+=Η
0

000 )()]([ τττ dfNhh    

),( 000 fhΗ=Η⇒     (8) 

where f  is parameter vector of the pdf of talent. 

Human capital formation with emigration ( )EΗ : 

When emigration is possible, workers will consider whether to invest more in their own human 

capital to emigrate. However, due to a set of emigration constraints (denoted by Ψ ), there may 

be not all workers willing to emigrate. Only the workers whose talent belongs to a certain 

range ),,,( 0 ΨΤ∗ fhω  have incentive to go abroad (with some probability of success). These 

workers will invest more in education in hope of emigration. Those whose talent 

),,,( 0 ΨΤ∉ ∗ fhωτ  decide not to emigrate because to them emigration is impossible or not 

optimal. 
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By aggregating human capital stocks of all workers still in the country in new equilibrium, one 

can find:  

    ),,,( 0 ωΨΗ=Η fhEE    (9) 

Compare EΗ and 0Η  we will see the human capital stock in which case is higher. As 

),,( 0 Ψfh  are given, such difference  )( 0Η−Η=∆Η E depends on ω . 

Now, suppose that policy makers can affect Ψ , for each ω  we examine function )(Ψ∆Η  and 

define as follows:  

(i)  If Ψ∀≤Ψ∆Η 0)( : the source economy is in an “emigration trap.”  

(ii) If 0)(max: >Ψ∆Η=∆ΗΨ∃ ∗∗ :  existence of “optimal emigration constraints” ∗Ψ . 

The following sections present two models of emigration constraints. Section 3 presents a 

simple case in which emigration is possible to every worker, and the probability of successful 

emigration is the same to all (general emigration case).  Section 4 provides a model in which 

only those whose bestowed human capital are higher than a certain level can emigrate, and 

their success probability depends on how much human capital they possess (brain drain case). 

3. A Model of Optimal Emigration 

3.1. Assumptions 

In this model, some assumptions are added to simplify the general model.  

First, the human capital formation function is assumed as:  

iii ch τα=     )10( << α     (10) 

Second, initial human capital endowment is zero. That means, a worker’s life income is:  

),( iiiii chcTU τ+−= .    (11) 

Third, the probability of emigration π is assumed exogenous and independent from h 3.  

3.2. Solution 

Following the above settings, we can solve for total human capital stocks of the source country 

in cases with and without emigration, and then compare the difference between them. 

Human capital formation without emigration ( )0Η : 

                                                 
3 This assumption is similar to the “general emigration” assumption in Mountford 1997.  
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When there is no chance to emigrate, the worker’s objective function is: 

iiiic
ccTUMax τα+−=)(

)(
 

Solving the problem:   01)( 1

=+−=
∂

∂ −

ii
i

i c
c

TU
τα

α

 

αατ −∗ =⇒ 1
1

)( iic     (12) 

αα
α

α τατ −−∗∗ ==⇒ 1
1

1)()( iiii ch    (13) 

Thus, the aggregate human capital formation of the economy without chance for emigration is:  

∫
∞

∗=Η
0

00 )()( τττ dnh     (14)  

or:    







=Η ∫

∞
−−

0

1
1

1
0 )()( τττα αα

α

dfN   (14.1) 

Human capital formation with emigration ( )EΗ : 

When it is possible to emigrate, the worker faces a probabilityπ  of going abroad and receiving 

the income )( iic τω α , and a probability )1( π−  of staying to work in the home country and 

receiving an income )( iic τα . Therefore, her expected income with chance of emigration is:  

)1)(()()( πτπτω αα −+= iiiiiE ccUE  

Now, her objective function is: 

)1)(()()(
)(

πτπτω αα −++−= iiiii
c

iE cccTUMax  

Solving the problem by taking FOC: 

0)1(1
)( 11

=+−+−=
∂

∂ −−

πτωαπτα
αα

iiii
i

iE cc
c

TU
 

αγπατ −∗ +=⇔ 1
1

)]1([ iiEc     (15) 

where γ = (w-1)>0. 

Thus, the human capital to be accumulated by each worker is: 
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αα
α

α τγπατ −−∗∗ +==⇒ 1
1

1)]1([)( iiiEiE ch   (16) 

The aggregate human capital formation of the economy with chance for emigration is:  

∫
∞

∗=Η
0

)()( τττ dnh EEE  

where iEn  is the number of worker at talent iτ  staying in the country. It is obvious that: 

)(.)1()1( iiiE fNnn τππ −=−=  

Then,    ∫
∞

−− −+=Η
0

1
1

1 )()1()]1([ ττπτγπα αα
α

dfNE  

After rearranging:  







−+=Η ∫

∞
−−−

0

1
1

11 )()().1()1( ττταπγπ αα
α

α
α

dfNE  

or:   0
1 )1()1( Η−+=Η − πγπ α
α

E       (17) 

Equation 17 expresses the aggregate domestic stock of human capital ( EΗ ) as a function of 

possibility of emigration (π ): )(πEE Η=Η . 

If 0=π :  0Η=Η E . This is the case of no emigration. 

If 1=π :  0=Η E . This is the case of definitely free emigration. The economy’s aggregate 

human capital is totally destroyed (or disappeared) because all human capital stock of the 

country will flow abroad where human capital income is higher.  

We now consider the case )1,0(∈π . From (17) ⇒∈∀>Η⇒ )1,0(0 πE  it is possible to take 

log both two sides of (17) and taking derivative with respect to π , and after rearranging the 

formulation:   









−+−

−−+
⋅Η=

∂
Η∂

⇒
)1)(1)(1(

]1)1[(
πγπα

γπαγ
π E

E  

Since )1.0(0
)1)(1)(1(

1
∈∀>








−+−

Η π
πγπαE  ⇒  





∂
Η∂
π

Esign = { }γπαγ −−+ ]1)1[(sign
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Recall that ωγ =+ )1(  ⇒  





∂
Η∂
π

Esign  = 







−

−
− π

ω
ωα

)1(
)1(sign   (18) 

Proposition 3.1:  If 
α

ω 1
≤ , the source economy always suffers from losing human capital stock 

regardless probability of emigration π.  The higher the probability is, the more the country loses its 

human capital stock. This situation may be called “emigration trap.” 

Proof.  
α

ω 1
≤ 0)1( ≤−⇒ ωα 0

)1(
)1(

≤







−

−
−

⇒ π
ω

ωα 0>∀π  

0≤
∂
Η∂

⇒
π

E  0>∀π  )(πEΗ⇒  is decreasing 0>∀π  , and 0)0( Η=Η≤Η EE  0>∀π . 

In this case, the relationship between the domestic human capital stock Η  and the probability 

of emigration π  is presented in Figure 2.  

 

 

 

 

 

 

 

 

 

 

Proposition 3.2: If 
α

ω 1
> , there exists a critical value of emigration probability 

1
)1(*

−
−

=
ω

ωαπ  

maximizing domestic human capital stock. *π  is the  “optimal emigration probability.” 

Proof. 
α

ω 1
> 0)1( >−⇒ ωα 0

)1(
)1(

>
−
−

=∃⇒ ∗

ω
ωαπ so that: 

0
1

)1(
>



 −

−
− π

ω
ωα

  if ),0( ∗∈ ππ  0>
∂
Η∂

⇔
π

E    if ),0( ∗∈ ππ  

HE 

H0 

π 1 0 

Figure 2.      
α

ω 1
≤ : The economy in an “Emigration Trap” 

α
ω 1

≤
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0
1

)1(
=



 −

−
− π

ω
ωα

   if ∗= ππ  0=
∂
Η∂

⇔
π

E     if ∗= ππ  

0
1

)1(
<



 −

−
− π

ω
ωα

  if )1,( ∗∈ ππ  0<
∂
Η∂

⇔
π

E    if )1,( ∗∈ ππ  

⇒  EΗ  is maximized at  

















−
−=Η

−
−

)1(
)1(

1
1

1

ω
ωαα

α
α

α
M
E H0 when 

)1(
)1(

−
−

== ∗

ω
ωαππ . 

Behavior of the domestic human capital stock is depicted in Figure 3. 

 

 

 

 

 

 

 

 

 

 

 

Proposition 3.2 shows that when the condition 
α

ω 1
>  is satisfied, a small probability of 

emigration at first will have positive effect on aggregate human capital formation of the source 

country, because “incentive” effect dominates “flight” effect. It is shown that there exists a 

critical value of emigration probability 
)1(
)1(

−
−

=∗

ω
ωαπ  that maximizes the net human capital 

gain, or the aggregate domestic human formation (point M in Figure 3). If the possibility of 

emigration becomes higher, the net human capital gain will decrease, and at a level ∗∗π 4 high 

                                                 
4 ∗∗π  is the solution for the problem 1)1()1( 1 =−+ − πγπ α

α

, as shown in Figure 3 at point N, where the curve )(πΗ  

intersects the horizontal line 0Η=Η . 

HE 

H0 

π 1 0 

Figure 3.    
α

ω 1
> :  Existence of Optimal Emigration 

α
ω 1

>

π∗ π∗∗ 

Human Capital  
gain 

Human capital 
loss 

0

1
1

1

1
)1(* Η

















−
−=Η

−
−

ω
ω

αα
α

α
α  

M 

N 
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enough, the “incentive” effect is dominated by the “flight” effect, making the total effect equal 

to zero. Finally, if emigration becomes certain (π=1), the economy will lose all of its human 

capital stock. 

3.3. Effects of Wage Gaps )(ω  

1. From Proposition 3.1. In the case 
α

ω 1
≤ , the model implies that given domestic condition of 

the source country, the wage gap between the source and receiving  countries is not high 

enough to create sufficient motivation for accumulating new human capital in the source 

country, therefore the out-flowing human capital is always larger than the newly created 

human capital. 

Now, given the value ofω , if α  is too small, making 
α

ω 1
≤ , the source country is also 

deduced to a emigration trap. In our model, α  can be understood as the source country’s 

degree of technology of knowledge transfer or human capital formation. The higher α  is, the 

more productive the formation is ( iii ch τα= ).  A higher α  means a more efficient education 

system or kinds of social organization, which allow more effective learning-by-doing. This 

condition shows the advantage in economic integration of those countries whose human 

capital formation capability is high.  

Consequently, a policy implication is derived: improving domestic education quality and other 

ways of transferring knowledge, such as learning-by-doing in workplace, is a good reaction to 

an integrated world. When integrating into the world, wage and opportunity differential 

abroad will create a demand for education, but if the domestic education fails to meet the 

increasing demand, the country will lose its human capital. 

2. From Proposition 3.2. When the condition 
α

ω 1
>  is satisfied, the model suggests that a 

positive probability of emigration is not always as bad as thought. It is not a zero-sum game 

between the source and the receiving countries. Emigration possibility motivates people in the 

source country to accumulate more human capital, and at an appropriate probability of 

emigration, the source country can gain human capital from this process (ie. brain gain from 

brain drain).  

Moreover, there exists a value of emigration probability that maximizes the human capital gain 

of the source country. It is the point of optimal emigration. The source country’s government 

can use emigration policies to control this probability to lead the economy to the optimality.   
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The model also confirms that, in any case, a sufficient high value of emigration probability will 

damage the source country’s human capital stock (net loss of human capital). This means that a 

control in emigration is always necessary.  

4. A Model of Optimal Brain Drain 

4.1. Assumptions 

In this model, the first two additional assumptions in the previous model are still kept, but the 

third assumption is adapted to the fact of brain drain that only workers whose human capital is 

greater than a certain level can emigrate, and worker’s emigration probability π is dependent 

on her human capital stock h  (endogenous emigration possibility). Intuitively, the following 

properties of π  should hold: 

(i) 0)( >hπ if η>h , and 0)( =hπ  otherwise;  

(ii) 0>
∂
∂

h
π

 if η>h    (higher skilled person is easier to emigrate);  

(iii) 0lim =
→

π
ηh

 (this condition guarantees the continuity of the function); 

(iv) 1lim =
∞→
π

h
 (the person bestowed with extremely high skills can certainly emigrate). 

For a concrete solution, we may assume: 
h

h ηπ −
=  if η>h , and 0=π  otherwise.  η  may 

be considered as a threshold in emigration constraint policy.  It is easy to see that )(hπ  

satisfies the properties above. The relationship between π  and h  is presented in Figure 4. 

 

 

 

 

 

 

 

 

 

 

)(hπ

h  

Figure 4. Emigration probability as a function of human capital 

η0 

1 
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4.2. Solution 

Following the same procedure in the case of general emigration, we first solve for total human 

capital stocks of the source country in cases with and without emigration, and then compare 

the difference between them. 

Human capital formation without emigration ( )0Η : 

As shown in the general emigration case, equation 14, the aggregate human capital formation 

of the economy without chance for emigration is:  

∫
∞

=Η
0

*
00 )()( τττ dnh  ∫

∞
−−=

0

1
1

1 )()( τττα αα
α

dn   

Human capital formation with emigration ( )EΗ : 

In case of going abroad, a worker’s expected income is:  

)1()( iiEiiEiE hhUE ππω −+=    (19) 

where iiEiE ch τα=  and 
iE

iE
i h

h η
π

−
= . 

Now, her objective function is: 

ηηω
ηη

ω +−+−=






 −
−+







 −
+−= )(1)(

)(
iEiE

iE

iE
iE

iE

iE
iEiE

c
iE hc

h
hh

h
hhcTUMax  

Solving the problem by taking FOC: 

01
)(

=
∂
∂

+−=
∂

∂

iE

iE

iE

iE

c
h

c
TU

ω  αωατ −∗ =⇔ 1
1

)( iiEc  (20) 

Thus, the human capital to be accumulated by each worker is: 

αα
α

α τωατ −−∗∗ == 1
1

1)()( iiiEiE ch    (21) 

However, only those whose human capital is greater than η  can have chance going abroad, 

therefore only those whose talent is greater than a critical level τ  that ητ =∗ )(iEh  decide to 

invest in more education in hope of emigrating. Those whose talent is lower than τ  do not 

change their behavior, because in any case, they have no chance to emigrate. The shape of the 

human capital function )(τh , therefore, is a curve with a jump at τ  (See Figure 5).  
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The relationship between τ  and η  is:   αα
α

τωαη −−= 1
1

1)(   (22) 

As a result, the aggregate human capital formation of the economy in this case is:  

∫∫
∞

∗+=Η
τ

τ

ττττττ dnhdnh EEE )()()()(
0

*
0   (23) 

where iEn  is the number of worker at talent iτ  staying in the country. It is obvious that: 

)()(1)1( i
iE

i
iE

Ei
iiiE n

h
n

h
h

nn τητ
η

π 







=







 −
−=−=  

Then,    ∫∫
∞

∗
∗









+=Η

τ

τ

ττ
τ

ηττττ dn
h

hdnh
E

EE )(
)(

)()()(
0

*
0  

∫∫
∞

+=Η⇒
τ

τ

ττητττ dndnhE )()()(
0

*
0    (24) 

The difference between H and H0 is 









−








+=Η−Η=∆Η ∫∫∫

∞∞

0

*
0

0

*
00 )()()()()( τττττητττ

τ

τ

dnhdndnh  









−=∆Η⇒ ∫∫

∞∞

ττ

τττττη dnhdn )()()( *
0  

)(τh  

τ  

Figure 5. Human capital accumulation with brain drain 

τv
0 

η

)(0 τ∗h

)(τ∗
Eh
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[ ]∫
∞

∗−=∆Η⇒
τ

τττη dnh )()(0     (25) 

Recall from (13), (22) that αα
α

τα −−= 1
1

1*
0 )(h  and αα

α

τωαη −−= 1
1

1)(  

∫
∞

−−−− 







−=∆Η⇒

τ

ααα
α

α
α

ττττωα dfN )()()( 1
1

1
1

11  (26) 

This means that one can rewrite:            )()( 1 τα α
α

Ω⋅=∆Η − N    (27) 

where :   ∫
∞

−−− 







−=Ω

τ

ααα
α

ττττωτ df )()()( 1
1

1
1

1 .   (28) 

Now we investigate how ∆Η  depends on τ (recall that τ  depends on the value of η , as 

shown in equation 22).  

Note that if η =0 (τ  = 0), or there is no restriction of emigration  

0
0

1
1

1 )()( Η−=−=∆Η⇒ ∫
∞

−− τττα αα
α

dfN  

This is consistent with the extreme case, when all human capital flies out of the source country. 

In another extreme, if ∞→η , leading to ∞→τ  0=∆Η⇒ , or the case of closed economy. 

Between the two extremes, ∆Η will change in its range of (-H0, 0) due to the change of η  in its 

domain of ),0( ∞ , or as ),0( ∞∈τ  respectively. Our purpose now is to examine such 

functional relationship between ∆Η and η  (or τ ).   

Because 0>α , N>0, we can therefore sufficiently investigate the change of the value of )(τΩ  

as τ  changes. Rewrite  equation 28 as 

∫∫
∞

−
∞

−− −=Ω
τ

α

τ

αα
α

ττττττω dfdf )()()( 1
1

1
1

1             (29) 

and set u=−ατ 1
1

 and dvdf =ττ )(  (so that )(τFv = , cdf of workers at talent τ ). 

∫∫∫
∞∞∞

− −==⇒
τττ

α τττ vduuvudvdf )(1
1
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∫
∞

−

∞

−

−
−








=

τ

α
α

τ

α τττ
α

ττ dFF 11
1

)(
1

1)(  

Plug into (29): 

[ ] ∫
∞

−

∞

−∞−−

−
+








−








=Ω⇒

τ

α
α

τ

α
τ

αα
α

τττ
α

ττττω dFFF 11
1

1
1

1 )(
1

1)()()(  

Now we take the first derivative of Ω  with respect to τ . Because the upper bound does not 

depend on τ , its derivative must be zero and eliminated from the equation: 

( )










−
−

∂









∂

+
∂












−








∂

=
∂
Ω∂ −

−−−

α
α

ααα
α

ττ
ατ

ττ

τ

ττω

τ
1

1
1

1
1

1

)(
1

1
)()(1)(

F
FF

  

Remember that ττ
τ
τ

∀=
∂

∂ )()( fF
: 

( )










−
−








+

−
+

+







−+−

−
=

∂
Ω∂

⇒

−−−

−−−

α
α

αα
α

αα
α

α
α

ττ
α

ττττ
α

ττττ
α

ω
τ

11
1

1

1
1

11

)(
1

1)()(
1

1

))(()(1
1

1)(

FfF

fF

 

Rearrange the right hand side: 

( ) ( )















−
⋅

−
















−
−

−=
∂
Ω∂

⇒
−

−
−

)(1
)(

)1(
)1(

1)(1
1

1
1

τ
ττ

ω

ω
α

ττ
τ

α
α

α
α

α
α

F
fF  

Denote:   ),1(
)1(

)1(
1

1

1
+∞∈⇒

















−
−

=
−

−

KK
α

α

α
α

ω

ω
α

,   (30) 

and    ( ) 0
)(1
)()( ≥

−
⋅

=
τ
τττ

F
fg ,     (31) 

[ ])())(1(1 τττ
τ

α
α

gKF −−=
∂
Ω∂

⇒ −    (32) 

Now, plug into (27) to get:  
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τ
τα

τ
α

α

∂
Ω∂

⋅=
∂
∆Η∂ − )()( 1 N , 

and denote :  0))(1()( 11 ≥−= −− ττα α
α

α
α

FNA ,     (33) 

We can then derive from (32):   )]([ τ
τ

gKA −⋅=
∂
∆Η∂       

or:     )]([
1

τ
τ
η

η
gKA −⋅








∂
∂

=
∂
∆Η∂ −

    (34) 

As 0
1

>







∂
∂ −

τ
η

 (from equation 22), 0>A 0>∀τ , we finally come to the following equation: 

)]([signsign τ
η

gK −=
∂
∆Η∂

    (35) 

Equation 35 is important because by examining the sign of )]([ τgK − , we can understand how 

∆Η  changes as η  varies.  

Because )(τf  is given and so far we do not have more assumptions concerning its properties, 

in general we have no clear-cut conclusion of the shape of function )(τg . However, (31) reveals 

some basic features of )(τg :  

(i)  0)0( =g ; and  

(ii)  0)( >τg  0>∀τ . 

We now concern the upper limit of )(τg . In general, )(τg  can converge or diverge. But, for our 

current purpose, we consider the case of divergence is merely a special case of convergence to 

∞+ . We can therefore distinguish two cases: 

(A)  Kg >
∞→

)(lim τ
τ

 (including +∞=
∞→

)(lim τ
τ

g ) 

(B)  Kg <
∞→

)(lim τ
τ

 

Proposition 4.1:  If Kg >
∞→

)(lim τ
τ

 (Case A), there exists a critical level of ∗∗η  that above it the source 

economy will have brain gain from brain drain ( ∆Η  becomes positive). There also exists a level of ∗η  

maximizing the net brain gain ( ∆Η is maximized and positive), or the  “optimal brain drain” value of 

η .  
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Proof.  (i) Existence of ∗∗η :  As Kg >
∞→

)(lim τ
τ

 0)]([lim <−⇒
∞→

τ
τ

gK   =
∂
∆Η∂

⇒
∞→ ηη

limsign  

0)]([limsign <−
∞→

τ
τ

gKA . We also know that 0lim =∆Η
∞→η

, therefore, as η  approaches ∞+ , ∆Η  

must approach zero from above.  This means that at a great enough value of η , ∆Η  must be 

greater than zero, and, consequently, there must exist at least one point where ∆Η  exceeds zero.  

Such a point is illustrated as point N in Figure 7. 

(ii) Existence of ∗η :  As )(τg  is continuous, and Kg <= 0)0(  and Kg >
∞→

)(lim τ
τ

, )(τg  must 

somewhere exceed the horizontal line Kk =)(τ , or where 0)]([ =− τgK . Suppose it is point G 

in Figure 6 (take )(1 τg  for example).  That “ )(1 τg  exceeds Kk =)(τ  at G” necessarily means 

that “ )(τg  is increasing in τ  at G,” or, mathematically, 0)(
>

∂
∂

∗

∗

τ
τg . These facts imply that ∃  at 

least one value of ∗τ  so that: 0)]([ =− ∗τgK  and 0)()]([
<

∂
∂

−=
∂
−∂

∗

∗

∗

∗

τ
τ

τ
τ ggK .  By recalling (35) 

and defining ∗η = )( ∗τη  as in (20), one comes to an equivalent conclusion that 

0)]([ =−=
∂
∆Η∂ ∗

∗ τ
η

gK  and 0)]([signsign 2*

2

<
∂
−∂

=
∂

∆Η∂
∗

∗

τ
τ

η

gK   ∆Η⇒  maximizes at ∗η  (see 

Figure 7)5 . 

                                                 
5 Since an exact from of )(τg  is not known, there may be multiple roots (as )(τg  has a shape like )(2 τg  in Figure 6).   
To keep the illustration simple but without loss of the general implications, we will consider the case of unique root 
only (curve )(1 τg  in Figure 6 and )(1 η∆Η  in Figure 7). The cases of multiple roots are presented in the figures as 
the dashed curves. 

)(τg

τ  

Figure 6.     Case A: )(τg  converges to a value greater than K 

∗τv  0 

K  
)(1 τg

)(2 τg  

G 
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Proposition 4.2:  If Kg <
∞→

)(lim τ
τ

 (Case B), the existence of optimal brain drain is inconclusive. 

Depending on the particular properties of the talent probability density function, the source economy 

may (i) always loss its human capital at any level of η  - the case of “brain drain trap”, or (ii) gain 

human capital only in limited ranges of η .  

 

 

 

 

 

 

 

 

 

 

 

)(η∆Η

η  

Figure 7.      Existence of Optimal Brain Drain in Case A 

∗η

0 

0Η−  

)(2 η∆Η  

)(1 η∆Η

∗∗η  

N 

M 

)(τg

τ  

Figure 8.     Case B: )(τg  converges to a value smaller than K 

∗τv  
0 

K  
)(5 τg

)(3 τg  )(4 τg
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Proof:  As Kg <
∞→

)(lim τ
τ

 (see Figure 8 for different possible shapes of )(τg ) 0)]([lim >−⇒
∞→

τ
τ

gK  

=
∂
∆Η∂

⇒
∞→ ηη

limsign 0)]([limsign >−
∞→

τ
τ

gK 0lim >
∂
∆Η∂

⇒
∞→ ηη

. Therefore, as η  approaches ∞+ , 

)(η∆Η  must approach zero from below.  In addition, that )(τg  may sometimes exceed the 

horizontal line Kk =)(τ  or always below such line τ∀  suggests that )(η∆Η  may have maxima 

or may not have at all, respectively.   These facts imply that there are 3 possible sub-cases: 

(B1)  Existence of positive maxima of ∆Η  ( 3∆Η  and 4∆Η  in Figure 9) 

(B2)  Non-Existence of positive maxima of ∆Η , and consequently, ∆Η  is a non-positive 

function ( 5∆Η in Figure 10) 

(B3)  Non-existence of maxima of ∆Η , and, consequently, ∆Η  is a strictly negative function 

( 6∆Η  in Figure 10) 

Thus, in sub-case B1 there exists optimal brain drain, but the range where net brain gain is 

positive is limited in some intervals of η  (in Figure 9, see the parts of the curves above 

horizontal axis). Take curve 3∆Η  for example: 0>∆Η  only when ),( 21 ηηη ∈ .   

In sub-cases B2, B3, ∆Η  is non-negative η∀  (Figure 10). This implies that the source economy 

suffers from losing human capital at all level of η . It is by our definition the case of “brain 

drain trap.” 

 

 

 

 

 

 

 

 

 

 

 

 

 

)(η∆Η

η  

Figure 9.    Existence of Optimal Brain Drain  (Case B1) 
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4.3. Effects of Wage Gaps )(ω  

In this section, we examine how changes in wage difference between the receiving and the 

source countries (ω ) affect the net brain gain function, )(η∆Η , and optimal brain drain level of 

threshold human capital ∗η . 

1. Effects of ω  on )(η∆Η .  From equation 26, we know that:  

0)))((1()(
1

1
12

1
1

1 ≥−
−

=
∂
∆Η∂ −

−
−− α

α
αα

α

ωττα
α

α
ω

FN   (36) 

Therefore, at any given rate of threshold human capital level η , when ω  increases (decreases), 

the net brain gain will increase (decrease).  

2. Effects of ω  on ∗η .   

As τ
τ
η

∀>
∂
∂ 0 , 0)(

>
∂

∂
∗

∗

τ
τg

 (see Proof of Proposition 4.1), and )( ∗= τgK ,  

0
)(

>
∂

∂
∂
∂

=
∂
∂

∂
∂

=
∂

∂
⇒

∗

∗

∗

∗∗

∗

∗∗

τ
τ

τ
ητ

τ
ηη

gKK
   (37) 

From (30):   0
)]1)(1[( 21

1
12

<
−−

−=
∂
∂

⇒
−

−
−

α
α

α
α

ωα

αω
ω
K

   (38) 

)(η∆Η

η  

Figure 10.    Brain Drain Trap (Cases B2, B3) 
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0Η−  

)(6 η∆Η
)(5 η∆Η
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Combine (37) and (38), one gets:        0<
∂
∂

∂
∂

=
∂

∂ ∗∗

ω
η

ω
η K

K
    (39) 

3. Shift of the curve )(η∆Η  as ω  changes. 

From properties of (34) and (37), one can derive the behavior of the net brain drain function 

)(η∆Η  when ω  changes, as shown in Figure 11.  For example, when ω  increases, the curve 

)(η∆Η  will shift upwards (from 1ω∆Η  to 2ω∆Η ), and at the same time, the maximum point 

shifts backwards (from M1 to M2). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11 describes how )(η∆Η  moves as ω  changes. When ω  decreases, for example, the 

curve becomes flatter and lower, and tends to move outwards (as the maximum value 

increases). As a result, net brain gain becomes smaller and approaches zero.  This implies a fact 

that when income gap is big, the incentive to accumulate more human capital is higher and 

strongly dominates the real loss of human capital bestowed in actual emigrants.  Consider the 

optimal level of emigration threshold ( ∗η ), we find that the country with lower wage rate may 

be suggested to choose a lower level than the country with higher wage rate (or smaller income 

gap). This finding is interesting, because it implies that the poorer countries should be more 

open its market of the highly skilled (and nominally involves more brain drain) to the world in 

order to accumulate more human capital.  

)(η∆Η

η  

Figure 11.     Shifts of )(η∆Η by changes in ω  
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1η
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)(1 ηω∆Η

)(2 ηω∆Η
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M3 

∗
3η

)(3 ηω∆Η  

↑ω  
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5. Conclusion 

In this paper I have constructed models of optimal emigration with workers’ heterogeneous 

talents. The models prove that under some conditions the source country may get stuck in a 

“brain drain trap,” where emigration constraints always leads to net brain drain, or the brain 

drain effect at all times dominates the brain gain effect. However, if the source country is not in 

a “brain drain trap,” it possibly accumulates human capital by allowing a certain possibility of 

emigration.  

In the case of general emigration, an emigration possibility small enough may create 

motivation for human capital accumulation in the source country. Consequently, the model in 

this case shows two critical points in this process: an “optimal emigration probability”, where 

the source country is able to get maximum human capital stock; and a “net brain drain 

probability” where the source country begins to lose its human capital. 

In the case of brain drain, ie, only workers with human capital bestowed higher than a certain 

threshold may emigrate, and the higher skilled workers are easier to go, we also show that 

policy makers can affect such threshold to maximize the domestic aggregate human capital 

formation. Conditions for existence of brain gain from brain drain, however, depend on the 

distribution of workers’ talent. A conclusion of the existence is only achieved by examining in 

more details the properties of such distribution function. 

The models proposed in this paper are simple and static. Although they are simplified in many 

ways, their message is basic and straightforward. For further studies, we may examine the 

progress of human capital stock in a dynamic framework, using overlapping generation 

approach with human capital bequest from workers’ parents. A more comprehensive study 

may consider externality of human capital as suggested by Lucas (1988). Moreover, to 

investigate the dynamics of an education sector facing increasing demand may bring 

interesting results. Finally, concerning education policy in open economies, we can analyze the 

country’s welfare with different patterns of education (i.e. public versus private investment in 

education and training, credit with and without constraints, etc.) in presence of emigration. 
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