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ABSTRACT

We consider a filtering model where the noise is an Ornstein-Uhlenbeck process independent of
the signal X. The signal is assumed to be a Markov difusion process. We derive the (analogue
of) Zakai equation in this setup. It is a system of two measure valued equations satisfied by the

unnormalised conditional distribution. We also prove uniqueness of solution to these equations.

1 Introduction

The process of interest - the system process X - is unobservable. We can observe the (observa-
tion) process Y - a (known) function h of X - which in addition is corrupted by noise N. We
want to filter out the noise N from the observations Y and get an estimate of the process X.

This is filtering theory. The filtering model can be written as
t
Y, = / WXJ)ds+ N, 0<t<T. (L.1)
0

The best estimate of X is the conditional distribution of X; given the observations upto
time t - {Y5;0 < s <t}. This is called the optimal filter and is denoted by .

In the classical theory of filtering the noise N is assumed to be a Brownian motion. In
this case 7; is known to satisfy a measure valued stochastic differential equation called the
Fujisaki-Kallianpur-Kunita (FKK) equation. See [3] and [5].

The unnormalised conditional distribution u; of X; given {Y;;0 < s < ¢} has also been
studied extensively in the literature. p also satisfies a stochastic differential equation called
the Zakai equation - which has the added advantage of being linear in y and is driven by the
observation process Y. See [11]. Uniqueness of solution to the measure valued equations of
filtering under fairly general conditions on the observation function and on the signal process
X, when the noise is a Brownian motion has been established in [1].

Recently, interest has developed in filtering theory when the noise is a general Gaussian
process. See e.g. [7], [9] and [2]. Here the authors, under differing conditions, derive a Bayes’
formula for the optimal filter 7 - anologous to the classical case ([6]) - for the filtering problem

when the noise is a general Gaussian process. In [4] the authors use the result of [9] to derive
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a Zakai equation for u when the noise process is connected to a Brownian motion via a certain
kernel.

In this article we consider the filtering problem when the noise is a Ornstein-Uhlenbeck
(velocity) process independent of the signal. In the next section we introduce the filtering
model. We derive the equations of filtering for the unnormalised conditional distribution when
the signal is a diffusion Markov process with smooth diffusion and drift coefficients. We need
to consider the pair (us, 0s¢) (see (2.11)-(2.12)). Here o, is the analogous two - parameter
unnormalised conditional distribution of X given Y. The interesting point is that the (analogue
of the) Zakai equation - unlike in the classical case - is a system of two measure valued SDE’s.
We derive these SDE’s via a particle representation proof based on the lines of Kurtz and Xiong
[8].

Uniqueness is proved in Section 3. We show that the pair (j,os;) is the unique solution
of this system of equations under the additional assumption that the law of Xy has a density.

For the sake of notational simplicity we consider the one dimensional signal case. The

results are true for a general d-dimensional diffusion as well.

2 Zakai equation

Fix a probability space (2, F, P). We will assume that the signal process, X, is a R valued
diffusion process governed by the SDE

where b, ¢ are bounded Lipschitz continuous real valued functions and B is a standard Brow-
nian motion independent of Xy. It is well-known that SDE (2.1) admits a unique solution.
Furthermore the paths of this solution are continuous.

Let W be a Standard Brownian motion independent of X. We will investigate the nonlinear

filtering model where the observation process Y is given by
t
Y, = / h(Xs)ds + Oy. (2.2)
0

Here, the observation function A is assumed to be a bounded continuous function and the noise

process O, is an Ornstein-Uhlenbeck process satisfying the SDE
dO; = —BOdt + dW, (2.3)
with 8 > 0. The optimal filter m; is given by
mf =E(f(G)IF), Vf € Cy(R)

where F} = o{Y, :0 < s <t} is the o-field generated by all observations upto time t.



We will recast (2.2) in a form which helps us in deriving an equation for the filter. For this
purpose we proceed as follows. Let C([0,7],R) denote the space of all continuous functions
from [0,7] to R. Let E = [0,7] x C([0,T],R). Define H : E — R by

= i eﬁt t X\(r T
H(tx) = g | [ it
= BePt /0 h(x(r))dr + e’ h(x(t)). (2.4)

For any x € C([0,T],R), let x* € C([0,T],R) denote the path x stopped at t. i.e. x'(r) =
x(tAr),re|0,1].
Define an operator 4 on Cy(R) as follows. Let D(A) = CZ(R), the space of twice continu-

ously differentiable functions on R with bounded derivatives. Let

Af(z) = L)) + b)), (25)

Then A uniquely determines the Markov processes X as a solution of its martingale problem.
(See Stroock and Varadhan [10].)
Define S; = (¢, X'). It is well-known that S is an E-valued Markov process. Also S is a

unique solution of the martingale problem for an operator A on Cy(E) which can be defined as

follows. Let D(A) be the algebra generated by functions of the form {F : E — R : F(t,x) =
9(t)f(x4),9 € C[0,T]N CH0,T), f € D(A)}. Define

AF(t,%) = ¢/()F (x0) + g(H) AF(x(). (2.0
Now let M; = e%*O;. Then (2.3) implies that

t
M, = / P AW,
0

Clearly M is a F}V martingale. Correspondingly, let Z; = ePtY;. The filtering model (2.2) can

now be rewritten as
t
7, = eﬁt/ h(Xs)ds + M;
0
t
:/ H(S,)du+ M, (2.7)
0

where H is as in (2.4). Let
t 1 t
A7l =exp {—/ e PUH(S,)dM, — 5/ e—QﬁU|H(Su)|2du}
0 0

Note that independence of X and W implies that S is independent of M. Hence A, Lis a
P-martingale. Morevoer Py defined by

dP() A_l

ap T
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is a probability measure on (2, F). Also, Girsanov’s theorem implies that under Py, Z is a
martingale independent of S and that the law of S under the two measures P and P, remains
unchanged. In particular, under Py, S is a Markov process and is the unique solution of the
martingale problem for A.

Now, the optimal filter 7; for the model (2.7) satisfies VF € Cy(E),

T F = E(F(S)|F)
= E(F(S)|7))
= Ep, (F(S) M| 7)) /ER, (M| 7))
= mF/ml,

where /z; is the unnormalised conditional distribution of S; given FZ. We now derive the Zakai

equation for fi;.

Proposition 2.1. [i; satisfies the equation

t t
aeF = poF + / fis(AF)ds +/ e P f(HF)dZ,. VF € D(A)
0 0

Proof: Fix F' € D(A). Consider independent copies S of S. Let
Ni = F(S) — F(Si) — / AF(S!)du.
0

Then {N%,i > 1} are independent Py-martingales that are also independent of the Py-martingale
Zt. Let
dA = e 2PINLH (S8 dZ,.

Then it is easy to see that

t t
Al = exp { / e PUH (S dZ, — % / eQﬁU\H(s;)qu}.

0 0
By It6’s formula, we have
d(F(SHAY) = e 2P F(SH H(SHALdZ, + AAF(SY)]dt + ALdN]. (2.8)

It is clear that the sequence of processes {(A?, F(S%)) : i > 1} is exchangable. Thus the limit
limy, oo = D1t ATF(S]) exists under Py and the ergodic theorem implies that

i =D AF(S) = Ba(AF(S)I) (2.9)

where 7 is the invariant o-field of the stationary sequence {(S%, N%, Z) : i > 1}. As in Kurtz
and Xiong ([8, Theorem 2.3]) we use the independence of (S%, N?) to note that Z is contained



in the completion of the o-field generated by Z. Now (2.9) implies

IS i i
lim = ;AtF(St) = Ep, (AF(S:)|F7)
= Ep,(MF(Sy)|F7)

Arguing similarly as above, using (2.8), (2.9), (2.10) and the fact that N! and Z are independent
under Py we get

t t
ﬂtF = ﬂoF +/ €72ﬂSﬂS(HF)dZS +/ ﬂS(AF)dS
0 0

This completes the proof. O

Remark 2.2. The above Proposition can also be proved along the lines of the proof of the
classical Zakai equation. Here we have given a different particle-representation proof. See
Kurtz and Xiong [8].

Let 4 denote the unnormalized conditional distribution of X; given . i.e.
wf =EBp, [f(Xo)M|FY ] (2.11)
Also for 0 < s,t <T, let 05 be defined by
st f = Ep, [M(Xs) F(Xe) M| F ] - (2.12)

Note that o+ f = pe(hf). We will now use Proposition 2.1 to derive the analogue of the Zakai

equation for (p;) which involves (o).

Proposition 2.3. u; and o5 satisfy the system of equations
t t s
pef = pof -|-/ ps(Af)ds +/ e Ps (5/ gmsfdu—l—,us(hf)) dZz,, (2.13)
0 0 0

Us,tf = ,us(hf) + /t Us,u(Af)du + /t e_QB(u_S)Us,u(hf)dZua Vf € D(A) (2'14)

Proof: Fix f € D(A). Let F € D(A) be defined by F(t,x) = f(x;). Note that Af(x;) =
AF(t,x"). Tt follows from (2.1) that

t t
pef uof—i—/o ,us(Af)ds—i—/O e s (HF)dZs.

(HF)(s,x%) = <ﬂe’33 /0 Sh(xu)dqueﬂsh(xs)) f(xs)
= BePs / sh(xu) f(xy)du + eP*h(x,) f(xs),
0
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(2.13) follows.
(2.14) follows from the same arguments as in the proof of Proposition 2.1 by noting that

t

Now = h(Xs) | F(X0) — F(X,) — / AF(X,)du

is a martingale for t > s. O

3 Uniqueness

In this section we will show uniqueness of solution to the system of equations (2.13)-(2.14).
For f € Cy(R), let F(t,x') = f(x;). Then usf = fiyF. For 6 > 0, let ps denote the density
kernel of a normal random variable with variance §. For a measure v on R, let Tsv denote the
function defined by Tsv(z) = [ ps(x — y)v(dy). Define

1 é
Ost = Tsos+ and py = Tspy.

Then aff}t and pf are Hy = L?(R)-valued processes. With an abuse of notation, for f € Cy(R),
Tsf will denote the function [ ps(z — y)f(y)dy. Note that T5f € D(A). Thus recalling the
definition of the operator A (see (2.5)) and using (2.14) we get

(A0 f), = oualTs)

t 2 t
= :us(hTéf) + / Us,u(%(Téf)// + b(Tﬁf)/)du + / 6_2B(U_S)Us,u(hT6f)dZu
2

= ). P+ [ (T(Gon)) = Wb ) du

t
+ / e~ 2= (T5(hos ), fo dZu-

By Ito’s formula, we have

(ohar)s = @t 1+ [ 2ot ), (TG o) - Ti0ra 1)

s

t
-I-/ 2 <Ug?u, f>0 <(T5(h057u), f>0 6*2f3(u78)dZu

+ / t e~ =) ((Ty(hosu), fe du. (3.1)

Let {f; : i > 1} be a CONS in Hy. Equation (3.1) holds for each f;. Adding over i and using
Lemmas 3.2 and 3.3 in Kurtz and Xiong [8], we get that there exists a constant K such that

02

t
Blol} = EITsu)l3+B [ 2 {0k (TG o))" = Talbo) du
s 0

t
+E / 2809 | Ty (hos ) |2

t
< KE|/)}+ KE / 1T (02 (3.2)
S
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We cannot directly use Gronwall’s inequality here. Hence we proceed as follows. Let §ti be inde-
pendent Markov processes which are solutions of the martingale problem for (A, us(h*:)/pus(h™))
respectively. Then

osif = E(f(aﬁexp ( / te—”(“—5>h<£i>odzu)

ff) pis ()

-E (f(ft) exp < / t e 2PmIp(g,) o dZu)

S
= O'Itf - a;tf.

ff) pis(h™)

As in (2.13), we have

t t
orf = ps(hEf) + / oL (Af)du + / e =)o (hf)dZ,.

S S

Since a;'ft are positive measures, arguing as in (3.2) we get
+,6)12 5112 ! + )2
Ellosillo < KE||M5||0+KE/ 1T5(losu])llodu
S
t
4 +,0
— KEI3+ KE | ot }du
S
Now Gronwall’s inequality implies that

+,6 )

Elog 17 < KiEu]3.

Therefore
E||T5(los:)lf < KoEl|pdl5- (3.3)

Applying the same kind of arguement to (2.14), similar to (3.2), we get

t
E|1¢ 115 < lluglls + K/O E||123[3ds. (3.4)
As a result we have the following proposition.
Proposition 3.1. If ug € Hy, then u; € Hy and o,; € Hy a.s.
Proof: Applying Gronwall’s inequality to (3.4) we get
El|7 113 < [l1gllge™".

Letting § — 0, we have
E| ul[§ < llpollde™ < oo,

and hence p; € Hp a.s. the assertion that o5+ € Hy a.s. also follows similarly from (3.3). O

Now we are ready to state and prove the main theorem:.



Theorem 3.2. Suppose that pg has a square integrable density. Then the measure valued
processes (pe, 0540 0 < s <t <T) are such that m = (g, 1)~ and are the unique solution
to the system of equations (2.13)—(2.14).

Proof: If there are two solutions, we use 7, ; and fi; to denote the difference. then, o5, iy € Ho

a.s. Similar to (3.2), we have
512 2 ! 2
Ellog:llo < KE[T5(1as)ls + KE/ 175 (10s,ul) 5w
S
Taking § — 0, we have

E|./I3

IN

t
KE|[7lI3 + KE [ 172l
S

t
KB} + KE [ 5.0 Rdu.
S

Similarly, applying (3.4), we have

t
Bl < K /0 E|ljis2ds

and hence, E||fi¢[|2 = 0. This in turn implies that E||Gs. |2 = 0. O
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