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Abstract

Let H1, Hs be finite dimensional complex Hilbert spaces describing the states of two
finite level quantum systems. Suppose p; is a state in H;, @ = 1,2. Let C(p1,p2) be
the convex set of all states p in H = H; ® Ho whose marginal states in H; and Hy are
p1 and py respectively. Here we present a necessary and sufficient criterion for a p in
C(p1, p2) to be an extreme point. Such a condition implies, in particular, that for a state
p to be an extreme point of C(p1,p2) it is necessary that the rank of p does not exceed
(d? +d3 — 1)% , where d; = dim H;, i = 1,2. When H; and H> coincide with the 1-qubit
Hilbert space C? with its standard orthonormal basis {|0 >,[1 >} and p; = ps = 31 it
turns out that a state p € C(11,11) is extremal if and only if p is of the form [Q >< Q|
where |Q >= % (10 > |tho > +|1 > |81 >), {0 >, |11 >} being an arbitrary orthonormal
basis of C2. In particular, the extremal states are the maximally entangled states.
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1 Introduction

One of the well-known problems of classical probability theory is the determination of the set
of all extreme points in the convex set of all probability distributions in a product Borel space
(X xY, Fx @) with fixed marginal distributions x and v on (X, F) and (Y, G) respectively.
Denote this convex set by C(u,v). When X =Y = {1,2,...,n}, F = G is the field of all
subsets of X and p = v is the uniform distribution then the problem is answered by the famous
theorem of Birkhoff [1] that the set of extreme points of the convex set of all doubly stochastic
matrices of order n is the set of all permutation matrices of order n. Problems of this kind have
a natural analogue in quantum probability. Suppose H; and Hs are finite dimensional complex
Hilbert spaces describing the states of two finite level quantum systems S7 and Ss respectively.
Then the Hilbert space of the coupled system Sig is Hi; ® Ha. Suppose p; is a state of S; in
H;, i = 1,2. Any state p in S12 yields marginal states Try, p in Hy and Try, p in Ha where Tryy,
is the relative trace over H;. Denote by C (p1, p2) the convex set of all states p of the coupled
system S19 whose marginal states in H; and Ho are p; and po respectively. One would like
to have a complete description of the set of all extreme points of C (p1, p2) . In this paper we
shall present a necessary and sufficient criterion for an element p in C (p1, p2) to be an extreme
point. This leads to an interesting (and perhaps surprising) upper bound on the rank of such
an extremal state p. Indeed, if p is an extreme point of C (p1, p2) then the rank of p cannot
exceed (d% + d% — 1)% where d; = dim H;. Note that the rank of an arbitrary state in H; ® Ho
can vary from 1 to dyde. When H; = Hy = C2, {|0 >, |1 >} is the standard (computational)
basis of C2 and p; = py = %I it turns out that a state p in C (%I, %I) is extremal if and only if
p has the form [Q >< Q| where |Q >= % (10 > |vo > +]1 > i1 >), {|vo >, |11 >} being any
orthonormal basis of C2. These are the well-known maximally entangled states.
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June - 16 July under a DST (India) - DAAD (Germany) project between the Indian Statistical
Institute and the mathematics department of the University of Greifswald. The author is
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2 Extreme points of the convex set C (p1, p2)

In the analysis of extreme points in a compact convex set of positive definite matrices the

following proposition plays an important role [5]. See also [2-4].

Proposition 2.1 Let p be any positive definite matrix of order n and rank k < n. Then there
exists a permutation matrix o of order n, a k X (n — k) matrix A and a strictly positive definite
matrix K of order k such that



K | KA
ATK | ATKA

de_l =

(2.1)

If, in addition, p = 1 (p' + p”) where p’ and p” are also positive definite matrices then there

exist positive definite matrices K’, K" of order k such that

K# | K#A
# -1 _
opToT "t = 2.2
g ATK# | ATK#A (22)
where # indicates 7 and /7.
Proof: Choose vectors u; € C*, ¢ =1,2,...,n such that

p= ((<ul|u]>))7 1,] € {1727"'?77’}'

Since rank p = k, the linear span of all the u;’s has dimension k. Hence modulo a permutation

oof {1,2,...,n} we may assume that w;,us,...,u; are linearly independent and
Up4j = a1jul + agjug + - +agjug, 1 <j<n—k. (2.3)
Putting

K = (((uiluy))), i,j€1,2,...,k,
A = ((ai)), i=1,2,...k; 7=1,2,...,n—k

and denoting by the same letter o, the permutation unitary matrix of order n corresponding

to o we obtain the relation (2.1). To prove the second part we express

1
2

K'| B
Bl | Cy

1
2

K// 32
Bl | Cy

-1

K | KA
opo T =

ATK | ATKA

where the two partitioned matrices on the right hand side are the matrices o p'c~! and op”o 1.

Now construct vectors v;, w;, 1 = 1,2,...,n such that
opot = ((vilvy), irj € {L,2,...,n} (2.4)
op’ot = ((wilwy))), i, €{1,2,...,n}. (2.5)

Let |0 >, |1 > be the standard orthonormal basis of C2. Define

1 )
Then we have
1
<@l > = S(wilvg) + fwilw;)

= (uj|lu;) forall 4,5{1,2,...,n}.



Thus the correspondence u; — ¢; is an isometry. Hence by (2.3) we have

Prtj = Q11 T Agjpa + - Fapjpy, 1<j<n—Fk

Substituting for the ¢;’s from (2.6) and using the orthogonality of |0 > and |1 > we conclude
that

k

|Uk+j > = Zaij|vi >, (27)
=1
k

]wkﬂ- > = Zaiﬂwi > . (2.8)
=1

Putting

K' = ((<vi’vj>))7 i7j6{1727"'7k}
K" = ((<wl|w]>))v i,j €={1,2,...,k}

and substituting (2.7) and (2.8) in (2.4) and (2.5) we obtain B; = K'A, C; = A'K'A, By =
K"A, Cy = ATK"A. Thus we have (2.2). ]

Let H1, Ho2 be two complex Hilbert spaces of finite dimension d;,ds and equipped with
orthonormal bases {e1, ez, ...,eq, }, {f1, fa,- .., Fa,} respectively. Consider the tensor product
H = "H1 ® Hz equipped with the orthonormal basis g;; = e; ® f; with the ordered pairs ij in
the lexicographic order. For any operator X on H we associate its marginal operators X; in
‘H; by putting

X =Try, X, Xo=Try X

where Tryy, stands for the relative trace over H;. If p is a state on H, i.e., a positive operator
of unit trace, then its marginal operators are states in ‘H; and Hs. Now we fix two states p;

and po in H; and Hs respectively and consider the compact convex set

C(p1,p2) = {p|lp a state on H with marginals p; and py in H; and Hz respectively. }
in B(H). Let E(p1, p2) C C(p1, p2) be the set of all extreme points in C(p1, p2).
Proposition 2.2 Let p € £(p1, p2). Then p is singular.

Proof: Suppose p is nonsingular. Choose nonzero hermitian operators L; in H; with zero
trace. Then for all sufficiently small and positive ¢, the operators p + L1 ® Lo are positive
definite. Since the marginal operators of L1 ® Ly are 0, both of the operators p + L1 ® Lo
belong to C(p1, p2) and

((p+el1® La) + (p— L1 ® L2))

N |

p:

and p is not extremal. [ |



Proposition 2.3 Let n = dida, p € C(p1,p2), rank p =k < n and let ¢ be a permutation of
the ordered basis {g;;} of H such that

K | KA
ATK | ATKA

0',00'_1 =

: (2.9)

where K is a strictly positive definite matrix of order k. Then, in order that p € E(p1, p2) it
is necessary that there exists no nonzero hermitian matrix L of order k such that both the

marginal operators of
L LA

ATL | ATLA

-1 o (2.10)

vanish.

Proof: Suppose there exists a nonzero hermitian matrix L of order k such that both the
marginals of the operator (2.10) vanish. Since K in (2.9) is nonsingular and positive definite it

follows that for all sufficiently small and positive ¢, the matrices K + ¢ L are strictly positive
definite. Hence

1

where each summand on the right hand side has the same marginal operators as p. Furthermore

K+eL | (K+el)A
ANK +eL) | AT(K +eL)A

K—cL | (K-cL)A
ANK —eL) | Al(K —cL)A

O'+J_1

K+el | (K+el)
ANK +eL) | AT(K £cL)A

_ UT] (K + <L) [1]A] > 0.

Thus p is not extremal. [ |

Corollary Let p € E(p1, p2). Then rank p < \/d? +d3 — 1.

Proof: Let rank p = k. By proposition 2.2, k < n. Since p is a positive definite matrix in the

! can be expressed in the form (2.9). The extremality of p implies

basis {g;;} such that opo~
that there exists no nonzero hermitian matrix L of order k such that the matrix (2.10) has

both its marginals equal to 0. The vanishing of both the marginals of (2.10) is equivalent to

L LA

Tro !
ATL | ATLA

o (Xl RI® 410 g XQ) =0 (2.11)

for all hermitian operators X; in H;, I¥) being the identity operator in H;. Equation (2.11) can
be expressed as
At

In other words L is in the orthogonal complement of the real linear space

L (Ao (X 010 4 10 @ X,) o [Ik] _o.

I
D= { (1] Alo <X1 ©I® 10 X2> o LH

X; hermitian in H;,7 =1, 2} )

4



with respect to the scalar product (L|M) = Tr LM between any two hermitian matrices of
order k. Thus the extremality of p implies that D+ = {0}. The real linear space of all hermitian
matrices of order k has dimension k2. The real linear space of all hermitian operators of the
form X; @ I® + 1MW @ Xy is d? + d3 — 1. Thus k2 = dimD < d? + d3 — 1. ]

Proposition 2.4 Let p € C(p1,p2),k,0,K, A be as in Proposition 2.3. Suppose there is no
nonzero hermitian matrix L of order k such that both the marginal operators of

L LA
ATL | ATLA

—1 o

vanish. Then p € £(p1, p2).
Proof: Suppose pZE(p1, p2). Then there exist two distinct states p’, p” in C(p1, p2) such that

1
p=5"+0"), o #"
Since rank p = k it follows from Proposition 2.1 that there exist positive definite matrices K’,

K" of order k such that
K# | K#A

ATR# | ATE#A
where (p#, K#) stands for any of the three pairs (p, K), (p/, K'), (p”, K"). Since p’ # p” and
hence op'oc~! # op”o~ 1 it follows that K’ # K”. Putting L = K’ — K" # 0 we obtain a nonzero

hermitian matrix L of order k£ such that both the marginal operators of

#o1 =

op

L LA
ATL | ATLA

-1 o

vanish. This is a contradicton. [ |

Combining Proposition 2.3, its Corollary and Proposition 2.4 we have the following theorem.

Theorem 2.5 Let Hi, Ho be complex finite dimensional Hilbert spaces of dimension dj, do
respectively. Suppose C(p1, p2) is the convex set of all states p in H = H; ® Ha whose marginal
states in H; and Hy are p; and py respectively. Let {e;}, {f j} be orthonormal bases for Hi, Ho
respectively and let g;; = €; ® f;, i =1,2,...,d1; j = 1,2,...,da be the orthonormal basis of
‘H in the lexicographic ordering of the ordered pairs ij. In order that an element p in C(p1, p2)
be an extreme point it is necessary that its rank k£ does not exceed \/m . Let o be a

permutation unitary operator in H, permuting the basis {gij} and satisfying

K | KA
ATK | ATKA

0,0071 =

where K is a strictly positive definite matrix of order k. Then p is an extreme point of the

convex set C(p1, p2) if and only if the real linear space

D—{UﬂAb(Xﬂ@ﬂm+ﬂU®Xﬁ(71[i&k&hmmﬁmﬂnHui—L2}
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coincides with the space of all hermitian matrices of order k.

Proof: Immediate from Proposition 2.3, its Corollary and Proposition 2.4. ]

3 The case H; = Hy = C?

We consider the orthonormal basis

e [i] e[

lzy >= |z > ®|y > for allz,y € {0,1}.

in C? and write

Then e; = |00 >, ez = |01 >, e3 = |10 >, e4 = |11 > constitute an ordered orthonormal basis
for C? ® C2. For any state p in C? ® C? define

K, ((z,9), (2',)) = (zylpla’y’) 2, y.2",y" € {0,1}. (3.1)
If p has marginal states p1, p2 then

K, ((z,0),(2',0)) + K,((z,1),(2',1)) = (z|p1]’), (3.2)
K, ((0,9),(0,¢)) + K, ((Ly), (1,4)) = wlpaly) (3.3)

for all z,y,2',y in {0,1}. If p is an extreme point of the convex set C(p1, p2) it follows from
Theorem 2.5 that the rank of p cannot exceed v/7. In other words, every extremal state p’ in

C(p1, p2) has rank 1 or 2. When p; = p2 = %I we have the following theorem :

Theorem 3.1 Let H; = Hy = C2 A state p in C(31,31) is an extreme point if and only if
p=Q >< Q| where

1
Q>=— (0> |y > +|1 > QY1 >),
| \/§(| |40 | |1 >)

{|too >, |1 >} being an orthonormal basis of C2.

Proof: We shall first show that there is no extremal state p of rank 2 in C (%I ) %I ). To this end
choose and fix a state p of rank 2 in C(37, 31). Then the right hand sides of (3.2) and (3.3)
coincide with %5%,:/ and %dyy/ respectively and in the ordered basis {e;, 1 < j < 4} the positive

definite matrix K, of rank 2 in (3.1) assumes the form

5 Y z
= l—a
_| T = t vy
Ko=| % . _ (3.4)
Y 2 T
z —§ —-% 2

for some 0 < a < 1, x,y,2,t € C. The fact K, has rank 2 implies that one of the following

three cases holds :



- -
¢
1 | 2 1o | 18 strictly positive definite ;
7 lza
L 2
(s oy
2) | 2 1~ | is strictly positive definite ;
LY 2 ]

SIS

l-a
_ t
(3) |z|> = |y|* = % and one of the matrices [ ] , [ ] is strictly positive

2
I l1—a
t 2

e W

definite.

We shall first show that case (3) is vacuous. We assume that

a(l —a) a?

‘gj|2 — |y’2 = 4 y ‘Z|2 < Z7 I'&Ilk Kp = 2 (35)

conjugation by the unitary permutation matrix corresponding to the permutation (1)(24)(3)
brings (3.4) to the form

5 2 Yy oz
T o
S i — (3.6)
yo—w | Rt 1
ooy | ot gt
with rank 2. By Proposition 2.1 this implies that
1-a t
2 =ATKA (3.7)
t =
where
a
A:K*[y i],K:IQj] (3.8)
-z -y zZ g
Putting = = a(;_a) e, y = 7”11(21_a)ew, substituting the expressions of (3.8) in (3.7) and

equating the 11-entry of the matrices on both sides of (3.7) we get

2

‘ﬂ +z e*i(gﬂp)) =0
2
and therefore |z|? = %, a contradiction.
—_ )2
The case [t|? < % is dealt with in the same manner.

Now we shall prove that p is not extremal. Express (3.4) as

[ K | K4 -
" ATK [ ATKA (3.9)
where
K:[% o A:K*[y z] (3.10)
TS t -y




a(l —a)
4
This implies the existence of a unitary matrix U such that

ATKA=dK™, d= —|z[*>0 (3.11)

K2A=d:UK 2.
From (3.10) we have
[ . ] KA— dPKVRUR-V2
t —y
Hence Tr U = 0. Since U is a unitary matrix of zero trace it has the form
U=¢e'V
where V is a selfadjoint unitary matrix of determinant —1. In particular
A=dYV2e K2V K12 (3.12)
where V is selfadjoint and unitary. We now examine the linear space

D= { [L]A] (X1 @ I + I ® Xo) [%]

X is hermitian for each z} . (3.13)

In the ordered basis {ej, j =1,2,3,4} it is easily verified that X1 ® Iy + I ® X5 in D varies

over all matrices of the form

{

D= {X 4+ AXAT 47 At £ A+ gAAT £ pI‘ X hermitian, p, geR, 7 € C} .

X+ph| rh
Tl ‘ X +qly

'X hermitian, p,q € R, r € C} .

Thus

We now search for a hermitian matrix L of order 2 in D+ with respect to the scalar product
(X1]X2) = Tr X1 X for any two hermitian matrices of order 2. In other words we search for a

hermitian L satisfying

Tr L=0, Tr L K12V K1/2 =
T 0, Tr 0 } (3.14)

Tr L(X +dKY2VK-12XK-12VK-12) =0

for all hermitian X. (Here we have substituted for A from (3.12)).
Note that vdK~'/2VK~1/2 = B is a hermitian matrix of determinant —1. Thus (3.14)

reduces to
Tr L=0, Tr LB=0, L+ BLB=0. (3.15)

The matrix B can be expressed as
B =WDW!'



where W is unitary and

Then for any £ € C the hermitian matrix
0
p=w| Y ¢ lw
€0
satisfies (3.15). In other words D+ # {0} and therefore the linear space D in (3.13) is not the

space of all hermitian matrices of order 2. Hence by Theorem 2.5, the state p is not extremal.

Thus every extremal state p in C(%I , %I ) is of rank 1. Such an extremal state p has the

form
p=12><Q|
where
2> = Z Agy|Ty >,
z,y€{0,1}
D agy* =1.
'1:7y

The fact that [Q >< Q] has its marginal operators equal to 21 implies that ((agy)) = %((uzy))

where ((ugy)) is a unitary matrix of order 2. Putting

1
Zuzyw >= W}x >

y=0

we see that )

V2

where {|0 >,|1 >} is the canonical orthonormal basis in C? and {|o >,|¢)1 >} is another

|Q >= (10 > |vbo > +|1 > |3p1 >) (3.16)

orthonormal basis in C? (which may coincide with {|0 >, |1 >}). Varying the orthonormal
basis {|¢o >, |1 >} of C? in (3.16) we get all the extremal states of C(31,11) as [Q >< Q|. m
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