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Abstract : We prove several inequalities for trace norms of sums of n operators with roots
of unity coefficients. When n = 2 these reduce to the classical Clarkson inequalities and their

non-commutative analogues.

1 Introduction

The classical inequalities of Clarkson [9] for the Lebesgue spaces L,, and their non-commutative
analogues for the Schatten trace ideals C), play an important role in analysis, operator theory,
and mathematical physics. They have been generalised in various directions. Among these are
versions for more general symmetric norms [4] and for the Haagerup L,-spaces [10], as well as
refinements [2]. In this paper we obtain extensions of these (and related) inequalities in another
direction, replacing pairs of operators by n-tuples. Let A be a linear operator on a complex
separable Hilbert space. If A is compact, we denote by {s;(A)} the sequence of decreasingly

ordered singular values of A. For 0 < p < oo, let

1/p

1Al = [3° (s5(4))"]

For 1 < p < o0, this defines a norm on the class C), consisting of operators A for which ||A]|, is

(1)

finite. This is called the Schatten p-norm. By convention ||A]|s = s1(A) is the operator bound
norm of A. These p-norms belong to a larger class of symmetric or unitarily invariant norms.

Such a norm |[||.||| is characterized by the equality
ANl = [[[UAV]]], (2)

for all A and unitary U, V. When we use the symbol || A||,, or |||A]|| it is implicit that the operator
A belongs to the class of operators on which this norm is defined. See [3] for properties of these
norms. For 1 < p < oo, we denote by ¢ the conjugate index defined by the relation 1/p+1/q = 1.
The symbol | A| stands for the positive operator (A*A)'/2. We prove the following four theorems.



In each of the statements Ag, A1,..., A,_1 are linear operators and wgy,w1,...,w,_1 are the n
roots of unity with w; = e2mii/n )< j<n-—1.

Theorem 1 For 2 < p < oo, we have

n—1
2
ne Y Al < Z | Zw’“A Il < n* 2/”2 145113 (3)
=0

k=0 j=0

For 0 < p < 2 these two inequalities are reversed.

Theorem 2 For 2 < p < oo, we have
n—1 n—1 n—1 n—1
k —
n Y A< DN widiln < nP7 Y|4 (4)
j=0 k=0 j=0 §=0

For 0 < p < 2, these two inequalities are reversed.

Theorem 3 For 2 < p < oo, we have

n—1 n-1
n|l| Z (AP < D21 Y wf APl < nP” 1\“2 1A 17111 (5)
k=0 j5=0
for every unitarily invariant norm |||.|||. For 0 < p < 2, these two inequalities are reversed.

Theorem 4 For 2 < p < oo, we have

n—1 a/p n—1 n-—1
n(z IIAsz) < SIS WAl (6)
j=0

k=0 ;=0

For 1 < p <2, this inequality is reversed.

When n = 2, Theorem 1 gives for any pair A, B the inequalities
227 (J|AIZ + |BIZ) < 1A+ BIZ+ |4 - BJ2 < 2272 (A2 + | BI) (7)
for 2 < p < 00, and the reverse inequalities for 0 < p < 2. Theorem 2 gives
2(IAlL+ 1BIE) < 1A+ Bl + A - B < 2°~* (A5 + | BIE) . (8)

for 2 < p < oo, and the reverse inequalities for 0 < p < 2. For p = 2, (7) and (8) both reduce

to the parallelogram law
|4+ BI3 + (14— Bl =2 (1|43 + |1BI3) (9)
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The special norm ||.||2 arises from an inner product (A, B) = tr A*B and must satisfy this law.
The generalisation given in Theorem 1 can be obtained easily in this case. The inequalities (8)
are one half of the celebrated Clarkson inequalities. A recent generalisation due to Hirzallah
and Kittaneh [11] says

211 1AP +|BP (Il < Il A+ BPP + A= BP ||| < 22| |AP + | B[ []], (10)

for 2 < p < oo; and the two inequalities are reversed for 0 < p < 2. The inequalities (8) follow
from these by choosing for |||.||| the special norm [|.||;. Theorem 3 includes the inequalities (10)

as a special case. When n = 2, (6) reduces to the inequality
a/p
2([ 4+ 1BI)"" < 1A+ Blg+ 1A - B, (11)

for 2 < p < 00, and the reverse inequality for 1 < p < 2. These are the other half of the Clarkson
inequalities. They are much harder to prove, and are stronger, than the inequalities (8). A
simple proof and a generalisation of the inequalities (8) were given by Bhatia and Holbrook in
[4]. Some of their ideas were developed further in our paper [5]. In Section 2 we give a proof of
Theorems 1 and 2 using these results. In Section 3 we discuss some extensions of these results
as in [4]. In section 4, we outline a proof of Theorem 3 and of some more general theorems. We
follow the approach in [11]. This was based on results of Ando and Zhan [1], and we show how
these can be generalised to n-tuples. The harder Clarkson inequalities (11) are usually proved
by complex interpolation methods. In section 5, we show how one such proof as given by Fack
and Kosaki [10] can be modified to give Theorem 4. Sharper versions of (7), (8), (11) have
been proved by Ball, Carlen and Lieb [2] by deeper arguments. Our results go in a different

direction.

2 Proofs of Theorems 1 and 2

Consider the n X n matrix
T:[Tj], 0<jk<n-—1 (12)

where the entries T}, are operators. In [5, Thm 1] we showed that

717 < D ITkl; for 2 <p < oc. (13)
j7k“
Now, given n operators Ay, ..., A,_1 let T be the block circulant matrix
T = circ (Ag,...,An_1). (14)



This is the n x n matrix whose first row has entries Ag,...,A,_1 and the other rows are

obtained by successive cyclic permutations of these entries. Let

0 0
wWo w1 Wn—1
1 1 1
1 wo w1 Wn—1
F,=—
NLD
n—1 n—1 n—1
i wO wl oo wn_l ]

be the finite Fourier transform matrix of size n. Let W = F,, ® I. This is the block matrix
whose jk entry is wil. It is easy to see that if T is the block circulant matrix in (14) then
X = W*TW is a block-diagonal matrix and the kth entry on its diagonal is the operator

n—1
7=0

Now note that

n—1 1/p
1T = 1 X1lp = (Z \\kaHg) : (16)

k=0
Using (13)-(16) we obtain

2/p

n—1 n-—1

k
> I Wi Al
k=0 j=0

n—1
<ny_ 4l (17)
7=0

for 2 < p < oco. For these values of p the function f(x) = z?/? is concave on the positive
half-line. Hence
nP (2 ) < (o ) (18)

Using this we get from (17) the inequality
n—1 n—1 n—1
n? PN WAl <n Y (4, (19)
k=0 j=0 =0

for 2 < p < oo. This is the second inequality in (3). The first inequality in (3) can be obtained

from this by a change of variables. Let
n—1

By = waAj for0 <k<n-1. (20)
§=0

Replace the n-tuple (Ag, ..., A,—1) in the inequality just proved by (By, ..., B,—1). Note that
the n-tuple whose kth entry is >, w;?Bj is the same as the n-tuple (nAg,nA,...,nA,_1) up
to a permutation. This leads to the first inequality in (3). When 1 < p < 2, the inequality
(13) is reversed [5, Thm 1]. So the inequality (17) is reversed. The function f(z) = z*/? is



convex in this case, and the inequality (18) is reversed. As a result both inequalities in (3)
are reversed. This completes the proof of Theorem 1 for 1 < p < co. The case 0 < p < 1 is
discussed in Section 3. The proof of Theorem 2 runs parallel to that of Theorem 1. For T as
in (12) we have from [5, Thm 2]

STl < ITJE for2 < p < oo, (21)
3k

and the inequality is reversed for 0 < p < 2. Start with this instead of (13) and follow the steps
of the proof of Theorem 1. One obtains Theorem 2 for 1 < p < oo. The case 0 < p < 1 is
discussed in Section 3. The inequalities of Theorems 1 and 2 are sharp. For 0 < j <n —1 let
A;j be the diagonal matrix with its jj entry equal to 1 and all its other entries equal to 0. In

this case the first inequality in (3) and in (4) is an equality. On the other hand if we choose

J

Aj = (wg, w{, .. ,wn_l) for 0 < j < n—1, we see that the other two inequalities are equalities

in this case. A simple consequences of the inequality (7) is the following result proved in [6].
Let T be any operator and let T'= A+1iB be its Cartesian decomposition with A, B Hermitian.
Then for 2 <p < o0

22/ (A2 + |1BIZ) < |ITI2 < 2% (A2 + 1BI2) , (22)
and the inequalities are reversed for 0 < p < 2. Note that in this case we have from (8)

|l + 1Bl < ITIIE < 272 (J|All + IB]L) (23)

for 2 < p < oo, and the reverse inequalities for 0 < p < 2. The inequalities (22) can be derived
from (23) by a simple convexity argument. More subtle norm inequalities for the Cartesian

decomposition may be found in [7,8].

3 Extensions and Remarks

We have proved Theorems 1 and 2 using results in [5]. There are other connections between

[4,5] and the present paper. We point out some of them.

1. Let T be the block matrix (12) and let U; be the block-diagonal operator
U; = diag (wé[,...,w%fll) , 0<j<n—-1
Let Aj = UrTU;. The second inequality in (3) then gives

nPEN T2 < | T2 for 2 < p < o0,
3.k

This is the inequality complementary to (13) proved in [5] by other arguments.



2. A unitarily invariant norm [||.||| is called a Q-norm if there exists another unitarily in-
variant norm |||.H|Asuch that |||A]||? = |]|A*A|||A The Schatten p-norms for p > 2 are
@-norms since ||A|2 = ||A*A[|,/2. The crucial observation in [4] was a reinterpretation of
the Clarkson inequalities (8) in such a way that a generalisation to @-norms and their
duals became possible. The next remarks concern similar generalisations of Theorems 1
and 2.

3. The following useful identity can be easily verified.
1 n—1 [n—1 * -1 n—1
SO (W) | A = AT (24)
k=0 \j=0 §=0 j=0

For n = 2 this reduces to
(A+B)*(A+B)+ (A—-B)*(A- B)
2

= A*A+ B*B. (25)

4. We use the notation Ay @ --- @ A,_1, or ®A;, for the block-diagonal operator with
operators A; as its diagonal entries. For positive operators A;, 0 < j < n — 1, we have

the inequality

n—1

!||A0@~~€9An_1|H§!||(ZAJ')@O"'@OIM (26)

§=0
for all unitarily invariant norms [5, Lemma 4]. For the p-norms this gives (for positive

operators)
n—1 n—1
DA <-4l 1<p<co. (27)
j=0 j=0

For n = 2, this is a starting point of a proof of the Clarkson inequalities (8), and its
generalisation as in (26) led to stronger versions in [4]. To bring out the relevance of Q-
norms we give a different proof of Theorem 1 based on the identity (24) and the inequality
(27). Let Ao, ..., Ap—1 be any operators and let By be the sum defined in (20). Then for
2<p<o

n—1

n—1
Y ABklz = > BBl
k=0 k=0

n—1

I Z BjBg|lpj2  (triangle inequality)
k=0
n—1

= nll > A5Ajl,2  (using (24))
§=0

_n—l

* 2
SolAsA; Y
§=0

[n—1 p/2 2/p
= | > (I4013) ]
=0

Y

2/p

v
S

(using (27))
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Y

n—1 p/2 2/v
n [n'7P/? (Z IAjHﬁ) (using (18))

7=0
n—1

= w2y |42
7=0

This is the first inequality in (3). In this chain of reasoning inequalities entered at three

stages. All get reversed for 0 < p < 2. It has been noted [6, Lemma 1] that for positive

> 1Al < 1Y Al

and also that the inequality (27) is reversed in this case [6, p.111] or [12, p.20]. The

inequality (18) is reversed too in this case. So the statement of Theorem 1 for 1 < p <2

operators Aj and 0 <p <1

is, in fact, true when 0 < p < 2.

. Let us now recast Theorem 2 in the mould of [4]. Taking pth roots, the first inequality

in (4) can be rewritten as
n'Pll €52 Ajlly < | @325 Billp, 2 <p < oo,
where By, is as in (20), and then as
| @, copies €720 43] Ip < | 872 Bellp, 2 < p < oo. (28)
In the same way, the second inequality in (4) can be rewritten as
n!P| @325 Billp < nll @755 Ajllp, 2 <p < oo,
and then as
| @, copies €120 Br] Ip < nll €773 Ajllp, 2< p<oc. (29)

In this form the inequalities (28) and (29) shed some of their dependence on p compared
to the (equivalent) inequalities (4). What is left of p can be removed too. The inequalities
(28) and (29) are true for all @-norms. For the duals of @-norms they are reversed. This
can be proved using the ideas in [4] and this paper. We do not give the details here.

. The case 0 < p < 1 of Theorem 2 is proved on the same lines as in Remark 4 above.

. It is tempting to attempt a generalisation of Theorem 1 on the same lines as for Theorem
2 in Remark 5. Let us start with the special case n = 2. The first inequality in (7) can

be rewritten as

lA® Al + 1B @ Bl < |A+ B|; + A~ Bl for 2 <p< co. (30)



This is the same as saying

A ADA™Allp+||B*B&B*B|p < [|(A+B)"(A+B)|[p+[(A-B)*(A=B)|, forl <p < ooc.
(31)
To ask whether the inequality (30) might be true for all @-norms is to ask whether (31)

might be true for all unitarily invariant norms; i.e., whether we have
I|A*Ae A Al||+|B*B+B"B|| < [[[(A+B)"(A+B)&0||+|[[(A-B)"(A-B)&0l|| (32)

for all unitarily invariant norms. The answer is no. On 8 x 8 matrices consider the norm

AN = [(51(4) + 52(4))% + (s5(A) + sa(4))?] .

Let A = diag(1,1,0,0), B = diag (0,0,2'/4,0). The inequality (32) breaks down for this

choice.

8. Ball, Carlen and Lieb [2] have proved the following inequalities for 1 <p < 2:

1
Il + @ - DIBI; < 5 (IA+Bly+[A-BJ;). and
1 2/p
JAIG+ (= DIBIE < 57 (14+ Bl + 14— BJE) ™.

Compare the first of these with one of the inequalities in (7)
_ 1
212 (J|ll; + 1BIR) < 5 (14 + BI; + A= BI3).

and compare the second with the inequality obtained by following some of the steps of
Remark 4 :

1 2/p
JAIR+ 18I < 5 (14 + Bl + 14 - BIp) ™

4 Proof of Theorem 3 and Generalisations

This part has to be read along with the papers of Ando-Zhan [1] and Hirzallah-Kittaneh [11].
We indicate how results obtained there for n = 2 can be proved for n > 2. Recall that a non-
negative function f on [0,00) is said to be operator monotone if f(A) > f(B) whenever A, B
are positive operators with A > B. The function f(¢) = t? is operator monotone for 0 < p < 1.

Thus for 1 < p < oo the inverse function of f(t) = t¥ is operator monotone. See [3, Chapter
VI.

Theorem 5 (Generalised Ando-Zhan Theorem) Let Ao, ..., An—1 be positive operators. Then

for every unitarily invariant norm



n—1 n—1
1 FADIT = 1L (ZAg) ] (33)
j=0 7=0

for every non-negative operator monotone function f on [0,00); and

(ii) this inequality is reversed if f is a non-negative increasing function on [0,00) such that

f(0) =0, f(oo) = oo, and the inverse function of f is operator monotone.

Ando and Zhan [1] have proved this for n = 2. An analysis of their proof shows that all their
arguments can be suitably modified when n > 2. In particular, in their crucial Lemma 1 we
can replace the sum A+ B by _; A;, and check that the same proof works. Using this we can

prove the following.

Theorem 6 Let Ag,...,A,_1 be any operators. Then for every unitarily invariant norm we

have

()
n—1 n—1 n—1 n—1
alll D FAADIT< D f <| waAﬂ) I < %||| > flAD ]I (34)
=0 k=0 \ j=0 =0

for every increasing function f on [0,00) such that f(0) =0, f(co) = oo, and the inverse

function of g(t) = f (\/i) is operator monotone;

(i1) the two inequalities in (34) are reversed for every nonnegative function f on [0,00) such
that h(t) = f(\/t) is operator monotone.

The n = 2 case of Theorem 6 has been proved by Hirzallah and Kittaneh [11]. Their arguments
can be modified replacing the Ando-Zhan theorem by its generalisation pointed out above.

Their Lemma 1 needs no change. At one stage we need the identity

2

1 n—1|n—1 n—1
k 2
Iy ua) = S (3
k=0 |j=0 7=0

This is just the identity (24). This substitutes for its n = 2 version used in [11] (p. 366 line
6). We leave the rest of the details to the reader. The two parts of Theorem 3 follow from
the corresponding parts of Theorem 6 upon choosing f(t) = t¥ with p > 2 and 0 < p < 2,
respectively. We remark that Corollaries 1-3 of [1] and Corollaries 2,3 of [11] too can be

generalised to n-tuples of operators in this manner.



5 Proof of Theorem 4

Imitating the standard complex interpolation proof of the n = 2 case, we give a proof of
Theorem 4 for 1 < p < 2. The ideas are the same as in [10]. At a crucial stage we need a
generalisation of the parallelogram law provided by Theorem 1. Lemma.LetAg, ..., A1 be
operators in the Schatten p-class Cp for some 1 < p < 2. Let By, be the sum defined in (20)
and let Yy, 0 < k <n —1 be operators in the dual class Cy. Then

1/p

n—1 1/p n—1
< nl/a (Z HAjllﬁ) (Z H%HS’) : (36)
7=0 k=0

n—1
tr }E:}%Eﬁ
k=0

Proof. Let A; = |A;|W; and Y), = V|Yi| be right and left polar decompositions of A; and
Y., respectively. Here W; and Y}, are partial isometries. We have % < % < 1. For the complex

variable z = x + iy with % <xr<1let

Aj(z) = [A;P*W;
Vi(z) = [[Vi[P 102V |y 102,

Note that A;(1/p) = A; and Yy (1/p) =Y. Let

n—1
f(z) = tr Y Yi(2)Bi(2).
k=0

The left hand side of (36) is |f(1/p)|. We can estimate this if we have bounds for |f(z)| at

x:%andle. If x =1, we have
[ Yi(2) A ()] = [Yll2 [ox Vi Yi =502 Ay P+ 07|

Using the facts that for any operator T, |tr T'| < ||T'||; and ||| XTZ||| < ||X]|| |||T]|| ||Z]| for any

three operator X, T, Z and unitarily invariant norm |||.|||, we get from this
[t Yi(2) A5 (2)] < [IV&[fgll A5,

for all 0 < j, Kk <n — 1. Hence

[f(2)| =

n—1
tr Z Yi(2) B (2)
k=0

n—1 n—1
< (Z ||YkH’5> > 4505 ) (37)
k=0 Jj=0
when = 1. When x = 1/2, the operators A;(z) and Yj(z) are in Cy and
n—1
If(2)] < D ltr Yi(2)Bi(2)]
k=0
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IN

ZIIYk )2l B (2)ll2
<Z 1Yk (= !2)1/2 (Z B (2 I2>1/2

n—1 12 /n 1/2
= n'/? (Z HYk(z)\%> (Z Hfb-(z)\l%) :
k=0 Jj=0

The equality at the last step is a consequence of Theorem 1 specialised to the case p = 2. Note
that when = = 1/2 we have [|A;(2)[|3 = [|4;[%, and ||Yi(2)[|3 = ||Y%|/2. Hence

IN

1/2

1/2 n—1
/()] <nt/ (ZI%I”) (ZIIAjllﬁ) ; (38)
7=0

when x = 1/2. If M; is the right hand side of (37) and M5 that of (38), then by the three line
theorem, we have for % < % <1

|f(1/p)| < M12(1/P—1/2)M22(1—1/P)‘

This gives (36). ]

Now to prove Theorem 4 let By, = Ug|Bx| be a polar decomposition and let
Y = [|Bl§ 7P| By P~ U

It is easy to see that
tr Yy B = || Bill = [[Yallg-

So we get from (36)

n—1 1/p n—1 1/p
Z Bl < n' (Z ||Aj||§) <Z HBng> -
j=0 k=0

This is the same as saying

1 a/p
Z 1Bl < (Z HAjH£> , 1<p<2
3=0

This proves Theorem 4 for 1 < p < 2. The reverse inequality for 2 < p < oco can be obtained
from this by a duality argument. EBy a change of variables a pair of complementary
inequalities can be obtained as in Theorems 1-3. As pointed out earlier [2,4] the inequalities of
Theorem 2 follow from those of Theorem 4 by simple convexity arguments. Theorem 1 too can

be derived from Theorem 4 by such arguments. For example, for 2 < p < co we have from (6)

n—1 1/p 1/q
(Z HAjllﬁ) ( Z I Zka H") : (39)
7=0

k=0 j=0

11



On the positive half-line the function f(z) = 2?/9 is convex and the function g(z) = x?/?

concave. Using this we can get the first inequality in (3) from the inequality (39). The proof

given in Section 2 is based on easier ideas.
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