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Abstract

We consider a signal process X taking values in a complete, separable metric space E.
X is assumed to be a Markov process charachterized via the martingale problem for an
operator A. In the context of the finitely additive white noise theory of filtering, we show
that the optimal filter T';(y) is the unique solution of the analogue of the Zakai equation
for every y, not necessarily continuous. This is done by first proving uniqueness of solution
to a (perturbed) measure valued evolution equation associated with A. An additional

assumption of uniqueness of the local martingale problem for A is imposed.
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1 Introduction

The white noise approach to filtering theory was developed extensively by Kallianpur and
Karandikar during the 1980s. A comprehensive account of the theory can be found in their
book [10]. (See also [9].) In their set-up, the signal process X was assumed to be a Markov
process, defined on some (countably additive) probability space (2, F, P), and taking values
in a complete separable metric space E while the additive noise was modelled as a white
noise which exists only on a finitely additive probability space.

Uniqueness of solution of the analogue of the Zakai equation in this context was proved
in [8] and [II]. The unique solution is indeed the (unnormalized) optimal filter. However,
in this equation the class of test functions was D(L), the domain of the strong generator of
the Markov process X.

In [2] and [3], the question of uniqueness was proved via a different approach. Following
on the results of [6], a sufficient condition for invariant measures for the Markov process X
was proved in terms of an operator A which charachterizes X via martingale problems. To
be precise, it was assumed that X is the unique solution of the martingale problem for A.
This result in turn was used to prove uniqueness of solution for the following (probability)

measure valued evolution equation for A.

/fdut = /fduo + /Ot (/ Afd,us) ds vV f e DA). (1.1)

The above is the weak version of the Kolmogorov’s forward equation for A. Later a per-
turbed evolution equation was considered. For a non-negative function A\ on F uniqueness

of solution to the (positive) measure valued equation

[ tdoi= [ tdoo+ /0 t < Jar- Af)dps) ds ¥ feD(4) (1.2)

was proved. The class of test functions in equations (1), (T2)) is D(A) -the domain of the
operator A for which the martingale problem is assumed to be well posed. D(A) can be
much smaller than the domain of the strong generator of the Markov Process X. In the
white noise theory of filtering, the Zakai equation is similar to (L2]) where the perturbation
A appears in terms of the observation function h.

In the above mentioned approach it was assumed throughout that D(A) C Cy(E), the
space of real valued bounded continuous functions on E and that for every f € D(A), Af is
continuous. The function A was also assumed to be continuous. In [2] the results were proved
under the additional assumption that Af and A are bounded functions and were extended to
the case of unbounded functions in [3]. The corresponding results on uniqueness of solution
to the Zakai equation were proved under the assumptions, respectively, of boundedness
and continuity of the observation function h and later extended to a general continuous h
satisfying the energy condition.

In both these articles the characterization of the optimal filter as unique solution of the

Zakai equation was proved for all continuous observation paths y.



Subsequently, the results on invariant measures and evolution equations in [2] and [3]
were extended to allow discontinuous, and unbounded, Af in [4], [5]. These in turn were
used to prove uniqueness results for the Zakai equation in the classical non-linear filtering
theory in a fairly general set-up ([4], [1]). However, in this set-up, the results on uniqueness
of solution to the unperturbed equation (II]) sufficed as they were applied to the operator
B which characterized the signal-observation pair (X,Y’) in terms of martingale problems.

In this article, with a view to applications in the white noise theory of filtering we
consider the perturbed evolution equation (L2]) when X is not only unbounded but also
discontinuous. We can no longer use conditioning arguments as in [2] or [3] to prove
uniqueness (on a bigger state space) of the martingale problem for the perturbed operator
A — A. We circumvent this problem by using a suitable change of measure. However, this
necessitates an extra assumption on the operator A, viz., that the local martingale problem
for A is well-posed.

The relevant terminology of martingale problems and the main definitions are given in
the next section and the uniqueness of the perturbed evolution equation is proved there.
In the last section, this is applied to get uniqueness of solution to the Zakai equation in the

context of the white noise theory of filtering.

2 Perturbed Evolution Equation

Throughout this article (F, d) denotes a complete, separable metric space, Cy(FE), the space
of real valued bounded continuous functions on F, C(F), the space of real valued continuous
functions on E, M(E), the class of all real valued Borel measurable functions on E, B(E)
the Borel o-field on E, P(E) the space of probability measures on E and M (E) the space
of positive finite measures on E.

A denotes an operator with domain D(A4) C Cy(E) and with range contained in M (E). 1
will denote the constant function taking value 1 while 1z will denote the indicator function
of the set F'. For C C M(E), we define the bp-closure of C to be the smallest subset of
M(FE) containing C' which is closed under bounded pointwise convergence of sequences of
functions.

Recall that an operator A is said to satisfy the maximum principle if for f € D(A),
xo € E is such that f(xo) = sup,cp f(y) then Af(zg) <0.

Let us impose the following conditions on an operator A.

Hypothesis 2.1 D(A) C Cy(E) is an algebra, 1 € D(A), A1 = 0 and D(A) separates
points in E.

Hypothesis 2.2 A: D(A) — M(E) is an operator satisfying the mazimum principle.

Hypothesis 2.3 There exists a complete separable metric space U, an operator A D(A) —
C(E x U) and a transition function n from (E,B(E)) into (U,B(U)) such that

(Af)() = /U Af (e wyn(e, du). (2.3)



Hypothesis 2.4 There exists ® € C(E x U) such that for all f € D(A), there exists
Cy < oo satisfying

|Af(x,u)| < C;d(x,u) Y(z,u)e ExU, (2.4)
®(z) = /Ufi)(x,u)n(x,du) <oo VreE. (2.5)
Note that the above hypotheses imply that
|Af(z)| < Cy®(z) VzeE. (2.6)
Hypothesis 2.5 There exists a countable set {f, : n > 1} C D(A) such that
bp-closure({(fu, @ Afu)} i n > 1) 5 {(f, 0 Af : f € D(A)}.

To emphasize the role of ®, we will say that (A, ®) satisfy Hypotheses 2] -
Definition 2.1 : An E valued process (X;)o<t<r defined on some probability space
(Q,F, P) is said to be a solution to the martingale problem for (A, u) with respect to
a filtration {F, : 0 <t < T} if

(i) X is {F:} - progressively measurable,

(ii) £(Xo) = p,

(iii) E [, |Af(X,)|ds < oo : Vf € D(A)
and

(iv) for every f € D(A), M] = f(X,) — fot Af(Xy)ds is a {F;} - martingale.

Here and in the sequel, £(Z) denotes the law of a random variable Z.

We state a result on uniqueness of solution to evolution equation from [4]. The following
additional assumption on A, the function ® and p € P(E) is needed here.

Hypothesis 2.6 If (X;)o<i<T and (Yi)o<i<T are solutions to the martingale problem for
(A, i) (defined possibly on different probability spaces) such that IEfOT P(X;)ds < oo and
EfOT ®(Y;)ds < oo, then the finite dimensional distributions of the two processes are the

same.

We say that {v, : 0 <t <T} C M4 (FE) is a measurable family if for all Borel sets B in E,

t — 14(B) is Borel measurable.

THEOREM 2.1 Suppose (A, ®) satisfies Hypotheses 21 — 2.8 Suppose {u: : 0 <t <T} C
P(E) is a measurable family satisfying

/T/ O (x)pe(dx)dt < 0o (2.7)

0 E

and .
%m%%mm+AOMMM&tS1fENM- (2.8)

Then there exists a progressively measurable solution (X;)i<1 to the martingale problem for
(A7 /LO)) with
E(Xt) = Ut Vi <T.

In particular, if (A, ®, pg) also satisfies Hypothesis[2.0 then (2.8) admits a unique solution.



In order to deal with the unbounded operators and their pertubations, we introduce the
notion of local martingale problem.
Definition 2.2 : An E valued process (X;)o<t<r defined on some probability space
(Q, F, P) is said to be a solution to the local martingale problem for (A, u) with respect to
a filtration {F, : 0 <t < T} if

(i) X is {F:} - progressively measurable,

(“) L(Xo) = p,

(iii fo |Af(Xs)|ds < oo : a.s. Vf€D(A) Vi< T
and

(iv) for all f € D(A), M] = f(X,) — fot Af(X;)ds is a {F;} local martingale.
We introduce another assumption on (A, ®, 1)

Hypothesis 2.7 If (Xi)o<i<1 and (Yy)o<i<T are solutions to the local martingale problem
for (A, uo) (deﬁned possibly on different probability spaces) such that fOT D(X)ds < 00 a.s.
and fo Yi)ds < 0o a.s. , then the finite dimensional distributions of the two solutions

are the same.

The following is the main result of this section and gives sufficient conditions for uniqueness
of solution to the perturbed evolution equation (2I0) to hold.

THEOREM 2.2 Suppose (A, ®) satisfies Hypotheses 21 —[2.0 and[2.7] Let uo € P(E) and
suppose that the martingale problem for (A, o) admits a progressively measurable solution

(X3 ) i< with .
E[/O @(Xf)dt} < . (2.9)

Let A: E — [0,00) be a measurable function. Then the equation

o) = (Fopio) + /0 (Af ~M.pyds  t<T,: feD(A) (2.10)

admits a unique solution in the class of measurable families {p; : 0 <t < T} C My (F)

such that
/ / z)pi(dz)dt < . (2.11)

Proof: We first show that there exists a solution to (ZI0). Indeed, it is easy to see
that {p; : 0 <t < T} defined by

pt(B) = E[1p(X}) exp{— / $)ds}] B e B(E) (2.12)

is a measurable family, satisfies (2I1)) and is a solution to (Z.I0).
The proof of the uniqueness is divided in several steps.
Step 1: To convert the pertubed evolution equation into evolution equation for a suitable

operator:

Let U,n, &, ®, {fn : m > 1} be such that Hypotheses - are satisfied. We need to



add a point A that is not in E. So take A ¢ E and let E2 = E U {A}. Define a metric d’
on EA by

d(A,A) =0,
d(z,A)=d(A,x)=1 Vz€e€F
d(z,y) =d(z,y) N1 Va,y€E.

Extend the functions {f,,n > 1} and A to E® by defining
fn(A)=0, n>1, and \(A) =0.
Define operators A® and B? as follows. Let
D(A%) = {f € Cy(E®) : flp € D(A)}
and for f € D(A?)

AR f(x) = Af(z) Vxe€E
AR f(A) =0.

Let D(B?) = D(A?) and for f € D(BA) and x € B4

B2 f(z) = A% f(x) = Mx)(f(x) = f(A)).

It is easy to see that A® (and ®) satisfies Hypotheses 211 - 2.4] with @, d extended to EA
by setting ®(A) = 1 and ®(A,u) =1 and 7(A, F) = 1p(A). Taking fo = 1, we can verify
that Hypothesis is also satisfied with {f, : n > 0}.

As for B2, Hypothesis[ZI] can be verified directly from the definition of B®. Hypothesis
can be verified easily since A(x) > 0 Vz. For Hypotheses and 2.4 we consider the
auxillary space U; = U x [0,00). For # € E, f € D(A®) and u; = (u,t) € Uy define

Alf(xaul) = Af(.’l],u) - t(f(.’l]) - f(A))u

Dy (z,u1) = Oz, u) + 2t, Dy () = ®(x) + 2A(2),
/Allf(A,ul) = O, and ‘i)lf(A,’U,l) =1.

Further let 1 (z, F x G) = n(x, F)1g(A(z)) where F, G are Borel subsets of U and [0, c0)
respectively and x € E®. Now we can see that for f € D(B%)

AI: A1 T, U1 )M \(T,auy).
B f(x) /UlAf( Yoz, duy)

It follows that with Uy, 9y, @1, 1, {fn : n > 0} as given above (B2, ®1) satisfy Hypothesess
-

Let {p:} be a solution to ([ZI0) satisfying the integrability condition (ZII). Taking
f =1, and since A1 = 0 we see that

() = o() = [ (hpujas (2.13)
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Since po(E) =1, p; is a sub-probability measure. Hence it follows that p; defined by
1 (F) = pi(F 0 E) + 1p(A)(1 - pi(E)) for F € B(E) (2.14)

belongs to P(E?). Note that for g € Cy(E?) such that g(A) = 0 we have

/;(g,us}ds = /Ot<g,ps>d8-

(g, jue) = <97/L0>+/0 (B2g,ps)ds Vg€ D(B>).

We can verify this from (2I0) first for g such that g(A) = 0 and then use 213), T4,
the fact that y; € P(E?) and that BA1 = 0. Further, we also have

/ / Dy () (da)dt = / / x)) pe(dz)dt < oo

by (ZII) and (ZI3]). This completes the first step.
Now invoking Theorem 2it follows that the martingale problem for (B2, uo) admits a

Now

progressively measurable solution (X;)¢<7 defined on some probability space (Q }' P) and
which satisfies £(X;) = p; for t < T. Note that this implies Ep [fo D ( S)ds} < 0.
The idea behind the rest of the proof is as follows. We can verify that

Uy = 1p(X,) exp {/Ot )\(Xs)ds}

is a local martingale and integration by parts can be used to verify that for f € D(A)

(rx0- [ t(Af)(Xs)ds> U,

is also a local martingale. Thus if we can construct a probability measure @ such that
dQ
dP

for a suitable sequence of stopping times 7, increasing to T, we can conclude that under

=U,, onF,,

n

@, (X}) is a solution of the local martingale problem for A. Then law of (X}) is uniquely
determined in view of Hypothesis[Z77l From here we can conclude that law of (X;) under P
is also uniquely determined. To achieve this, we will first construct a copy Z of the process
X (i.e. Z and X having the same finite dimensional distributions) on a suitable probability
space on which we can use a variant of Kolmogorov consistency theorem and thus construct
@ as outlined above.

Step 2: Construction of Z on a suitable space:

Let {fx : k > 0} C D(A?) be the countable subset constructed in step 1 above such that
hypothesis is valid for A%, Without loss of generality, assume that fi(z) = 1g(x). Let
ax = ||gr|l. and let J : EA — E = [[;2,[~ax, ax] be defined by

I (@) = (fo(@), fi(2), ., (), o00)



A generic element of E will be denoted by ¢ and (¢p,C1,- -+, Ck, - - -) will denote its compo-

nents. Since {fx : k > 0} separate points in E2 it follows that J is one-to-one. Hence

J~1 is well-defined on j(EA). We extend J~! to E, (and with an abuse of notation we

continue to call the extension by J 1) by setting 7! = A on the complement of J(E®).
Further, let

fr=fuod ™ A=A0d7l, & =007},
gk = A% fr,  hp = Bfr = gr — \,
k=grod Y, hp=hroJ =gy — A\

In view of of (Z8) we have for k > 0

195(O)] < Ch®1(Q),  [hr(Q)] < Cr1(¢) Y € E (2.15)
for suitable constants Cj.
Let
X (@) = T (X (@)) for & € Q.
Since

fo(X0) — / BA f(X.)ds

0
is a martingale, it is easy to see that each component of X; admits an r.c.l.l. modification
and thus X itself admits an r.c.L.l. modification, denoted by X. Let F; = o{X, : s <t}).

Before proceeding, let us also note that
t
ME = fi(X,) —/ hi(Xs)ds (2.16)
0

is a (F;)-martingale ON (0, F, P).
Let X be defined by
X, (@) = T H(X(@®)), for & € Q.
It follows that X is a version of X and so for each ¢, £(X;) = .
F0r0§s<TandC€E,let

T{ - (1 + él(g)) :

For 0 <t <T,0 < u< oo, define processes (a;), (r.,) on Q by

K(SaC) =

Then it can be seen that () is a (F;) adapted, strictly increasing process and limit of
oy (@) as t tends to T is oo. Further, for each u < oo, 7, is a (%) stop time with 7, < T.
Also

Ta, =1, and a,, =u for 0 <t < T, 0 <u < oo.



Considering (7,,) as a random time change, define ), = X,, and Gu = Fr.- It then follows

that (),), () are (G,) adapted, and that

o 1 y
(@) ‘/o K@) 9@

(@) =inf {u : 7,(0) >t}

and hence oy is a (@,) stop time. Also, X, = Va,-
The optional sampling theorem and [2.16) now give us that

NF = M}
= fk}(‘XN.Tu) — / ’ }/’\Lk(i‘s)ds
0
~ u 1 ~
= fk(yu) _/0 K(T—v yv)hk(y»u)d’l)

is a local martingale. Using that —L—=hj, < Cy (see (ZI3)), it follows that

K(s,0)

(NF.G,) is a P martingale.

(2.17)

(2.18)

(2.19)

(2.20)

Let D = D([0,0),[0,T) x E) equipped with the Skorokhod topology (see [7]). We will
denote a generic element of D by (v, 6) with v denoting the [0,T) valued function and 6

denoting the E valued function. Let 1, and Y, be defined by
Yu(y,0) =7(u) and Yy (v,0) = 0(u).
Consider the mapping A : Q—D given by

A@)(u) = (1u(@), Yu(@))-

For u > 0, let H,, be the o field on D generated by {y(r),Y(r) : 7 <u} and P = Po[A]"".

Then by definition
Po(4,Y)™' =Po(r,))"".

Thus in view of [2.I7) we have

w 1
w60 = | ey e

For 0 <t < T let
Bi(v,0) = inf {u: ¥y(v,0) >t}
and let

Zt(7,0) = Yp,(v.0)(7,0)
Zt(p)/ae) = \7_1 o Zt(779)

It then follows that 3, is a (H,,) stop time and the joint distribution of

{U’uqu,ﬁt,Zt,Zt 10 <u < oo, 0§t<T} under P

9



is the same as the point distribution of
{Tu,yu,at,zét,f(t :0<u<o0,0<t< T} under P.
In particular, (Z;) is a solution of the (B*, o) martingale problem with £(Z;) = y; for all
t
¢
Be (7, 0) Z/ K(s,Z+(v,0))ds a.s. P
0

and
Yo (7,0) =inf {t > 0: Bi(v,0) > u} as. P.

Also, using (219) — 220) it follows that
. u 1 .
k
— F(Y,) — B (Y, )d
Ry = v = [ et

is a P martingale for every k > 0.

Step 3: Construction of the Probability measure Q.

Recall that fi(x) = 1g(z) and hi(xz) = —A(z) and that A(A) = 0. Writing F = J(F), we
have fl =1p and le =)A= ﬁlfl. Thus we have

17(Y,) + /Ou mﬂ(yu)dv (2.21)

is a martingale. Using integration by parts, it follows that

Ly = 15(Y,) exp {/Ou mﬁ(yu)dv} (2.22)

is a martingale.

Now we can construct a probability measure Q on D such that for any set B € H,,

Q(B) = /}BIF(Yu)exp {/Ou mxm)dv} dP. (2.23)

Indeed, equation (2:23) can be used to define Q,, on H,, for every integer m > 1 and then
we can use a version of Kolmogorov’s consistency theorem (see [12, Theorem V.4.1]) to
construct Q.

For any u, t noting that u A §; is bounded stop time (w.r.t. (H,)), it follows from (2.23))
that for any set B € Hyng,

uABt .
Q(B) = /BIF(Yu/\gt)eXp {/o m)\@(@)} dP. (2.24)

As a consequence, we get

PBN{Yurs, € F})

o , ) (2.25)
_/B]_F(Yu/\ﬁt)eXp{—/o m)\(yv)dv}d@

10



This completes the construction of Q.

Step 4: Uniqueness of solution of the evolution equation.

Let K; = Hg,. Using the fact that that R and L, are (H,) martingales under P, g =
hyi + A and the fact that hy = Ayl 7, one can check using integration by parts formula that
(S¥L.,M,) is a P martingale where

N u 1 .
Sy = fr(Yu) —/0 ng(Yv)dv (2.26)

and hence it follows that (S¥ H,) is a Q martingale. Recalling that Z; = Yg,, Yung, =
Zor, at, it follows that

Wi =Sk = ful(Z) —/0 Gr(Zs)ds (2.27)

is a (K;) local martingale under Q. Recalling the definition of fi, gx and that of Z,, it
follows that

W} = fu(Zy) —/ (Afi)(Zs)ds.
0

Since (W}) is a local martingale for every k, in view of Hypothesis [Z5] it follows that
under Q, (Z;) is a solution to the local martingale problem for (A, po). It is easy to verify
that fOT ®(Zs)ds < oo a.s.Q. Thus the finite dimensional distributions of the process
(Z:) under Q are the same as those of the process (X;), in view of hypothesis 2.7 and the
assumptions in the Theorem.

Also, Kinr, = Hung,- Thus (225) can be recast as follows. For any set B € K¢ar,

Tu /Nt R
P(BN{Zp € F}) = / 1 (Zou nt) €xp {—/ )\(Zs)ds} dQ. (2.28)
B 0
Hence, for B C E, B € B(E), taking B = {Z, A € J(B)} it follows that
Tu /Nt R
P{Zr e € T(B)}) = /13(3)(ZTuAt)€Xp {—/ )\(Zs)ds} dQ. (2.29)
0
Taking limit as u — oo (via the sequence of positive integers) it follows that
t
P((z e T = [1omEien{- [ Az} (2.30)
0
From the definition of Z, it now follows that
¢
P(Z € B) = /IB(Zt)exp{—/ /\(Zs)ds} dQ. (2.31)
0
We have seen that p,(B) = P(Z, € B) and also that the finite dimensional distributions

of the process (Z;) under Q are the same as those of the process X* - the solution to the
(A, po) martingale problem. Hence it follows that any solution {u:} to (2I0) satisfying

(211) is given by ([212)). This completes the proof.

11



3 Zakai equation in White noise theory of filtering

In filtering theory, the process of interest or the signal process X is unobservable. In
the following, we will assume that X is a (possibly time inhomogeneous) Markov process
charachterized via a martingale problem for (A;) where 4;,0 <t < T are operators with
common domain D. This is equivalent to saying that the state-time process (¢, X:) is
a (time homogeneous) Markov process charachterized via the martingale problem for A
where D(A) consists of finite linear combinations of functions of the form f(z)&(¢t) for
f €D, & eCl0,00)). Then for g(t,z) = % fi(z)&i(t) € D(A), Ag is defined by

k
Agl0) = 3 | @) 560 + EO A @) 3.32)

We assume that A (and D(A)) satisfy the conditions of Theorem 22 with a suitable function
® and that the signal process satisfies

T
E/ D(s, X;)ds < 0. (3.33)
0

We will work with the white noise model of filtering proposed by Kallianpur and
Karandikar and which we describe below. We just introduce the notations and terminology
relevant for our purpose. For a more complete overview see [9] and [10].

Let H be a separable Hilbert space with inner product (-,-) and norm || - |. Let (n;)
be a H valued white noise process. Such a process does not exist on a countably additive
probability space but can be constructed on a finitely additive probability space. We assume
that (n:) is independent of the signal process X.

Let T < oo and H = L*([0, 7], H), the space of H valued square integrable functions on

[0,T1], ie. .,
H:{f:[O,T]—>H | /0 ||fs|2ds<oo}.

Then H is also a Hilbert space.

The observation process (y:) is modelled as
Y = h,t(Xt> + N, 0 S t S T (334)

where the observation function h : [0,7] x E — H satisfies the finite energy condition
T
E/ hs(Xs)||Pds < o0. (3.35)
0

Note that the white noise process (n;) belongs to H and hence so does (y;). The main aim
of filtering theory is to estimate X; based on observations {ys : 0 < s < t}.
The conditional distribution Fi(y) of X; given {ys : 0 < s < t} defined by

Fi(y)(B) =E[Ip(Xy)|ys : 0 < s <t] for all Borel sets B C E

12



is the optimal filter. The following result gives an alternative expression for F; and is from
[10]. Also see [9].
Let

N (s, 2) = gllhs(@)]* = (hs(@),ys),
I(y)(B) =E {IB(Xt) exp {_ /Ot )\y(s,XS)dsH .

Then
5432

I't(y) is called the unnormalised conditional distribution of X; given the observations upto

for all Borel sets B C E.

time t.

It can be shown (see [10]) that T';(y) satisfies the following equation.

(fope) = (s o) +/0 (Asf — N(s,)f,ps)ds 0<t<T, feD. (3.36)

Equation ([3.30) is the analogue of the Zakai equation in the white noise theory of filtering.

Since

t t
- [t xgas < 4 [ s
0 0
using (333) it follows that
T
| @ rna < . (337)
0

For y € H fixed, let us define a measure I'; on [0,7] x E by (for Borel sets C' C [0, 77,
D CE)

t
I'(C x D) =1¢(t) exp{—%/ |ys|2ds} T (y)(D).
0
Also, let XY (s, z) = 2llyslI* + X¥(s,z). Note that
N (s,x) >0 Y(s,z) € [0,T] x E.
It can be easily seen that {T';} is a solution of
t
(9, pt) = (9, po) +/ (Ag = Ng,ps)ds 0<t<T, geD(A). (3.38)
0

and satisfies .
/ (®(t,-), i (y))dt < . (3.39)
0

Indeed, if {y; : 0 <t < T} is a solution to ([B.36]) satisfying

/T<‘1>(t= ), p)dt < oo (3.40)
0

then it can be seen that {fi; : 0 < ¢ < T} defined by
t

in(C x D) = te(t)exp { -4 [ e IPds (D)
0
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for Borel sets C C [0,7T], D C FE is a solution to (B:38]) and satisfies

/T<‘1>(t= ), fu)dt < oo (3.41)
0

This observation and Theorem yield the following characterization of T';(y).

THEOREM 3.3 Suppose that the signal process X is the unique solution of the martingale
problem for (A:) and that the operator A defined by [B.32)) satisfies the conditions of The-
orem [ZZ4  Suppose h : [0,T] x E — H satisfies the finite energy condition (B35). Then

for all y € H the unnormalised conditional distribution T'¢(y) is the unique solution of the
Zakai equation [B36) in the class of solutions {p} satisfying B.40).
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