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RANDOM LEFT CENSORING

ISHA DEWAN AND SWAGATA NANDI

ABSTRACT. We consider the four parameter bivariate generalised exponential distribution pro-
posed by Kundu and Gupta (2009) and propose an EM algorithm to find the maximum likeli-
hood estimators of the four parameters under random left censoring. A numerical experiment

is carried out to discuss the properties of the estimators obtained iteratively.

1. INTRODUCTION

Gupta and Kundu (1999) introduced the Generalised Exponential (GE) distribution and
studied its probabilistic properties. It is very useful in studying skewed lifetime data and hence
provides an alternative to gamma or Weibull distributions. For a recent review, see Gupta and
Kundu (2007). This distribution is naturally suitable for modelling left censored data.

Left censored data arises often in medical studies. For example, in the study of epidemics,
such as AIDS, the time of onset of infection is typically unknown. What is known is the time
at which the patient reports to the doctor. Hence the time from infection to the development
of the disease is left censored. Jagmin-Gadda and Thiebaut (2000) considered the classical
mixed effects linear model for the analysis of progression of markers in HIV-infected patients
where longitudinal studies of viral load are complicated by left censoring of the measures due
to a lower quantification limit. Coburn, Mcbride and Ziller (2001) carried out a study on
patterns of health insurance for rural and urban children and observed that a high proportion
of rural children were left censored as they had entered the study without insurance. Bagger
(2005) considered an econometric model where the data consisted of comprehensive matched
employer employee panel data with detailed information on wages, tenure, experience and a
range of other covariates. The data were left censored since some job durations are incomplete

at the beginning of the job spells and are observed,
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Mitra and Kundu (2007) obtained the maximum likelihood estimators (M.L.E.’s) of the
shape and scale parameters of GE distribution under random left censoring. In order to get
the M.L.E. of the scale parameter one needs to solve a non linear equation iteratively. After
getting the M.L.E. of the scale parameter one can obtain the M.L.E. of the shape parameter
in a closed form.

Sarhan and Balakrishnan (2007) defined a new bivariate distribution using the GE distribu-
tion. But the marginals are not GE. Kundu and Gupta (2009) introduced a four parameter
bivariate generalised exponential (BVGE) distribution with marginals that are GE. They sug-
gested the use of EM algorithm to derive the M.L.E.s of the four parameters. They also
provided the observed and the expected Fisher information matrices for the BVGE setup.

We study the M.L.E.s of the parameters of BVGE distribution under random left censoring.
In section 2 we restate the joint distribution function and joint density of BVGE distribu-
tion and also write the likelihood function under random left censoring. We discuss the EM
(conditional) algorithm in section 3 for finding the M.L.E.’s of the parameters iteratively. The
findings of the numerical experiments are reported in section 4. One real data set is analysed in
section 5 and we conclude in section 6. Details of the likelihood functions are given in Appendix

A and the observed Fisher information matrix is in Appendix B.

2. BIVARIATE GENERALISED EXPONENTIAL DISTRIBUTION

Consider a generalised exponential distribution (GE(«, \)) with shape parameter A > 0 and
scale parameter o > 0 with the density function and the distribution function, respectively,

given by,
fap(@; o, \) = dae (1 — e ) Fop(z;a,\) = (1 — e ), 2> 0. (1)

Note that the distribution function of GE random variable is Ath power of the distribution
function of an exponential random variable with scale parameter «. If A < 1, then the density
function of GE random variable is strictly decreasing and for A > 1, it is a unimodal skewed
density function.

Suppose Uy, U, Us, respectively, are independent GE(a, A), GE(ae, A), GE(as, A), random
variables where a1, g, ag, A > 0. Let X = max(Uy, Us) and Xy = max(Us, Us). Then (X1, Xo)
has BVGE distribution with shape parameters oy, as, ag and scale parameter A and is expressed

as BVGE(ay, a9, a3, \). Let aq3 = ag + as, ags = as + az and aj93 = a1 + as + as.
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Then, joint distribution function of (X7, X2) is given as follows, where z = min(z, y),
F(x,y) = Fge(r;ar, \)Fae(y; a2, \)Fee(z; a3, \)

(Fap(z;on3, N Fap(y;an,A) if z<y

= ( Fgp(z;a1,\)Fop(y;a, ) if x>y (2)

Fap(z; o123, A) if z=y.
Then, joint density function of (X7, X3) is given as

fap(x;ai3,\) fae(y;a, A) if z <y

flx,y) = o fap(x;on,N) fap(y;as, A) if x>y (3)
as fap(z; 0123, A) if z=y.

The marginals of X7, Xo have GE(a13,A) and GE(aws, ), respectively.
Suppose the pair (Xi, Xs3) is subject to random left censoring by an independent pair of
random variables (Y7, Ys). We observe (11, d1; 1o, d2) where

T = max(Xl,Yl) and 01 = I(Xl > Yl),
T, = maX(Xg,Yg) and 0y = I(Xg > Yg). (4)

Therefore, if X; < Y7, X; is censored. In order to write down the likelihood, we note that,
when ;7 = do = 1, both failure times are observed and the contribution to the likelihood
is f(t1,t2). When 6; = 1 — 09 = 1, first component fails at ¢; and the second component is
censored (fails before t5) and the contribution to the likelihood is fg ? f(t1,y)dy. Similarly, when
1— 01 = 02 = 1, first component is censored (fails before ¢;) and the second component fails at
ty and the contribution to the likelihood is fgl f(x,ty)dz. Finally, when 1 — ;1 =1 —dg = 1,
both failure times are censored and the contribution to the likelihood is F'(¢1,t2). Hence, the

likelihood function, based on (744, d14; Ta;,02i), @ = 1,2,...,n is given by

L = L(o1,az,03,\t1,014,t2i,02i31 = 1,2,...,n)
= ] Lt 61 tai, 62:)
i=1
n ta;
=TI Gt [ f (i, y)dy)o )
i=1 0
t1s
x| f(x7t2i)dx](1—51i)52i[F(tlit2i](1—51i)(1—52i)_ (5)

0
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The following quantities are required to express the likelihood explicitly

far(r;a13, \)[For(y; a2, \) — Far(r;az,\)] if  z<y
Y
/0 £, 0)dv = fon(a; 01, ) Fan (y; 23, ) it oa>y (6)
far(t; a1, \) Far(t; ags, M) if v=y=t,
and
Fop(x;oa3, A) fap(y; a2, A) if z<y
/0 flu,y)du = < [Fop(z; a1, ) — Far(y; o, M) fap(y; aes, A) if 2>y (7)
Far(t;onz, A) fap(t; az, ) if r=y=t.

Let Iy, I1, I, denote the following sets
Io = {ilty = to; = ti}, It = {ilty <ta}, Io = {ilty; >t} (8)
Then the likelihood function can be written as
L= H L(t;, 0145 i, 62;) H L(t1z, 0143 t2i, 02:) H L(t1;, 0143 t2;, 02:). 9)
i€1lp i€l i€l
Let ng,nq,ngo, respectively, denote the number of elements in the sets Iy, I1, I3 and n;; be the

number of pairs for which (43, 4d2) = (4,75), 4,5 = 0,1. Then,
1 11

1
n:Z n;; and nk:Zanj, k=0,1,2,

i=0 j=0 i=0 j=0
where nfj denotes the number of individuals in I with (§1,02) = (¢,7), 4,7 =0,1, k =0,1,2.
Using (2)-(7), the contributions to the likelihood on the sets Iy, I; and I in terms of the
unknown parameters oy, ag, a3 and A are provided in Appendix A as equations (14)-(15). The

likelihood function L based on the observed data is the product of these three equations.

3. EM ALGORITHM UNDER RANDOM LEFT CENSORING

As noted by Kundu and Gupta (2009), the M.L.E.’s of the four parameters can not be
expressed in a closed form even in the complete sample (all pairs are observable) case when
the shape parameter A = 1. The same situation holds in the presence of left censored data.
We propose the use of ECM (Expectation Conditional Maximisation) algorithm for finding the
M.L.E.’s of the unknown parameters. We have earlier observed that X; and X5 can be expressed

as functions of independent random variables U7, Us and Us. There is no identifiability issue on
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Iy. But on I7, we can identify aq3,a0 and A and on Iy, we can identify aog, oy and A. In order
to estimate oy, as and ag separately, we consider the ‘expectation’ step of the EM algorithm
as follows.

Let v denote the parameter vector (g, s, a3, A\)T. It is easy to see that

PU, <Us<Us) = ﬂy P(Us < Uy <Us) = ﬂ7
123013 123013
P(Uz <Us <th) = 108 , P(Us< Uy <Uy) = a2
Q1230023 (1230023
a3
p(y) = PU <Us;<UslX1 < X3) = s
«
«
vi(v) = PUz<Us<U|X; > Xo) = 04—2?;,’
o
va(y) = P(Us <Uz <Ui|X1 > Xy) = a_;_

Each of the sets Iy, I1, I contributes to the log-likelihood function of the ‘pseudo data’ based
on ‘K’ step. In particular, the contribution to the pseudo log-likelihood from I is given as

follows;

Z [51i52i{log)\ + log ag + (123 — 1) log(1 — e_>‘ti) — )\ti}

i€lp
+512‘(1 — 52i){10g/\ + log a1 + (01123 — 1) log(l — E_Mi) — /\tz}

+(1 — 01;)02: {log A + log a + (a123 — 1) log(1 — e7*i) — \t; }

—I—(l — 510(1 — 52@'){04123 log(l — E_Mi)}:| .
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Further, the contribution to the pseudo log-likelihood from I is given as follows

Z [512‘522'{,% (2 log A + log a2 + log az + (@13 — 1) log(1 — e~ *'1)
i€ly

+(ag — 1) log(1 — e ) — A(ty; + 752z')> + p2 <2 log A + log a1 + log
+(a13 — 1) log(1 — e™*%) 4 (ag — 1) log(1 — e 2') — A(ty; + t2i)>}
+01i(1 — 52i){ﬂ1 <log A+logas + (13 — 1) log(1 — e M) — Aty
+log[(1 — e M) — (1 — G_Atli)a2]> + 2 <10g A+ log oy

(ans — 1) log(1 — e74) — Xty + log[(1 — e 2)°2 — (1 — e 7)) ) |

+(1 - 512‘)52@'{10%)\ +log az — Mo; + arzlog(l — e 1) + (ag — 1) log(1 — G_Atzi)}

—I—(l — 510(1 — 522'){0113 log(l — E_MM) + Qo log(l — E_M%)}] .

Further, the contribution to the pseudo log-likelihood from I is given as follows

Let

Z [61i62i{ul (2 log A +log a1 + log as + (o — 1) log(1 — e_’\t“)
i€l

+ (a3 — 1) log(1 — e™M2i) — \(t1; + tgi)) + 1o (2 log A + log a1 + log g

+(aq — 1) log(1 — e_’\t“) + (g3 — 1) log(1 — e_’\tzl') — Aty + t%))}

+01:(1 — 52i){log)\ +log o — Aty + (a; — 1) log(1 — e_)\tli) + g log(1 — e—)\t%)}
+(1 - 512‘)5%{1/1 (log A+ log az — Atg; + (agz — 1) log(1 — e~ A2i)

+log[(1 — e M) — (1 — e‘”?i)“l]) + vy <log A+ log a — Aty

+(az23 — 1) log(1 — e™2) 4 log[(1 — e~ M) — (1 — e_)‘t%)o‘l])}

+(1 —015)(1 — 52,~){a1 log(1 — e_’\t“) + agz log(l — e_)‘tzi)H.

Ny = nf +ndy+nd +2n; +nig+ ng; + 2ni; + niy +ngy,
Ci(ar,a3) = niy+ pa(nyy +nip) + (nf; + niy),
Co(az,a3) = ngy + (n1y +ngy) + va(nd; +ngy),

Cs(ar,as,a3) = nfy +pu(ngy + ”%0) +ui(ni, + ”31)-
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Using equations (10), the pseudo log-likelihood is given by

Nylog A + Ci (a1, a3)log ar + Caas, az) log as + C3(aq, az, a3) log az

+ o _Z IOg(l - e_)\ti) + Z log(l - E_Atli) + Z(l — 52i + 512'522') log(l — e_Mli)]
el i€ly i€l
To@ Z log(1 — ™) 4 Z(l — 81i + 01309;) log(1 — e™21) 4 Z log(1 — e_’\tZi)]
el i€lq icly
+ a3 Z log(1 — e~ i) + Z log(1 — e~ 1) 4 Z log(1 — e—Atzi)]
_iEIO i€l i€l
- A [2(512' + 025 — G1i00)ti + > (Gt + 522-t2i)]
i€lp i€ Ul
- Z(éli + 8 — 01:02;) log (1 — )
i€lp
- Z [61:log (1 — e7*17) + 5y log(1 — e M21)]
i€l1Ulg

+ Z 511(1 — 522) log [(1 — e_)‘t2i)a2 _ (1 _ e—)\tli)az]
i€l

+ > (1= 01)0a log [(1 — e M) — (1 — e M2y ], (11)

i€l

In order to implement the ‘M’-step of the EM algorithm, one needs to maximise the pseudo
log likelihood equation (11) w.r.t ag, a2, a3, A. We denote the first derivatives of the pseudo

log-likelihood function as

Olog L
8042-

Olog L
8A _947

=g;, +=1,2,3, and

where g;’s are defined in the Appendix B. Then M.L. equations are given by ¢; = 0,7 =1,...,4.
We observe that there is no explicit solution of any of the M. L. equations as parameters are
interrelated. To maximize the pseudo log-likelihood function we use the method of fixed point

iteration and solve for aq, a9, ag and A as fixed points of

Jar (1,03, ) =1 gan(2,03,\) = a2,

Gas (01, 2,03, \) = a3,  ga(og,az,a3,\) = A,
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respectively. Basically, we solve four separate fixed point iterations given by

_ Gilar,a3)
ga1 (alv Oég, A) - hl (Oé )
02(042, Oé3)
o 5 7)‘ -

o (2, 3, A) Tra(oa )

_ O3(ar,00,03)

ga3(a17a27a3a)‘) - hg()\) )

N
gr(on, a0, a3,\) = A ; (12)

ha(oq, g, a3, N)

where Ny, C1(aq, as), Co(ag, as) and Cs(aq, ag, as) are defined in equations (10) and hq (aq, A),
ho(ag, ), hg(X) and hy(aq, ag, as, A) are given in the Appendix B. Because of the involvements
of the other parameters in the iterations, these separate iterative procedures are again repeated
for overall maximisation. Kundu and Gupta (2009) used this idea to solve one fixed point
equation which has been extended to solving four such equations simultaneously.

We implement the ‘M’ part of the EM algorithm as follows:

Let a(o) é ), aéo) and A be the initial estimates of ay, ag, az and A. We write a(i), )\(()i), )\gi),
and )\g) as estimates of aq, o, a3, and X at the it iteration. Given oz(i), )\((]i), )\gi), and )\gi), the

(i + 1) step estimates are obtained using the following algorithm.

Algorithm:

(1) Compute pq, po,vq, v using al?, )\((]i), )\gi), /\gi).
(2) Solve gx(aq, ag, a3, A) = A for A iteratively starting with agz), ag), ai(;), and A: let the

estimate be )\Sfﬂ).

(3) Similarly for fixed ozéi) and )\ffﬂ), solve gq, (a1, a3,\) = a; for a1 and gq, (a2, a3, \) =
as for ag starting from ozgi) and ozgi) respectively. Denote the estimates as aﬁ:rl) and
QD)

2% .

(4) For fixed agi:rl) ag:l) and )\(Hl) solve gas (a1, a2, a3, \) = as for az and ag) as initial

estimate; let the solution be a(lﬂ).

(5) If

(i4+1) 1)

02 — ol + 10l — ol + ol — o)+ AT - 20 < € (13)

(i+1)  (i+1) a@+n A (o

for a small € > 0, then (ay, 7, as, ) D 4D AGHD),

g o) » 3 )
(6) If (13) is not satisfied for a prefixed €, take (ozgljl) ozg:l) ozi(,:rl),

M) = (0,0l o, AD) and repeat steps 1-5.
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4. NUMERICAL EXPERIMENT

In this section, we discuss results of some numerical experiments to observe how the proposed
EM algorithm works in case of finite samples and different set of parameters. We plan our
experiment such that certain percentage of data are randomly left censored. We have performed
experiments for sample sizes n = 50,75 and 100. In each case, we replicated the process 2500
times. The uncensored data (X7, X3) are first generated as BVGE(aq, ag, a3, A) and we assume
that the censoring variables Y7, Y5 are jointly distributed as BVGE(of, o5, %, A). Note that in
this case

a1 + as
a1 +az+af +aof’

a9 + g

P[X, > Y| = .
X1 > ag + a3 + o + aj

P[Xy > Y] =

We have conducted several experiments by varying one parameter value and keeping fixed,

the other parameters. We are reporting the following two cases.

(1) oy =g = a3 = 1.0 and A = .25,.5,.75 and 1.0.
(2) a1 =g =X =1.0 and a3 = .25,.5,.75 and 1.0.

In case of experiment 1, we have used o] = a5 = a3 = .1 and .18 which implies that, re-
spectively, 9% and 15% data are censored in X as well as X5. In each replication, we first
calculated the estimates of the unknown parameters. Then using the observed Fisher informa-
tion matrix given in Appendix B, we calculated the confidence intervals and checked whether
it contains the true value in case of each parameter. Thus we obtained the average estimator
(AVEST), mean squared errors (MSE), average lengths of confidence (AVLEN) intervals and
coverage probabilities (COVP) by calculating the proportion covering the true values. They
are reported in Tables 1 and 2 in case of experiment 1 when A = .5 and 1.0 respectively and
are presented through Figures 1-3 in case of experiment 2.

Some of the salient features of the numerical experiments for case 1 (A = .5 and 1.0) are
given below.

(i) We observe that the average estimators of all the four parameters oy, a9, a3 and \ are
very close to the true value for both choices of the shape parameter A\. The estimators for a;
have a positive bias for both cases of censoring and A = .5 and 1.0. However, the estimators
for ais, ag, A have a negative bias for all cases . The results are similar for sample sizes 50 and
100.

(ii) The mean square error of the estimators decreases with increase in sample size. The
value of scale parameter A and the percentage of censoring makes no change in its numerical

value.
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TABLE 1. Average estimates, mean squared errors, coverage probability and
average length of the confidence interval when A = .5.

Sample Size — N =50 N =100
Para- | Censoring | AVEST | AVLEN | AVEST | AVLEN
meter (MSE) | (COVP)| (MSE) | (COVP)
1.05717 93991 1.05906 .66473
9%
(6.228¢-2) | (.9524) | (3.727e-2) | (.9348)
«
! 1.01860 93750 1.00954 .65088
15%
(5.923e-2) | (.9488) | (3.824e-2) | (.9460)
99064 96248 1.00126 .68412
9%
(6.608e-2) | (.8976) | (3.788e-2) | (.9064)
2 94639 .94564 .96258 .67104
15%
(7.777e-2) | (.8424) | (4.676e-2) | (.8988)
93319 .81187 .94331 .87700
9%
(4.673e-2) | (.8952) | (2.508e-2) | (.9172)
«
’ .86888 .79643 .86188 .55107
15%
(5.748¢-2) | (.8420) | (4.447e-2) | (.8356)
45456 .23469 46115 .15743
9%
\ (5.105¢-3) | (.9148) | (4.077e-3) | (.9392)
15% 43103 .22900 43006 .14984
* ] (8.272e-3) | (.8340) | (8.573¢-3) | (.8132)
Average Estimate of alphal Average Estimate of alpha2 o Average Estimates of lambda
E ﬁ’ — 03-0.25 E §’ — 0;-0.25 E’ %’ — 0;-0.25
[ a;-0.5 [ a;-0.5 S a;-0.5
3 g — 03-0.75 3 - — 03-0.75 ] - — a3-0.75
2 od — o3-1 P — o3-1 c S 4 — o3-1
o o -1 g - -1 2 A A-1
z :70 z 0 O\o/ z iy o/o °
% 8 | % sl E; g o T
% ;0 6‘0 7‘0 8‘0 s;o u‘)o % ;0 t;o 7‘0 8‘0 s;o u‘)o % ;0 t;o 7‘0 8‘0 9‘0 u‘)o

FIGURE 1. Experiment 4: Average Estimates of a1, as and A for different values
of a3.

(iii) When n = 100. average length of confidence intervals for the three shape parameters
is considerably lower and the coverage probabilities are slightly higher compared to the case

when n = 50.
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TABLE 2. Average estimates, mean squared errors, coverage probability and
average length of the confidence interval when A = 1.0.

Sample Size — N =50 N =100
Para- | Censoring | AVEST | AVLEN | AVEST | AVLEN
meter (MSE) | (COVP)| (MSE) | (COVP)

1.05575 93971 1.06290 67149
9%
(6.027¢-2) | (.9500) | (3.658¢-2) | (.9384)

(%

! 1.01987 .94084 1.01488 .65672
15%
(5.771e-2) | (.9512) | (3.591e-2) | (.9468)
98918 96572 1.00428 .69521
9%
(6.619e-2) | (.8948) | (3.699¢-2) | (.9048)

«

2 15% 94516 92688 96759 67572
* | (7.651e-2) | (.8420) | (4.642¢-2) | (.8976)
93718 .82087 94822 58481

9%
(4.698¢-2) | (.8952) | (2.279¢-2) | (.9152)

«

8 .87016 .78999 .86632 .55676
15%
(5.627e-2) | (.8444) | (4.184e-2) | (.8344)
9% 90957 47442 192535 .32379
\ 0 (2.020e-2) | (.9148) | (1.478¢-2) | (.9360)
.86240 45517 .86454 .30633
15%
(3.222¢-2) | (.8340) | (3.145e-2) | (.8140)
RMSE and AVLEN of alphal RMSE and AVLEN of alpha2
§ — ;-0.25 § — 4;-0.25
o e a3-0.5 o e a3-0.5
£ — a3-0.75 £ * — a3-0.75
2 24 <---Average Length 2 24 ———Average Length
e o fe- —
% . é:\;g;oLs % N @M%otMSE
2 ©  w 0 2 © ™ w 0

n---> n--—>

FI1GURE 2. Experiment 4: Root MSE and Average Lengths of Intervals of a; and as.

The percentage of censoring has no effect on the average length of confidence intervals and

coverage probability.
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RMSE and AVLEN of alpha3 RMSE and AVLEN of lambda

o o | @
g - — 03-0.25 S — 03-0.25
19 az—-05 19 2 - az—-05
£ o |, — ;=075 £ : — ;=075
© o — az-1 ° — az-1
£ < ge-Length £ <« A
I N * e 3+ <-——Average Lengih
g g T—0 T g s

o * \
[} * @ *
o \ o
g * c o | *
[ < [ o
3 < 2
2 —_— 2
[ ° — < g -
4 6 J8—/—/——g———— % %
= o g—————2¢ = g=——<—RQIMSE
3 T <ROGIMSE 0 3 —————}
8 o S 24T e
T o g o °

T T T T T T T T T T T T
50 60 70 80 90 100 50 60 70 80 90 100

n-———> n-———>

FIGURE 3. Experiment 4: Root MSE and Average Lengths of Intervals of ag and .

The average length of confidence interval of A increases with increase in values of A. The
coverage probabilities of confidence intervals for all parameters are not influenced by values of
A

Similar conclusions hold for the experiment 2 and the results have been shown in Figures
1-3.

We have also considered the cases where as = a3 = A = 1.0 are unchanged and varying
a1 = .25,.5,.75 and 1.0. and a; = ag = A = 1.0 are fixed and ay = .25,.5,.75 and 1.0. The

results are on similar lines and are not being reported separately.

5. DATA ANALYSIS

Next we analyse the soccer data for the years 2004-05 and 2005-06 which was studied by
Meintanis (2007). Kundu and Gupta (2009) have fitted BVGE distribution and bivariate
Marshall-Olkin (1967) distribution to this data. They showed that BVGE gives a better fit.
In order to bring out the effect of random left censoring on the M.L.E.’s of the parameters we
introduce censoring artificially and then estimate the four unknown parameters using the EM
algorithm proposed in Section 3.

The data (X;, X2) consists of 37 data points. We assume that the pair (X;, Xs) has

BVGE(ay, do, &3, A). The pair of censoring random variables (Z1, Z3) has BVGE(a7, ab, af, A).
In order to ensure that P(X; < Z1) = P(X2 < Z3) = .1, we take (of, o3, o) = (.14,.03,.15)
and aq = 1.445, 6 = 0.468,a3 = 1.17, and A = 0.039 are the estimates of a1, as,as, A, ob-
tained by Kundu and Gupta (2009). In a similar way, (o, o3, o) = (.20,.07,.15) ensures that
P(X1 < Z1) = P(X2 < Z3) = .25. We have used the proposed EM algorithm to estimate

the unknown parameters and the initial estimates used for ay, as, as, and A, respectively, were
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.75, .75, .75 and .5 in both the cases. The point estimates and the corresponding confidence

intervals for 10 % and 25 % censoring are reported in Table 3.

TABLE 3. The point estimates and confidence interval for football data .

10% Censoring 25% Censoring
Parameter | Point Est. Conf. Int. Point Est. Conf. Int.
oy 1.435 (.785, 2.086) 1.565 (.868, 2.262)
as 304 (.1415, .646) 613 (.261, .966)
Qs 1.094 (.632, 1.557) 1.018 (.569, 1.467)
A .0369 (.0287, .0451) .0384 (.0300, .0467)

6. DISCUSSION

In this paper we have considered the M.L.E.’s of the three shape parameters and the scale
parameter of BVGE distribution when both components of the bivariate variable are subject to
random left censoring. We use the expectation-conditional maximization algorithm for finding
the M.L.E.’s iteratively. The steps involved in the iteration procedure are clearly stated. The
results of the numerical experiment indicate that the EM algorithm performs very well for
sample sizes 50, 75 and 100 and also for various levels of random censoring that we have
studied. The asymptotic confidence intervals give accurate results even for moderate sample
sizes and hence can be used for testing purposes.

The proposed tools should prove useful in handling left censored data arising in epidemic

models - which are naturally skewed.



14 ISHA DEWAN AND SWAGATA NANDI

APPENDIX A: CONTRIBUTIONS TO THE LIKELIHOOD ON THE SETS Iy, I; AND I
The contribution to the likelihood on the set Ij is
T Z(ti, 6155 62)
i€lp

= H{ [}\age—)\ti (1 _ e—)\ti)01123—1]51i52i [}\ale—kti (1 _ e—)xti)algg—l]éu(l—(SZi)
i€lp

[)\age_)‘ti (1 _ e—Ati)oelgg—l] (1—814)02; [(1 . e—)\ti)a123] (1—511-)(1—521-)}'
Similarly, the contribution to the likelihood on the set I is
H L(t1i, 6145 t2i, 02;)

i€l

= H{[/\2a13a2e—>\(tu+t2i)(1 _ e—)\tu)ms—l(l _ e—AtQi)ag—l]éliJ%
i€l

[)\al3e_>\t1i(1 - C_At”)aw_l{(l — e_)‘t%)‘362 —(1— e—Mli)az }]512‘(1—521’)

Mage™M2i (1 — e=Mui)aus (] g=Atai)az—11(1=81)02
[(1 = e (1 — g2 (=00 (1=00) | (14)
and the contribution to the likelihood on the set Iy is
T Z(tai, 6155 tai, 62:)

i€la

— H{[A2a1a236—>\(t1i+t2i)(l e Myl (] g Marjazs—1jiid
i€la

[)\Oéle_)‘t”(l _ e—Atu)al—l(l _ e—AtQi)azg](Sli(l_gzi)
I:)\a23e_>\t2i(1 - e_)\t2i)a23_1{(1 — e_)\tli)al — (1 _ e—AtZi)C\ll }](1—511)521

[(1— e—Am)m(l _ e—>\t2i)azg](l—éli)(l_(SZi)}' (15)

APPENDIX B: OBSERVED FISHER INFORMATION MATRIX OF MAXIMUM LIKELIHOOD

ESTIMATES

Here we find the observed Fisher information matrix using the procedure described in Louis
(1982) for using the EM algorithm to obtain the M.L.E.’s for incomplete data problem. The ob-
served Fisher information matrix helped us to find asymptotic confidence intervals in numerical
experiment in section 4. Let g = (g1, g2, 93,94)7 denote the gradient vector and H = ((H;;)),
the Hessian matrix of the pseudo log-likelihood function defined in (11). Then, using C4 (a1, aig),
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Cy(ag, as), C3(ag, a9, a3) and Ny, the elements of vector g are as follows:

1
g1 =—C(a1,3) +
(&3]
1
g3 = —C3(a1, 0, a3
a3
where
hl(al,)\) =
i€lp
+ > (1= 01i)0 [(
i€la
hg(ag,)\) =
i€lp
+ Z 014 (1 — 02
i€ly
hs(\) =

i€lp

ha(on, g, asz, )
i€lp

tie

ar |
1—
i€ly (
g
i€lp

as

i€lp

tie

Z (1_7
tie

Z (1_7

hl(Oél, )‘)7

) + h3()\)7

i€l

1 — e M) ]og(1 — e~ M) —

1

g2 = —Co(a, a3) + ha(ag, N),
(6%
1

g1 = —N) — ha(aq, a2, a3, \).

A

i€la

Z log(1 — e_)‘ti) + Z log(1 — e_’\t“) + Z(l — 0o; + 01409;) log(1 — e—/\tu)

(1 — e~M2i)21 Jog(1 — e A2i)

i€ly

(1 _ e—)\tli)al _ (1 _ e—)\t2i)a1

i€la

Z log(1 — e_)‘ti) + Z(l — 015 + 01302;) log(1 — e_’\t“) + Z log(1 — e_’\tZi)

(1 — e Mi)az]og(1 — e~ i)

i)
i€l

—At;

2

i€l

s

i€l

—At;
e—)\ti

—At;

2

€ 1) i€l

{(1 — e M2)o2 Jog(1 — e M2i) —

(1 _ e—)\tgi)ag _ (1 _ e—Atu)az

Z log(1 — e~ i) + Z log(1 — e~ 1) 4 Z log(1 — e~ M2i) | |

i€l

2(512‘ + O2; — 01402i)t; + Z (O14t15 + 2it2;)

1€l Ul

ty e M trie M
b 1 — 695 + 01500;) —————
i- e_)\tli) + Zezl:z( 2i + 01i02;) = 6_)‘t“)

toje A2 tyse M
(1 =081+ 51i52i)m + Z m
i€l

t1. e~ M to. e~ Ma2i
TR D e
- "2 -

i€l
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+

i€lp

Z 612 tl_l

i€el1Ul2

o) Z 512

i€l

ay Z 522

i€l
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(1 —e )
—At1; t2le Ata;
=X + ) 52z T
i€ Ul
— 5a) [t%ew%(l - e‘”?i)“z—l — tye i (1 — e Mi)ae—l
2
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The Hessian matrix H is symmetric, so H;; = Hj;,7 > j . Its elements are given below.

Ci(a,
Hy = —% + ) G5i(1 = dyy) x
1 i€lq

(e gl o) -

(
(
{(1— e~ Mi)arlog(l — emAi) — (1 — e~ A2i)on]
{(1— e — (1 — emMayn )
Hyy = Hi3= H3 =0,

—At; — At tlz —MAt14

t;e t1;e
Hiy = Z (1—e ) T Z (1— e M) ™ Z — 02 + 51252’)( — e i)

i€l i€l i€l

trie M (1 — e~ Mi)er=1 (o log(1 — e~ M1i) 4 1
+ 2521 612 [ ‘ ( ) ( ( ) )

= (1 — e—)\tlz‘)al _ (1 _ e—)\tm‘)m

toie™ M2 (1 — e~ M2i)2171 (g Tog (1 — e~ A2i) + 1)
n (1 _ e—)\tu)m _ (1 _ e—)\tm‘)m
(1 — e M) Jog(1 — e M1i) — (1 — e~ M2i)¥ Jog(1 — e M2i) 2
_{ (1 — e M) — (1 — e=Mai)m } ]’

Co(a,
Hy = —M + ) 01(1 = ) x
a2 i€l

(1 )2 (log(1 — =2))2 — (1= =)0 log(1 — =)
(1 — e_)\t2z)042 (1 — e_Atlb)OQ
B {(1 _ e—)\tQi)QQ log( _ —)\tgl) (1 —)\th‘)ag log(l _ e—)\th’)}2
{(1 — e M2i)oz — (1 — e—Atu)az}Q ’
tie_M toje” At2; t%e—)\t%
H24 = 27(1 _e—Atz) +Z 1—512"‘512522)( _)\t2i_) +27(1 _e—Atzz‘)

i€l el i€l

toje M2 (1 — e~ M2i)a2=1 (g log(1 — e M2i) + 1
+Z(511 622 [ - ( )

o (1 _ e_>\t2i)0~’2 _ (1 _ e_)\tli)OQ

tie” (1 — e~ Mii)a2=1 (qy log(1 — e~ Ai) + 1)
a (1 — e~M2i)az — (1 — e~ M)z
(1 — e M2i)o2 Jog(1 — e M2i) — (1 — e~ M1i)92 Jog(1 — e M1i) 2
_{ (1 — e Mai)az — (1 — e=Ai)az } ]’

Cs(a1, o, a3)

Hy3 = ———-5—-,
o3
t,e~ A tlie_M“ tgie_)‘t%
LAV Z — +Z N1 +Zﬁ ’
icly (1 —em?) i€l (1 —em2h) i€l (1 —emAr)
N) t2eMi t],eM t],eMn
H44 = —F — (7 Z 7(1 — e)\ti)z + Z (71 e)\tlz) + Z 1 — 52@ + 512521)( e)\tli)2
i€lp i€l i€ls
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