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ON A CONJECTURE ON RAMANUJAN PRIMES

ABSTRACT. For n > 1, the nth Ramanujan prime is defined to be the smallest positive integer Ry,
with the property that if 2 > Ry, then m(z) — n(5) > n where m(v) is the number of primes not
exceeding v for any v > 0 and v € R. In this paper, we prove a conjecture of Sondow on upper bound

for Ramanujan primes. An explicit bound of Ramanujan primes is also given. The proof uses explicit
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bounds of prime 7 and 6 functions due to Dusart.

In [3], J. Sondow defined Ramanujan primes and gave some conjectures on the behaviour of Ramanu-
jan primes. For n > 1, the nth Ramanujan prime is defined to be the smallest positive integer R,, with
the property that if > R,,, then 7(x) — 7(5) > n where 7(v) is the number of primes not exceeding
v for any v > 0 and v € R. It is easy to see that R, is a prime for each n. The first few Ramanujan
primes are given by Ry = 2, Ry = 11, R3 = 17, Ry = 29, R5 = 41,....
€ > 0, there exists No(€) such that R,, < (2+ €)nlogn for n > Ny(e). In this note, an explicit value of

1. INTRODUCTION

No(e) for each € > 0 is given. We prove

Theorem 1. Let € > 0. For e < 1.08, let Nog = Ny(e) = exp(€ log %) where ¢ is given by the following

Sondow showed that for every

table.
ec|(0,&] | (&,4] | (4,.6] (6,8 | (.81]|(1,1.08]
c 4 6 8 9
For € > 1.08, let No = No(e) be given by
ec | (1.08,1.1] | (1.1,1.21] | (1.21,1.3] | (1.3,2.5] | (2.5,6] | (6,00)
No 169 101 74 48 6 2

Then

Sondow also showed that ps, < R, < psn for n > 1 and he conjectured ([3, Conjecture 1]) that
R, < p3, for all n > 1, where p; is the ith prime number. We derive the assertion of conjecture as a

consequence of Theorem 1. We have

Theorem 2. Forn > 1, we have

R, < (2+e€e)nlogn for n > Ny(e).

Pon < Ry < p3n.
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We prove Theorems 1 and 2 in Section 3. In Section 2, we give preliminaries and lemmas for the

proof which depend on explicit and sharp estimates from prime number theory.

2. LEMMAS

We begin with the following estimates from prime number theory. Recall that p; is the ¢th prime

prime and 7(v) is the number of primes < v. Let 0(v) = Zp@ log p where p is a prime.

Lemma 2.1. Forv € R and v > 1, we have
(a) p; >ilogi fori>1,i€ Z.
(b) v(1— O990T88) < f(v) < (1 + %9075 for v > 10544111,

log v
1.2762
(¢) =%= < w(v) < % (1+ . )
logr—1 1 >5393 V1 log v log v

The estimate (a) is due to Rosser [2] and the estimates (b) and (c) are due to Dusart [1, p. 54]. O
From Lemma 2.1 (b) and (¢), we obtain

Lemma 2.2. Hence for x > 2 -10544111, we obtain

T T 0.020364
(1) 7(x) 77(2) Z Slogz (1 log ) F(z) for x > 2-10544111
and
T T 1 0o
_ —) > 1— — =: F fi >
(2) m(x) 7r(2) Z Slogz = 1) { log 2 (51 logg)} 1(x) for x > 5393

where 61 = .2762 + log 2 and d; = 1.2762(1 — log 2).

Proof. For x > 2-10544111, we obtain from Lemma 2.1 (b) that
. x > 0(x) —0(5)

() = 7(3) oz
" (1 _ 0.(1335188) _z (1 n 0.900;%88)
>
- log
_ =z {— 0.006788 54 log
2log x log x log 5
> x {— 0.006788 (2+1)
2logx log
which imply (1). For > 5393, we have from Lemma 2.1 (¢) that
T x z 1.2762
—7(Z) > -2 _ (1
(@) 7T(Q)_log:sfl 10g’23< + log”2”>

log2 —1 1.2762
_ o Jy (g les21) () 1276
2(logz — 1) log 5 log 5
T 1 2
> 1- 0 —
—2<1ogas—1>{ log;s(l logf;)}

implying (2). O

For the proof of Theorem 1 for € < .4, we shall use the inequality (1). Then we may assume n < N(.4)
for e > .4 and we use (2) to prove the assertion.
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3. PROOF OF THEOREMS 1 AND 2
For simplicity, we write ¢; = 5,logy n := loglogn and

_ logy n 4 1og(2 + 2¢;)

(3) fo(n) :=logn +logyn +log(l +€;) and fi(n) : Tog

Let © > (2 + 2e1)nlogn with n > No(e) =exp(z¢ log i) =: no(e1). Then loga > fo(n) + log2 for
n > no(e1).
First we consider €; < .2. We observe that F'(z) is an increasing function of 2 and 2n(.2) log(ng(.2)) >
2-10544111. Therefore we have from (1) that
m(x) —n(%) o 1+e < ~ 0.020364 ) . Gn)
n 1+ fi(n) fo(n) +log2 ’

G(n) is again an increasing function of n. If G(ng(e1)) > 1, then 7(x) — m(5) > n for all 2 > (2 +

(4)

2¢1)nlogn when n > ng(e1) and hence R,, < (2 + 2¢1)nlogn for n > no(e1). Therefore we show that

G(ng) > 1. Tt suffices to show

0.020364(1 + €;)
fo (’ﬂ) + IOg 2

_ logy no + log(2 + 2¢1)
N log ng

> f] (n)

€1 —

for which it is enough to show

. logy no + log(2 + 2€1) 4+ 0.020364(1 + €7)
b= log ng '

1

Since logng = i log i = % log i with ¢; = 2,2.5 when €1 < 17, %, respectively, we need to show

(c1 —1)log i -
logy £ +log ey +log(2 + 2€1) + 0.020364(1 + 1) ~

The left hand side of the above expression is an increasing function of i and the inequality is valid at

i = 11,5 implying the assertion for ¢; < .2.

Thus we now take .2 < €7 < .49. We may assume that n < ng(.2). Since x > (2+2¢1)ng logng > 5393,
we have from (2) that

() ;W(%) > - . fll(Z)ei - {1 - fo%n) <51 a ﬁf(%) } .

Note that the right hand side of the above inequality is an increasing function of n since n < ng(.2).

We show that the right hand side of the above inequality is > 1. Since n > ng(e€1), it suffices to show

1 1+e€ 1)
10gn0(61 + — fl(no)) — fo(no)l <51 _ fO 2 >

log ng folrs, (no)
1+ 0o
=¢1 logng + 1 — logy ng — log(2 + 2¢1) — (51 —
? 1+ fi(no) — li)oggfg fo(no)

is > 0. Since ng(e1) = exp(%i log é) where ¢; = 3,3.5,4if 2<¢; <.3,3<¢€ < .4and 4<¢ < .49,
respectively, we observe that the right hand side of the above equality is equal to

1 1 1+61 ( (52 >
c1 — 1)log — +1 —log, — —log(2¢y + 2c1€1) — 01 — ———
(1 —1) e g2 g(2c1 + 2cre1) 1+ fi(mo) — 252 \ ™' Folng)

log no
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This is an increasing function of i We find that the above function is > 0 for ¢; € {.3, 4, .49} implying
R, < (2+ 2¢1)nlogn for n > ng(er) when €5 < .49. Further we observe that no(.49) < 339. As a

consequence, we have
R, < 2.98nlogn for n > 339.
and
m(x) — w(g) > 339 for x > 2.98 - 339 log 339 > 5885.

Let n < 339. We now compute R, by computing 7(z) — n(5) for pa, < x < 5885. Recall that
Ry, > pon for n > 1. We find that —£2— < 2.98,3,3.05,3.08 for n > 220,219,171, 169, respectively.

nlogn

Clearly —f»— < 24¢forn > No(e) when € < 1.08. Thus R,, < 3nlogn forn > 219 and R,, < 3.08nlogn

nlogn

for n > 169. For € > 1.08, we check that the assertion is true by computing R,, for each n < 169. This
proves Theorem 1.

Now we derive Theorem 2. From the above paragraph, we obtain R, < 3nlogn for n > 219. By
Lemma 2.1 (a), we have p3,, > 3nlog3n for all n > 1 implying the assertion of Theorem 2 for n > 219.
For n < 219, we check that R, < p3, and Theorem 2 follows. O

ACKNOWLEDGMENTS

I thank Professor Cam Stewart for his encouragement and NSERC for support towards attending
CANT 2009 at New York where a part of this work was done. I also thank Professor Jonathan Sondow
for sharing his preprint with me and for his comments on an earlier draft of the paper. I would like to

thank an anonymous referee for his remarks on an earlier version of the paper.

REFERENCES

[1] P. Dusart, Inégalitiés explicites pour ¥(X),0(X),7(X) et les nombres premiers, C. R. Math. Rep. Acad. Sci. Canada
21(1) (1999), 53-59.

[2] B. Rosser, The n—th prime is greater than nlogn, Proc. London Math. Soc. 45 (1938), 21-44.

[3] J. Sondow, Ramanujan primes and Bertrand’s postulate, Amer. Math. Monthly 116 (2009), 630-635.

E-mail address: shantalaishram@gmail.com, shanta@isid.ac.in

STAT-MATH UNIT, INDIAN STATISTICAL INSTITUTE(ISI), 7 SJS SANSANWAL MARG, NEW DELHI 110016, INDIA



