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Abstract

We study mergers in polluting industries where a public �rm is present. We evaluate how

merger approvals are a¤ected when the competition authority�s guidelines consider environmen-

tal criteria. As expected, we show that more mergers are approved, yielding less pollution, and

higher welfare. However, we �nd that �rms only have incentives to submit a merger request

if the public �rm is mostly privatized; otherwise, no merger requests are �led in equilibrium,

rendering changes in guidelines inconsequential. We, then, examine how merger approvals are

a¤ected by the presence of the public �rm and pollution. We also conduct robustness checks

allowing for the manager of the public �rm to ignore emissions, the merger to yield cost-reducing

e¤ects, and convex production costs.
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1 Introduction

Merger guidelines have been under intense scrutiny in recent years and competition authorities

(CAs) are facing more pressure to consider pollution and environmental criteria. The European

Commission (EC), for instance, revised its guidelines in June 2023, including a new section on

mergers that can yield sustainability bene�ts; see EC Communication (2023), section 9.3. Sub-

sequently, EU Merger Regulation stated that, in order to support the objectives of the European

Green Deal, merger enforcement should take into account environmental bene�ts from mergers;

see EC Competition Merger Brief (2023).1 Initiatives in other countries include Japan, Australia,

Germany, Austria, the Netherlands, and Greece.2

Similarly, the UK�s Competition and Markets Authority issued a green agreement guidance

in October 2023, describing �the circumstances in which an otherwise potentially anticompetition

agreement may be exempt from competition rules on the basis of the sustainability bene�ts it

brings,� see Luoma et al. (2023). The US Federal Trade Commission is still debating whether

to include environmental considerations in competition rules, but recommendations to change its

merger guidelines abound; see, for instance, Hearn et al. (2023) and Hanawalt et al. (2024).

In this paper, we analyze the above change in CA guidelines, �rst showing that it can yield more

merger approvals. As expected, mergers help reduce aggregate output and its associated emissions,

thus giving rise to welfare gains. When all �rms are private, this new guideline can lead to more

incentives to �le merger requests, as �rms anticipate more likely approvals. When a public �rm is

present, however, mergers become less pro�table, thus reducing �rm incentives to �le a merger.

Our results imply that fewer merger requests should be observed when a publicly owned �rm

is active than otherwise, leaving market structures una¤ected. In this context, policy initiatives

to reform CA guidelines are likely inconsequential. Our �nding is emphasized when pollution

becomes more severe and �rms�production is more e¢ cient. In contrast, when the public �rm

is mostly privatized, pollution is not severe, and �rms are relatively ine¢ cient, our results are

ameliorated, implying that changes in CA guidelines can trigger more merger requests, followed by

more approvals, and an overall welfare gain.

Our paper considers a polluting industry where a public �rm and several private �rms compete

à la Cournot (mixed oligopoly), which are common in energy and mining markets.3 To study how

merger approval decisions are a¤ected by the presence of pollution and a public �rm, we consider a

sequential-move game where, in the �rst stage, the merging entity submits a merger request to the

CA; in the second stage, the CA responds approving or blocking the merger; and, in the third stage,

1Recent examples of merger approvals citing environmental considerations include Norsk Hydro and Alumetal in
the aluminum industry, and Sika/MBCC in the chemical admixture industry used in cement and concrete, see EC
Competition Merger Brief (2023).

2For more details on each country, see Japan Fair Trade Commission (2023), OECD (2020), Bundeskartellamt
(2020), Kartellgesetz (2005), Autoriteit Consument and Markt (2021), and Hellenic Competition Commission (2020),
respectively. The OECD also explored the role of environmental protection in competition policy in several roundta-
bles; see, for instance, OECD (2010) and more recently in OECD (2020).

3Examples of public �rms in the oil and gas market include Electricité de France (EDF) in France, Equinor in
Norway, Enel in Italy, ENAP in Chile, Aramco in Saudi Arabia, and Gazprom in Russia.
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�rms compete. For generality, we allow for the CA to evaluate mergers according to traditional

criteria (the consumer surplus and the welfare criterion, but ignoring environmental damages) and

according to new guidelines (welfare criterion considering environmental damages).

In the last stage, we identify the public �rm�s best response function, �rst showing that it shifts

downwards, thus producing fewer units, when this �rm is more nationalized or when pollution is

more severe. These are �good news�for its rivals, who bene�t from higher prices and pro�ts than

when all �rms are private. However, we also �nd that the public �rm�s best response function

becomes steeper. This implies that, when the aggregate output of the merging �rms decreases due

to the merger, the public �rm responds increasing its output more signi�cantly than when all �rms

are private, i.e., �bad news�for the merging entity.

Overall, the negative e¤ect of the merger on pro�ts, stemming from outsiders increasing their

output, is stronger when a public �rm is present in the industry than otherwise, making the

merger less likely to be pro�table. Technically, Salant et al. (1983) 80-percent rule becomes more

stringent in this context, with merging �rms requiring larger market shares to �nd the merger

pro�table. If this negative e¤ect is su¢ ciently strong, which occurs when the government holds

a signi�cant stake at the public �rm and pollution is severe, the merging entity �nds the merger

unpro�table regardless of its market share in the industry. In this case, the sheer presence of the

public �rm prevents mergers from being �led in the �rst place. This lack of requests may facilitate

the CA�s task when the merger would have been welfare reducing. Nonetheless, it can also lead

to welfare-enhancing mergers not being �led in equilibrium, leading to unambiguous welfare losses,

just because of the public �rm�s presence.

We study di¤erent CA guidelines, and how they are a¤ected by the presence of a public �rm.4

When the CA evaluates mergers according to the consumer-surplus criterion, all mergers are

blocked. A similar outcome emerges when considering the welfare criterion, with mergers still

being blocked if the CA ignores environmental damages. When the CA considers environmental

damages, however, it may approve the merger if it accounts for a small market share (small welfare

loss) or when pollution is severe (large welfare gain).

In this context, the presence of a public �rm induces the CA to more likely block mergers

since this agency anticipates that the public �rm will partially address market failures. Hence, the

reduction in pollution from approving the merger becomes less necessary when a public �rm is active

than otherwise, yielding fewer mergers being approved and, ultimately, �led in equilibrium. The

opposite argument applies when emissions are more damaging, since the CA uses merger approvals

as a policy tool to reduce aggregate pollution.

Our results help measure the welfare gain from changing the CA�s guidelines to require the

consideration of environmental damages. This welfare gain is signi�cant when the public �rm

4 In recent years, some mixed oligopolies have experienced mergers between private �rms. Examples include FedEx
merging with Genco in 2015 and with TNT Express in 2016, where the public company USPS also operates; Lundin
Mining merging with Lumina Copper in Chile on March, 2023, where the government-owned Codelco keeps approxi-
mately 29 percent of the national copper production; and Czech brewery Radegast merging with Velke Popovice and
Plzensky Prazdroj in 2002, where Budweiser Budvar-Brewery is state-owned.
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is largely privatized, pollution is severe, and production is relatively e¢ cient. In this setting,

the CA becomes more likely to approve the merger according to the new guidelines, lowering

emissions, and yielding large welfare gains. Otherwise, the public �rm corrects a larger portion

of the environmental externality, thus making the output reduction from a merger approval less

necessary. Nonetheless, this context may lead to no merger requests in equilibrium: when the

public �rm is more nationalized, the merging entity has no incentives to merge, as discussed above,

making the CA�s guidelines inconsequential.

For robustness, we consider three alternative settings. First, we allow for the public �rm to

ignore pollution in its welfare function, which can arise if regulations only consider consumer and

producer surplus. In this context, the public �rm produces more output and emissions, inducing the

CA to more likely approve mergers than when the public �rm considers environmental damages. We

show that this approval di¤erential increases when the public �rm is less privatized and pollution

becomes more severe. Second, we allow for the merger to generate cost-reducing e¤ects for the

merging entity, showing that, as expected, mergers are more likely to become pro�table. Cost-

reducing e¤ects yield a larger output and, while they also generate more pollution, the merger is

more likely to become welfare improving than in the absence of cost-reducing e¤ects, thus leading

to more merger approvals. Third, we consider cost convexities, showing that changes in the CA

guidelines are less likely to a¤ect merger approvals in this context.

1.1 Related literature

Our paper contributes to the literature on mixed oligopolies, allowing for mergers in polluting

industries. This literature has been applied to di¤erent �elds, such as R&D investments (Delbono

and Denicolò, 1993), banking competition (La Porta et al. 2002), and models of open economies

(Chang, 2005; Chao and Yu, 2006; Matsumura and Tomaru, 2012), among others. Some articles

in this literature consider polluting markets, as in our model (see, for instance, Barcena-Ruiz and

Garzón, 2006; Pal and Saha, 2015; and Lee and Park 2021), but do not allow for mergers, thus not

examining �rms�incentives to merger, or how di¤erent CA guidelines are a¤ected by the presence

of a public �rm.

In the �eld of environmental economics, several articles have also studied the welfare e¤ects

of mergers. This literature seeks to identify under which conditions the merger, despite lowering

aggregate output, can become welfare improving because of reducing emissions. These include

studies assuming industries with two �rms, Fikru and Gautier (2016, 2017); three �rms, Lambertini

and Tampieri (2014); several �rms, Fikru and Gautier (2020); or trade liberalization, Chaudhuri and

Benchekroun (2012). These articles, however, consider that all �rms are privately owned, whereas

we study how the presence of a public �rm alters �rms�incentives to merge and, subsequently, the

CA�s decision.

This paper is, then, closer to the literature studying mergers in mixed oligopolies without envi-

ronmental externalities, including Barcena-Ruiz and Garzón (2003), Nakamura and Inoue (2007),

Méndez-Naya (2008), and Kanjilal et al. (2022). We consider a polluting production process af-
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fecting both the welfare function of the public �rm�s manager (who may consider or ignore these

emissions) and that of the CA when evaluating merger approvals. For generality, we also allow for

mergers to not a¤ect production costs, as in Barcena-Ruiz and Garzón (2003) and Méndez-Naya

(2008); or to generate cost-reducing e¤ects, as in Nakamura and Inoue (2007) and Kanjilal et al.

(2022). Unlike the existing literature, our paper helps identify how the presence of a public �rm in

polluting industries hinders �rms�incentives to merge, and the CA�s merger approval decision.

The paper is organized as follows. Section 2 presents the model and section 3 identi�es equilib-

rium behavior in each stage. Section 4, then, analyzes how our �ndings are a¤ected by changes in

modeling assumptions, and section 5 concludes.

2 Model

Consider an industry with n � 3 �rms (one public and n�1 private �rms) competing à la Cournot,
facing inverse demand function p(Q) = 1�Q, where Q � q+

Pn�1
i=1 qi denotes aggregate output, q

represents the public �rm�s output, and qi is the output of private �rm i = 1; 2; :::; n� 1, and every
�rm faces marginal cost c, where 1 > c � 0.

Every private �rm maximizes its pro�ts

�i = p(Q)qi � cqi (1)

while the public �rm maximizes a combination of social welfare and pro�ts

V = (1� �)� + �W (2)

where the public �rm�s pro�t is � = p(Q)q�cq; and social welfare is given byW = CS+PS�Env.
In particular, CS = Q2

2 denotes consumer surplus, PS = � +
Pn�1
i=1 �i measures producer surplus,

and Env = dQ2 represents the environmental damage, where every unit of output generates a

unit of emissions. This damage is increasing and convex in aggregate emissions, where d > 1=2 as

in Poyago-Theotoky (2007) and Lambertini et al. (2017) among others. Parameter � represents

the weight that the manager of the public �rm assigns to welfare, while 1 � � is the weight she
assigns to pro�ts; as in Matsumura (1998) and Fujiwara (2007), among others.5 For simplicity, we

assume that the severity of pollution is not excessive, d < 1
2�(n�1) , as otherwise the public �rm

would remain inactive to curb pollution. Alternatively, this condition entails that the public �rm�s

nationalization is not excessive, � < 1
2d(n�1) � �.

When evaluating a merger request, we allow for the CA to consider two merger guidelines: (i)

the consumer surplus criterion, where a merger is approved if it increases aggregate output; and

(ii) the welfare criterion, where merger are approved if they are welfare enhancing.

5Alternatively, parameter � can be interpreted as the government�s share in the public �rm and 1�� denotes the
degree of privatization. When � = 1, the �rm is not privatized at all, while � = 0 implies that it is fully privatized.
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Therefore, our model embodies previous studies as special cases: Matsumura (1998) when � =

d = 0 (all �rms are private and no external e¤ects arise); Kanjilal et al. (2022) when � > 0 and

d = 0 (public �rm is present, but no external e¤ects exist); or Denicolò (1999) and Strandholm et

al. (2018, 2023) when � = 0 and d > 0 (all �rms are private, but external e¤ect are allowed).

The time structure of the game is the following:

1. In the �rst stage, the k private �rms that seek to merge choose whether to submit, as an

entity, a merger approval request to the CA, where k satis�es n� 1 � k � 2.

2. In the second stage, the CA responds approving or blocking the merger.

3. In the third stage, �rms observe the CA�s decision, and compete à la Cournot.

We solve this sequential-move game by backward induction, �rst �nding output levels in the

third stage.

3 Equilibrium Analysis

3.1 Third stage - No merger

If a merger does not ensue, �rms compete à la Cournot, with every private �rm i maximizing (1),

which yields best response function qi (q) = 1�c
n � 1

nq. This function is una¤ected by externalities,

d, or by the public �rm�s privatization level, �.6

The public �rm instead maximizes (2), yielding best response function

q (qi) =
1� c

2 + �(2d� 1) �
1 + 2�d

2 + �(2d� 1)

n�1X
i=1

qi (3)

where its vertical intercept decreases in c, �, and d. Intuitively, when the public �rm is more

nationalized (higher �) and pollution becomes more severe (higher d), this �rm decreases its pro-

duction.

Similarly, the slope of (3) is unambiguously decreasing in � and d, indicating that, as private

�rms increase their output, the public �rm responds reducing its own output to a larger extent to

curb pollution.7 When external e¤ects are absent (d = 0 but � > 0), equation (3) simpli�es to

q (qi) =
1�c
2�� �

1
2��

Pn�1
i=1 qi, thus coinciding with that in Kanjilal et al. (2022). In this context, a

more public �rm (higher �) responds to the decrease in output from a merger by increasing its own

output more signi�cantly, since the market failure from underproduction in oligopoly is strenghten.

6Every private �rm�s best response function, nonetheless, shifts downwards in the initial marginal cost c and in
the number of private �rms competing in the industry, n; and becomes �atter as n increases, thus indicating that
output competition is softened.

7The slope of the best response function in (3), s � � 1+2�d
2+�(2d�1) , satis�es

@s
@�

= � 1+2d
[2+�(2d�1)]2 < 0, @s

@d
=

� 2�(1��)
[2+�(2d�1)]2 < 0, and @2s

@�@d
= 2�(3+2d)�4

[2+�(2d�1)]3 < 0 if � < 2
3+2d

, where 2
3+2d

> � because � < � by de�nition,

implying that @2s
@�@d

< 0 for all admissible parameters.
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When environmental e¤ects are present as well (d > 0 and � > 0), best response function q (qi)

shifts downwards and becomes steeper. To understand this result, note that, before the merger,

the public �rm seeks to address two market failures, pollution and underproduction, lowering its

output when pollution is more severe. When a merger ensues, aggregate output from private �rms

decreases, making underproduction a relatively more severe market failure than that stemming

from pollution. As a consequence, the merger helps alleviate the severity of environmental damages,

allowing the public �rm to increase its output more intensively than before the merger. In addition,

this e¤ect is emphasized when d increases, i.e., equation (3) becomes steeper in d. However, when

all �rms are private, � = 0, equation (3) becomes q (qi) = 1�c
2 �

1
2

Pn�1
i=1 qi, implying that the public

�rm ignores both market failures.

The next lemma identi�es the equilibrium output levels.

Lemma 1. In the third stage, if the merger is does not ensue, the equilibrium output of the

public �rm is qNM = (1�c)[1�2�d(n�1)]
1+2�d+(1��)n , and that of every private �rm i is qNMi = (1�c)[1+�(2d�1)]

1+2�d+(1��)n ,

where qNMi > qNM > 0. Output qNM is unambiguously decreasing in d, �, c, and n. Output qNMi
is unambiguously increasing in d and �, but decreasing in c and n.

When pollution becomes more severe (higher d), the public �rm decreases its output to help curb

emissions, while every private �rm responds increasing its production; a �nding that is emphasized

when a larger share of the public �rm is nationalized (higher �).

While private �rms take advantage of more severe pollution by increasing their output, the next

lemma shows that the decrease in the public �rm�s output dominates, yielding an overall decrease

in aggregate output, QNM � qNM + (n� 1) qNMi .

Lemma 2. Aggregate output under no merger, QNM = (1�c)[n(1��)+�]
1+2�d+n(1��) , is unambiguously

decreasing in �, d and c, but increasing in n.

When the public �rm is completely privatized, � = 0, aggregate output simpli�es to QNM =
n(1�c)
n+1 , as in a standard Cournot model with n private �rms. Since all �rms ignore pollution,

aggregate output is una¤ected by parameter d in this context. In contrast, when � > 0 aggregate

output decreases, which is emphasized by more severe pollution.

The next corollary evaluates the �e¢ ciency ratio� under no merger, ERNM � QNM

QSO
, where

QSO = 1�c
2d+1 denotes the socially optimal output.

8 Ratios closer to one indicate that aggregate

output is close to the social optimum, while ratios above (below) one suggest that aggregate output

is socially excessive (insu¢ cient).

Corollary 1. The e¢ ciency ratio under no merger is ERNM = (2d+1)[n(1��)+�]
1+2�d+(1��)n > 1, which is

increasing in d and n, but decreasing in �.

Therefore, aggregate output is socially excessive (i.e., ERNM > 1). This ine¢ ciency is partially

corrected when the public �rm becomes more nationalized (higher �). In contrast, more severe
8This output arises from maximizing social welfare W = CS + PS � Env, as de�ned in section 2.
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pollution (higher d) or more �rms (higher n) yields more output and emissions, increasing ERNM ,

and worsening output ine¢ ciencies.

3.2 Third stage - Merger

After the merger, n � k + 1 �rms operate in the industry: (i) the merged entity, with k �insider�
�rms; and (ii) the unmerged private �rms, (n� 1)� k, �outsiders�along with the public �rm.

Lemma 3. In the third stage, if the merger is approved, the equilibrium output of the merged

entity and every private outsider is

qMI = qMO =
(1� c)[1 + �(2d� 1)]

1 + 2�d+ (1� �)(n� k + 1) , (4)

and that of the public �rm is qM = (1�c)[1�2�d(n�k)]
1+2�d+(1��)(n�k+1) . All output levels are positive, decreasing

in c and n, and increasing in k; but the output of the public (private) �rm is decreasing (increasing,

respectively) in � and d.

If k = 1, the results in Lemma 3 coincide with those under no mergers (Lemma 1). When

the number of merging �rms, k, increases, every �rm produces more units, but the public �rm

responds more intensively to increases in k than every private �rm does. As shown in equation (3),

the public �rm seeks to partially compensate for the output reduction of the merger when � > 0,

by increasing its output more intensively than outsiders do. However, when all �rms are private,

� = 0, every �rm produces 1�c
n�k+2 after the merger, which is una¤ected by pollution considerations.

Overall, when the merger accounts for a larger market share (higher k), the public �rm an-

ticipates a more concentrated market, and the distribution of output in equilibrium shifts from

private to the public �rm. In contrast, when pollution is more severe (higher d) or the public �rm

is less privatized (higher �), this company seeks to reduce emissions to a larger extent, shifting

the distribution of output towards private �rms. The public �rm�s output decrease dominates, as

under no mergers, which we con�rm in the next lemma.

Lemma 4. Aggregate output under the merger, QM = (1�c)[1+(1��)(n�k)]
1+2�d+(1��)(n�k+1) , is unambiguously

decreasing in c, �, d, k, but increasing in n.

As expected, QM coincides with QNM when k = 1; otherwise, it decreases in k, implying that

QM < QNM for all k � 2. In addition, QM decreases in the severity of pollution, d, and the weight

on welfare, �. Evaluating QM at extreme values of �, we �nd that, when all �rms are private

(� = 0), aggregate output coincides with that in standard merger models, QM = (1�c)(n�k+1)
n�k+2 , thus

being una¤ected by pollution. When the weight on welfare is positive, however, aggregate output

decreases.

The next corollary evaluates the e¢ ciency ratio under the merger, ERM = QM=QSO.

8



Corollary 2. The e¢ ciency ratio under the merger is ERM = (1+2d)[1+(1��)(n�k)]
1+2�d+(1��)(n�k+1) , which is

increasing in d and n, but decreasing in � and k, and satis�es ERNM > ERM > 1.

Aggregate output is still socially excessive, ERM > 1, with this ine¢ ciency worsening as pollu-

tion becomes more severe (higher d) or more �rms compete in the industry (higher n). In contrast,

the ine¢ ciency is ameliorated, lowering ERM , when more �rms merge (higher k), and when the

public �rm is more nationalized (higher �) since this �rm lowers its output, helping QM approach

the social optimum.

In addition, the e¢ ciency ratio ERM coincides with ERNM when k = 1, but otherwise ERM

decreases in the number of merged �rms, k. Therefore, ERM is closer to one than ERNM for all

k � 2, implying that the merger is �e¢ ciency enhancing.�9 This result holds when all �rms are

private, � = 0, since the merger helps reduce polluting emissions; and it is strengthened when a

public �rm exists, � > 0, because this �rm helps further reduce aggregate output and pollution,

bringing ERM closer to one.

3.3 Second stage

The CA anticipates the aggregate equilibrium outputs QNM and QM , and approves a merger

according to di¤erent criteria. First, if the CA only considers consumer surplus (CS-criterion), it

approves the merger if QM > QNM . However, as shown in Lemma 4, aggregate output decreases in

the number of merging �rms, k, entailing that QM < QNM , and the merger is blocked. Second, if

the CA uses welfare (W-criterion), it approves the merger if it is welfare improving, where welfare

is de�ned as W = CS + PS � EnvCA, and EnvCA = � � Env represents environmental damages
and � 2 [0; 1]. This welfare function allows for di¤erent settings: the CA can ignore pollution when
evaluating mergers, � = 0; it can consider pollution but not fully, 0 < � < 1; or consider the same

welfare function as the manager of the public �rm, � = 1.10

Lemma 5. When the CA considers the CS-criterion, it blocks the merger under all parameter
conditions. However, when the CA considers the W-criterion, it blocks the merger when � < �

under all parameters; otherwise, it approves the merger if and only if k < minfn� 1; k(�)g, where
cuto¤ k(�) is increasing in � and satis�es n � 1 > k(�) � 2 for all � � � < �. Cuto¤s k(�), �,
and � are presented, for compactness, in the appendix.

Our results give rise to three regions, depicted in �gure 1: (i) when the CA assigns a relatively

low weight to pollution, � < �, it blocks the merger for all parameter conditions (see Region A);

(ii) when the CA assigns a moderate weight to pollution, � � � < �, it blocks the merger if it

9Alternatively, this implies that the merger is welfare enhancing, as de�ned for the public �rm. As the next
section discusses, the CA can exhibit a di¤erent welfare function, entailing that mergers are not necessarily welfare
improving.
10The government may assign more weight on pollution than the CA because the former may seek re-election while

the term of CA o¢ cials typically exceeds the electoral cycle; see Prat et al. (2022). For completeness, we also explore
the opposite case, where governments, as captured by the public �rm�s objective function, ignore pollution in one of
our extensions.
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accounts for a large market share, k > k(�), but approves it otherwise (shaded area in Region B);

and (iii) when the CA assigns a high weight on environmental damages, � � �, it approves the

merger for all parameters (Region C).11

Region A includes � = 0 as a special case, where the CA ignores pollution in its welfare function,

and mergers are blocked regardless of their market share. This is a well-known result, where the

loss in consumer surplus dominates the increase in aggregate pro�ts and, as a consequence, total

welfare decreases after the merger. When the CA considers environmental damages, in Region

B, it weighs two market failures: the market concentration from approving the merger (negative

welfare e¤ect) against the reduced pollution that the merger brings (positive e¤ect). When the

number of merging �rms is relatively low, k � k(�), the positive e¤ect dominates, and the CA

responds approving the merger, as illustrated in the shaded area of this region. Intuitively, the CA

uses mergers as a tool to curb pollution. Finally, in Region C the CA assigns a high weight on

environmental damages, making the merger welfare improving regardless of its market share, i.e.,

for all values of k.

Fig. 1. Merger approvals with the welfare criterion.

Figure 2a shows how our above results are a¤ected by changes in �. When the public �rm is

more nationalized (higher �), cuto¤ k(�) shifts downwards, shrinking the shaded region in which

mergers are approved. Intuitively, the CA anticipates that the public �rm will be addressing

market failures to a larger extent (from underproduction in oligopoly and from pollution), making

the merger less necessary. Figure 2b, in contrast, shows that cuto¤ k(�) shifts upwards when

pollution is more severe (higher d), expanding the shaded region in which mergers are approved.

Since the environmental damage function EnvCA increases in � or d, the merger becomes more

11Figure 1 considers � = 0:12, d = 1=2, and n = 6, since � must satisfy � < � by de�nition, where � = 1=5 in this
setting. In addition, cuto¤s � and � are de�ned in the proof of Lemma 5 which, in the context of �gure 1, become
� = 0:20 and � = 0:34.
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necessary, since it can help decrease aggregate pollution.

Fig. 2a. Merger approvals - Changes in �. Fig. 2b. Merger approvals - Changes in d.

3.4 First stage

In the �rst stage, the merging entity anticipates the CA�s decision, approving the merger following

Lemma 5, and submits a request if its pro�ts satisfy �MI � k�NMi , as we next show.

Proposition 1. The merging entity �nds the merger pro�table when n < n and its market

share, kn , satis�es

k

n
�
bk
n
� 3 + 2n+ �[4(d� 1)� �(4d� 1)� 2n(2� �)]� �

2n(1� �)2 (5)

where � � [(1 � �)3[5 + �(8d � 1) + 4n(1 � �)]]1=2 and n � 5+2�[4d�3+�[1�2d(1�d)]]
(1��)2 . In contrast,

when n � n, the merger is unpro�table for all values of k. Cuto¤ bk
n is increasing in � and d, and

k(�) > bk if and only if � > b�, where b� � [1+�(2d�1)][2�2�(2�d+�(d�1))+�]
2d(1��)[1+4n+�(2��(3+4d2�4n)�8n)] .

When all �rms are private, � = 0, cuto¤
bk
n simpli�es to

bk
n =

3+2n�[4n+5]1=2
2 , as in Salant et al.

(1983), indicating that the merger must account for more than 80 percent of the market share to

be pro�table. When a public �rm exists, our results show that cuto¤
bk
n increases, implying that

the merger requires an even larger market share to be pro�table, which may not arise under any

parameter values (i.e., n � n).
A similar argument applies to more severe pollution. As shown in section 3.1, an increase in

� or d makes the public �rm�s best response function steeper, entailing that the output reduction

of the merging entity is now responded with a larger increase in output by the public �rm. This

emphasizes the negative e¤ect of the merger on pro�ts, ultimately making the merger less attractive

when a public �rm is present than otherwise.
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Figure 3 superimposes cuto¤ bk on �gure 1. This cuto¤ is not a function of parameter � and,
as shown in Proposition 1, bk lies above k(�) for all � � b�, but below otherwise; giving rise to

four regions, each yielding di¤erent equilibrium behavior. First, in region (PM;B), the merger is

pro�table for the merging entity, denoted as PM , since k > bk, but merger requests are blocked by
the CA, represented by B, since k > k(�). In this context, the merging entity anticipates the CA�s

rejection, and does not submit a merger request in equilibrium. In region (PM;A) the merger is

still pro�table, PM , but approved, A, because k < k(�). Anticipating an approval, the merging

entity submits a request. This is the only region where merger requests should be observed in

equilibrium. In region (UPM;B), the merger now becomes unpro�table, UPM , since k < bk, and
blocked because it reduces welfare, B, given that k > k(�), implying that no merger �lings should

be observed.

A similar argument applies in region (UPM;A) where the merger is approved by the CA, A,

but it is unpro�table for the merging entity since k < bk. In this context, it would be welfare
improving to subsidize �rms to merge because, intuitively, pollution receives a high weight on the

CA�s decision and the merger does not account for a large market share.

Fig. 3. Equilibrium results.

Figure 3 considers that n < n, meaning that, graphically, cuto¤ bk lies below the upper bound
of the vertical axis, n � 1, thus giving rise to the four regions identi�ed above. If, instead, n � n,
cuto¤ bk lies above n � 1, implying that only regions (UPM;B) and (UPM;A) can be sustained
in equilibrium, with mergers being unpro�table for all (k; �)-pairs, and thus no �rms submitting

requests to the CA. Intuitively, when the merger accounts for a small market share, n � n, it

becomes unpro�table regardless of pollution considerations (d and �) and independently on whether

a public �rm exists or not (�).

In contrast, when the merger accounts for a large market share, n < n, all four regions can be

supported in equilibrium, and are a¤ected by these parameters. In particular, a more privatized
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public �rm (lower �) produces an upward shift in cuto¤k(�), as shown in Lemma 5, but a downward

shift in bk, as identi�ed in Proposition 1. This expands region (PM;A), shrinks (UPM;B), but
yields an ambiguous e¤ect in regions (PM;B) and (UPM;A). Table I evaluates the areas of the

four regions at a baseline setting � = 0, d = 1=2 and n = 6, and then allows for changes in each

parameter at a time. The table shows that the downward shift in cuto¤ bk dominates, producing an
overall increase in region (PM;B) while shrinking (UPM;A). The expansion of region (PM;A),

the only context where a merger is �led, highlights a novel role of privatizations, namely, providing

�rms with stronger incentives to submit merger requests that are not only pro�table but welfare

improving. In other words, privatizations facilitate welfare-enhancing mergers, which become more

likely to arise in equilibrium.

However, more severe pollution (higher d) produces an upward shift in both k(�) and bk, shrink-
ing both (PM;B) and (UPM;A), but giving rise to ambiguous e¤ects in regions (PM;A) and

(UPM;B). As shown in Table I, the upward shift in k(�) dominates, yielding an overall increase

in region (PM;A) while shrinking (UPM;B).

Regions

(PM;B) (UPM;B) (PM;A) (UPM;A)

Baseline 0.058 1.001 3.318 3.807

Higher � � = 0:05 0.034 1.067 3.227 3.826

� = 0:08 0.017 1.111 3.166 3.838

� = 0:10 0.004 1.142 3.123 3.846

Higher d d = 0:6 0.049 0.834 3.586 3.974

d = 0:7 0.042 0.715 3.780 4.093

d = 0:8 0.037 0.625 3.927 4.183

Table I. Areas of regions.

3.5 Welfare comparisons

No public �rm. Table II illustrates our results in previous sections. For presentation purposes, we
�rst consider a setting where all �rms are private, � = 0. The top row (baseline scenario) assumes

c = � = d = 1=2, and n = 6, and subsequent rows change one parameter at a time.12 The �rst

three columns evaluate aggregate output, environmental damages, and welfare under no merger,

NM ; and the second set of columns measure these outcomes if a merger occurs, M . The next three

columns examine the changes in these outcomes due to the merger: (i) the increase in aggregate

output, �Q � QM �QNM ; (ii) the decrease in environmental damage, �Env � EnvNM �EnvM ;
and (iii) the increase in overall welfare, �W � WM �WNM . The last three columns report the

cuto¤ for which the merger is: (i) pro�table, k > bk, as identi�ed in Proposition 1; (ii) welfare
12Cuto¤ bk is, in this context, 4:807, indicating that only su¢ ciently large mergers are pro�table, in line with the

80-percent rule. Otherwise, the equilibrium in Proposition 1 cannot be sustained. Hence, we consider k = 5 �rms in
the baseline scenario.
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enhancing, k < k(�), as found in Lemma 5; and (iii) can be sustained in equilibrium, � > b�, as
de�ned in Proposition 1.

No merger Merger Changes Cuto¤s

QNM EnvNM WNM QM EnvM WM �Q �Env �W bk k(�) b�
Baseline 0.429 0.046 0.077 0.333 0.028 0.083 -0.095 0.018 0.007 4.807 6.091 0.295

d = 0:6 0.429 0.055 0.067 0.333 0.033 0.078 -0.095 0.022 0.010 4.807 6.353 0.246

d = 0:7 0.429 0.064 0.058 0.333 0.039 0.072 -0.095 0.025 0.014 4.807 6.531 0.211

d = 0:8 0.429 0.073 0.049 0.333 0.044 0.067 -0.095 0.029 0.018 4.807 6.659 0.185

� = 0:7 0.429 0.064 0.058 0.333 0.039 0.072 -0.095 0.025 0.014 4.807 6.531 0.295

� = 0:8 0.429 0.073 0.049 0.333 0.044 0.067 -0.095 0.029 0.018 4.807 6.659 0.295

� = 1 0.429 0.092 0.031 0.333 0.056 0.056 -0.095 0.036 0.025 4.807 6.833 0.295

c = 0:4 0.514 0.066 0.110 0.400 0.040 0.012 -0.114 0.026 0.010 4.807 6.091 0.295

c = 0:3 0.600 0.090 0.150 0.467 0.054 0.163 -0.133 0.036 0.013 4.807 6.091 0.295

c = 0:2 0.686 0.118 0.196 0.533 0.071 0.213 -0.152 0.046 0.017 4.807 6.091 0.295

Table II. Equilibrium outcomes when � = 0.

While the merger entails the same change in output (�Q is una¤ected by parameters d and

�), it gives rise to larger reductions in environmental damage when either of these parameters

increases, �Env, ultimately enhancing its welfare gain �W .13 Therefore, when pollution becomes

more severe or the CA guidelines assign a larger weight on environmental damages, pro�table

mergers are more likely to be approved.

Alternatively, �W measures the welfare gain of changing the CA�s guidelines, from one in which

it only considers consumer surplus or welfare, but ignoring pollution, to another in which the CA

takes the environmental e¤ects of mergers into account. In the former guidelines, no merger is

approved under all parameter values (see column �Q), as shown in Lemma 5, giving rise to welfare

WNM . In the latter guideline, however, mergers can be approved, yielding welfare WM , and a

welfare gain �W .14

Public �rm is present. Table III examines how our results are a¤ected by the presence of a
public �rm. For comparison purposes, we consider the same parameters as in Table II and � = 0:1,

which is compatible with initial condition � < � = 1=5. Cuto¤ bk lies below 5 �rms while k(�) > 6,
for most parameter values, supporting the equilibrium where mergers are pro�table and approved.

However, when pollution becomes more severe (higher d), cuto¤ bk > 5, implying that no merger

is pro�table (see region (UPM;A) in �gure 3). Intuitively, the presence of the public �rm in a

13This is con�rmed by cuto¤ k(�) being increasing in d and �, making the CA more likely to approve mergers
according to the W-criterion.
14When �rms become more e¢ cient (lower c), the merger entails a larger change in aggregate output, producing

more substantial environmental bene�ts, and ultimately yielding larger welfare gains from the merger.
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context of severe pollution leads this �rm to respond by signi�cantly increasing its output after the

merger, thus ameliorating its pro�tability.

Overall, the welfare gain from changing the CA�s guidelines are the largest when the public �rm

is mostly privatized (low �) and �rms are e¢ cient (low c). Otherwise, the public �rm corrects a

larger portion of the environmental externality, implying that the output reduction from approving

the merger becomes less necessary. In contrast, when �rms are more e¢ cient, this output reduction

is more critical to curb pollution, making the merger welfare improving under larger conditions.

No merger Merger Changes Cuto¤s

QNM EnvNM WNM QM EnvM WM �Q �Env �W bk k(�) b�
Baseline 0.423 0.045 0.077 0.328 0.027 0.083 -0.095 0.018 0.006 4.989 6.056 0.331

� = 0:07 0.425 0.045 0.077 0.329 0.027 0.083 -0.095 0.018 0.006 4.930 6.068 0.319

� = 0:04 0.426 0.046 0.077 0.331 0.027 0.083 -0.095 0.018 0.007 4.875 6.079 0.309

� = 0 0.429 0.046 0.077 0.333 0.028 0.083 -0.095 0.018 0.007 4.807 6.091 0.295

d = 0:6 0.422 0.053 0.069 0.325 0.032 0.078 -0.096 0.022 0.009 5.006 6.335 0.283

d = 0:7 0.420 0.062 0.060 0.323 0.037 0.073 -0.097 0.025 0.013 5.025 6.528 0.248

d = 0:8 0.419 0.070 0.051 0.321 0.041 0.068 -0.098 0.029 0.016 5.043 6.669 0.222

� = 0:7 0.423 0.063 0.059 0.328 0.038 0.073 -0.095 0.025 0.013 4.989 6.563 0.331

� = 0:8 0.423 0.072 0.050 0.328 0.043 0.067 -0.095 0.029 0.017 4.989 6.711 0.331

� = 1 0.423 0.089 0.033 0.328 0.054 0.056 -0.095 0.036 0.024 4.989 6.909 0.331

c = 0:4 0.508 0.064 0.111 0.393 0.034 0.120 -0.115 0.026 0.009 4.989 6.056 0.331

c = 0:3 0.592 0.088 0.151 0.459 0.053 0.163 -0.134 0.035 0.012 4.989 6.056 0.331

c = 0:2 0.677 0.115 0.198 0.524 0.069 0.213 -0.153 0.046 0.015 4.989 6.056 0.331

Table III. Equilibrium outcomes when � > 0.

4 Extensions

4.1 The public �rm ignores pollution

In this section, we examine how our results are a¤ected when the manager of the public �rm ignores

pollution. In particular, she still maximizes a combination of social welfare and pro�ts

V = (1� �)� + �W

but social welfare is now given by W = CS + PS, thus ignoring environmental damages. This can

be due to legal or administrative mandates that prohibit public �rms from considering pollution

when making their output decisions, or just to personal preferences of the manager running this

company at the time. In this context, when the CA also ignores pollution, � = 0, the objective
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functions of CA and the public �rm become more aligned, but when the CA considers pollution,

� > 0, their objective functions are misaligned.

In this context, the public �rm�s best response function becomes

q (qi) =
1� c
2� � �

1

2� �

n�1X
i=1

qi (6)

which is �atter than when this �rm considers environmental damages (equation 3). Intuitively,

a given decrease in the private �rms� aggregate output after the merger is now responded less

intensively by the public �rm when it ignores pollution, increasing its output less signi�cantly.

We solve the sequential-move game by backward induction, presenting the technical details in

Appendix 1. In the third stage, aggregate output is QNM = (1�c)[n(1��)+�]
1+n(1��) without the merger and

decreases to QM = (1�c)[1+(1��)(n�k)]
1+(1��)(n�k+1) with the merger, both being increasing in �. In this context,

when the public �rm becomes more nationalized (higher �), it seeks to produce more output, since

it ignores pollution, shifting output from private to public �rms, but producing an overall increase

in aggregate output.

In the second stage, the CA exhibits a similar decision rule as that in Lemma 5, blocking mergers

when using the CS-criterion. Similarly, when the CA uses the W-criterion, it blocks mergers when

it assigns a low weight to pollution, but approves them otherwise if, in addition, their market share

is relatively low, i.e., k < k
IP
(�), where superscript IP denotes that the manager of the public

�rm ignores pollution,

k
IP
(�) � (1� �)[3� �+ 2n(1� �)]� 2d�[1� �(�� 2) + 4n(1� �) + 2n2(1� �)2]

(1� �)[1� �� 2d�(1 + �+ 2n(1� �))] (7)

and, as in Lemma 5, cuto¤ k
IP
(�) is unambiguously increasing in �.

In the �rst stage, the merging entity anticipates the CA�s merger approval decision, and submits

a request if it accounts for a su¢ ciently large market share, that is,

k

n
�
bkIP
n
� 3� �+ 2n(1� �)� (1� �)1=2

2n(1� �) ; (8)

where, for compactness,  � [5� �+ 4n(1� �)]1=2 > 0. As in Proposition 1, cuto¤ bkIP
n simpli�es

to
bk
n =

3+2n�[5+4n]1=2
2n when � = 0, as in Salant et al. (1983); but when � > 0 this cuto¤ shifts

upwards, indicating that the merger must represent a larger market share to be pro�table. As

in the main model, the public �rm is �bad news� for the merging entity, since its presence shifts

output from private to the public �rm after the merger, making it less pro�table. However, as

shown in equation (6), this output shift is smaller when the public �rm ignores pollution, implying

that mergers become more pro�table than when this �rm considered environmental damages.

Comparing cuto¤s k
IP
(�) and bkIP , we �nd that kIP (�) > bkIP for all � > b�IP , where b�IP �
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1

2d

�


(1��)1=2
�2
� . Recall that when kIP (�) > bkIP , an equilibrium can be sustained where �rms �le for

a merger and the CA responds approving it, but otherwise no mergers are requested. In addition,

cuto¤ b�IP is unambiguously decreasing in �, d, and n. Hence, the presence of a public �rm makes

the merger more likely to be unpro�table. A similar argument applies when pollution is more severe

and the industry is more competitive (higher d and n, respectively).

Finally, we compare cuto¤ b�IP against its counterpart, b� identi�ed from Proposition 1, �nding

the �approval di¤erential�that can be attributed to the public �rm ignoring pollution:

AD � b� � b�IP :
When AD > 0, the CA is more likely to approve mergers when the manager of the public �rm

ignores pollution than otherwise since b� > b�IP . Graphically, the region above cuto¤ b�IP is larger
than that above b�, thus triggering more merger approvals. In contrast, when AD < 0, the CA is

less likely to approve mergers. Figure 4a depicts AD as a function of n, considering d = 1=2 and

allowing for di¤erent values of �.

When n is low, AD is positive, re�ecting that the CA approves more mergers when the public

�rm ignores pollution. Intuitively, the CA seeks to compensate the large output that the public

�rm produces by approving more mergers, as they help reduce output and pollution. When n

increases, however, this approval di¤erential shrinks, making the CA�s decision more similar when

the public �rm considers or ignores pollution.

Fig. 4a. AD, changes in �. Fig. 4b. AD, changes in d.

When all �rms are private, � = 0, AD collapses to zero, implying that there is no approval

di¤erential, which holds for all parameters. When � increases, AD shifts upwards. This occurs

because, in this context, a more nationalized public �rm produces a larger output, which the CA

seeks to compensate by approving mergers under larger conditions. A similar argument applies

when pollution becomes more severe (higher d), as depicted in �gure 4b. The large output levels of

the public �rm are now more damaging for the environment, leading the CA to more likely approve

17



mergers, i.e., the AD curve shifts upwards.

4.2 Allowing for cost-reducing mergers

This extension analyzes how our results are a¤ected when the merger lowers the merging entity�s

production cost, from c to c � x, where x � 0 denotes the cost-reducing e¤ect of the merger, or

�synergies,�as in Williamson (1968) and Perry and Porter (1985). When x = 0, our equilibrium

results coincide with those in section 3; but when x > 0, the merging entity bene�ts from a cost

advantage relative to outsiders and the public �rm, thus providing �rms with more incentives to

submit a merger request.

Appendix 2 presents technical details, while here we highlight how equilibrium results are af-

fected by cost-reducing parameter x. When a merger does not ensue, equilibrium output coincides

with that in Lemma 1, since no �rm bene�ts from cost reductions. When a merger occurs, however,

equilibrium output levels are

qMI =
(1� c)[1 + �(2d� 1)] + [(1� �)(n� k) + 2�d+ 1]x

1 + 2�d+ (1� �)(n� k + 1) ,

qMO =
(1� c)[1 + �(2d� 1)]� x(1� �)
1 + 2�d+ (1� �)(n� k + 1) , and qM =

(1� c)[1� 2�d(n� k)]� x(1 + 2�d)
1 + 2�d+ (1� �)(n� k + 1) ,

where the merging entity�s output, qMI , is unambiguously positive and increasing in the merger�s

cost-reducing e¤ect, x; whereas that of every outsider and the public �rm�s, qMO and qM , are

decreasing in their cost disadvantage, x, and remain positive as long as the merger does not provide

an excessive cost-reducing bene�t, x < xP � (1�c)[1�2�d(n�k)]
1+2�d . For simplicity, we hereafter assume

that x < xP , as otherwise the public �rm, the outsiders, or both, would stay inactive after the

merger.15

In this context, aggregate output after the merger becomes QM = (1�c)[1+(1��)(n�k)]+(1��)x
1+(1��)(n�k+1)+2�d ,

which coincides with that in Lemma 4 when cost-reducing e¤ects are absent, x = 0, but otherwise

unambiguously increases in x. Aggregate output, then, increases after the merger, QM > QNM , if

cost-reducing e¤ects are su¢ ciently strong, x > xCA � (1�c)(k�1)[1+�(2d�1)]
1+2�d+n(1��) . Cuto¤ xCA satis�es

xCA < xP , implying that output-enhancing mergers are feasible. When all �rms are private, � = 0,

this cuto¤ collapses to xCA = (1�c)(k�1)
n+1 , but otherwise increases when the public �rm is more

nationalized, �, and pollution is more severe, d. Intuitively, the public �rm produces less output

when its welfare consideration increases, either because it is less privatized or environmental damage

is more signi�cant. Therefore, the CA requires a more signi�cant cost-reducing e¤ect to approve

the merger.16 In this setting, the merger is pro�table if and only if x > x� (where cuto¤ x� is

15 In addition, cuto¤ xP simpli�es to xP = 1 � c when all �rms are private, � = 0, and is decreasing in � and d,
implying that condition x < xP becomes more demanding when the public �rm is more nationalized (higher �) or
pollution is more severe (higher d). In both cases, the public �rm seeks to reduce its output more signi�cantly to
curb pollution, thus becoming inactive under larger parameter conditions.
16This result can also be shown by considering the di¤erential xP � xCA, where the equilibrium with merger

approvals can be sustained. This di¤erential is decresing in � since cuto¤ xCA (xP ) increases (decreases) in �,
making the equilibrium less likely to arise. A similar argument applies to increases in d.
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de�ned, for compactness, in Appendix 2), with cuto¤s satisfying x� < xCA < xP for all admissible

parameters. Hence, all mergers that are approved when the CA uses the CS-criterion, x > xCA,

are also pro�table, x > x�.

When the CA uses, instead, the W-criterion, it approves a merger request if and only if WM >

WNM , whereWM (WNM ) denotes the welfare with (without) the merger. These welfare levels yield

large, highly nonlinear expressions, and we provide numerical simulations in Table IV considering,

for consistency, the same parameter values as in the baseline of Table III.17

No merger Merger Changes

QNM EnvNM WNM QM EnvM WM �Q �Env �W

Baseline x = 0 0.423 0.045 0.077 0.328 0.027 0.083 -0.095 0.018 0.006

Higher x x = 0:1 0.423 0.045 0.077 0.359 0.032 0.107 -0.064 0.013 0.030

x = 0:2 0.423 0.045 0.077 0.389 0.038 0.143 -0.033 0.007 0.066

x = 0:3 0.423 0.045 0.077 0.421 0.044 0.191 -0.002 0.001 0.114

x = 0:4 0.423 0.045 0.077 0.452 0.051 0.252 0.029 -0.006 0.175

Table IV. Equilibrium outcomes with cost-reducing e¤ects.

When cost-reducing e¤ects are absent, x = 0, our baseline yields the same results as in the

baseline of Table III (see top row). However, when cost-reducing e¤ects are present, x > 0,

aggregate output QM increases while QNM remains una¤ected, allowing for the merger to increase

aggregate output, �Q > 0, if its cost-reducing e¤ect is su¢ ciently large, x > xCA = 0:308.

In this setting, an equilibrium arises where a merger is requested and approved. When the CA

considers total welfare, mergers with nil or low cost-reducing e¤ects are approved, since they improve

environmental conditions, increasing welfare (�W > 0); but also mergers with strong cost-reducing

e¤ects, x = 0:4. In this case, while environmental damage increases, �Env < 0, the bene�t for

consumers dominates, yielding an increase in overall welfare, �W = 0:175.

4.3 Allowing for non-linear costs

In this extension, we allow every �rm�s cost function to be TC = cqi +
h
2 (qi)

2, with associated

marginal cost MCi = c + hqi, where c 2 [0; 1] and h � 0. When h = 0, marginal costs are

constant in output, as in the main model; but otherwise, marginal costs are increasing, giving rise

to diseconomies of scale, potentially making mergers more pro�table.

For compactness, Appendix 3 identi�es equilibrium output and pro�ts, while here we focus on

how convexities (as captured by parameter h) a¤ect our equilibrium results in previous sections. In

17 In particular, c = d = � = 1=2, � = 1=10, n = 6, and k = 5. In this context, the above cuto¤s become
x� = �0:001, xCA = 0:308, and xP = 0:409, implying that mergers are pro�table for all values of x. In addition,
these results entail that, when the CA uses the CS-criterion, an equilibrium where mergers are pro�table and approved
arises for all x 2 [0:308; 0:409]. Similar results apply under di¤erent parameter combinations, as shown in Table A.1
in Appendix 2.
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the third stage, we �nd that, as production costs are more convex (higher h), output competition

is softened (i.e., �atter best response functions). In addition, when the merger does not ensue, the

equilibrium output of every �rm i under no merger is

qNM =
(1� c)[1 + h� 2�d(n� 1)]

1 + 2�d(h+ 1) + h(n+ h+ 1) + (1� �)(n+ h) ,

qNMi =
(1� c)[1 + h+ �(2d� 1)]

1 + 2�d(h+ 1) + h(n+ h+ 1) + (1� �)(n+ h) ,

and aggregate output is QNM = (1�c)[n(1��+h)+�]
1+2�d(h+1)+h(n+h+1)+(1��)(n+h) , all being unambiguously positive.

When costs are linear, h = 0, the above expressions simplify to those in Lemma 1 and 2.

When the merger occurs, equilibrium output become

qM =
(1� c)[1 + h� 2�d(n� k)]

(1 + h)(n� k + h+ 2)� �[n� k + h+ 1� 2d(1 + h)] ,

qMO = qMI =
(1� c)[1 + h+ �(2d� 1)]

(1 + h)(n� k + h+ 2)� �[n� k + h+ 1� 2d(1 + h)] ;

and aggregate output is QM = (1�c)[1+h+(1+h��)(n�k)]
(1+h)(n�k+h+2)��[n�k+h+1�2d(1+h)] , which are also unambiguously

positive. When costs are linear, h = 0, the above equilibrium output coincide with those in Lemma

3 and 4.

In the second stage, if the CA uses the CS-criterion, it blocks the merger sinceQM < QNM for all

k � 2. If, instead, the CA uses the W-criterion, it approves the merger if and only if WM > WNM ,

which holds if k < k(�; h). Cuto¤k(�; h) is highly nonlinear and �gure 5 depicts it at di¤erent values

of h, considering the same parameter values as in �gure 1 for comparison purposes. When h = 0,

this cuto¤ coincides with that in �gure 1, but otherwise it shifts downwards. This suggests that,

as costs become more convex, the CA anticipates less aggregate output and emissions, requiring a

higher weight on pollution (higher �) to approve the merger. In other words, mergers become a
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less necessary tool to reduce total emissions when production costs are convex than otherwise.

Fig 5. Cuto¤ k(�; h) evaluated at di¤erent values of h.

In the �rst stage, the merging entity �nds the merger pro�table if and only if kn >
bk(h)
n , where

cuto¤
bk(h)
n is presented, for compactness, in Appendix 3. When all �rms are private, � = 0, cuto¤bk(h)

n simpli�es to
bk(h)
n = 3+2(n+h)�[5+4(n+h)]1=2

2n , which unambiguously increases in h, thus implying

that cost convexities provide �rms with less incentives to merge.18 Intuitively, cost convexities

reduce production costs for the merging entity, giving them more incentives to merge; but also

attenuate the positive e¤ect of the merger on pro�ts (the output reduction becomes smaller, leading

to a smaller price increase). Overall, the latter e¤ect dominates, making mergers less likely to be

pro�table.

When � > 0, the comparative statics of cuto¤
bk(h)
n are intractable, but numerical simulations

show that it is still increasing in h, thus exhibiting the same comparative statics as when all �rms

are private. Therefore, the only region where mergers are pro�table and welfare improving in

equilibrium, (PM;A), unambiguously shrinks when production costs become more convex; while

region (UPM;B) unambiguously expands.19

5 Discussion

Presence of public �rm. When all �rms are private, a change in merger guidelines, requiring the

CA to consider environmental e¤ects, makes mergers more likely to be approved; a result that

is emphasized when pollution becomes more severe and �rms are more e¢ cient. When a public

18 In particular,
@

� bk(h)
n

�
@h

= [5+4(n+h)]1=2�1
n[5+4(n+h)]1=2

> 0 since n � 3. When h = 0, this cuto¤ simpli�es to that in Salant et
al. (1983).
19We also �nd that, numerically, region (PM;B) expands whereas (UPM;A) shrinks, entailing that welfare im-

proving mergers that �rms �nd unpro�table are less likely to arise when production costs become more convex.
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�rm is present, it seeks to curb pollution, changing output competition. In particular, this �rm

responds more signi�cantly to a given decrease in its rivals�output than a private �rm would, thus

ameliorating the pro�tability of a merger. This strengthens Salant et al.�s (1983) 80-percent rule,

making mergers more likely to be unpro�table when a public �rm exists than otherwise. Then,

fewer merger requests should be �led in polluting industries where a public �rm is present, especially

when pollution is severe and costs are low.

Changing CA guidelines? The CA is less willing to approve mergers when a public �rm is

present than otherwise, since this �rm already addresses part of the environmental externality.

In this context, the reduction in pollution that the merger approval entails is ameliorated by the

public �rm, decreasing the potential welfare gain of the merger. This result entails that changing

the CA�s guidelines, considering pollution in its merger assessments, may be important in industries

where all �rms are private. In this context, the CA would use merger approvals as a new, although

imperfect, tool to curb pollution. However, in industries with a public �rm, the CA�s decision does

not signi�cantly change when considering or ignoring emissions in its guidelines, suggesting that

these changesare not impactful in markets such as oil, gas, and mining.

Unpro�table mergers. Our results also underscore how the presence of the public �rm makes

mergers less pro�table. When the CA ignores pollution, �rms anticipate the merger request will be

denied and do not submit a request regardless of its pro�tability. When the CA considers pollution,

however, mergers are more likely to be approved, but are also more likely unpro�table, especially

when pollution is severe, entailing that mergers are not �led in equilibrium. Our �ndings, then,

suggest that changes in CA guidelines would not lead to di¤erent merger requests or approvals,

especially when pollution is severe or the public �rm is present, making the new guidelines inconse-

quential. In contrast, when pollution is not severe and the public �rm is mostly privatized, guideline

changes would lead to more merger requests being submitted and approved in equilibrium, yielding

welfare gains.

Robustness checks. Our �ndings are robust to changes in modeling assumptions. First, we

consider a setting where the public �rm ignores pollution in its welfare function, which can arise

when this �rm�s regulations consider consumer and producer surplus alone. In this context, we

show that the public �rm produces more output than when accounting for environmental damages.

Anticipating this larger output, the CA is more likely to approve mergers, since this �approval

di¤erential� helps reduce aggregate pollution �a di¤erential that grows as the public �rm is less

privatized and pollution becomes more severe. Second, we allow for the merger to yield cost-

reducing e¤ects, showing that mergers are more likely to become pro�table, since the merging

entity bene�ts from a cost advantage in this setting. When pollution is not severe, mergers are also

more likely to be welfare improving, because cost-reducing e¤ects yield a larger aggregate output;

but when pollution is severe, mergers are more probably blocked. Third, cost convexity makes the

merger less likely to be welfare enhancing, thus requiring large weights on pollution for the CA to

approve the merger.

Further research. We consider that �rms are cost symmetric before the merger, while the

22



merging entity may bene�t from cost-reducing e¤ects. Alternatively, one could allow for �rms to

be cost asymmetric before the merger, with the public �rm exhibiting di¤erent marginal costs than

private �rms. Similarly, we study mergers between private �rms, but one could allow for mergers

between the public �rm and k private �rms. Finally, an extension could consider that the CA does

not accurately observe pollution damages in an incomplete information environment.

6 Appendix

6.1 Appendix 1 - Public �rm ignoring pollution

Third stage, No merger. Every private �rm i still exhibits the same best response function as

in the main model, qi (q) = 1�c
n � 1

nq. However, that of the public �rm becomes

q (qi) =
1� c
2� � �

1

2� �

n�1X
i=1

qi

Simultaneously solving for q and qi in best response functions q (qi) and qi(q), we obtain

qNM =
1� c

1 + n(1� �) and qNMi =
(1� c)(1� �)
1 + n(1� �) ,

which are both positive, and satisfy @qNM

@� = n(1�c)
[1+n(1��)]2 > 0 and @qNMi

@� = � 1�c
[1+n(1��)]2 < 0,

thus indicating that, as the public �rm is more nationalized, its output increases while that of

every private �rm decreases. Aggregate output under no merger is QNM = (1�c)[n(1��)+�]
1+n(1��) , which

increasing in � because @QNM

@� = n(n+1)(1�c)
[1+n(1��)]2 > 0. In this context, the e¢ ciency ratio becomes

ERNM = n(1��)+�
n(1��)+1 , which satis�es ER

NM < 1 since � < 1, thus showing underproduction relative

to social optimal.

Third stage, Merger. Using Lemma 3, equilibrium output in this scenario is

qM =
1� c

1 + (1� �)(n� k + 1) and qMI = qMO =
(1� c)(1� �)

1 + (1� �)(n� k + 1)

which are both positive, and satisfy @qM

@� = (1�c)(n�k+1)
[1+(1��)(n�k+1)]2 > 0 and

@qNMi
@� = � 1�c

[1+(1��)(n�k+1)]2 <

0, thus entailing an output shift towards the public �rm. Aggregate output, then, becomes

QM = (1�c)[1+(1��)(n�k)]
1+(1��)(n�k+1) , which coincides with QNM when k = 1, and decreases in k since

@QM

@k = � (1�c)(1��)2
[2��+(1��)(n�k)]2 < 0, implying that QM < QNM for all k � 2. Aggregate output

QM is increasing in � since @QNM

@� = 1�c
[1+(1��)(n�k+1)]2 > 0. In this setting, the e¢ ciency ratio is

ERM = 1+(1��)(n�k)
1+(1��)(n�k+1) , which satis�es ER

M < 1, also indicating underproduction. Comparing

ERM and ERNM , we obtain that ERM�ERNM = � (k�1)(1��)2
[(n(1��)+1][1+(1��)(n�k+1)] < 0, implying that

output e¢ ciency worsens after the merger.
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Second stage. First, when the CA uses consumer surplus to evaluate the merger request, it
blocks the merger since QM < QNM for all k � 2 for all parameters. Second, when the CA uses
welfare to evaluate mergers but ignores environmental damages, W = CS + PS, welfare without

the merger is

WNM
NP =

(1� c)2[n� �(n� 1)][2� �+ n(1� �)]
2[1 + n(1� �)]2

and that after the merger is

WM
NP =

(1� c)2[1 + (n� k)(1� �)][3� 2�+ (n� k)(1� �)]
2[2� �+ (n� k)(1� �)]2

where WM
NP coincides with W

NM
NP when k = 1. The merger improves welfare if and only if WM

NP �
WNM
NP > 0, where

WM
NP �WNM

NP = �(1� �)
3 (1� c)2 (k � 1)[3� �+ (2n� k)(1� �)]

2[2� �+ (n� k)(1� �)]2[1 + n(1� �)]2 < 0

holds for all admissible parameters, implying that the CA blocks the merger. Third, when the CA

considers environmental damage in its welfare function, W = CS + PS � EnvCA, welfare before
the merger is

WNM =
(1� c)2[n� �(n� 1)][2 + n� �(n+ 1) + 2d�(�(n� 1)� n)]

2[1 + n(1� �)]2

while that after the merger is

WM =
(1� c)2[1 + (n� k)(1� �)][3� 2�+ (n� k)(1� �)� 2d�(1 + (n� k)(1� �))]

2[2� �+ (n� k)(1� �)]2 .

De�ning the welfare gain from the merger as �W �WM �WNM , we obtain that �W = 0 at

k = k(�), where cuto¤ k
IP
(�) is

k(�) � (1� �)[3� �+ 2n(1� �)]� 2d�[1� �(�� 2) + 4n(1� �) + 2n2(1� �)2]
(1� �)[1� �� 2d�(1 + �+ 2n(1� �))] .

Analyzing cuto¤ k
IP
(�), we �rst �nd that, when evaluated at � = 0, this cuto¤ collapses to

k
IP
(0) = 3+2n(1��)��

1�� , which lies above n, k
IP
(0) > n, since n� kIP (0) = �3+n(1��)+�

1�� < 0 for all

admissible parameters. Then, this cuto¤ unambiguously increases in � since

@k
IP
(�)

@�
=

4d[1 + n(1� �)]2
(1� �)[1� �� 2d�(1 + �+ 2n(1� �))]2 > 0

and reaches a vertical asymptote at � = e� � 1��
2d[1+�+2n(1��)] . Further increases in � then entail
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that cuto¤ k
IP
(�) crosses the horizontal axis, k

IP
(�) = 0, at

� � (1� �)[3� �+ 2n(1� �)]
2d[1 + �(2� �) + 4n(1� �) + 2n2(1� �)2]

and keeps increasing in �, so it solves k
IP
(�) = n� 1 at

� � (1� �)[2(2� �) + n(1� �)]
2d[2 + 5n+ � [2(1� �)� n(8� 3�)]]

where � > 0 since � < 1, and cuto¤s � and � satisfy � > � since cuto¤ k
IP
(�) is unambiguously

increasing in �.

First stage. Using the above outputs under no merger, we �nd the equilibrium pro�ts for

each private �rm, �NMi =
�
(1�c)(1��)
1+n(1��)

�2
. The equilibrium pro�t for merging �rms (insiders) is

�MI =
�

(1�c)(1��)
1+(1��)(n�k+1)

�2
.

Hence, �rms merge if and only if�
(1� c)(1� �)

1 + (1� �)(n� k + 1)

�2
� k

�
(1� c)(1� �)
1 + n(1� �)

�2
Solving for k, and dividing both sides by n, yields

k

n
�
bk
n
� 3� �+ 2n(1� �)� (1� �)1=2

2n(1� �)

where  � [5 � � + 4n(1 � �)]1=2 > 0 since � < 1. When � = 0, cuto¤
bk
n simpli�es to

bk
n =

3+2n�[5+4n]1=2
2n , as in Salant et al. (1983); but when � > 0 this cuto¤ satis�es

@
� bk
n

�
@�

=
(1� �)1=2 � (1� �)

n(1� �)5=2
> 0

since (1� �)1=2 > (1� �) and � < 1.
For the merger to be pro�table and approved, we need that k

IP
(�)�bk > 0, where cuto¤ kIP (�)

was found in the second stage above. When � = � = 0, this di¤erence is 3+2n+[5+4n]
1=2

2 > 0. When

� = 0, the di¤erence becomes

k
IP
(0)� bk = 3� �+ 2n(1� �) + (1� �)1=2

2(1� �)

which is positive for all admissible values. Finally, when �; � > 0, the di¤erence k
IP
(�) �bk > 0 for all � > b�, where b� � 1

2d

�


(1��)1=2
�2
� . Cuto¤ b� decreases in d and satis�es @b�

@� =

� 1
d(1��)1=2[�2(1��)1=2]2 < 0 and

@b�
@n = �

(1��)3=2
d[�2(1��)1=2]2 < 0.

25



6.2 Appendix 2 - Mergers with cost-reducing e¤ects

Third stage. When no merger ensues, equilibrium output coincides with that in Lemma 1,

qNM = (1�c)[1�2�d(n�1)]
1+2�d+(1��)n and qNMi = (1�c)[1��(1�2d)]

1+2�d+(1��)n , while aggregate output coincides with that in

Lemma 2, QNM = (1�c)[n(1��)+�]
1+2�d+n(1��) .

When a merger occurs, however, the merging entity bene�ts from a lower cost, c�x, so it solves

max
qMI �0

�MI =

"
1�

 
qM + qMI +

n�1�kX
i=1

qMO;i

!#
qMI � (c� x)qMI

which yields best response function

qMI
�
qM ; qMO

�
=
1� (c� x)

2
� q

M + (n� k � 1)qMO
2

Every unmerged private �rm still faces marginal cost c, solving

max
qMO �0

�MO =

"
1�

 
qM + qMI +

n�1�kX
i=1

qMO;i

!#
qMO � cqMO

which yields best response function

qMO
�
qM ; qMI

�
=
1� c
n� k �

qM + qMI
n� k

The public �rm also faces marginal cost c, solving

max
qM�0

VM = �WM + (1� �)�M

where WM =
R QM
0 (1� y)dy� cQM � d

�
QM

�2
, �M =

�
1�QM

�
qM � cqM , and QM = qM + qMI +

(n� k � 1)qMO . Di¤erentiating and solving for qM , we obtain best response function

qM
�
qMI ; q

M
O

�
=

1� c
2 + �(2d� 1) �

(1 + 2�d)
h
qMI +

Pn�k�1
i=1 qMOi

i
2 + �(2d� 1)

Letting sP denote the slope of the above best response function, it satis�es
@sP
@� = �

(1+2�d)
hPn�k�1

i=1 qMOi
�qMI

i
(2�(2d�1)2 <

0 if and only if
Pn�k�1
i=1 qMOi > q

M
I and @s

@d = �
2�(1��)

hPn�k�1
i=1 qMOi

�qMI
i

(2�(2d�1)2 < 0 if and only if
Pn�k�1
i=1 qMOi >

qMI .

Solving simultaneously for qM , qMI , and q
M
O in the above best response functions yields

qM =
(1� c)[1� 2�d(n� k)]� x(1 + 2�d)

1 + 2�d+ (1� �)(n� k + 1) , qMO =
(1� c)[1 + �(2d� 1)]� x(1� �)
1 + 2�d+ (1� �)(n� k + 1)
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and qMI =
(1� c)[1 + �(2d� 1)] + [(1� �)(n� k) + 2�d+ 1]x

1 + 2�d+ (1� �)(n� k + 1)

where qMI is unambiguously positive; qM > 0 if and only if x < xP � (1�c)[1�2�d(n�k)]
1+2�d , which holds

by de�nition; and qMO > 0 if and only if x < xO � (1�c)[1+�(2d�1)]
1�� . Cuto¤s xO and xP satisfy

xO � xP = 2�d(1�c)[2+(n�k)(1��)+�(2d�1)]
(1��)(2�d+1) > 0, implying that xO > xP , which entails that the initial

condition x < xP implies that all �rms are active after the merger.

Both cuto¤s xP and xO simplify to (1 � c) when evaluated at � = 0. In addition, cuto¤ xP
satis�es @xP

@d = �2d(1�c)(n�k+1)
(1+2�d)2

< 0 and @xP
@� = �2�(1�c)(n�k+1)

(1+2�d)2
< 0, implying that condition

x < xP becomes more demanding when the public �rm is more nationalized (higher �) or pollution

is more severe (higher d).

Comparative statics. The public �rm�s output, qM , satis�es @qM

@c = � 1+2�d(n�k)
1+(1��)(n�k+1)+2�d < 0,

@qM

@� = � (n�k+1)[(1�c)[2d(n�k+1)�1]+x+2dx]
[1+2d+(1��)(n�k+1)]2 < 0, @q

M

@d = �2(n�k+1)(�(1�c)[1+(n�k)(1��)]+(1��)�x)
[1+2d+(1��)(n�k+1)]2 < 0,

and @qM

@n = (1+2�d)[(1�c)(�(2d�1)�1]�x(1��)
1+2d+(1��)(n�k+1)]2 < 0 if and only if x < xO, which holds given that

x < xP by de�nition and cuto¤ xO satis�es xO > xP . Every outsider�s output, qMO , satis�es
@qMO
@c =

� 1+�(2d�1)
1+(1��)(n�k+1)+2�d < 0,

@qMO
@� = (1�c)[2d(n�k+1)�1]+x+2dx

[1+2d+(1��)(n�k+1)]2 > 0;
@qMO
@d = 2�(1�c)[1+(n�k)(1��)]+2(1��)�x

[1+2d+(1��)(n�k+1)]2 >

0, and @qMO
@n = (1��)[(1�c)(�(2d�1)�1]+x(1��)

[1+2d+(1��)(n�k+1))]2 < 0 if and only if x < xO, which holds since x < xP

by assumption. Finally, the merged entity�s output, qMI , satis�es
@qMI
@c = � 1+�(2d�1)

1+(1��)(n�k+1)+2�d <

0, @qMI
@� = (1�c)[2d(n�k+1)�1]+x+2dx

[1+2d+(1��)(n�k+1)]2 > 0, @qMI
@d = 2�(1�c)[1+(n�k)(1��)]+2(1��)�x

[1+2d+(1��)(n�k+1)]2 > 0, and @qMI
@n =

� (1��)[(1�c)(1+�(2d�1)]�(1��)x
[n�k+2(n�k�2d+1)]2 < 0 if and only if x < xO, which holds because x < xP by de�nition.

The aggregate output after the merger becomes

QM = qM + (n� k � 1)qMO + qMI

=
(1� c)[1 + (1� �)(n� k)] + (1� �)x

1 + (1� �)(n� k + 1) + 2�d

which is unambiguously positive. In addition, QM satis�es @QM

@c = � (n�k)(1��)+1
1+(1��)(n�k+1)+2�d < 0;

@QM

@� = (1�c)[1�2d(n�k+1)]�x(1+2d)
[1+2�d+(1��)(n�k+1)]2 < 0 since d > 1

2 by de�nition;
@QM

@d = �2�[(1�c)[1+(n�k)(1��)]+(1��)x]
[1+2�d+(1��)(n�k+1)]2 <

0; and @QM

@k = � (1��)[(1�c)[1+�(2d�1)]�x(1��)]
[1+2�d+(1��)(n�k+1)]2 < 0 if and only if x < xO � (1�c)[1+�(2d�1)]

1�� , which

holds given that x < xP by de�nition, so QM is decreasing in k for all admissible parameters.

Similarly, QM is increasing in n because @QM

@n = (1��)[(1�c)[1+�(2d�1)]�x(1��)]
[1+2�d+(1��)(n�k+1)]2 > 0 if and only if

x < xO, which is satis�ed for all admissible parameters.

Second stage. When the CA uses consumer surplus to evaluate mergers, QM > QNM holds if

and only if x > xCA � (1�c)(k�1)[1+�(2d�1)]
1+2�d+n(1��) , where xP�xCA = (1�c)[1�2�d(n�1)][2+(n�k)(1��)+�(2d�1)]

(1+2�d)[1+2�d+n(1��)] >

0, entailing that xP > xCA for all admissible parameter values. In addition, cuto¤ xCA collapses

to xCA =
(1�c)(k�1)

n+1 when all �rms are private, � = 0, and satis�es @xCA
@k = (1�c)[1+�(2d�1)]

1+2�d+n(1��) > 0,
@xCA
@n = � (1�c)(k�1)(1��)[1+�(2d�1)]

[1+2�d+n(1��)]2 < 0, @xCA@c = � (k�1)[1+�(2d�1)]
1+2�d+n(1��) < 0, @xCA@� = (1�c)(k�1)(2dn�1)

[1+2�d+n(1��)]2 >

0, and @xCA
@d = 2�(1�c)(k�1)[n(1��)+�]

[1+2�d+n(1��)]2 > 0.

First stage. Using outputs from Lemma 1, we �nd the equilibrium pro�ts for each private
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�rm, �NMi =
�
(1�c)[1+�(2d�1)]
1+2�d+n(1��)

�2
. The equilibrium pro�ts for merging �rms (insiders) is

�NMI =

�
[1 + �(2d� 1)](1� c) + [1 + 2�d+ (1� �)(n� k)]x

1 + 2�d+ (1� �)(n� k + 1)

�2
Hence, �rms �nd the merger pro�table if and only if�

[1 + �(2d� 1)](1� c) + [1 + 2�d+ (1� �)(n� k)]x
1 + 2�d+ (1� �)(n� k + 1)

�2
� k

�
(1� c)[1 + �(2d� 1)]
1 + 2�d+ n(1� �)

�2
Applying square roots on both sides of the above inequality, yields

(1� c) [1 + �(2d� 1)]
1 + 2�d+ (1� �)(n� k + 1) +

1 + 2�d+ (1� �)(n� k)
1 + 2�d+ (1� �)(n� k + 1)

x

1� c �
p
k
(1� c) [1 + �(2d� 1)]
1 + 2�d+ n(1� �)

and solving for x, we �nd that

x � (1� c) [1 + �(2d� 1)]
1 + 2�d+ (1� �)(n� k)

�p
k
[1 + 2�d+ (1� �)(n� k + 1)]

1 + 2�d+ n(1� �) � 1
�
� x�

where cuto¤ x� collapses to x� = (1 � c)
� p

k
n+1 �

1
n�k+2

�
when all �rms are private, � = 0, and

satis�es

x� � xCA = �
(1� c)[1 + �(2d� 1)](

p
k � 1)

p
k[2 + (n� k)(1� �) + �(2d� 1)]

[1 + 2�d+ (n� k)(1� �)][1 + 2�d+ n(1� �)]

which is unambiguously negative since
p
k > 1 because k � 2. Therefore, the ranking of cuto¤s is

x� < xCA < xP for all admissible parameters.

Table A.1 considers the same parameter values as Table III in the main text, allowing for

x = 0:10, and changes one parameter at a time, to test how equilibrium results and welfare are

a¤ected by each parameter.

28



No merger Merger Changes Cuto¤s

QNM EnvNM WNM QM EnvM WM �Q �Env �W x� xCA xP

Baseline 0.423 0.045 0.077 0.328 0.027 0.083 -0.095 0.018 0.006 -0.001 0.308 0.409

� = 0:07 0.425 0.045 0.077 0.361 0.326 0.106 -0.063 0.012 0.029 -0.007 0.301 0.434

� = 0:04 0.426 0.046 0.077 0.363 0.033 0.106 -0.063 0.012 0.029 -0.013 0.294 0.461

� = 0 0.429 0.046 0.077 0.366 0.034 0.106 -0.062 0.012 0.029 -0.021 0.286 0.500

d = 0:6 0.422 0.053 0.069 0.356 0.038 0.101 -0.066 0.015 0.032 0.001 0.313 0.393

d = 0:7 0.420 0.062 0.060 0.354 0.044 0.095 -0.067 0.018 0.035 0.003 0.318 0.377

d = 0:8 0.419 0.070 0.051 0.351 0.049 0.089 -0.068 0.021 0.038 0.005 0.323 0.363

� = 0:7 0.423 0.063 0.059 0.359 0.045 0.094 -0.064 0.018 0.035 -0.001 0.308 0.409

� = 0:8 0.423 0.072 0.050 0.359 0.051 0.088 -0.064 0.020 0.037 -0.001 0.308 0.409

� = 1 0.423 0.089 0.033 0.358 0.064 0.075 -0.064 0.025 0.042 -0.001 0.308 0.409

c = 0:4 0.508 0.064 0.111 0.424 0.045 0.147 -0.084 0.019 0.036 -0.001 0.369 0.491

c = 0:3 0.592 0.088 0.151 0.490 0.060 0.194 -0.103 0.028 0.042 -0.001 0.431 0.572

c = 0:2 0.677 0.115 0.198 0.555 0.077 0.247 -0.122 0.038 0.050 -0.001 0.492 0.655

k = 4 0.423 0.045 0.077 0.392 0.038 0.102 -0.031 0.006 0.024 0.058 0.231 0.364

k = 3 0.423 0.045 0.077 0.413 0.043 0.097 -0.010 0.002 0.020 0.066 0.154 0.318

k = 2 0.423 0.045 0.077 0.427 0.046 0.094 0.004 -0.001 0.017 0.046 0.077 0.273

Table A.1. Equilibrium outcomes with cost-reducing e¤ects - Robustness checks.

6.3 Appendix 3 - Allowing for non-linear costs

Third stage, No merger. Each private �rm i solves

max
qi�0

�NMi =

241�
0@qNM + qNMi +

n�2X
j 6=i

qNMj

1A35 qNMi �
�
c+

h

2
qNMi

�
qNMi

yielding best response function

qNMi
�
qNM

�
=
1� c
n+ h

� 1

n+ h
qNM :

The intercept term of this function, 1�cn+h , is decreasing in h; while its slope, �
1

n+h , is increasing

in h. Therefore, as production costs are more convex (higher h), every �rm produces fewer units,

but output competition is softened (i.e., �atter best response functions). When costs are linear,

h = 0, this best response function simpli�es to qNMi
�
qNM

�
= 1�c

n � 1
nq
NM , coinciding with that

in the main body of the paper.
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The public �rm solves

max
qNM�0

V NM = �WNM + (1� �)�NM

where �NM =
h
1�

�
qNM +

Pn�2
i=1 q

NM
i

�i
qNM �

�
c+ h

2 q
NM
�
qNM and WNM is de�ned as in the

main body of the paper. This yields best response function

qNM
�
qNMi

�
=

1� c
2 + �(2d� 1) + h �

1 + 2�d

2 + �(2d� 1) + h

n�1X
i=1

qNMi

The vertical intercept, 1�c
2+h��(2d�1) , is decreasing in h; while its slope, �

1+2�d
2+h+�(2d�1) , is increas-

ing in h, thus exhibiting similar comparative statics as the best response function of every private

�rm. When costs are linear, h = 0, this best response function simpli�es to

qNM
�
qNMi

�
=

1� c
2 + �(2d� 1) �

1 + 2�d

2 + �(2d� 1)

n�1X
i=1

qNMi

which coincides with equation (3) in the main body of the paper. Simultaneously solving for qNM

and qNMi , we obtain equilibrium output levels

qNM =
(1� c)[1 + h� 2�d(n� 1)]

1 + 2�d(h+ 1) + h(n+ h+ 1) + (1� �)(n+ h) and

qNMi =
(1� c)[1 + h+ �(2d� 1)]

1 + 2�d(h+ 1) + h(n+ h+ 1) + (1� �)(n+ h) .

Output qNMi is unambiguously positive, while qNM is positive i¤ � < 1+h
2d(n�1) which is true

by assumption since cuto¤ 1+h
2d(n�1) satis�es

1+h
2d(n�1) > �. Aggregate output is given by QNM =

(1�c)[n(1��+h)+�]
1+2�d(h+1)+h(n+h+1)+(1��)(n+h) which is unambiguously positive. When costs are linear, h = 0, the

above expressions simplify to

qNM =
(1� c)[1� 2�d(n� 1)]
1 + 2�d+ (1� �)n qNMi =

(1� c)[1 + �(2d� 1)]
1 + 2�d+ (1� �)n QNM =

(1� c) [n(1� �) + �]
1 + 2�d+ n(1� �)

coinciding with those in Lemma 1 and 2. Aggregate output satis�es

@QNM

@h
=
(1� c)

�
(n� 1)�[2(1 + h) + �(2d� 1)]� (1 + h)2n

�
[1 + 2�d(h+ 1) + h(n+ h+ 1) + (1� �)(n+ h)]2 < 0

if and only if d < 1
2�(n�1)

�
(1+h)[n(1+h)�2�(n�1)]+�2(n�1)

�

�
, where (1+h)[n(1+h)�2�(n�1)]+�2(n�1)

� > 1

for all admissible parameters. Since d < 1
2�(n�1) by de�nition, Q

NM unambiguously decreases in h.

Third stage, Merger. When there is a merger, the best response function of the public �rm
is
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qM
�
qMI ; q

M
O

�
=

1� c
2 + h+ �(2d� 1) �

(1 + 2�d)
h
qMI +

Pn�k�1
i=1 qMOi

i
2 + h+ �(2d� 1)

that of the merging entity (insiders) is

qMI
�
qM ; qMO

�
=
1� (c� x)
2 + h

� q
M + (n� k � 1)qMO

2 + h

and that of every outsider private �rm is

qMO
�
qM ; qMI

�
=

1� c
n� k + h �

qM + qMI
n� k + h .

For the above best response functions, all vertical intercept terms are decreasing in h and slopes

are increasing in h. When costs are linear, h = 0, these best response function simplify to

qM
�
qMI ; q

M
O

�
=

1� c
2 + �(2d� 1) �

(1 + 2�d)
h
qMI +

Pn�k�1
i=1 qMOi

i
2 + �(2d� 1) ,

qMI
�
qM ; qMO

�
=

1� (c� x)
2

� q
M + (n� k � 1)qMO

2
, and

qMO
�
qM ; qMI

�
=

1� c
n� k �

qM + qMI
n� k .

Simultaneously solving, we �nd that equilibrium quantities are

qM =
(1� c)[1 + h� 2�d(n� k)]

(1 + h)(n� k + h+ 2)� �[n� k + h+ 1� 2d(1 + h)] and

qMO = qMI =
(1� c)[1 + h+ �(2d� 1)]

(1 + h)(n� k + h+ 2)� �[n� k + h+ 1� 2d(1 + h)]

Output qMO and qMI are unambiguously positive while qM is positive if � < 1+h
2d(n�k) which

is true by assumption since cuto¤ 1+h
2d(n�k) satis�es

1+h
2d(n�k) > �. Finally, aggregate output is

QM = (1�c)[1+h+(1+h��)(n�k)]
(1+h)(n�k+h+2)��[n�k+h+1�2d(1+h)] , which is also unambiguously positive. Aggregate output

satis�es

@QM

@h
= �

(1� c)
�
1 + (n� k)[1� �(2(1 + �d)� �)] + h2(n� k + 1) + 2h(1 + (n� k)(1� �)

�
[(n+ 1)(n� k + 2 + h)� �(n� k + 1 + h� 2d(1 + h))]2 < 0

if and only if d < 1
2�

�
1��(2��)

�

�
, where 1��(2��)

� > 1 for all admissible values of �, implying that

1
2� <

1
2�

�
1��(2��)

�

�
. Since d < 1

2�(n�1) by assumption, condition d <
1
2�

�
1��(2��)

�

�
holds, and

QM is unambiguously decreasing in h.

When costs are linear, h = 0, the above equilibrium output simplify to

qM =
(1� c)[1� 2�d(n� k)]

1 + 2�d+ (1� �)(n� k + 1) and qMI = qMO =
(1� c)[1 + �(2d� 1)]

1 + 2�d+ (1� �)(n� k + 1)
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coinciding with those in Lemma 3; while aggregate output becomes, QM = (1�c)[1+(1��)(n�k)]
1+2�d+(1��)(n�k+1) ,

also coinciding with that in Lemma 4.

Finally, when k = 1, QM = QNM ; andQM satis�es @Q
M

@k = � (1�c)(1��+h)(1+h)[1+�(2d�1)+h]
[(1+h)(n�k+2+h)��(1+h�2d(1+h)+n�k)]2 <

0, implying that QM < QNM for all k � 2. Therefore, when the CA uses the CS-criterion, the

merger is blocked for all admissible parameter values.

In the �rst stage, the merging entity �nds the merger pro�table if and only if kn �
bk(h)
n , where

bk(h)
n

� [3 + 2(n+ h)](1 + h)2 + �2[1 + 2(n+ h)� 4d(1 + h)]� 4�(1 + h)[n+ (1� d)(1 + h)]� �(h)
2n(1� �+ h)2

and �(h) �
�
(1� �+ h)3[(1 + h)(5 + 4(n+ h))� �(1 + 4(n+ h)� 8d(1 + h)]

�1=2. When costs are
linear, h = 0, this cuto¤ simpli�es to

bk
n �

3+2n+�[4(d�1)��(4d�1)�2n(2��)]��
2n(1��)2 , as identi�ed in Propo-

sition 1.

6.4 Proof of Lemma 1

Simultaneously solving for q and qi in best response functions q (qi) and qi(q), we obtain

qNM =
(1� c)[1� 2�d(n� 1)]
1 + 2�d+ (1� �)n and

qNMi =
(1� c)[1 + �(2d� 1)]
1 + 2�d+ (1� �)n .

where qNM is positive if and only if � < 1
2d(n�1) � �, and satis�es

@qNM

@d = 2�(1�c)[�(n�1)�n]n
[n+1��(n�2d)]2 < 0;

@qNM

@� = n(1�c)(1�2dn)
[n+1��(2d+n)]2 < 0;

@qNM

@n
=
(1� c)(1� 2�d)[1 + �(2d� 1)]

[1 + 2�d+ (1� �)n]2
< 0

if and only if � < 1
2d , which holds since � < �; and @qNM

@c = 1+2�d(n�1)
1+2�d+(1��)n > 0 for all admissible

parameters.

Similarly, qNMi is positive since d > 1
2 , and satis�es

@qNMi
@d = 2�(1�c)[n��(n�1)]

[1+2�d+n(1��)]2 > 0; @q
NM
i
@� =

(1�c)(1+2dn)
[1+2�d+n(1��)]2 > 0;

@qNMi
@n = � (1��)(1�c)[1+�(2d�1)]

[1+2�d+n(1��)]2 < 0; @q
NM
i
@c = � �(2d�1)+1

1+2�d+n(1��) < 0.

6.5 Proof of Lemma 2

Using Lemma 1, we obtain that aggregate output under no merger is

QNM = qNM + (n� 1) qNMi

=
(1� c) [n(1� �) + �]
1 + 2�d+ n(1� �)
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which satis�es @Q
NM

@� = � (1�c)(2dn�1)
[1+2�d+n(1��)]2 < 0;

@QNM

@d = �2�(1�c)[n(1��)+�]
[1+2�d+n(1��)]2 < 0; @Q

NM

@n = (1��)(1�c)[1+�(2d�1)]
[1+2�d+n(1��)]2 >

0 since d > 1
2 by de�nition; and

@QNM

@c = � n(1��)+�
1+2�d+n(1��) < 0.

6.6 Proof of Corollary 1

DividingQNM = (1�c)[n(1��)+�]
1+2�d+n(1��) overQ

SO = 1�c
1+2d , and rearranging, yields ER

NM = (2d+1)[n(1��)+�]
1+2�d+n(1��) ,

which satis�es ERNM > 1 because (2d+1) [n(1� �) + �] > 1+2�d+n(1��) simpli�es to d > 1
2n ,

which holds since d > 1
2 by de�nition and n � 3.

In addition, ERNM satis�es @ER
NM

@d = 2(1��)(n+1)[n(1��)+�]
[1+2�d+n(1��)]2 > 0; @ER

NM

@� = (1+2d)(1�2dn)
[1+2�d+n(1��)]2 < 0

if d > 1
2n , which holds since d >

1
2 by de�nition; and

@ERNM

@n = (1��)(1+2d)[1+�(2d�1)]
[1+2�d+n(1��)]2 > 0 since

d > 1
2 by assumption.

6.7 Proof of Lemma 3

After the merger is approved, the merging entity�s solves

max
qMI �0

�MI =

"
1�

 
qM + qMI +

n�1�kX
i=1

qMO;i

!#
qMI � cqMI

which yields best response function

qMI
�
qM ; qMO

�
=
1� c
2

� q
M + (n� k � 1)qMO

2

Every unmerged private �rm solves

max
qMO �0

�MO =

"
1�

 
qM + qMI +

n�1�kX
i=1

qMO;i

!#
qMO � cqMO

which yields best response function

qMO
�
qM ; qMI

�
=
1� c
n� k �

qM + qMI
n� k

The public �rm solves

max
qM�0

VM = �WM + (1� �)�M

where WM =
(QM)

2

2 +
�
�MI + �MO + �M

�
� d

�
QM

�2
, �M =

�
1�QM

�
qM � cqM , and QM =

qM + qMI + (n� k � 1)qMO . Di¤erentiating and solving for qM , we obtain best response function

qM
�
qMI ; q

M
O

�
=

1� c
2 + �(2d� 1) �

(1 + 2�d)
h
qMI +

Pn�k�1
i=1 qMOi

i
2 + �(2d� 1)

Letting sP denote the slope of the above best response function, it satis�es
@sP
@� = �

(1+2�d)
hPn�k�1

i=1 qMOi
�qMI

i
(2�(2d�1)2 <
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0 if and only if
Pn�k�1
i=1 qMOi > q

M
I and @s

@d = �
2�(1��)

hPn�k�1
i=1 qMOi

�qMI
i

(2�(2d�1)2 < 0 if and only if
Pn�k�1
i=1 qMOi >

qMI .

Solving simultaneously for qM , qMI , and q
M
O in the above three best response functions yields

output levels

qM =
(1� c)[1� 2�d(n� k)]

1 + 2�d+ (1� �)(n� k + 1) and qMI = qMO =
(1� c)[1 + �(2d� 1)]

1 + 2�d+ (1� �)(n� k + 1)

where qMI and qMO are unambiguously positive, and qM > 0 if and only if � < 1
2d(n�k) . However, the

initial assumption � < 1
2d(n�1) � � is more demanding that � <

1
2d(n�k) because

1
2d(n�1) <

1
2d(n�k)

since k � 2, implying that qM > 0 holds for all admissible parameters, i.e., � < �.

Comparative statics. The public �rm�s output, qM , satis�es @qM

@c = � 1�2�d(n�k)
1+2�d+(1��)(n�k+1) < 0

which holds since � < � � 1
2d(n�1) ,

@qM

@� = � (n�k+1)(1�c)[2d(n�k+1)�1]
[1+2�d+(1��)(n�k+1)]2 < 0, @q

M

@d = �2�(1�c)(n�k+1)[1+(n�k)(1��)]
[1+2�d+(1��)(n�k+1)]2 <

0, @q
M

@n = � (1�c)(1+2�d)[�(2d�1)+1]
[1+2�d+(1��)(n�k+1)]2 < 0, and

@qM

@k = (1�c)(1+2�d)[�(2d�1)+1]
[1+2�d+(1��)(n�k+1)]2 > 0.

Every outsider�s output, qMO , satis�es
@qMO
@c = � 1+�(2d�1)

1+2�d+(1��)(n�k+1) < 0,
@qMO
@� = (1�c)[2d(n�k+1)�1]

[1+2�d+(1��)(n�k+1)]2 >

0;
@qMO
@d = 2�(1�c)[1+(n�k)(1��)]

[1+2�d+(1��)(n�k+1)]2 > 0,
@qMO
@n = (1��)(1�c)[�(1�2d)�1]

[1+2�d+(1��)(n�k+1))]2 < 0, and
@qMO
@k = (1��)(1�c)[�(2d�1)+1]

[1+2�d+(1��)(n�k+1))]2 >

0. Finally, the merged entity�s output, qMI , exhibits the same comparative statics as q
M
O .

6.8 Proof of Lemma 4

The aggregate output is

QM = qM + (n� k � 1)qMO + qMI

=
(1� c)[1 + (1� �)(n� k)]
1 + 2�d+ (1� �)(n� k + 1)

which is unambiguously positive. In addition, QM satis�es @QM

@c = � 1+(n�k)(1��)
1+2�d+(1��)(n�k+1) < 0;

@QM

@� = (1�c)[1�2d(n�k+1)]
[1+2�d+(1��)(n�k+1)]2 < 0 since d > 1

2 by de�nition;
@QM

@d = � 2�(1�c)[1+(n�k)(1��)]
[1+2�d+(1��)(n�k+1)]2 < 0;

@QM

@k = � (1��)(1�c)[1+�(2d�1)]
[1+2�d+(1��)(n�k+1)]2 < 0; and

@QM

@n = (1��)(1�c)[1+�(2d�1)]
[1+2�d+(1��)(n�k+1)]2 > 0.

6.9 Proof of Corollary 2

Dividing QM from Lemma 4 over QSO = 1�c
1+2d , and rearranging, yields

ERM =
(1 + 2d)[1 + (1� �)(n� k)]
1 + 2�d+ (1� �)(n� k + 1) ,

which satis�es ERM > 1 if and only if d > 1
2(n�k+1) . Since d >

1
2 by de�nition and n � 3, condition

d > 1
2(n�k+1) holds for all admissible parameters, implying that ER

M > 1.

In addition, ERM satis�es @ER
NM

@d = 2(1��)(n�k+2)[1+(1��)(n�k)]
(1�c)[1+2�d+(1��)(n�k+1)]2 > 0;

@ERNM

@� = � (1+2d)[2d(n�k+1)�1]
(1�c)[1+2�d+(1��)(n�k+1)]2 <

0 since d > 1
2 by de�nition and n � k � 2; @ERNM

@n = (1��)(1+2d)[1+�(2d�1)]
(1�c)[1+2�d+(1��)(n�k+1)]2 > 0; and
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@ERNM

@k = � (1��)(1+2d)[1+�(2d�1)]
[1+2�d+(1��)(n�k+1)]2 < 0.

6.10 Proof of Lemma 5

No environmental damages. As shown in Lemma 4, aggregate output satis�es QM < QNM under

all parameter values. When the CA ignores environmental damages, welfare without the merger is

WNM
NP =

(1� c)2[n� �(n� 1)][2 + �(4d� 1) + n(1� �)]
2[1 + 2�d+ n(1� �)]2

and that after the merger is

WM
NP =

(1� c)2[1 + (n� k)(1� �)][3 + (n� k)(1� �) + 2�(2d� 1)]
2[2 + �(2d� 1) + (n� k)(1� �)]2

where WM
NP coincides with W

NM
NP when k = 1. The merger improves welfare if and only if WM

NP �
WNM
NP > 0, where

WM
NP �WNM

NP = �(1� �) (1� c)
2 [1 + �(2d� 1)]2(k � 1)[3 + (2n� k)(1� �) + �(4d� 1)]

2[2 + (n� k)(1� �) + �(2d� 1)]2[1 + 2�d+ n(1� �)]2 < 0

holds for all admissible parameters.

Environmental damages. When the CA considers environmental damage in its welfare function,

welfare before the merger is

WNM =
(1� c)2[n� �(n� 1)][2� n(2d� � 1) + �(2d(2 + (n� 1)�)� (n+ 1))]

2[1 + 2�d+ n(1� �)]2

while that after the merger is

WM =
(1� c)2[1 + (n� k)(1� �)][3 + (n� k)(1� �) + 2�(2d� 1)� 2d�(1 + (n� k)(1� �))]

2[2 + (n� k)(1� �) + �(2d� 1)]2 .

De�ning the welfare gain from the merger as �W � WM �WNM , we obtain that �W = 0 at

k = k(�), where cuto¤ k(�) is

k(�) �

[1 + �(2d� 1)][3 + �(4d� 1) + 2n(1� �)]� 2d�[1 + �(2(1 + d) + �(2d� 1))
+4n(1� �(1� d(1� �))) + 2n2(1� �)2]

(1� �)[1 + �(2d� 1)� 2d�(1 + �+ 2�d+ 2n(1� �))] .

Analyzing cuto¤ k(�), we �rst �nd that, when evaluated at � = 0, this cuto¤ collapses to

k(0) = 3+�(4d�1)+2n(1��)
1�� , which lies above n, k(0) > n, since n� k(0) = �3+�(4d�1)+n(1��)

1�� < 0 for

all admissible parameters. Then, this cuto¤ unambiguously increases in � since

@k(�)

@�
=

4d[1 + �(2d� 1)][1 + 2�d+ n(1� �)]2
(1� �)[1 + �(2d� 1)� 2d�(1 + �+ 2�d+ 2n(1� �))]2 > 0
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and reaches a vertical asymptote at � = e� � 1+�(2d�1)
2d[1+�(2d+1)+2n(1��)] . Further increases in � then

entail that cuto¤ k(�) crosses the horizontal axis, k(�) = 2, since k � 2 by assumption, at

� � [1 + �(2d� 1)][1 + �(4d+ 1) + 2n(1� �)]
2d[�(2 + �� 2d(1� 3�))� 1 + 4�n(1� �)(1 + d) + 2n2(1� �)2]

and keeps increasing in �, so it solves k(�) = n� 1 at

� � [1 + �(2d� 1)][4 + 2�(2d� 1) + n(1� �)]
4d[1 + �(2d+ 1� �)] + 2dn(1� �)[5 + �(2d� 3)]

where cuto¤s � and � satisfy � > � since cuto¤ k(�) is unambiguously increasing in �.

Therefore, for all � < e�,�W > 0 for all k > k(�). However, since cuto¤k(�) lies unambiguously

above n, condition k > k(�) does not hold, and the merger is blocked under all parameters. In

contrast, for all � � e�, �W > 0 for all k < k(�). In this setting, k(�) crosses the horizontal axis

at �, increases in �, and crosses n at �, implying that for � � b� the merger is approved if and only
if k < minfn; k(�)g.

6.11 Proof of Proposition 1

Using outputs from Lemma 1, we �nd the equilibrium pro�ts for each private �rm, �NMi =�
(1�c)[1+�(2d�1)]
1+2�d+n(1��)

�2
. The equilibrium pro�ts for merging �rms (insiders) is �MI =

�
(1�c)[1+�(2d�1)]

1+2�d+(1��)(n�k+1)

�2
Hence, �rms merge if and only if�

(1� c)[1 + �(2d� 1)]
1 + 2�d+ (1� �)(n� k + 1)

�2
� k

�
(1� c)[1 + �(2d� 1)]
1 + 2�d+ n(1� �)

�2
Applying square roots on both sides of the above inequality, and dividing both sides by (1 �

c)[1 + �(2d� 1)], yields

1

1 + 2�d+ (1� �)(n� k + 1) �
p
k

1

1 + 2�d+ n(1� �)

Solving for k, and dividing both sides by n, yields

k

n
�
bk
n
� 3 + 2n+ �[4(d� 1)� �(4d� 1)� 2n(2� �)]� �

2n(1� �)2 .

where � � [(1 � �)3[5 + �(8d � 1) + 4n(1 � �)]]1=2. When � = 0, cuto¤
bk
n simpli�es to

bk
n =

3+2n�[4n+5]1=2
2n , as in Salant et al. (1983), but when � > 0 this cuto¤ satis�es

@
� bk
n

�
@�

=
(1 + 2d)[�(2� �)� 1 + �]

n(1� �)2� > 0
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since � > 1 for all admissible parameters; and

@
� bk
n

�
@d

= �
2�
h
(1��)2
� � 1

i
n(1� �) > 0

because (1��)2
� < 1 since � > 1 and � < �.

In addition, cuto¤bk satis�es bk < n�1, thus being binding, if and only if n < n � 5+2�[4d�3+�[1�2d(1�d)]]
(1��)2 ,

giving rise to two regions: (i) when n < n, a merger is pro�table if, furthermore, k > bk; other-
wise, a merger is not pro�table for any value of k. Cuto¤ n is increasing in both � and d since
@n
@� =

2[2(1+2d)+�(4d2�1)]
(1��)3 > 0 and @n

@d =
4�[2+�(2d�1)]

(1��)2 > 0.

For the merger to be pro�table and approved, we need that k(�) � bk > 0, where cuto¤ k(�)

was found in Lemma 5. When � = � = 0, this di¤erence is 3+2n+[4n+5]
1=2

2 > 0. When � = 0, the

di¤erence becomes

k(0)� bk = 3 + 2n+ �[4(d� 1)� �(4d� 1)� 2n(2� �)] + �
2(1� �)2

which is positive for all admissible values of � and d. Finally, when �; � > 0, the di¤erence

k(�)� bk > 0 for all � > b�, where
b� � [1 + �(2d� 1)] [2� 2�(2� d+ �(d� 1)) + �]

2d(1� �)[1 + 4n+ �(2� �(3 + 4d2 � 4n)� 8n)] .
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