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1 Introduction32

How much should governments invest in different areas such as healthcare and basic research to33

foster economic growth and improve welfare? To answer this question, we propose a generalized34

research and development (R&D) based model of economic growth in which the government35

funds basic research, which is an important input in applied R&D, and healthcare expenditures,36

which improve individual productivity. We use the model i) to analyze the dependence of eco-37

nomic growth on government investments in basic science and in healthcare, ii) for a calibration38

to real-world data to highlight the welfare effects of different government policies, and iii) to39

address the tradeoffs that governments face when deciding to invest in healthcare and in basic40

science.41

Most frameworks that have previously been used to analyze the growth effects of healthcare42

and of basic science were built around different strands of the literature that disregard at least43

one important dimension in this context. The effects of health investments are often analyzed in44

models of exogenous economic growth (Solow, 1956; Ramsey, 1928; Cass, 1965; Koopmans, 1965;45

Diamond, 1965). Of course, in such models and with diminishing returns to physical capital46

in the production process, there are only limited repercussions of health on economic growth.47

A few contributions rely on R&D-based endogenous and semi-endogenous growth models of48

the Romer (1990) and Jones (1995) types to analyze the effects of health investments (see, for49

example, Kuhn and Prettner, 2016; Baldanzi et al., 2019, 2021). The typical finding in this50

literature is that health investments can raise economic growth and welfare.1 However, these51

frameworks are silent on government expenditures on basic science.52

Another strand of the literature is concerned with the effects of government-funded basic53

research (see, for example, Gersbach et al., 2013; Gersbach and Schneider, 2015; Gersbach54

et al., 2018, 2023; Prettner and Werner, 2016; Akcigit et al., 2020; Huang et al., 2023).2 These55

frameworks show the importance of basic scientific knowledge as an input in applied R&D,56

which is the main engine of long-run economic growth. The typical finding here is that basic57

science investments foster economic growth and that the observed levels of investment in rich58

countries tend to be much lower than the levels that would maximize welfare. However, these59

frameworks are silent on the effects of government expenditures on health.60

The discussion so far implies that the only tradeoff analyzed in the discussed literature61

1For the importance of health investments in generating human capital and for the long-run conse-
quences of government health investments, see, for example, Weil (2007), Prettner et al. (2013), Schneider
and Winkler (2021), and Kuhn et al. (2023). For empirical evidence, see Weil (2014), Madsen (2016),
Bucci et al. (2021), and Bloom et al. (2024).

2For empirical evidence, see Czarnitzki and Thorwarth (2012), Toole (2012), Minniti and Venturini
(2017a,b), Coad et al. (2021), and Mulligan et al. (2022).
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is whether or not an economy should raise taxes to increase spending on healthcare or on62

basic science. The finding that these types of spending are welfare increasing is perhaps not63

surprising when there are no other types of spending to consider for the government. By64

contrast, governments usually face tradeoffs when planning expenditures in different areas that65

may all be growth-promoting and welfare-enhancing.66

In this contribution, we are interested how the results of the two separate strands of literature67

change once we allow for both types of government expenditures, on health and on basic science.68

To this end, we propose a generalized R&D-based growth model that includes the quality-69

quantity tradeoff between fertility and human capital accumulation (cf. Prettner et al., 2013;70

Strulik et al., 2013; Prettner, 2014). We augment this model to allow for the fact that parents71

care not only for the education of their children, but also for their health. In so doing, we follow72

Baldanzi et al. (2021) who, however, abstract from public spending on basic research and on73

health. To close this gap, we assume that the government seeks to improve people’s health74

by employing healthcare personnel. This, in turn, enhances labor productivity in the sectors75

that employ workers, e.g., by reducing production losses caused by sick employees. Finally, we76

include basic research as a necessary input in the production of applied R&D, which, in turn,77

determines economic growth (Prettner and Werner, 2016).78

Government investments in healthcare and in basic science both have productivity-enhancing79

effects in the medium and in the long run, that is, from time t+1 onwards. However, a rise in the80

number of healthcare workers and in the number of basic scientists implies that fewer workers81

are available for final goods production and for applied R&D in the short run, that is, in period82

t when taxes are raised (for this intertemporal tradeoff see also Prettner and Werner, 2016;83

Gersbach et al., 2018; Gersbach and Komarov, 2020). Overall, our model therefore captures a84

rich set of tradeoffs in terms of government spending, along with the quality-quantity tradeoff85

between fertility on the one hand and human capital accumulation in terms of education and86

health on the other. To our knowledge, our model is the first to generalize the previous R&D-87

based growth literature to account for all of the following important dimensions: endogenous88

fertility, endogenous private health investments, endogenous education investments, and public89

funding for healthcare and for basic science.90

Using our framework, we find that the welfare-increasing level of government expenditures91

on health and basic science is higher than the actual levels in Organisation for Economic Co-92

operation and Development (OECD) countries. However, in the short run (in period t), invest-93

ments in health and basic science lead to declines in welfare. The reasons for the decrease of94

welfare in the short run are that i) taxes have to be increased to fund basic research and health-95
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care and this reduces consumption and, thus, welfare; ii) additional healthcare personnel and96

additional basic researchers are attracted from the other sectors in the economy, in particular,97

from final goods production, which reduces aggregate output. This short-run versus long-run98

tradeoff in combination with the fact that governments typically aim for getting re-elected in the99

short run could be an explanation for the under-provision of healthcare and basic research from100

a long-run perspective (see also Prettner and Werner, 2016; Gersbach et al., 2018; Gersbach101

and Komarov, 2020; Chen et al., 2021). In addition, we show that basic research expenditures102

are more effective in raising welfare than healthcare spending and that the optimal spending103

levels implied by the model do not exceed actual spending levels by a similarly great margin as104

in earlier research (Prettner and Werner, 2016).105

The policy implications of our findings are that i) raising government expenditures on basic106

science and healthcare is worthwhile in the long run; ii) however, the presence of more domains107

on which the government can spend its funds productively implies that more care is needed to108

design and evaluate the corresponding policies.109

Our article is structured as follows. In Section 2, we develop the generalized R&D-based110

economic growth model with endogenous fertility, endogenous education, endogenous health,111

and government expenditures on healthcare and on basic science. In Section 3, we present112

our analytical results that hold along a balanced growth path. In Section 4, we calibrate the113

model and solve it numerically for obtaining the transitional dynamics and the welfare effects of114

government spending. Section 5 is devoted to sensitivity analyses and robustness checks, while115

we conclude in Section 6.116

2 The model117

2.1 Consumption side118

We consider an economy with three overlapping generations: children, adults, and retirees.

Adults decide upon the consumption level ct, savings for retirement st, the number of children

nt, and investments in each of their children in terms of education et, and health mt. The time

adults do not spend on raising their children, educating them, and caring for their health is

supplied on the labor market. Retirees consume their entire savings carried over from adulthood.

Finally, children do not make any economic decisions; instead, they are fed, educated, and cared

for by their parents. Following Prettner and Werner (2016) and Baldanzi et al. (2021), the

4



preferences of a single-parent household are captured by the utility function

ut = ln ct + β ln [(Rt+1 − 1)st] + ξ lnnt + θ ln et + σ lnmt, (1)

where β ∈ (0, 1) represents the inter-generational discount factor, Rt+1 represents the gross119

interest rate on assets between generation t and t + 1, and ξ ∈ (0, 1), θ ∈ (0, 1), and σ ∈120

(0, 1) are utility weights on the number of children, children’s education, and children’s health,121

respectively. This type of utility function is often used in the literature (cf. Strulik et al., 2013;122

Prettner and Werner, 2016; Baldanzi et al., 2021) and is based on the “warm-glow motive of123

giving” (see Andreoni, 1989). It is a special case of the utility formulation used in Galor and124

Weil (2000), and Galor (2005, 2011), which leads to the same tradeoffs in terms of child quantity125

(the number of children) and child quality (here education and health of each child). To simplify126

the exposition, we assume exogenous mortality and to rule out solutions in which parents do127

not have any children at all, we impose the parameter restriction ξ > θ + σ. These are very128

important assumptions because they prevent the nonsensical solutions in which parents would129

want to invest in children’s education and health, while they do not have any children at all in130

the very first place.131

For the sake of clarity, we assume that the cost of raising children, educating them, and

providing them with a basic health level requires time of their parents. However, it can be

shown that the model is isomorphic to a more complicated framework in which education and

healthcare for the children are bought by parents on the market. Overall, the budget constraint

of the household reads

(1− τ)(1− ψnt − ηetnt − χmtnt)wtht = ct + st, (2)

where τ ∈ (0, 1) represents the income tax rate; ψ > 0, η > 0, and χ > 0 denote opportunity

costs in terms of time for child-rearing, education per child, and health investment per child,

respectively; wt is the wage rate; and ht represents effective labor (the human capital of the

household as a composite of its education and health). Solving the optimization problem for the

choices of consumption, savings, fertility, education, and children’s health yields (see Appendix

A for the derivation)

ct =
(1− τ)wtht
1 + β + ξ

, st =
β(1− τ)wtht
1 + β + ξ

, nt =
ξ − θ − σ

ψ(1 + β + ξ)
,

et =
θψ

η(ξ − θ − σ)
, mt =

σψ

χ(ξ − θ − σ)
.

(3)
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The population size at time t+ 1 is determined via the fertility rate nt as

Lt+1 = ntLt =
ξ − θ − σ

ψ(1 + β + ξ)
Lt. (4)

We assume that the individual human capital level of the next generation depends positively

on (i) education effort by the parents, et; (ii) parents’ productivity in education, AE ; (iii)

healthcare effort by parents for their children, mt
3; (iv) parents’ productivity in healthcare for

their children, AM ; and (v) the level of parental human capital ht in the following way:

ht+1 = (AEetht)
ν (AMmtht)

1−ν =

(
AE

θ

η

)ν (
AM

σ

χ

)1−ν ψ

ξ − θ − σ
ht. (5)

Equations (4) and (5) capture the tradeoffs between child quantity and quality that are sum-132

marized in the following proposition.133

Proposition 1. An increase in the desire for a large family (ξ) raises fertility and population134

growth but reduces human capital accumulation. Increases in the desire for having better edu-135

cated or healthier children (increases in θ and σ) raise human capital accumulation but reduce136

fertility and population growth.137

Proof. See Appendix B.138

Proposition 1 shows that there is an inverse relationship between population growth and139

individual human capital accumulation, which results from the quality-quantity tradeoff in the140

optimization problem of the household.141

Ht, the aggregate human capital stock of the economy, is the product of individual human

capital (ht) and the total population size (Lt). Therefore, the human capital stock available for

production, basic and applied research, and healthcare (H̃t) is given by the aggregate human

capital stock adjusted for the time parents spend raising their children, educating them, and

caring for their health (ψnt + ηetnt + χmtnt) as

H̃t = [1− ψnt − ηetnt − χmtnt]Ht =
1 + β

1 + β + ξ
htLt. (6)

Note that aggregate human capital accumulation and population growth are again inversely142

related.143

3Note that, along with the level of education, a better health condition is also an essential component
of individual human capital (cf. Rivera and Currais, 2004; Baldanzi et al., 2021).
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2.2 Production side144

The final goods sector, the intermediate goods sector, the applied research sector, the basic145

research sector, and the healthcare sector constitute the production side of the economy. The146

first three sectors are based on the standard Romer (1990) and Jones (1995) R&D-driven growth147

framework. We modify the Romer-Jones structure to account for (i) a tax-financed basic re-148

search sector that employs scientists to discover and explain the natural laws and phenomena149

required for applied research (Prettner and Werner, 2016), (ii) public healthcare, which en-150

hances the productivity of human capital (Kuhn and Prettner, 2016), and (iii) the endogenous151

evolution of aggregate human capital in the production process, which depends on fertility, ed-152

ucation, and health choices of households (cf. Galor and Weil, 2000; Galor, 2005, 2011; Strulik153

et al., 2013). The model structure is displayed in Figure 1, where households demand goods154

and supply labor and capital (through savings), the government taxes household wage income155

to fund healthcare and basic research, and the different production sectors employ labor or the156

saved capital of households to produce their corresponding output. Demand and supply for157

all goods are equal due to the market clearing price vector that emerges endogenously by the158

interactions between households and firms on the market.159

2.2.1 Final goods sector160

The perfectly competitive final goods sector employs workers and machines to produce output

Yt according to

Yt =
(
Hε0

t,MHt,Y

)1−α
∫ At

0
xαt,i di, (7)

where Ht,Y and Ht,M refer to the (embodied) human capital employed in the final good and

healthcare sectors, respectively, At is the technological frontier, xt,i is the amount of the

blueprint-specific machine i used in production, and α is the elasticity of output with respect to

machines. Employment in the healthcare sector raises the health of workers and, thus, affects

their productivity according to Hε0
t,M , where ε0 ≥ 0 measures the strength of the effect.4 We

4Consider the following example. An individual’s human capital level at the time of entry into the
labor force in period t is ht. This human capital level depends on the parents’ decision (in period t− 1)
to devote time to education and healthcare when the individual was young. However, if the individual
becomes ill, even though she continues to work, she may not be able to perform to her full potential.
Public healthcare will assist her in regaining full productivity as soon as possible. As a result, she will be
more productive than if she did not have access to public healthcare. In this context, it should be noted
that public healthcare may have an impact on children’s health. However, for the sake of simplicity, we
are ignoring this pathway here. One worthwhile extension of the current model would be integrating this
aspect and investigating its long-run implications. Note that the health impact on labor productivity is
accounted for as a spillover effect. The strength of this spillover effect in the final goods production sector
is captured by the parameter ε0. A similar type of argument can be found in Schneider and Winkler
(2017, 2021).
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Figure 1: Overview of the structure of the model
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assume that government health investments are non-zero such that Ht,M > 0. For a given tech-

nology level and health status (i.e., given At and Ht,M ), Equation (7) exhibits constant returns

to scale in Ht,Y and xt,i. Perfect competition implies that the wage rate wt,Y and the price of

machines pt,i are given by the marginal products of workers and machines as

wt,Y = (1− α)
(
Hε0

t,MHt,Y

)−α
Hε0

t,M

∫ At

0
xαt,i di = (1− α)

Yt
Ht,Y

, (8)

pt,i = αxα−1
t,i

(
Hε0

t,MHt,Y

)1−α
. (9)

We observe the standard effects of declining marginal productivity: increasing employment of161

workers raises the price of machines, while more intensive machine use and faster technological162

progress both raise the wage rate. In addition, better healthcare has a positive effect on the163

wage rate and, because it raises labor productivity, also on the price of machines.164

2.2.2 Intermediate goods sector165

Raw physical capital kt,i serves as variable input and one machine-specific blueprint serves as

fixed input in the production of the monopolistically competitive intermediate goods sector,

which produces the machines for the production of the final good. We assume full depreciation

of physical capital over the course of one generation. Thus, operating profits in intermediate

goods production are πt,i = pt,ikt,i − Rtkt,i and profit maximization leads to the well-known

monopolistic pricing rule for each firm

pt,i =
Rt

α
. (10)

This pricing rule implies that intermediate sector firms charge a markup over the marginal cost

of production, which leads to positive operating profits. Due to symmetry across firms, each

firm employs kt = Kt/At units of physical capital, where Kt represents the aggregate physical

capital stock. Thus, the aggregate production function can be re-written as

Yt =
(
AtH

ε0
t,MHt,Y

)1−α
Kα

t , (11)

where technological progress appears as labor augmenting.166

2.2.3 Applied research sector167

The applied research sector employs scientists with a human capital stock of Ht,A to design new

blueprints that can be patented and sold to the intermediate goods sector. In applied research,
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the representative firm’s production function is given by

At+1 −At = δ1H
ε1
t,MA

ϕ1
t B

µ1
t Ht,A, (12)

where δ1 is the basic productivity of applied scientists, Hε1
t,M is the effect of public healthcare168

on the productivity of applied scientists, Bt represents society’s stock of basic knowledge, which169

forms the epistemic base for the stock of patented knowledge At (Mokyr, 2002, 2016; O’Rourke170

et al., 2013; Prettner and Werner, 2016; Lehmann-Hasemeyer et al., 2023), ϕ1 ∈ [0, 1] measures171

the extent of intertemporal knowledge spillovers in the applied research sector, and µ1 ∈ [0, 1]172

measures the extent of intersectoral knowledge spillovers from basic to applied research.5 For173

a given stock of basic and applied knowledge, ε1 ≥ 0 measures how strongly public healthcare174

enhances the productivity of applied scientists. Similar to Prettner and Werner (2016), no175

blueprints can be developed without any basic knowledge Bt, so we assume that B0 > 0 and176

A0 > 0. Our framework nests the semi-endogenous growth model of Jones (1995) as a special177

case. Moreover, the Romer (1990) model could be recovered by switching off the dynamics of178

human capital accumulation. We summarize this in Remark 1.179

Remark 1. For τ = 0, θ = 0, σ = 0, ξ > ψ(1 + β + ξ), µ1 = 0, ε0 = ε1 = 0, and ϕ1 ∈ (0, 1),180

our model nests the Jones (1995) framework. Furthermore, if we set τ = 0, ξ = ψ(1 + β + ξ),181

θ = 0, σ = 0, µ1 = 0, ε0 = ε1 = 0, ϕ1 = 1 and remove the dynamics of human capital by182

assuming a constant individual human capital stock ht = h̄, the Romer (1990) framework would183

emerge from the given setup.184

Firms in the applied research sector hire human capital Ht,A so as to maximize their profits

πt,A = pt,Aδ1H
ε1
t,MA

ϕ1
t B

µ1
t Ht,A − wt,AHt,A (13)

with pt,A being the price of a blueprint and wt,A referring to the applied researchers’ wage rate.

This leads to the optimality condition

wt,A = pt,Aδ1H
ε1
t,MA

ϕ1
t B

µ1
t . (14)

We observe that wages of applied researchers depend positively on the price of blueprints, the185

productivity of applied researchers, intertemporal- and intersectoral knowledge spill-overs, and186

on the extent to which public healthcare raises scientists’ productivity.187

5As in Prettner and Werner (2016), given that patents are partially excludable, whereas the laws of
nature, once discovered, can be exploited by scientists freely, one can expect that the spillovers from
basic research to applied research are greater than the spillovers in the opposite direction.
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Following Strulik et al. (2013) and Prettner and Werner (2016), we assume that patent

protection lasts for one generation. Once the patent expires, the right to sell the blueprint is

handed over to the government, which can either consume or invest the associated proceeds.

For a blueprint, firms in the applied research sector charge the entire operating profit of an

intermediate goods producer, that is,

pt,A = πt,i = α(1− α)
Yt
At
. (15)

The reason is that free entry prevails in intermediate goods production. If a firm would not be188

willing to pay its entire operating profit for a blueprint, another firm would always be willing189

to do so.190

2.2.4 Basic research sector191

Following Prettner and Werner (2016), the production function of basic research is given by

Bt+1 −Bt = δ2H
ε2
t,MA

ϕ2
t B

µ2
t Ht,B, (16)

where Bt is the stock of basic knowledge, δ2 is the productivity of basic researchers, Ht,B is the192

human capital stock employed in the basic research sector, µ2 ∈ [0, 1] is intertemporal spillover193

effect within basic research, and ϕ2 ∈ [0, 1] is intersectoral spillover effect from applied research194

to basic research. As in final goods production and applied research, public healthcare raises195

the productivity of basic researchers with ε2 ≥ 0 measuring the strength of this effect.196

A part τ0 of the government’s revenue is spent on employing scientists to discover basic

knowledge. Considering aggregate labor supply as given by Equation (6), the tax revenue used

for funding basic research is then given by the left-hand side of

τ0τ(1 + β)

1 + β + ξ
wthtLt = wthtLt,B. (17)

This revenue is used to cover the wage bill of scientists in the basic research sector, which is

given by the right-hand side of Equation (17). It follows that the amount of human capital

employed in the basic research sector is

Ht,B = Lt,Bht =
τ0τ(1 + β)

1 + β + ξ
Ht,

(
≡ τ0τH̃t

)
. (18)
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Using the production function (16), basic knowledge evolves according to

Bt+1 −Bt =
δ2τ0τ(1 + β)

1 + β + ξ
Hε2

t,MA
ϕ2
t B

µ2
t Ht. (19)

Note that the accumulation of basic knowledge rises with government spending on it as captured197

by the product of the overall tax rate, τ , and the share of spending devoted to basic research,198

τ0.199

In reality, a part of basic research is funded privately, while a part of applied research is,200

in turn, funded publicly. We assume the polar case of full public funding of basic research and201

full private funding of applied research for tractability reasons. Going more into the details of202

the interplay between basic and applied research and their cross-funding would definitely be a203

worthwhile topic for further research in the area of innovation economics. Since applied research204

is driving productivity and there is also a short-run versus long-run tradeoff for applied research205

funding, our results should not change strongly when including the possibilities of privately206

funded basic research and publicly funded applied research. In particular, this holds true as207

long as the main part of basic research is publicly funded and the main part of applied research208

is privately funded.209

2.2.5 Healthcare sector210

We assume that the government’s budget is balanced so that a share (1− τ0) of the tax revenue

is spent on the wages of healthcare workers, i.e.,

(1− τ0)τ(1 + β)

1 + β + ξ
wthtLt = wthtLt,M .

Thus, the amount of human capital employed in the healthcare sector is

Ht,M = htLt,M =
(1− τ0)τ(1 + β)

1 + β + ξ
Ht,

(
≡ (1− τ0)τH̃t

)
. (20)

The government aims to improve people’s health by providing healthcare to them and, in doing211

so, affects the productivity of human capital in final goods production, applied research, and212

basic research as described above when discussing the production functions in the different213

sectors.214
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2.3 Market clearing and balanced growth path215

The labor market clearing conditions are H̃t = ht[Lt,Y +Lt,A+Lt,B+Lt,M ] = Ht,Y +Ht,A+Ht,B+

Ht,M and wt,Y = wt,A = wt,B = wt,M = wt. The first of these equations states that employment

in the four sectors of the economy that produce with labor adds up to total employment. The

second equation states that wages in the four sectors have to be equal, otherwise workers of a

sector that pays a lower wage would have an incentive to move to a sector that pays a higher

wage. Using these conditions and Equations (8), (14), (15), (18), and (20) yields the demand

for human capital in the final goods and applied research sectors as

Ht,Y =
A1−ϕ1

t B−µ1
t H−ε1

t,M

αδ1
, (21)

Ht,A = H̃t −Ht,B −Ht,M −Ht,Y

=⇒ Ht,A =
(1− τ)(1 + β)

(1 + β + ξ)
htLt −

A1−ϕ1
t B−µ1

t

αδ1

[
(1− τ0)τ(1 + β)

(1 + β + ξ)
htLt

]−ε1

. (22)

The development of new blueprints in the applied research sector is then given by

At+1 =

(
1 + β

1 + β + ξ

)1+ε1

[(1− τ0)τ ]
ε1 (1− τ)δ1A

ϕ1
t B

µ1
t (htLt)

1+ε1 −
(
1− α

α

)
At. (23)

Note that the last term in this equation is negative, which implies that oscillations can occur.216

The reason is that, due to the timing of innovation, an increase in At+1 generates an increase217

in the marginal value product of labor in the final goods sector in t + 1 and, thus, a shift of218

employment from the other sectors to the final goods sector. This, in turn, reduces the number219

of scientists and slows down innovation, which dampens the growth of A from At+1 to At+2.220

As a consequence, a shift of employment back from final goods production to the other sectors221

occurs. The process continues until the economy has converged to the new balanced growth222

path. When simulating the economy numerically, a lower ϕ1 leads to greater oscillations because223

the last term in Equation (23) increases in relative importance.224

Capital market clearing requires that aggregate savings are used for physical capital ac-

cumulation and purchasing new blueprints for intermediate goods production, i.e., Kt+1 =

stLt − pt,A(At+1 −At) =
β(1−τ)
1+β+ξwthtLt − pt,A(At+1 −At). Equations (8), (11), (15), (20), (21),
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and (23) yield the aggregate physical capital stock of the next period as

Kt+1 =

[
β(1− τ)(1− α) [(1− τ0)τ(1 + β)]αε1+(1−α)ε0

(1 + β + ξ)1+αε1+(1−α)ε0
Kα

t

]
×[(

A2−ϕ1
t B−µ1

t

αδ1

)−α

At (htLt)
1+αε1+(1−α)ε0

]

− α(1− α)
Yt
At

[(
1 + β

1 + β + ξ

)1+ε1

[(1− τ0)τ ]
ε1 (1− τ)δ1A

ϕ1
t B

µ1
t (htLt)

1+ε1 − At

α

]
.

(24)

Finally, with respect to the evolution of the stock of basic knowledge, Equations (19) and (20)

yield

Bt+1 =
δ2τ0(1− τ0)

ε2 [τ(1 + β)]1+ε2

(1 + β + ξ)1+ε2
Aϕ2

t B
µ2
t (htLt)

1+ε2 +Bt. (25)

Equations (4), (5), (6), (11), (19), (20), (21), (22), (23), (24), and (25) fully characterize the225

evolution of the economy in the short-, medium-, and long run. We obtain the analytical results226

for the balanced growth path next and afterwards proceed to the numerical assessment of the227

transitional dynamics and the welfare implications.228

3 Analytical results for the long-run balanced growth229

path230

From now on, we restrict our attention to the following parameter ranges to ensure the exis-231

tence of a balanced growth path and to rule out the empirically implausible scenario of hyper-232

exponential growth.233

Assumption 1. The intertemporal and intersectoral knowledge spillovers are given by ϕ1 ∈234

[0, 1), ϕ2 ∈ [0, 1), µ1 ∈ [0, 1), and µ2 ∈ [0, 1). Moreover, it holds that ϕ1 + µ1 < 1 and235

ϕ2 + µ2 < 1.236

The growth rates of the stocks of blueprints and of basic knowledge are then given by

gt,A ≡ At+1 −At

At
=

(1− τ)(1 + β)1+ε1 [(1− τ0)τ ]
ε1

(1 + β + ξ)1+ε1
δ1A

ϕ1−1
t Bµ1

t (htLt)
1+ε1 − 1

α
, (26)

gt,B ≡ Bt+1 −Bt

Bt
=
δ2τ0(1− τ0)

ε2 [τ(1 + β)]1+ε2

(1 + β + ξ)1+ε2
Bµ2−1

t Aϕ2
t (htLt)

1+ε2 . (27)

The balanced growth factors (henceforth BGFs) of individual human capital, population
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size, and aggregate human capital amount to6

h̃ ≡ ht+1

ht
=

(
AE

θ

η

)ν (
AM

σ

χ

)1−ν ψ

ξ − θ − σ
, (28)

L̃ ≡ Lt+1

Lt
= nt =

ξ − θ − σ

ψ(1 + β + ξ)
, (29)

Ω ≡ h̃L̃ =

(
AE

θ
η

)ν (
AM

σ
χ

)1−ν

1 + β + ξ
. (30)

From now on, we assume that

ψ ∈

 ξ − θ − σ(
AE

θ
η

)ν (
AM

σ
χ

)1−ν ,
ξ − θ − σ

1 + β + ξ

 ,

which ensures that individual human capital and the population will both grow over time. As237

a result, Ω = h̃L̃ > 1 holds unambiguously. The following proposition contains the main results238

for the long-run balanced growth path.239

Proposition 2.240

(i) The BGFs of A, B, K, and Y are given by

Ã ≡ At+1

At
= ΩΨ1 , B̃ ≡

(
Bt+1

Bt

)
= ΩΨ2 ,

K̃ ≡
(
Kt+1

Kt

)
= ΩΨ3+ε0 = Ỹ ≡

(
Yt+1

Yt

)
,

where

Ψ1 =
(1 + ε1)(1− µ2) + (1 + ε2)µ1

(1− ϕ1)(1− µ2)− ϕ2µ1
> 0,

Ψ2 =
(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2

(1− ϕ1)(1− µ2)− ϕ2µ1
> 0,

Ψ3 =
(1− µ2)(2− ϕ1 + ε1) + µ1(1 + ε2 − ϕ2)

(1− ϕ1)(1− µ2)− ϕ2µ1
> 0.

(ii) The BGFs increase with aggregate human capital accumulation (Ω), with the knowledge241

spillovers µ1, µ2, ϕ1, ϕ2, and with the strength of the effect that healthcare has in en-242

hancing the productivity of workers employed in the applied research sector (ε1) and in243

the basic research sector (ε2). The BGF of GDP also increases with the strength of the244

6Note that Rt = αpt = α2Yt/Kt. Along the balanced growth path, Yt and Kt are growing at the
same rate such that Rt must be constant, i.e., Rt+1 = Rt = R, for all t.
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effect that healthcare has in enhancing the productivity of workers employed in the final245

goods sector (ε0).246

(iii) The BGFs are independent of the tax rates, τ , τ0, and (1− τ0).247

(iv) The BGF of individual human capital (h̃) increases with the utility weight of children’s248

education (θ) and health (σ), and decreases with the utility weight of the number of children249

(ξ).250

(v) The BGF of the population (L̃) decreases with the utility weight of children’s education251

(θ) and health (σ), and increases with the utility weight of the number of children (ξ).252

(vi) The BGF of aggregate human capital (Ω) increases with the utility weight of children’s253

education (θ) and health (σ), and decreases with the utility weight of the number of children254

(ξ).255

(vii) The BGF of per capita GDP is given by

ỹ =
Ỹ

L̃
=


(
AE

θ
η

)ν (
AM

σ
χ

)1−ν

1 + β + ξ


Ψ3+ε0 [

ξ − θ − σ

ψ(1 + β + ξ)

]−1

.

The per capita GDP growth factor increases with the utility weight of children’s education256

(θ) and health (σ), and decreases with the utility weight of the number of children (ξ). It257

also increases with the knowledge spillovers µ1, µ2, ϕ1, ϕ2, and the strength of the effect258

that healthcare has on the productivity of workers employed in the final goods sector (ε0),259

the applied research sector (ε1), and the basic research sector (ε2).260

Proof. See Appendix C.261

The growth models of Prettner and Werner (2016) and Baldanzi et al. (2021) are nested as262

special cases within our generalized R&D-based growth model, which we summarize in Remark263

2.264

Remark 2. For ε0 = ε1 = ε2 = 0, and ν = 1, our model nests the Prettner and Werner (2016)265

framework, while for ε0 = ε1 = ε2 = µ1 = µ2 = ϕ2 = 0 our model nests the Baldanzi et al.266

(2021) framework as special cases.267

One implication of Proposition 2 is that human capital accumulation is a primary factor268

for determining long-run economic growth and, thus, welfare. A second implication is that,269

although aggregate human capital accumulation is increasing with the desire for educated and270
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healthy children, it is decreasing with population growth. We summarize these insights in271

Remark 3.272

Remark 3. The ultimate driving force of economic growth is the accumulation of human capital.273

This result is in line with standard endogenous economic growth models. However, in our case,274

there is a negative association between population growth and human capital accumulation such275

that faster population growth can even reduce economic growth.276

Furthermore, the growth effect of human capital accumulation is mediated through the basic277

research and applied research sectors — because in these sectors new technologies are developed278

— and through the health sector, which improves productivity of workers. Higher intertemporal279

and intersectoral knowledge spillovers and a stronger effect of healthcare in enhancing the280

productivity of workers employed in the applied research, basic research, and final goods sectors281

lead to a rise in balanced growth rates. We summarize these insights in Remark 4.282

Remark 4. While economic growth is ultimately driven by the accumulation of human capital,283

the effect is mediated by basic research and applied research — because in these sectors, new284

technologies are developed — and healthcare — because better health raises the productivity of285

workers in all sectors.286

The effects of θ and σ on per capita GDP growth that emerge from our model are higher287

than in Baldanzi et al. (2021). In Baldanzi et al.’s model, the per capita GDP growth factor288

is influenced only by ϕ1. By contrast, in our model, the per capita GDP growth factor is289

additionally influenced by intertemporal and intersectoral knowledge spillovers such as ϕ2, µ1,290

and µ2. Another reason for the difference between Baldanzi et al.’s findings and ours is that we291

incorporate the impact of public healthcare in enhancing the productivity of workers in various292

sectors (through the spillover parameters ε0, ε1, and ε2).293

The impact of θ on per capita GDP growth in our model is, in turn, greater than that294

of Prettner and Werner (2016), particularly when (i) ν = 1 and (ii) AEθ = AMσ. The295

inclusion of the effect that healthcare raises the productivity of workers and the corresponding296

spillover terms ε0, ε1, and ε2 play a crucial role in explaining this difference. We would also297

like to highlight that, unlike in Prettner and Werner (2016), who do not consider health and298

healthcare investments, a rise in parental health investments for children (through a rise in σ)299

increases the per capita GDP growth factor in our model.300
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4 The transitional dynamics301

We now simulate the dynamic system represented by Equations (4), (5), (6), (11), (19), (20),302

(21), (22), (23), (24), and (25) to illustrate our analytical results numerically and to examine the303

economy’s behavior during the transition. We use 20 years as the length of one generation, which304

corresponds to the duration of patent protection. We consider data of the 30 OECD countries305

such as Austria, Belgium, Chile, Czechia, Denmark, Estonia, France, Greece, Hungary, Iceland,306

Ireland, Israel, Italy, Japan, Korea, Latvia, Lithuania, Luxembourg, Mexico, Netherlands, New307

Zealand, Norway, Poland, Portugal, Slovak Republic, Slovenia, Spain, Sweden, Switzerland,308

and United States. This is because basic research data for the rest of the OECD are not309

available. Table 1 summarizes the parameter values that are either taken from the literature310

(cf. Auerbach and Kotlikoff, 1987; Jones, 1995; Acemoglu, 2008; Prettner and Werner, 2014,311

2016; Baldanzi et al., 2021) or otherwise adjusted so that the model’s predictions are consistent312

with the population growth rate and the economic growth rate of OECD countries from 2000 to313

2019, with the data taken from OECD (2023). We are considering data until 2019 because the314

COVID-19 pandemic disrupted economic activity in the years afterwards. Data on the fraction315

of GDP that OECD countries spent on basic research and the fraction of GDP spent on publicly-316

funded healthcare between 2000 and 2019 are taken directly from OECD (2023) and we also317

get the population growth rate and per capita GDP from this source. The simulated value of318

the population growth rate is 12.96% over 20 years, which is a reasonable approximation of319

the inter-generational population growth rate of 12.94% for the countries considered. Similarly,320

the simulated GDP growth rate is 54.16% over 20 years. This, too, is reasonably close to the321

inter-generational GDP growth rate of 53.44% for the countries considered.322

In line with Prettner and Werner (2016), the discount factor β is computed based on a yearly323

discount rate of 1.9% and we choose the parameter value α = 1/3 as it is common practice (cf.324

Jones, 1995; Acemoglu, 2008). In addition, we calculate basic research as a percentage of GDP325

in 2019 for the mentioned OECD countries as 0.4523% and public health expenditure as a326

percentage of GDP as 9.9%. Thus, the required tax rate to fund basic research (i.e., ττ0) is327

0.004523×(3/2)=0.0067845 (because α = 1/3) and the required tax rate for funding public328

health expenditure (i.e., τ(1− τ0)) is 0.0990×(3/2)=0.1485. As a consequence, the values of τ329

and τ0 are 0.1552845 and 0.044, respectively.330

The effect of an increase in total government expenditure (basic research and health expen-331

ditures together) on the growth rates of basic knowledge, technology, per capita GDP, and the332

physical capital stock (or aggregate GDP) are shown in Figures 2b, 2d, 2f, and 2h. We assume333

that the economy initially moves along the balanced growth path. After the fifth period in the334
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Parameters Values Sources

β 0.6892 Auerbach and Kotlikoff (1987), Grossmann et al. (2013a,b),
Prettner and Werner (2016)

α 1/3 Jones (1995), Acemoglu (2008), Prettner and Werner (2016)
ψ 0.052 Baldanzi et al. (2021)
τ 0.1552845 OECD(2023a,b)
τ0 0.044 OECD(2023a,b)
η 0.139 Prettner and Werner (2016)
χ 0.139 Authors (similar to Prettner and Werner (2016))
ξ 0.8491 Baldanzi et al. (2021)
θ 0.4 Baldanzi et al. (2021)
σ 0.3 Baldanzi et al. (2021)
AE 1.18 Authors
AM 1.128 Authors
ϕ1 0.4 Prettner and Werner (2016), Baldanzi et al. (2021)
ϕ2 0.05 Prettner and Werner (2016)
µ1 0.3 Authors (close to Prettner and Werner (2016))
µ2 0.3 Prettner and Werner (2016)
ε0 0.001 Authors
ε1 0.001 Authors
ε2 0.001 Authors
δ1 1 Prettner and Werner (2016)
δ2 1 Prettner and Werner (2014)
ν 0.5 Baldanzi et al. (2021)

Table 1: Parameter values for the numerical analysis
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Figure 2: Effects of a rise in τ by 1 percentage point in terms of GDP
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numerical analysis, we increase government expenditures by 1 percentage point in terms of GDP.335

Thus, τ increases from 0.1552845 to 0.1702845 (0.01×(3/2)+0.1552845=0.015+0.1552845=0.1702845).336

The rise in public spending has the effect of drawing labor away from applied research337

towards basic research. This slows down the expansion of applied research (see Figure 2d),338

while accelerating the evolution of basic knowledge (see Figure 2b). Because basic knowledge339

is a necessary input for applied research, the accumulation of new blueprints accelerates in the340

medium run despite a short-run slowdown. In the short- and medium run, the physical capital341

stock grows faster than if no policy changes were put into effect (see Figure 2h). As a result342

of the temporary slowdown in the accumulation of applied research, economic growth in terms343

of per capita GDP slows down in the short run, whereas growth in per capita GDP picks up344

in the medium run (see Figure 2f). However, there is no growth effect in the long run because345

the beneficial growth effects of increased investment in basic research gradually fade away. This346

is expected due to the semi-endogenous growth structure of the model (see Jones, 1995). The347

effects of an increase in τ on the levels of the different variables are shown in Figures 2a, 2c, 2e,348

and 2g. The solid (red) line illustrates an economy that experienced a rise in τ , whereas the349

dashed (blue) line depicts an economy that did not experience such an increase. The level of350

basic knowledge (Figure 2a), the number of patents (Figure 2c), aggregate output (Figure 2g),351

and per capita GDP (Figure 2e) are all higher in the economy with a rise in τ .352

As mentioned above, the oscillating pattern emerges because of the timing in the discrete353

version of the R&D-based growth model. The rise of At+1 raises the marginal value product of354

labor in the final goods sector and draws employment away from the other sectors, including355

applied R&D. This reduces innovation activity in period t+1 and, thus, the accumulation of A356

between periods t+ 1 and t+ 2. As a consequence, the marginal value product of labor in the357

final goods sector falls again as compared to the other sectors and employment shifts back. The358

greater ϕ1, the smoother is the transition. However, if ϕ1 reaches very high levels, the model359

would not predict the economic growth rate accurately anymore.360

The effect of a change in the composition of government expenditures in favor of basic361

research vis-a-vis health expenditure (i.e., a rise in τ0) on the growth rates of basic knowledge,362

technology, per capita GDP, and the physical capital stock (or aggregate GDP) are shown in363

Figures 3b, 3d, 3f, and 3h. Again, we assume that the economy initially moves along the364

balanced growth path and that an increase in the composition of government expenditures in365

favor of basic research by 1 percentage point occurs after the fifth period. Thus, τ0 increases366

from 0.044 to 0.054.367

The rise of τ0 has the effect of drawing labor away from the final goods sector towards basic368
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Figure 3: Effects of a rise in τ0 by 1 percentage point
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(b) A rise in θ on per capita GDP growth
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(d) A rise in σ on per capita GDP growth
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(f) A rise in ξ on per capita GDP growth

Figure 4: Effect of rise in σ, θ and ξ by 1 percent on per capita GDP and its growth
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(c) A rise in µ1 on per capita GDP growth
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(d) A rise in µ2 on per capita GDP growth
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(e) A rise in ε1 on per capita GDP

0 5 10 15 20 25 30

Time

0.36

0.362

0.364

0.366

0.368

0.37

0.372

0.374

P
e
r 

C
a
p
it
a
 G

D
P

 G
ro

w
th

 R
a
te

, 
g

y

rise in 
2

(f) A rise in ε2 on per capita GDP growth
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Figure 5: Effect of rises in ϕ1, ϕ2, µ1, µ2, ε1, ε2 and ε0 by 5 percentage points on per
capita GDP growth

24



research. This slows down the expansion of final goods (see Figure 3h), while accelerating the369

evolution of basic knowledge (see Figure 3b). Because basic knowledge is a necessary input for370

applied research, the accumulation of new blueprints accelerates in the short as well as in the371

medium run. In the short and medium run, the physical capital stock grows faster than if no372

policy changes were enacted (see Figure 3h). Economic growth in terms of per capita GDP373

slows down in the short run, whereas growth in per capita GDP picks up in the medium run374

(see Figure 3f). Again, there is no growth effect in the long run.375

The effects of an increase in τ0 on the levels of the different variables are shown in Figures 3a,376

3c, 3e, and 3g. The solid (red) line illustrates an economy that experienced a rise in τ0, whereas377

the dashed (blue) line depicts an economy that did not experience such an increase. The level378

of basic knowledge (see Figure 3a), the number of patents (Figure 3c), aggregate output and379

the capital stock (Figure 3g), and per capita GDP (Figure 3e) are all higher in the economy380

that witnessed a change in the composition of public expenditure in favor of basic research.381

Figures 4b and 4a display the impact of an increase in the value of the weight of children’s382

education in the parental utility function (θ) by 1% after the fifth period on the per capita383

GDP growth rate and on the level of per capita GDP. We observe that, after the increase in θ,384

the economy exhibits a higher growth rate as compared to no change. Similarly, an increase in385

the value of the weight of children’s health in the parental utility function (σ) leads to a rise in386

the per capita GDP growth rate (see Figure 4d). By contrast, an increase in the desire for a387

large family (ξ) leads to a fall in the growth rate and the level of per capita GDP as shown in388

Figures 4f and 4e . These are exactly the effects we stated in Proposition 2 part (vii) and they389

are also consistent with the empirical evidence (Brander and Dowrick, 1994; Ahituv, 2001; Li390

and Zhang, 2007; Cohen and Soto, 2007; Hanushek and Woessmann, 2012; Herzer et al., 2012).391

Figure 5 illustrates the impact of increases in the value of intertemporal and intersectoral392

knowledge spillovers ϕ1, ϕ2, µ1, µ2, and the strength of the effect of healthcare in enhancing393

the productivity of workers employed in the final goods sector (ε0), applied research sector (ε1),394

and the basic research sector (ε2) by 5 percentage points on the per capita GDP growth rate.395

The results confirm the analytical findings expressed in Proposition 2 part (vii).396

Next, we focus on the welfare effect of the policy change. Our objective is to determine

whether a tax policy change leads to an improvement in welfare. If it does, we also aim to

identify the optimal tax rate that maximizes welfare over a specific time period. Individuals in

our analysis value both present and future consumption, the number of children they have, as

well as the education level and the health status of each child (see Equation (1)). As a result, we

assess the effects of changes in basic research and healthcare expenditures on utility levels over
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Figure 6: Changes in lifetime utility for changes in τ over different time horizons (x-axis)
and different changes in τ (y-axis)

Note: The figure displays the difference in aggregate utility levels between inhabitants of an economy
that changes its public policies related to basic research and healthcare and inhabitants of an
economy without such a change. The time horizon is displayed on the x-axis, while the change
in τ is displayed on the y-axis. If the difference is positive, the inhabitants of the economy with
the corresponding change in τ are better off in the relevant time period (because the social welfare
is higher). The shaded plane corresponds to the case in which inhabitants of both economies are
equally well off, that is, the difference equals zero.
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Figure 7: Figure 6 from a different angle
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Figure 8: Changes in lifetime utility for changes in τ for the time horizon N = 50
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different time horizons, and various changes in these public expenditures (τ). The difference in

the overall utility level between the inhabitants of an economy that implements changes in its

basic research and healthcare policies and the inhabitants of an economy that does not make

such changes (i.e., ∆τ = 0) is depicted in Figure 6 (and also in Figure 7 from a different angle).

Aggregate utility is calculated by summing up the average lifetime utilities until time horizon

N according to

UN =
N∑
j=1

λj−1uj(cj , cj+1, e, n,m), (31)

where λ = 1/(1+ρs) represents the social discount factor with ρs being the social discount rate397

and uj(cj , cj+1, e, n,m) represents the value of life divided by the consumption level in our case398

of a logarithmic utility function (cf. Hall and Jones, 2007).7399

We follow the standard Millian type of welfare measure approach, where the average indi-400

vidual determines social well-being. Note, however, that the positive welfare effect of fertility401

and, thus, population growth is still accounted for because n shows up in Equation (31) as402

one of the determinants of individual utility. If we used the Benthamite type of welfare mea-403

sure instead, Equation (31) would still apply but the social discount factor would change to404

λ = 1/(1 + ρs − n). In addition, this social discount factor would now be different between the405

baseline scenario and the scenario with the parameter change. There would be an additional406

beneficial effect of population growth because it increases the population size over time and,407

thus, aggregate utility (as compared to average utility in the Millian approach). The effect408

would be that all policy measures that reduce fertility get an additional “punishment” in terms409

of utility and, thus, they would become less worthwhile from a welfare perspective. In our case,410

it would mean that optimal expenditures for health and basic research decrease.411

In Figure 6, the time horizon is represented on the X-axis. Initially (prior to N = 0),412

the economy progresses along a balanced growth path, and at N = 0, it encounters a policy413

change (τ), the magnitude of which is depicted on the Y -axis. The corresponding change in414

overall utility, compared to the benchmark scenario without a policy change, is shown on the415

Z-axis. The graph illustrates that an increase in government expenditure on basic research and416

public healthcare initially leads to a decline in welfare in the immediate years following the417

impact. This is because of the increase in taxes that reduce consumption and the fact that418

healthcare and basic research both attract workers from the other sectors such as final goods419

production, which decreases in the short run (in period t). However, increases in government420

expenditures on basic research and public healthcare enhance economic growth from period t+1421

7The value of life is given by uj(cj , cj+1, e, n,m)/u′j(cj , cj+1, e, n,m) = cj · uj(cj , cj+1, e, n,m), which
is the Millian utility function multiplied by the consumption level in the case of logarithmic utility.

28



Figure 9: Changes in lifetime utility for changes in τ0 for the optimal level of τ over
different time horizons (x-axis) and different changes in τ0 (y-axis)

Note: The figure displays the difference in aggregate utility levels between inhabitants of an economy
that changes its public policies related to basic research and healthcare and inhabitants of an
economy without such a change. The time horizon is displayed on the x-axis, while the change in
τ0 is displayed on the y-axis. If the difference is positive, the inhabitants of the economy with the
corresponding change in τ0 are better off in the relevant time period (because the social welfare
is higher). The shaded plane corresponds to the case in which inhabitants of both economies are
equally well off, that is, the difference equals zero. Note that for the optimal size of the budget (i.e.,
for the optimal level of τ), a rise in τ0 represents a higher level of investment by the government in
basic research at the cost of healthcare.

onwards, which raises long-run welfare levels (cf. Prettner and Werner, 2016; Gersbach et al.,422

2018; Gersbach and Komarov, 2020). After 50 generations, the welfare levels show a positive423

response to a slight increase in public healthcare and basic research expenditures. However, this424

positive response turns negative once a certain level of public spending is reached. This suggests425

that for each increase in τ and for each time horizon, an optimal rate of public spending (i.e.,426

τoptimal) exists that maximizes welfare. According to our results, maximum welfare after 50427

generations will be achieved by raising τ to approximately 18.6%, which corresponds to 12.4%428

of GDP (see Figure 8). This level of public spending on both basic research and healthcare429

surpasses to a substantial degree the current expenditure levels in the specified OECD countries430

corresponding to approximately 10.35% of GDP in 2019.431

Finally, we examine the effect that a change in the composition of government expenditures432
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Figure 10: Figure 9 from a different angle

has on welfare. Figure 9 shows that when the government selects the optimal size of the budget433

(i.e., when τ equals 18.6%, which corresponds to 12.4% of GDP), welfare increases if the level434

of investment by the government in basic research rises at the cost of government healthcare435

expenditure. As Figure 11 suggests, there is no interior level of τ0 for which welfare would be436

maximized. Of course, before we can jump to any policy conclusions on this aspect, it needs to be437

cautioned that basic research enhances economic growth directly in our model, while healthcare438

has only an indirect effect through its impact on enhancing the productivity of workers in439

different sectors. Moreover, we have not considered longevity increases related to healthcare440

investments and the associated effects on welfare. Prior research has shown that this effect441

typically dwarfs the welfare effect of healthcare that is due to rising economic growth (Kuhn442

and Prettner, 2016). Therefore, incorporating endogenous longevity is an important aspect for443

further research. However, doing so will increase the complexity of the model considerably.444
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Figure 11: Changes in lifetime utility for changes in τ0 for the time horizon N = 50 while
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5 Sensitivity analysis445

5.1 Sensitivity analysis with respect to parameter changes446

As previously indicated, the parameter settings for the illustrative simulation were chosen to447

represent either observed data from OECD countries from 2000 to 2019 or common sense derived448

from empirical findings, as they are frequently used in other research. However, as stated in449

Prettner and Werner (2016), measuring intertemporal and intersectoral knowledge spillovers450

is exceptionally difficult. Most research calibrates the relevant parameters so that the model’s451

projected growth series match the observed ones, which is the approach that we followed here as452

well. In this section, our purpose is to demonstrate that our qualitative findings are fairly robust453

to changes in the spillover parameters ϕ1, ϕ2, µ1, and µ2. In doing so, we simulate growth in basic454

knowledge, applied knowledge, GDP, and per capita GDP in three alternative scenarios: (i) a455

low spillover scenario with ϕ1 = 0.38, ϕ2 = 0.03, µ1 = 0.27, and µ2 = 0.28; (ii) a high spillover456

scenario with ϕ1 = 0.47, ϕ2 = 0.07, µ1 = 0.34, and µ2 = 0.35; and (iii) an intermediate spillover457

scenario corresponding to our baseline specification with ϕ1 = 0.40, ϕ2 = 0.05, µ1 = 0.30,458

and µ2 = 0.30. Figure 12 depicts the growth effects, with the red dashed line indicating the459

high spillover scenario, the blue solid line representing the intermediate spillover scenario, and460

the green dash-dotted line reflecting the low spillover scenario. In summary, boosting public461

spending on basic research and healthcare (an increase in τ) results in a medium-run rise in462

the growth rates of basic knowledge, applied knowledge, per capita GDP, and aggregate GDP463

(or physical capital), a short-run slowdown in the growth rates of these variables, and no long-464

run growth effects. Thus, our findings related to growth rates remain valid across all of these465

specifications.466

In addition, we examine how changes in spillovers affect the sensitivity of welfare. We467

observe an interior optimal level of public expenditure on basic research and healthcare (τ) for468

each generation irrespective of whether the intersectoral and intertemporal knowledge spillovers469

are low, high, or at the intermediate level. Nevertheless, the optimal public expenditures on470

basic research and healthcare (τ) are sensitive to changes in the intersectoral and intertemporal471

knowledge spillovers. Figure 13 exhibits the effects of increases in aggregate utility for low472

spillovers (green dash-dotted line), intermediate spillovers (blue solid line), and high spillovers473

(red dashed line) up to generation N = 50. The peak of the change in utility concerning a474

change in τ increases with an increase in spillovers. In particular, for the low spillover scenario,475

the peak occurs at τ = 0.162, which corresponds to 10.8% of GDP, and for the high spillover476

case, the maximum occurs at τ = 0.231, which corresponds to 15.4% of GDP. Nonetheless, the477
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Figure 12: Sensitivity check with respect to intertemporal and intersectoral knowledge
spillovers

Note: The solid (blue) line refers to the intermediate spillover scenario, the dashed (red) line refers
to the high spillover scenario, and the dash-dotted (green) line refers to the low spillover scenario.

optimal public expenditure on basic research and healthcare (τoptimal) from the point of view of478

future generations is still higher in all three scenarios than the levels presently observed in the479

above-specified OECD countries.480

θLow θIntermediate θHigh σLow σIntermediate σHigh

0.38 0.4 0.417 0.28 0.3 0.37
τoptimal 0.178 0.186 0.189 0.174 0.186 0.190

Table 2: Sensitivity of the long run optimal public expenditure rate on basic research
and healthcare (i.e., τ) with respect to the preferences of households

Similarly, we examine the sensitivity of welfare to changes in the weight of children’s educa-481

tion (θ) and health (σ) in the parental utility function. We set higher and lower bounds of these482

values according to Table 2 in which intermediate values correspond to our benchmark specifi-483

cation. We observe an interior welfare-maximizing level of τ for each generation irrespective of484

whether θ and σ are low, high, or at the intermediate level. However, the optimal value of τ is485

again sensitive to changes in the high and low values of θ and σ. Figure 14 exhibits the effects486

of increases in aggregate utility for a low value of θ (green dash-dotted line), an intermediate487
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Figure 13: Changes in lifetime utility for changes in τ for the time horizon N = 50 and
changing ϕ1, ϕ2, µ1, and µ2

Note: The solid (blue) line refers to the intermediate spillover scenario, the dashed (red) line refers
to the high spillover scenario, and the dash-dotted (green) line refers to the low spillover scenario.
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Figure 14: Changes in lifetime utility for changes in τ for the time horizon N = 50 and
changing θ

Note: The solid (blue) line refers to the intermediate spillover scenario, the dashed (red) line refers
to the high spillover scenario, and the dash-dotted (green) line refers to the low spillover scenario.
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Figure 15: Changes in lifetime utility for changes in τ for the time horizon N = 50 and
changing σ

Note: The solid (blue) line refers to the intermediate spillover scenario, the dashed (red) line refers
to the high spillover scenario, and the dash-dotted (green) line refers to the low spillover scenario.

value of θ (blue solid line), and a high value of θ (red dashed line) up to generation N = 50.488

As the value of θ increases, so does the peak of the change in utility due to a change in489

τ . Specifically, for the low value of θ (θLow = 0.38), the peak occurs at τ = 0.178, which490

corresponds to 11.87% of GDP, and for the high value of θ (θHigh = 0.417), the peak occurs at491

τ = 0.189, which corresponds to 12.6% of GDP. Figure 15 exhibits the effects of increases in492

aggregate utility for a low value of σ (green dash-dotted line), an intermediate value of σ (blue493

solid line), and a high value of σ (red dashed line) up to generation N = 50. As is evident from494

Figure 15, the change in utility due to a change in τ rises as the value of σ grows. For instance,495

for the low value of σ (σLow = 0.28), the peak occurs at τ = 0.174, which corresponds to 11.6%496

of GDP, while for the high value of σ (σHigh = 0.317), the peak occurs at τ = 0.190, which497

corresponds to 12.67% of GDP.498

5.2 Effects of relaxing central assumptions499

We had to apply a number of assumptions and modeling choices to keep the model tractable500

and accessible for the reader. In this subsection, we discuss some central assumptions and how501

the results would change if we relax or modify them. First of all, we abstracted from endogenous502
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life expectancy depending on private and public healthcare. Including these important aspects503

would complicate the model substantially but is definitely a worthwhile avenue for further504

research. Endogenizing life expectancy would raise the welfare effects of health spending as505

prior literature has shown (cf. Hall and Jones, 2007; Kuhn and Prettner, 2016; Chen et al.,506

2021; Schneider and Winkler, 2021) and, thus, strengthen the result that current spending507

levels of the government are too low from a welfare maximizing perspective. With respect to508

the result that basic research spending promotes welfare by more than healthcare spending, we509

expect that this result would weaken and, likely, even be overturned.510

Another crucial point is the choice of the social welfare function. While our Millian approach511

includes population growth as a positive component of the value of life and of welfare, it could512

be argued that a social planner should put even more weight on the number of individuals and,513

thus, attain the perspective of the Benthamite approach. Doing so would reduce the desirability514

of spending on healthcare and basic research because they reduce fertility in our model.515

Finally, as far as relaxing the assumption of full public funding of basic research versus full516

private funding of applied research, we would not expect large changes. The reasons are that517

i) still the largest part of basic research is funded publicly, whereas the opposite holds true for518

applied research. This means that our assumption is arguably not too far from reality; ii) since519

basic and applied research are both growth-promoting and come with an investment phase so520

that welfare would be reduced in the short run, our qualitative findings should be robust to521

changes in this assumption.522

6 Conclusion523

We present a highly general R&D-based endogenous growth model emphasizing the role of524

patentable applied research, publicly-funded basic research, and publicly-funded healthcare. In525

so doing, we nest two recent contributions by Prettner and Werner (2016) and Baldanzi et al.526

(2021) as special cases. We use the model to assess the growth and welfare effects of public basic527

research and public healthcare investments and to illustrate the role of healthcare for enhancing528

productivity in various sectors of the economy.529

Overall, we show that the basic insights of the previous literature remain intact from a530

qualitative perspective even in a situation in which different growth and welfare promoting531

areas are in competition regarding public funding. We show that an increase in publicly funded532

basic research and health expenditures is still welfare improving as compared with the observable533

spending levels in the OECD. However, as compared with the results of Prettner and Werner534
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(2016), the quantitative findings are altered to the extent that the welfare-maximizing level of535

expenditures does not anymore differ from the actual expenditure levels by such a wide margin.536

The two main economic policy implications that emanate from our research are that i)537

government expenditures on basic science and healthcare are worthwhile and still these areas538

are under-funded from a welfare-maximizing perspective; ii) in the presence of more domains on539

which the government can spend its funds productively, it is even more important to consider540

thorough cost-benefit analyses to make sound policy decisions and to understand the various541

tradeoffs involved.542

Interesting avenues for future research include i) endogenizing life expectancy depending on543

public and private healthcare in a realistic way and assessing the extent to which the welfare544

implications for the split between health expenditures and basic research expenditures changes;545

ii) extending the proposed model to the context of a developing country that is far from the546

technological frontier and imitates innovations that were made in developed countries. Presum-547

ably, investments in basic research would not be similarly important in such a setting and health548

expenditures would become more prominent; iii) designing a model in which governments have549

even more scope for enacting different policies such as childcare subsidies, education subsidies,550

research subsidies (see, e.g., Minniti and Venturini, 2017a,b), etc., and using the model to an-551

alyze the extent to which different policies contribute to increase welfare; iv) modeling more552

explicitly the interactions between private and public healthcare and the complementarities and553

tradeoffs that they imply; v) modeling in more detail the interaction between basic and applied554

research and acknowledging that a part of applied research is carried out publicly funded and555

a part of basic research is carried out privately funded. While we do not expect that this leads556

to strong changes in our qualitative and quantitative findings on the growth effects of public557

healthcare and public basic research policies, doing so may lead to additional insights that are558

valuable for innovation research.559
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Appendix

A Derivation of the optimal values for ct, st, nt, et,

and mt

Using (1) and (2), we set up the Lagrangian as

L = ln ct + β ln [(Rt+1 − 1)st] + ξ lnnt + θ ln et + σ lnmt

+ λ[(1− τ)(1− ψnt − ηetnt − χmtnt)wtht − ct − st].

The first-order conditions are given by

∂L
∂ct

= 0 =⇒ 1

ct
= λ, (A.1)

∂L
∂st

= 0 =⇒ β

st
= λ, (A.2)

∂L
∂nt

= 0 =⇒ ξ

nt
= λ(1− τ)(ψ + ηet + χmt)wtht, (A.3)

∂L
∂et

= 0 =⇒ θ

et
= λ(1− τ)ηntwtht, (A.4)

∂L
∂mt

= 0 =⇒ σ

mt
= λ(1− τ)χntwtht, (A.5)

∂L
∂λ

= 0 =⇒ (1− τ)(1− ψnt − ηetnt − χmtnt)wtht − ct − st = 0. (A.6)

Dividing (A.4) by (A.5), we obtain

χmt =
ησ

θ
et. (A.7)

Dividing (A.1) by (A.2), we obtain
st = βct. (A.8)

Dividing (A.3) by (A.4) and using (A.7) yields

et =
θψ

η(ξ − θ − σ)
. (A.9)

Inserting the value of et into (A.7), we get

mt =
σψ

χ(ξ − θ − σ)
. (A.10)

Dividing (A.3) by (A.1) and rearranging yields

(1− τ)(ψ + ηet + χmt)ntwtht = ξct. (A.11)
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Inserting (A.11) into (A.6), we get

(1− τ)wtht − (1− τ)(ψ + ηet + χmt)ntwtht − ct − st = 0

=⇒ ct =
(1− τ)wtht
1 + β + ξ

. (A.12)

Therefore,

st =
β(1− τ)wtht
1 + β + ξ

. (A.13)

Inserting the values of ct, st, et, and mt into (A.6) and rearranging, we obtain

nt =
ξ − θ − σ

ψ(1 + β + ξ)
. (A.14)

B Proof of Proposition 1

The partial derivatives of fertility nt with respect to ξ, θ, and σ are

∂nt
∂ξ

=
1 + β + θ + σ

ψ (1 + β + ξ)2
> 0,

∂nt
∂θ

= − 1

ψ (1 + β + ξ)
< 0,

∂nt
∂σ

= − 1

ψ (1 + β + ξ)
< 0.

(B.1)

The partial derivatives of individual human capital ht+1 with respect to ξ, θ, and σ are

∂ht+1

∂ξ
= −

(
AE

θ

η

)ν (
AM

σ

χ

)1−ν ψ

(ξ − θ − σ)2
ht < 0,

∂ht+1

∂θ
=

(
AE

θ
η

)ν (
AM

σ
χ

)1−ν
ψht

(ξ − θ − σ)

[
νAE

η

(
AE

θ

η

)−1

+
1

(ξ − θ − σ)

]
> 0,

∂ht+1

∂σ
=

(
AE

θ
η

)ν (
AM

σ
χ

)1−ν
ψht

(ξ − θ − σ)

[
(1− ν)AM

χ

(
AM

σ

χ

)−1

+
1

(ξ − θ − σ)

]
> 0.

(B.2)

C Proof of Proposition 2

(i) Growth rates of the endogenous variables have to be constant along the balanced growth
path. Thus,

gt+1,A − gt,A
gt,A

= 0 =⇒ gt+1,A = gt,A

=⇒ (1− τ)(1 + β)1+ε1 [(1− τ0)τ ]
ε1

(1 + β + ξ)1+ε1
δ1A

ϕ1−1
t+1 Bµ1

t+1(ht+1Lt+1)
1+ε1 − 1

α

=
(1− τ)(1 + β)1+ε1 [(1− τ0)τ ]

ε1

(1 + β + ξ)1+ε1
δ1A

ϕ1−1
t Bµ1

t (htLt)
1+ε1 − 1

α

=⇒
(
ht+1

ht

Lt+1

Lt

)1+ε1 (At+1

At

)ϕ1−1(Bt+1

Bt

)µ1

= 1

Ω1+ε1

(
At+1

At

)ϕ1−1(Bt+1

Bt

)µ1

= 1. (C.1)
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gt+1,B − gt,B
gt,B

= 0 =⇒ gt,B = gt−1,B

=⇒ δ2τ0(1− τ0)
ε2 [τ(1 + β)]1+ε2

(1 + β + ξ)1+ε2
Bµ2−1

t+1 Aϕ2
t+1(ht+1Lt+1)

1+ε2

=
δ2τ0(1− τ0)

ε2 [τ(1 + β)]1+ε2

(1 + β + ξ)1+ε2
Bµ2−1

t Aϕ2
t (htLt)

1+ε2

=⇒
(
ht+1

ht

Lt+1

Lt

)1+ε2 (At+1

At

)ϕ2
(
Bt+1

Bt

)µ2−1

= 1

(
Bt+1

Bt

)
= Ω

1+ε2
1−µ2

(
At+1

At

) ϕ2
1−µ2

. (C.2)

Inserting Equation (C.2) into Equation (C.1), we obtain

Ã ≡
(
At+1

At

)
= Ω

(1+ε1)(1−µ2)+(1+ε2)µ1
(1−ϕ1)(1−µ2)−ϕ2µ1 = ΩΨ1 . (C.3)

Therefore,

B̃ ≡
(
Bt+1

Bt

)
= Ω

(1+ε2)(1−ϕ1)+(1+ε1)ϕ2
(1−ϕ1)(1−µ2)−ϕ2µ1 = ΩΨ2 . (C.4)

Along the balanced growth path, Yt and Kt must grow at the same rate. Thus, Equation (11)
suggests

Ỹ ≡
(
Yt+1

Yt

)
=

(
At+1

At

)2−ϕ1
(
Bt+1

Bt

)−µ1
(
Ht+1,M

Ht,M

)ε0−ε1

=

(
Kt+1

Kt

)
≡ K̃ (C.5)

=⇒
(
Yt+1

Yt

)
≡ Ỹ = K̃ ≡

(
Kt+1

Kt

)
= Ω

[
(1−µ2)(2−ϕ1+ε1)+µ1(1+ε2−ϕ2)

(1−ϕ1)(1−µ2)−ϕ2µ1

]
+ε0 = ΩΨ3+ε0 . (C.6)

(ii) First, let us focus on the signs of Ψ1 and Ψ2. We know from Assumption 1 that
ϕ1 ∈ [0, 1), ϕ2 ∈ [0, 1), µ1 ∈ [0, 1), and µ2 ∈ [0, 1). Furthermore, ϕ1 + µ1 < 1 and ϕ2 + µ2 < 1.

ϕ1 + µ1 < 1 =⇒ µ1 < (1− ϕ1) (C.7)

ϕ2 + µ2 < 1 =⇒ ϕ2 < (1− µ2) (C.8)

ϕ1 ∈ [0, 1), ϕ2 ∈ [0, 1), µ1 ∈ [0, 1), µ2 ∈ [0, 1),Equation (C.7) and Equation (C.8) together imply

µ1ϕ2 < (1− ϕ1)(1− µ2)

=⇒ [(1− ϕ1)(1− µ2)− µ1ϕ2] > 0

Note that as (1+ε1) > 0, (1−µ2) > 0 and (1+ε2)µ1 ≥ 0, we get [(1 + ε1)(1− µ2) + (1 + ε2)µ1] >
0, and as (1+ε2) > 0, (1−ϕ1) > 0 and (1+ε1)ϕ2 ≥ 0, we get [(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2] > 0.
Consequently,

Ψ1 =
(1 + ε1)(1− µ2) + (1 + ε2)µ1

(1− ϕ1)(1− µ2)− ϕ2µ1
> 0

and Ψ2 =
(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2

(1− ϕ1)(1− µ2)− ϕ2µ1
> 0.

As we assumed in the paper that Ω > 1 (see page 15), therefore ln(Ω) > 0. Consequently, we
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get the following results.

∂Ã

∂µ1
=

>0︷ ︸︸ ︷
(1− µ2)

>0︷ ︸︸ ︷
[(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
Ã ln(Ω) > 0,

∂B̃

∂µ1
=

≥0︷︸︸︷
ϕ2

>0︷ ︸︸ ︷
[(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
B̃ ln(Ω) ≥ 0,

∂K̃

∂µ1
=

>0︷ ︸︸ ︷
(1− µ2)

>0︷ ︸︸ ︷
[(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
K̃ ln(Ω) > 0,

∂Ã

∂µ2
=

≥0︷︸︸︷
µ1

>0︷ ︸︸ ︷
[(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
Ã ln(Ω) ≥ 0,

∂B̃

∂µ2
=

>0︷ ︸︸ ︷
(1− ϕ1)

>0︷ ︸︸ ︷
[(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
B̃ ln(Ω) > 0,

∂K̃

∂µ2
=

≥0︷︸︸︷
µ1

>0︷ ︸︸ ︷
[(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
K̃ ln(Ω) ≥ 0,

∂Ã

∂ϕ1
=

>0︷ ︸︸ ︷
(1− µ2)

>0︷ ︸︸ ︷
[(1 + ε2)µ1 + (1 + ε1)(1− µ2)]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
Ã ln(Ω) > 0,

∂B̃

∂ϕ1
=

≥0︷︸︸︷
ϕ2

>0︷ ︸︸ ︷
[(1 + ε2)µ1 + (1 + ε1)(1− µ2)]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
B̃ ln(Ω) ≥ 0,

∂K̃

∂ϕ1
=

>0︷ ︸︸ ︷
(1− µ2)

>0︷ ︸︸ ︷
[(1 + ε2)µ1 + (1 + ε1)(1− µ2)]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
K̃ ln(Ω) > 0,

∂Ã

∂ϕ2
=

≥0︷︸︸︷
µ1

>0︷ ︸︸ ︷
[(1 + ε2)µ1 + (1 + ε1)(1− µ2)]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
Ã ln(Ω) ≥ 0,
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∂B̃

∂ϕ2
=

>0︷ ︸︸ ︷
(1− ϕ1)

>0︷ ︸︸ ︷
[(1 + ε2)µ1 + (1 + ε1)(1− µ2)]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
B̃ ln(Ω) > 0,

∂K̃

∂ϕ2
=

≥0︷︸︸︷
µ1

>0︷ ︸︸ ︷
[(1 + ε2)µ1 + (1 + ε1)(1− µ2)]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
K̃ ln(Ω) ≥ 0,

∂Ã

∂ε0
= 0,

∂B̃

∂ε0
= 0,

∂K̃

∂ε0
= K̃ ln(Ω) > 0,

∂Ã

∂ε1
=

>0︷ ︸︸ ︷
(1− µ2)

[(1− ϕ1)(1− µ2)− ϕ2µ1]︸ ︷︷ ︸
>0

>0︷ ︸︸ ︷
Ã ln(Ω) > 0,

∂B̃

∂ε1
=

≥0︷︸︸︷
ϕ2

[(1− ϕ1)(1− µ2)− ϕ2µ1]︸ ︷︷ ︸
>0

>0︷ ︸︸ ︷
B̃ ln(Ω) ≥ 0,

∂K̃

∂ε1
=

>0︷ ︸︸ ︷
(1− µ2)

[(1− ϕ1)(1− µ2)− ϕ2µ1]︸ ︷︷ ︸
>0

>0︷ ︸︸ ︷
K̃ ln(Ω) > 0,

∂Ã

∂ε2
=

≥0︷︸︸︷
µ1

[(1− ϕ1)(1− µ2)− ϕ2µ1]︸ ︷︷ ︸
>0

>0︷ ︸︸ ︷
Ã ln(Ω) ≥ 0,

∂B̃

∂ε2
=

>0︷ ︸︸ ︷
(1− ϕ1)

[(1− ϕ1)(1− µ2)− ϕ2µ1]︸ ︷︷ ︸
>0

>0︷ ︸︸ ︷
B̃ ln(Ω) > 0,

∂K̃

∂ε2
=

≥0︷︸︸︷
µ1

[(1− ϕ1)(1− µ2)− ϕ2µ1]︸ ︷︷ ︸
>0

>0︷ ︸︸ ︷
K̃ ln(Ω) ≥ 0.

(iii)

∂Ã

∂ττ0
=

∂B̃

∂ττ0
=

∂K̃

∂ττ0
= 0,

∂Ã

∂τ(1− τ0)
=

∂B̃

∂τ(1− τ0)
=

∂K̃

∂τ(1− τ0)
= 0.

(iv)

∂h̃

∂ξ
= −

(
AE

θ

η

)ν (
AM

σ

χ

)1−ν ψ

(ξ − θ − σ)2
< 0,
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∂h̃

∂θ
=

(
AE

θ
η

)ν (
AM

σ
χ

)1−ν
ψ

(ξ − θ − σ)

[
νAE

η

(
AE

θ

η

)−1

+
1

(ξ − θ − σ)

]
> 0,

∂h̃

∂σ
=

(
AE

θ
η

)ν (
AM

σ
χ

)1−ν
ψ

(ξ − θ − σ)

[
(1− ν)AM

χ

(
AM

σ

χ

)−1

+
1

(ξ − θ − σ)

]
> 0.

(v)

∂L̃

∂ξ
=

1 + β + θ + σ

ψ(1 + β + ξ)2
> 0;

∂L̃

∂θ
=

−1

ψ(1 + β + ξ)
< 0;

∂L̃

∂σ
=

−1

ψ(1 + β + ξ)
< 0,

(vi)

∂Ω

∂ξ
= −

(
AE

θ
η

)ν (
AM

σ
χ

)1−ν

(1 + β + ξ)2
< 0,

∂Ω

∂θ
=

νAE
η

(
AE

θ
η

)ν−1 (
AM

σ
χ

)1−ν

(1 + β + ξ)
> 0,

∂Ω

∂σ
=

(1−ν)AM

χ

(
AE

θ
η

)ν (
AM

σ
χ

)−ν

(1 + β + ξ)
> 0.

(vii) Let us now focus on the sign of Ψ3. We know that µ2 ∈ [0, 1), ϕ1 ∈ [0, 1), and
ϕ2 ∈ [0, 1).

µ2 ∈ [0, 1) =⇒ (1− µ2) > 0

ϕ1 ∈ [0, 1) =⇒ (1− ϕ1) > 0

ϕ2 ∈ [0, 1) =⇒ (1− ϕ2) > 0

(ε1 ≥ 0) and (1− ϕ1) > 0 =⇒ (2− ϕ1 + ε1) > 0

(ε2 ≥ 0) and (1− ϕ2) > 0 =⇒ (1 + ε2 − ϕ2) > 0

Therefore, [(1− µ2)(2− ϕ1 + ε1) + µ1(1 + ε2 − ϕ2)] > 0. As a result,

Ψ3 =
(1− µ2)(2− ϕ1 + ε1) + µ1(1 + ε2 − ϕ2)

(1− ϕ1)(1− µ2)− µ1ϕ2
> 0

Furthermore, we assumed that ξ > θ+σ (see page no. 5). ε0 is also non-negative by assumption.
Consequently,

∂ỹ

∂ξ
=

>0︷︸︸︷
ỹ

<0︷ ︸︸ ︷[
−1

(1 + β + ξ)

] >0︷ ︸︸ ︷[
Ψ3 + ε0 +

1 + β + θ + σ

ξ − θ − σ

]
< 0,

∂ỹ

∂θ
=

>0︷︸︸︷
ỹ


>0︷ ︸︸ ︷

(Ψ3 + ε0)

>0︷︸︸︷(ν
θ

)
+

>0︷ ︸︸ ︷(
1

ξ − θ − σ

) > 0,

∂ỹ

∂σ
=

>0︷︸︸︷
ỹ


>0︷ ︸︸ ︷

(Ψ3 + ε0)

>0︷ ︸︸ ︷(
1− ν

σ

)
+

>0︷ ︸︸ ︷(
1

ξ − θ − σ

) > 0,
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Note that as (1+ε1) > 0, (1−µ2) > 0 and (1+ε2)µ1 ≥ 0, we get [(1 + ε1)(1− µ2) + (1 + ε2)µ1] >
0, and as (1+ε2) > 0, (1−ϕ1) > 0 and (1+ε1)ϕ2 ≥ 0, we get [(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2] > 0.
Moreover, (1− µ2) > 0, µ1 ≥ 0, and [(1− ϕ1)(1− µ2)− ϕ2µ1] > 0. Therefore,

∂ỹ

∂µ1
=

>0︷ ︸︸ ︷
(1− µ2)

>0︷ ︸︸ ︷
[(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
ỹ ln(Ω) > 0,

∂ỹ

∂µ2
=

≥0︷︸︸︷
µ1

>0︷ ︸︸ ︷
[(1 + ε2)(1− ϕ1) + (1 + ε1)ϕ2]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
ỹ ln(Ω) ≥ 0,

∂ỹ

∂ϕ1
=

>0︷ ︸︸ ︷
(1− µ2)

>0︷ ︸︸ ︷
[(1 + ε1)(1− µ2) + (1 + ε2)µ1]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
ỹ ln(Ω) > 0,

∂ỹ

∂ϕ2
=

≥0︷︸︸︷
µ1

>0︷ ︸︸ ︷
[(1 + ε1)(1− µ2) + (1 + ε2)µ1]

[(1− ϕ1)(1− µ2)− ϕ2µ1]
2︸ ︷︷ ︸

>0

>0︷ ︸︸ ︷
ỹ ln(Ω) ≥ 0,

∂ỹ

∂ε0
= ỹ ln(Ω) > 0,

∂ỹ

∂ε1
=

>0︷ ︸︸ ︷
(1− µ2)

[(1− ϕ1)(1− µ2)− ϕ2µ1]︸ ︷︷ ︸
>0

>0︷ ︸︸ ︷
ỹ ln(Ω) > 0,

∂ỹ

∂ε2
=

≥0︷︸︸︷
µ1

[(1− ϕ1)(1− µ2)− ϕ2µ1]︸ ︷︷ ︸
>0

>0︷ ︸︸ ︷
ỹ ln(Ω) ≥ 0.
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