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Abstract

Background and Motivation: Causal inference methods are widely used in empirical research; how-
ever, there is a paucity of evidence on the use of latent factor methods in the presence of a con-
taminated instrumental variable (IV) for differing IV strength. We aim to build on and extend the
work of Banerjee and Basu (2021) in multiple ways: (i) we discuss the identification criteria for the
shared latent factor (SLF) and SLF+IV models, (ii) we provide a theoretical framework to illustrate
how IV strength and contamination together determine the optimal choice between Two Stage Least
Squares (2SLS), SLF, and SLF+IV estimators, (iii) we compare the finite sample properties of the
näıve Ordinary Least Squares (OLS), SLF, 2SLS, and SLF+IV estimators in terms of percentage
bias, standard error, coverage probability, and Mean Squared Error (MSE) for different degrees of
contamination and strength of the IV, (iv) we illustrate the applicability of the OLS, 2SLS, SLF, and
SLF+IV estimators using survey data to assess the causal impact of obesity on different indicators
of health status, and (v) we demonstrate the virtue of latent factor models to control for effects of
omitted variable(s).

Methods: We present a theoretical formulation to depict how the strength of an IV and contami-
nation simultaneously determine the optimal choice between traditional IV estimators and shared
latent factor estimators. We performed Monte Carlo simulations with four outcome variables and
an endogenous treatment variable, with sample sizes varying between 500 and 1000, and for 1000
iterations, to compare the finite sample properties of the OLS, 2SLS, SLF, and SLF+IV estimators.
Finally, we exhibit the applicability of the proposed estimators to study the causal impact of obe-
sity on different health indicators (diastolic blood pressure reading, systolic blood pressure reading,
blood glucose level, and haemoglobin level), using the arm circumference as an IV, and the 2019-2021
Round 5 of the National Family Health Survey (NFHS-5) data.

Results: We find that, for a given strength of the IV, there exists a threshold degree of contamination,
such that the SLF+IV estimator has a lower (greater) bias than the SLF estimator when the degree
of contamination lies below (above) that threshold. Similarly, we find that, for a given degree of
contamination of the IV, there exists a threshold strength of the IV, such that the SLF+IV has a
lower (greater) bias than the SLF estimator if the strength of the IV lies above (below) that threshold.
The simulation results are consistent and align with our theoretical propositions. In our empirical
application, we find that obesity is significantly associated with higher diastolic and systolic readings,
a higher blood sugar level, and a higher haemoglobin level in the blood.

Conclusion: The choice between SLF and SLF+IV estimators based on the estimator bias is de-
termined jointly by the strength of the IV and the degree of contamination. SLF+IV (SLF) is the
optimal choice when the strength of the IV and the degree of contamination lie above (below) and
below (above) certain thresholds, respectively.

Keywords: Causal inference, Latent factor models, Instrumental variable, Instrument strength, In-
strument contamination, Parameter identification
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1 Introduction

Causal inference is embodied in many empirical research works in economics. A researcher’s ob-
jective is to obtain the treatment effect estimate which is much closer to the true treatment effect.
Ordinary Least Squares (OLS) is a traditional method for estimating treatment effects. However,
there can be a potential endogeneity in an OLS model. Endogeneity occurs due to: (i) the presence
of unobserved factors affecting both the treatment and the outcome, (ii) measurement error, and
(iii) reverse causality. The Two Stage Least Square (2SLS) is a traditional method wherein a special
variable called the Instrumental Variable (IV) is employed that generates exogenous variation in the
treatment variable, in order to mitigate the endogeneity problem. However, even if the IV is strong,
i.e. it is highly correlated with the treatment variable, there can be a potential unobserved factor(s)
which is(are) correlated with both the IV and the outcome, thus making the IV contaminated. If
the degree of contamination of the IV is very high, then the 2SLS is likely to be more biased than
the OLS estimator (Crown et al., 2011; Nelson and Startz, 1990). Bound et al. (1993) calls this
situation: a cure, i.e. 2SLS analysis using a highly contaminated IV, worse than the disease, i.e.
OLS with endogeneity).

Focusing on the endogeneity problem arising due to the presence of unobservable factors affecting
both the treatment and outcome variables, which is a major challenge to causal inference in much
empirical research, latent factor models can be employed as an alternative to the traditional models.
Latent factor models employ an exogenous latent factor that controls for such unobserved factors.
These models can also be further extended by introducing an additional IV along with the exogenous
latent factor. These models draw motivation from path analysis- a method that portrays how different
observable and latent variables are related to each other (Goldberger, 1972; Hauser and Goldberger,
1971; Land, 1969). The idea of path analysis was first propounded by Wright (1921). The path
analysis consisting of latent variables can be bifurcated into two branches: reflective modelling and
formative modelling. In reflective modelling, an exogenous latent factor determines all the observed
outcomes, while in formative modelling, all the observed outcomes determine the endogenous latent
factor (Posey et al., 2014; Lee et al., 2013; Diamantopoulos and Siguaw, 2006; Diamantopoulos and
Winklhofer, 2001; Law and Wong, 1999; Bollen and Lennox, 1991).

Estimation of latent factor models relies on the technique of Structural Equation Model (SEM)
(Danes and Mann, 1984; Anderson and Gerbing, 1982). A major challenge in the application of
SEM is parameter identification. The SEM is said to be identified if each unobserved parameter can
be written as a function of the covariances between observed variables (Stein et al., 2011; Lei and
Wu, 2007; Mueller, 1997). It is often difficult to establish relationships between different variables
in SEM in the case of underidentification (Bollen and Davis, 2009). There is no fixed rule for SEM
identification, whereas the identification criteria depend on how the SEM has been specified (Bollen
and Davis, 2009; Bentler and Weeks, 1980).

Banerjee and Basu (2021), published in Econometrics Vol(9), proposed two variants of latent fac-
tor models, viz. Shared Latent Factor without IV (SLF) and the Shared Latent Factor with IV
(SLF+IV). In the SLF model, there is a group of outcome variables which are affected by a common
treatment variable, and an exogenous latent factor is employed, which affects the treatment and all
outcome variables. The SLF+IV model is an extension of the SLF model, wherein an additional IV
is introduced that affects the treatment variable. Both models are variants of reflective modelling
and are estimated using the technique of SEM. Banerjee and Basu highlighted the formulation of
SLF and SLF+IV models, the minimum outcomes that are required for the identification of the SLF
model, and the comparison among different estimators based on the estimator bias in the presence of
a fairly strong IV with differing degrees of contamination. However, the paper leaves some questions
unanswered, viz. (i) how to make a choice between SLF and SLF+IV estimators when both the
IV strength and degree of contamination are differing, (ii) how the minimum number of outcomes
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required for the identification of the SLF model has been ascertained, and (iii) number of outcomes
that are required for the identification of the SLF+IV model.

In this paper, we build on and extend the work of Banerjee and Basu by (i) elucidating the analogy
through which the minimum number of outcomes required for the identification of the SLF model has
been ascertained, (ii) ascertaining the minimum number of outcomes required for the identification of
the SLF+IV model, (ii) developed theoretical expositions to highlight how to make an optimal choice
between SLF and SLF+IV when both IV strength and degree of contamination are differing, and
(iv) comparing the finite sample properties of the OLS, SLF, 2SLS, and SLF+IV estimators in terms
of percentage bias, standard error, coverage probability, and Mean Squared Error (MSE) when both
IV strength and degree of contamination are differing, using Monte Carlo simulations. We further
highlighted the applicability of the latent factor estimators, along with traditional estimators, through
an empirical application, wherein we studied the causal impact of obesity on different indicators of
health status using the nationally representative survey data from the latest round of the National
Family Health Survey (NFHS-5) in India. Using the empirical application, we have illustrated how
the latent factor in SLF and SLF+IV models captures the effects of omitted variable(s) by deliberately
omitting a significant control variable from both models.

2 Materials and Methods

2.1 OLS Analysis

Let D be the treatment variable and Y be the outcome variable. The OLS model is described as
follows:

Y = β0 + β1D + v (1)

where, β0 is the constant term, β1 captures the treatment effect, and v is the idiosyncratic error
term. The bias of the OLS estimator is given as:

Bias(β̂1,OLS) =
Cov(D, v)

σ2
D

(2)

where, Cov(D, v) is the covariance between D and v, and σ2
D is the variance of D. Ideally, D and

v should be orthogonal, i.e. Cov(D, v) = 0 such that β̂1 is unbiased. However, if they are not

orthogonal, then β̂1 may be biased.

2.2 SLF Analysis

Consider a system of m outcome variables Y 1, Y 2,...,Y m, such that each outcome is a linear function
of the treatment variable D and error terms v1, v2,...,vm, respectively. D is the common treatment
variable for all outcome variables. The effect of D on outcome variable Y i, i = 1, 2, ...,m is captured
by the parameter βi

1, i = 1, 2, ...m, respectively.

Y 1 = β1
1D + v1 (3a)

Y 2 = β2
1D + v2 (3b)

...

Y m = βm
1 D + vm (3m)
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Let D be defined as follows:

D = δθ + u (4)

Here, θ is the latent factor. Now, assuming that the error terms of equations (3a), (3b),..., (3m) are
also linear functions of θ and an error term wi, i = 1, 2, ...,m, respectively. So, the composite error
terms v1, v2, ..., vm are written as:

v1 = γ1θ + w1 (5a)

v2 = γ2θ + w2 (5b)

...

vm = γmθ + wm (5m)

Substituting equations (5a), (5b), ..., (5m) in equations (3a), (3b), ..., (3m), respectively, and writing
all the equations together:

D = δθ + u (4)

Y 1 = β1
1D + γ1θ + w1 (6a)

Y 2 = β2
1D + γ2θ + w2 (6b)

...

Y m = βm
1 D + γmθ + wm (6m)

In the above system of equations, the latent factor, θ, is shared across the treatment and all the
outcome equations, so θ is called the shared latent factor, and this model is called the SLF model.
Since θ does not have any natural scale of measurement, we either need to set any one of the
coefficients of θ to a constant and estimate V ar(θ) or estimate all the coefficients of θ but set
V ar(θ) to a constant to identify the model. We set δ = 1 without loss of generality. The following
assumptions have been made regarding the shared latent factor and error terms:

Cov(θ, u) = 0 (7a)

Cov(θ, wh) = 0, h = 1, 2, ...,m (7b)

Cov(wh, wk) = 0, h ̸= k, h = 1, 2, ...,m, k = 1, 2, ...,m (7c)

Cov(u,wh) = 0, h = 1, 2, ...,m (7d)

Assumption (7a) states that the shared latent factor is uncorrelated with the error term of the
treatment variable equation. Assumption (7b) states that the shared latent factor is uncorrelated
with the error term of the outcome variable equation after controlling for the shared latent factor.
Assumption (7c) states that the error terms of the outcome variable equations, after controlling for
the shared latent factor, are mutually uncorrelated. Finally, assumption (7d) states that the error
term of the outcome variable equation, after controlling for the shared latent factor, is uncorrelated
with the error term of the treatment variable equation. Assumptions (7a) to (7d) draw motivation
from Diamantopoulos and Siguaw (2006) and Bollen and Lennox (1991).
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Now, covariance equations have been computed, taking covariances between discordant pairs of out-
come variables and covariances between each outcome variable and the treatment variable, considering
assumptions (7a), (7b), (7c), and (7d). The covariance equations are as follows:

Cov(Y 1, Y 2) = Cov(β1
1D + γ1θ + w1, β2

1D + γ2θ + w2)

= β1
1β

2
1σ

2
D + [β1

1γ
2 + β2

1γ
1 + γ1γ2]σ2

θ

Cov(Y 1, Y 3) = Cov(β1
1D + γ1θ + w1, β3

1D + γ3θ + w3)

= β1
1β

3
1σ

2
D + [β1

1γ
3 + β3

1γ
1 + γ1γ3]σ2

θ

...

Cov(Y m−1, Y m) = Cov(βm−1
1 D + γm−1θ + wm−1, βm

1 D + γmθ + wm)

= βm−1
1 βm

1 σ2
D + [βm−1

1 γm + βm
1 γm−1 + γm−1γm]σ2

θ

Cov(D,Y 1) = Cov(D,β1
1D + γ1θ + w1)

= β1
1σ

2
D + γ1σ2

θ

Cov(D,Y 2) = Cov(D,β2
1D + γ2θ + w2)

= β2
1σ

2
D + γ2σ2

θ

...

Cov(D,Y m) = Cov(θ + u, βm
1 D + γmθ + wm)

= βm
1 σ2

D + γmσ2
θ

where, σ2
D represents V ar(D) and σ2

θ represents V ar(θ). In the above covariance equations, Cov(Y 1, Y 2),
Cov(Y 1, Y 3), ..., Cov(Y m−1, Y m), Cov(D,Y 1), Cov(D,Y 2),...,Cov(D,Y m), and σ2

D are observable
terms, while β1

1 , β
2
1 ,..., β

m
1 , γ1, γ2,...,γm, and σ2

θ are parameters to be estimated. The general form
of the covariance equations can be written as:

Cov(Y h, Y k) = βh
1 β

k
1σ

2
D + [βh

1 γ
k + βk

1γ
h + γhγk]σ2

θ , h ̸= k, h = 1, 2, ....,m, k = 1, 2, ...,m

Cov(D,Y h) = βh
1 σ

2
D + γhσ2

θ , h = 1, 2, ...,m

The parameters of the SLF model can be identified only when a certain minimum number of outcome
variables are available. There are m “β” parameters, m “γ” parameters, and 1 “σ2

θ” parameter, so

there are a total of m +m + 1 = 2m + 1 parameters. There are m(m−1)
2 covariance terms between

discordant pairs of outcomes and m covariance terms between the treatment and each outcome, so

there are a total of m(m−1)
2 + m covariance terms. So, the minimum number of outcome variables

required to identify all the model parameters can be determined by solving the following inequality
(Carneiro et al., 2003):

Number of covariance terms ≥ Number of parameters to be estimated

=⇒ m(m− 1)

2
+m ≥ 2m+ 1

=⇒ m2 − 3m− 2 ≥ 0 (8)

Solving inequality (8), we get m ≥ 4 (approximately). So, a minimum of 4 outcome variables are
needed to estimate all the structural parameters of the SLF model. When m = 4, there will be 10
covariance terms and 9 parameters. So, it will be an overidentified system of equations.
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2.3 2SLS Analysis

In 2SLS analysis, the treatment variable is assumed to be endogenous such that it is a function of
an IV. Let D be the treatment variable, D̂ be the predicted value of D, z be the IV, and Y be the
outcome variable. The 2SLS model is described as follows:

D = π0 + π1z + τ (9a)

Y = β0 + β1D̂ + v (9b)

where, π0 and β0 are constant terms, π1 is the effect of z on D, β1 captures the treatment effect, and
τ and v are the idiosyncratic error terms. The bias of the 2SLS estimator is given as follows:

Bias(β̂1,2SLS) =
Cov(z, v)

Cov(D, z)
(10)

where, Cov(D, z) is the covariance between D and z (IV strength), and Cov(z, v) is the covariance
between z and v (degree of contamination of the IV). Ideally, the magnitude of Cov(D, z) should be

very high, and the value of Cov(z, v) should be zero so that β̂1 may be unbiased. However, if the
magnitude of Cov(D, z) is very low (weak IV), and/or Cov(z, v) is non-zero (contaminated IV), then

β̂1 may be biased.

2.4 SLF+IV Analysis

The SLF+IV model is an extension of the SLF model, wherein an IV is introduced for the endogenous
treatment variable. Let the IV again be denoted by z. The SLF+IV model is given as follows:

D = πz + δθ + u (11)

Y 1 = β1
1D + γ1θ + w1 (12a)

Y 2 = β2
1D + γ2θ + w2 (12b)

...

Y m = βm
1 D + γmθ + wm (12m)

In the above set of equations, the latent factor θ is again a shared latent factor as it is shared across
the treatment variable and all the outcome variable equations. Since this model introduces an IV in
the treatment variable equation of the SLF model, it is called the SLF+IV model. We again assume
δ = 1, without loss of generality. The SLF+IV model is also based on certain assumptions, which
are as follows:

Cov(D, z) ̸= 0 (13a)

Cov(z, wh) = 0, h = 1, 2, ...,m (13b)

Cov(z, u) = 0 (13c)

Cov(θ, u) = 0 (13d)

Cov(θ, wh) = 0, h = 1, 2, ...,m (13e)

Cov(wh, wk) = 0, h ̸= k, h = 1, 2, ...,m, k = 1, 2, ...,m (13f)
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Cov(u,wh) = 0, h = 1, 2, ...,m (13g)

Cov(z, θ) = 0 (13h)

Assumption (13a) states that the treatment variable and the IV should be correlated i.e. the strength
of the IV cannot be zero. Ideally, the correlation should be very high so that z is a strong IV.
Assumption (13b) states that the IV should not be correlated with the error terms of the outcome
variable equations after controlling for the shared latent factor, i.e. the IV should be uncontaminated.
Assumption (13c) states that the IV should be uncorrelated with the error term of the treatment
variable equation. Assumption (13d) states that the shared latent factor should be uncorrelated with
the error term of the treatment variable equation. Assumption (13e) states that the shared latent
factor should be uncorrelated with the error terms of the outcome variable equations after controlling
for the shared latent factor. Assumption (13f) states that the error terms of the outcome variable
equations should be mutually uncorrelated after controlling for the shared latent factor. Assumption
(13g) states that the error term of the treatment variable equation should be uncorrelated with
the error terms of the outcome variable equations after controlling for the shared latent factor.
Finally, assumption (13h) states that the IV and the shared latent factor are uncorrelated. Again,
assumptions (13a) to (13h) draw motivation from Diamantopoulos and Siguaw (2006) and Bollen
and Lennox (1991).

Now, covariance equations have again been computed, taking covariances between discordant pairs of
outcome variables, covariances between each outcome variable and the treatment variable, covariances
between each outcome variable and the IV, and covariance between the treatment variable and the
IV considering assumptions (13a), (13b),...(13h). The covariance equations are as follows:

Cov(Y 1, Y 2) = Cov(β1
1D + γ1θ + w1, β2

1D + γ2θ + w2)

= β1
1β

2
1σ

2
D + [β1

1γ
2 + β2

1γ
1 + γ1γ2]σ2

θ

Cov(Y 1, Y 3) = Cov(β1
1D + γ1θ + w1, β3

1D + γ3θ + w3)

= β1
1β

3
1σ

2
D + [β1

1γ
3 + β3

1γ
1 + γ1γ3]σ2

θ

...

Cov(Y m−1, Y m) = Cov(βm−1
1 D + γm−1θ + wm−1, βm

1 D + γmθ + wm)

= βm−1
1 βm

1 σ2
D + [βm−1

1 γm + βm
1 γm−1 + γm−1γm]σ2

θ

Cov(Y 1, D) = Cov(β1
1D + γ1θ + w1, D)

= β1
1σ

2
D + γ1σ2

θ

Cov(Y 2, D) = Cov(β2
1D + γ2θ + w2, D)

= β2
1σ

2
D + γ2σ2

θ

...

Cov(Y m, D) = Cov(βm
1 D + γmθ + wm, D)

= β2
mσ2

D + γmσ2
θ

Cov(Y 1, z) = Cov(β1
1D + γ1θ + w1, z)

= β1
1πσ

2
z

Cov(Y 2, z) = Cov(β2
1D + γ2θ + w2, z)

= β2
1πσ

2
z

...
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Cov(Y m, z) = Cov(βm
1 D + γmθ + wm, z)

= βm
1 πσ2

z

Cov(D, z) = πσ2
z

In the above covariance equations, σ2
D represents V ar(D), σ2

θ represents V ar(θ), and σ2
z represents

V ar(z). Cov(Y 1, Y 2), Cov(Y 1, Y 3), ..., Cov(Y m−1, Y m), Cov(Y 1, D), Cov(Y 2, D),...,Cov(Y m, D),
Cov(Y 1, z), Cov(Y 2, z),..., Cov(Y m, z), Cov(D, z), σ2

z , and σ2
D are observable terms, while β1

1 , β
2
2 ,...,

βm
m , γ1, γ2,...,γm, σ2

θ , and π1 are parameters to be estimated. The general form of the covariance
equations can be written as follows:

Cov(Y h, Y k) = βh
1 β

k
1σ

2
D + [βh

1 γ
k + βk

1γ
h + γhγk]σ2

θ , h ̸= k, h = 1, 2, ...,m, k = 1, 2, ...,m

Cov(Y h, D) = βh
1 σ

2
D + γhσ2

θ , h = 1, 2, ...,m

Cov(Y h, z) = βh
1 π1σ

2
z , h = 1, 2, ...,m

Cov(D, z) = π1σ
2
z

Like the SLF model, all the parameters of the SLF+IV model can be identified only when a certain
minimum number of outcome variables are available. There arem “β” parameters, m “γ” parameters,
1 “π” parameter, and 1 “σ2

θ” parameter, so there are a total ofm+m+1+1 = 2m+2 parameters to be

estimated. There are m(m−1)
2 covariance terms between discordant pairs of outcomes, m covariance

terms between the treatment and each outcome variable, m covariance terms between the IV and
each outcome variable, and 1 covariance term between the treatment variable and the IV, so there

are a total of m(m−1)
2 +m+m+ 1 = m(m−1)

2 + 2m+ 1 covariance terms. So, the minimum number
of outcome variables required to identify all the model parameters can be determined by solving the
following inequality (Carneiro et al., 2003):

Number of covariance terms ≥ Number of parameters to be estimated

=⇒ m(m− 1)

2
+ 2m+ 1 ≥ 2m+ 2

=⇒ m2 −m− 2 ≥ 0 (14)

Solving the inequality (14) we get m ≥ 2. So, the parameters of the SLF+IV model can be estimated
when at least 2 outcome measurements are available1, which are 2 outcomes fewer than that required
to estimate the SLF model. When m = 2, there will be 6 covariance terms and 6 parameters. So, it
will be a just identified system of equations.

2.5 Comparison Between Biases of SLF and SLF+IV

This section aims to elucidate how the degree of contamination and the strength of the IV determine
the choice between SLF and SLF+IV estimators based on their absolute biases. In the following
propositions, each variable has n observations.

Proposition 1: The absolute bias of the SLF+IV estimator is lower (greater) than that of the SLF
estimator when the degree of contamination of the IV lies below (above) a certain threshold for a
given strength of the IV.

1m ≥ 1 when there are two IVs (See Appendix). So, taking two IVs reduces the number of outcome variables
required for estimating the SLF+IV model.
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Proof: Consider the following SLF model:

Dj = α0j + θj + uj

Y 1
j = β1

0j + β1
1jDj + γ1

j θj + w1
j

Y 2
j = β2

0j + β2
1jDj + γ2

j θj + w2
j

...

Y m
j = βm

0j + βm
1jDj + γm

j θj + wm
j

where, j = 1, 2, ..., n. In the above system of equations, treatment effect parameters are represented
by β1

1j , β
2
1j , ..., β

m
1j . Let β̂

i
1,SLF be the estimated value of βi

1, using some finite sample, where β̂i
1,SLF

is the treatment effect estimate for any arbitrary ith outcome, such that 1 ≤ i ≤ m. The expression
for β̂i

1j,SLF is given as follows (Maddala 1992):

β̂i
1,SLF =

[
∑n

j=1(θj − θ̄)2][
∑n

j=1(Dj − D̄)(Y i
j − Ȳ i)]− [

∑n
j=1(Dj − D̄)(θj − θ̄)][

∑n
j=1(θj − θ̄)(Y i

j − Ȳ i)]

[
∑n

j=1(Dj − D̄)2][
∑n

j=1(θj − θ̄)2]− [
∑n

j=1(Dj − D̄)(θj − θ̄)]2

=
σ2
θCov(D,Y i)− Cov(D, θ)Cov(θ, Y i)

σ2
Dσ2

θ − [Cov(D, θ)]2

=
σ2
θCov(D,βi

0 + βi
1D + γiθ + wi)− Cov(D, θ)Cov(θ, βi

0 + βi
1D + γiθ + wi)

σ2
Dσ2

θ − [Cov(α0 + θ + u, θ)]2

=
σ2
θ [β

i
1σ

2
D + γiσ2

θ + Cov(D,wi)]− σ2
θ(β

i
1σ

2
θ + γiσ2

θ)

σ2
Dσ2

θ − σ4
θ

=
βi
1σ

2
D + γiσ2

θ + Cov(D,wi)− βi
1σ

2
θ − γiσ2

θ

σ2
D − σ2

θ

=
βi
1σ

2
D + Cov(α0 + θ + u,wi)− βi

1σ
2
θ

σ2
D − σ2

θ

=
βi
1(σ

2
D − σ2

θ)

σ2
D − σ2

θ

+
Cov(u,wi)

σ2
D − σ2

θ

= βi
1 +

Cov(u,wi)

σ2
θ + σ2

u − σ2
θ

= βi
1 +

Cov(u,wi)

σ2
u

(15)

So, equation (15) shows that the expression for the bias of the SLF estimator is given as:

Bias(β̂i
1,SLF ) =

Cov(u,wi)

σ2
u

(16)

We have relaxed the assumption that Cov(u,wi) = 0, so Cov(u,wi) can take any values. Now,
consider the following SLF+IV model:
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Dj = α0j + πjzj + θj + uj

Y 1
j = β1

0j + β1
1jDj + γ1

j θj + w1
j

Y 2
j = β2

0j + β2
1jDj + γ2θj + w2

j

...

Y m
j = βm

0j + βm
1jDj + γm

j θj + wm
j

where, j = 1, 2, ..., n. In the above system of equations, treatment effect parameters are represented
by β1

1j , β
2
1j , ..., β

m
1j . Let β̂

i
1,SLF+IV be the estimated value of βi

1, using some finite sample, where the

same ith outcome has been considered that was taken for the SLF model, and 1 ≤ i ≤ m. The
expression for β̂i

1,SLF+IV is given as follows (Maddala 1992):

β̂i
1,SLF+IV =

[
∑n

j=1(θj − θ̄)2][
∑n

j=1(Dj − D̄)(Y i
j − Ȳ i)]− [

∑n
j=1(Dj − D̄)(θj − θ̄)][

∑n
j=1(θj − θ̄)(Y i

j − Ȳ i)]

[
∑n

j=1(Dj − D̄)2][
∑n

j=1(θj − θ̄)2]− [
∑n

j=1(Dj − D̄)(θj − θ̄)]2

=
σ2
θCov(D,Y i)− Cov(D, θ)Cov(θ, Y i)

σ2
Dσ2

θ − [Cov(D, θ)]2

=
σ2
θCov(D,βi

0 + βi
1D + γiθ + wi)− Cov(D, θ)Cov(θ, βi

0 + βi
1D + γiθ + wi)

σ2
Dσ2

θ − [Cov(α0 + πz + θ + u, θ)]2

=
σ2
θ [β

i
1σ

2
D + γiπCov(z, θ) + γiσ2

θ + Cov(D,wi)]− [πCov(z, θ) + σ2
θ ][β

i
1πCov(z, θ) + βi

1σ
2
θ + γiσ2

θ ]

σ2
Dσ2

θ − [πCov(z, θ) + σ2
θ ]

2

=
σ2
θβ

i
1σ

2
D + σ2

θCov(D,wi)− βi
1π

2[Cov(z, θ]2 − βi
1πσ

2
θ − 2βi

1πσ
2
θCov(z, θ)

σ2
Dσ2

θ − [πCov(z, θ) + σ2
θ ]

2

=
βi
1[σ

2
Dσ2

θ − {πCov(z, θ) + σ2
θ}2] + σ2

θCov(D,wi)

σ2
Dσ2

θ − [πCov(z, θ) + σ2
θ ]

2

= βi
1 +

σ2
θCov(u,wi)

σ2
Dσ2

θ − [πCov(z, θ) + σ2
θ ]

2
(17)

So, equation (17) shows that the expression for the bias of the SLF+IV estimator is given as:

Bias(β̂i
1,SLF+IV ) =

σ2
θCov(u,wi)

σ2
Dσ2

θ − [πCov(z, θ) + σ2
θ ]

2

=⇒ Bias(β̂i
1,SLF+IV ) =

σ2
θCov(u,wi)

σ2
θ [π

2σ2
z + σ2

θ + σ2
u + 2πCov(z, θ)]− [πCov(z, θ) + σ2

θ ]
2

=⇒ Bias(β̂i
1,SLF+IV ) =

σ2
θCov(u,wi)

π2σ2
zσ

2
θ + σ2

θσ
2
u − π2[Cov(z, θ)]2

(18)

Note that the term |Cov(z, θ)| represents the degree of contamination of the IV (Banerjee and Basu,
2021). We have relaxed the assumption Cov(z, θ) = 0, so Cov(z, θ) can take any values apart from
0. We consider only the case wherein π and Cov(z, θ) have the same signs, i.e., either both positive
or both are negative. In that case, the term σz represents the strength of the IV (see Appendix). In
equation (18) if π = 0, then the bias of the SLF+IV estimator shall be the same as that of the SLF
estimator. Now, using equation (16) in equation (18):
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Bias(β̂i
1,SLF+IV ) =

σ2
θσ

2
uBias(β̂i

1,SLF )

π2σ2
zσ

2
θ + σ2

θσ
2
u − π2[Cov(z, θ)]2

=⇒
Bias(β̂i

1,SLF+IV )

Bias(β̂i
1,SLF )

=
σ2
θσ

2
u

π2σ2
zσ

2
θ + σ2

θσ
2
u − π2[Cov(z, θ)]2

Taking modulus on both sides:

∣∣∣∣∣Bias(β̂i
1,SLF+IV )

Bias(β̂i
1,SLF )

∣∣∣∣∣ =
∣∣∣∣ σ2

θσ
2
u

π2σ2
zσ

2
θ + σ2

θσ
2
u − π2[Cov(z, θ)]2

∣∣∣∣
=⇒

∣∣∣Bias(β̂i
1,SLF+IV )

∣∣∣∣∣∣Bias(β̂i
1,SLF )

∣∣∣ =

∣∣σ2
θσ

2
u

∣∣
|π2σ2

zσ
2
θ + σ2

θσ
2
u − π2[Cov(z, θ)]2|

(19)

From equation (19), two cases emerge if the absolute bias of the SLF+IV estimator has to be lower
than or equal to that of the SLF estimator:

Case 1:

π2σ2
zσ

2
θ − π2[Cov(z, θ)]2 ≥ 0

=⇒ [Cov(z, θ)]2 ≤ σ2
zσ

2
θ

=⇒ |Cov(z, θ)| ≤ [σzσθ]
∗ (20)

In inequality (20), the term [σzσθ]
∗ represents the threshold degree of contamination of the IV, such

that if the degree of contamination of the IV lies below (above) the threshold, then the SLF+IV
estimator will have a lower (greater) bias than the SLF estimator for a given strength of the IV (σz).

Case 2:

σ2
θσ

2
u ≥ −π2σ2

zσ
2
θ − σ2

θσ
2
u + π2[Cov(z, θ)]2

=⇒ π2[Cov(z, θ)]2 ≤ π2σ2
zσ

2
θ + 2σ2

θσ
2
u

=⇒ |π||Cov(z, θ)| ≤ σθ

√
π2σ2

z + 2σ2
u

=⇒ |Cov(z, θ)| ≤

σθ

√
π2 (σz)

2
+ 2σ2

u

|π|

∗

(21)

In inequality (21), the term

[
σθ

√
π2(σz)

2+2σ2
u

|π|

]∗
represents the threshold degree of contamination of

the IV, such that if the degree of contamination of the IV lies below (above) the threshold, then the
SLF+IV estimator will have a lower (greater) bias than the SLF estimator for a given strength of
the IV (σz).

11



Hence, both cases 1 and 2 indicate the existence of a threshold degree of contamination of the IV
that determines the choice between SLF and SLF+IV estimators, for a given strength of the IV.

Proposition 2: The absolute bias of the SLF+IV estimator is lower (greater) than that of the SLF
estimator when the strength of the IV is higher (lower) than a certain threshold level for a given
degree of contamination.

Proof: Consider the same formulations of SLF and SLF+IV models that were taken for proving the
proposition 1. The term |Cov(z, θ)| again represents the degree of contamination. We have made the
same assumption about the signs of π and Cov(z, θ) as made in Proposition 1, such that the term
σz represents the strength of the IV. Revisiting equation (19):

∣∣∣Bias(β̂i
1,SLF+IV )

∣∣∣∣∣∣Bias(β̂i
1,SLF )

∣∣∣ =

∣∣σ2
θσ

2
u

∣∣
|π2σ2

zσ
2
θ + σ2

θσ
2
u − π2[Cov(z, θ)]2|

From equation (19), again two cases emerge if the absolute bias of the SLF+IV estimator has to be
lower than or equal to that of the SLF estimator:

Case 1:

π2σ2
zσ

2
θ − π2[Cov(z, θ)]2 ≥ 0

=⇒ σ2
z ≥ [Cov(z, θ)]2

σ2
θ

=⇒ σz ≥
[
|Cov(z, θ)|

|σθ|

]∗
(22)

In inequality (22), the term
[
|Cov(z,θ)|

|σθ|

]∗
represents the threshold strength of the IV, such that the

SLF+IV estimator will have a lower (greater) bias than the SLF estimator when the strength is
greater (lower) than the threshold for a given degree of contamination of the IV (|Cov(z, θ)|).

Case 2:

σ2
θσ

2
u ≥ −π2σ2

zσ
2
θ − σ2

θσ
2
u + π2[Cov(z, θ)]2

=⇒ π2σ2
zσ

2
θ ≥ π2[Cov(z, θ)]2 − 2σ2

θσ
2
u

=⇒ σ2
z ≥ π2[|Cov(z, θ)|]2 − 2σ2

θσ
2
u

π2σ2
θ

(Since, [Cov(z, θ)]2 = [|Cov(z, θ)|]2)

=⇒ σz ≥


∣∣∣√π2[|Cov(z, θ)|]2 − 2σ2

θσ
2
u

∣∣∣
|π||σθ|

∗

(23)

In inequality (23), the term

[ ∣∣∣√π2[|Cov(z,θ)|]2−2σ2
θσ

2
u

∣∣∣
|π||σθ|

]∗
represents the threshold strength of the IV,

provided that π2[|Cov(z, θ)|]2 ≥ 2σ2
θσ

2
u, such that the SLF+IV estimator will have a lower (greater)

12



bias than the SLF estimator when the strength is greater (lower) than the threshold for a given
degree of contamination of the IV (|Cov(z, θ)|).

Hence, in both cases 1 and 2, it is evident that there exists a threshold strength of the IV that
determines the choice between the SLF and SLF+IV estimators for a given degree of contamination
of the IV.

So, propositions 1 and 2 together indicate the following result:

If the degree of contamination lies below (above) a certain threshold and the strength of the IV lies
above (below) a certain threshold, then the SLF+IV shall have a lower (greater) absolute bias than
the SLF estimator.

3 Simulations

In this section, we aim to analyze thresholds for the IV strength and the degree of contamination to
choose between SLF and SLF+IV estimators using Monte Carlo simulations. We shall compare SLF,
SLF+IV, OLS, and 2SLS estimates based on bias, standard error, coverage probability, and Mean
Squared Error (MSE).

3.1 Baseline Cases: OLS and SLF

We have considered OLS and SLF as the baseline cases. The baseline case considers continuous
outcome variable Y i, i = 1, 2, 3, 4, a binary treatment variable (D), an observed continuous control
variable (X), a latent factor variable (θ), and a continuous IV (z). Taking four outcome variables
shall enable us to identify all the structural parameters of SLF and SLF+IV models. The baseline
case has been constructed such that z and θ are uncorrelated, and the standard deviation of z is
1 (Basu and Chan, 2014; Banerjee and Basu, 2021). The baseline case has been constructed for
n = 500 observations. The Data Generating Process (DGP) for the treatment variable is as follows:

D∗ = β0 + β1X + β2z + β3θ + ζ

D =

{
1, if D∗ > 0

0, if D∗ ≤ 0

We assume that the true values (model parameters) are as follows: β0 = 1, β1 = 2, β2 = 3, and
β3 = 2. X & ζ are normally and independently and identically distributed (IID) with mean 0

and variance 1. z and θ have been drawn from a bivariate normal distribution, such that

(
θ
z

)
∼

N
((

0
0

)
,

(
1 σzθ

σzθ σz ∗ σz

))
where, σzθ = Cov(z, θ) and represents the degree of contamination, and

σz represents the strength of the IV. In the baseline case, σzθ is 0 and σz is 1.

The outcome variable Y i, i = 1, 2, 3, 4 has been generated as follows:

Y 1 = α1
0 + α1

1D + α1
2X + α1

3θ + w1

Y 2 = α2
0 + α2

1D + α2
2X + α2

3θ + w2

Y 3 = α3
0 + α3

1D + α3
2X + α3

3θ + w3

Y 4 = α4
0 + α4

1D + α4
2X + α4

3θ + w4

13



where, (α1
0, α

2
0, α

3
0, α

4
0) = (2, 1, 1, 1), (α1

2, α
2
2, α

3
2, α

4
2) = (2, 1, 1, 1), (α1

3, α
2
3, α

3
3, α

4
3) = (2, 2, 2, 2). (α1

1, α
2
1,

α3
1, α

4
1), which represent the treatment effect of D on the outcomes Y 1, Y 2, Y 3, and Y 4, respectively,

has been set equal to (2, 3, 1, 1).

3.2 2SLS and SLF+IV

The specifications for D∗, X, D, z, θ, and Y are same as that of the baseline case. We again assume

that

(
θ
z

)
∼ N

((
0
0

)
,

(
1 σzθ

σzθ σz ∗ σz

))
. Now, σzθ ∈ {0, 0.025, 0.035, 0.045, 0.055, 0.065, 0.075},

where σzθ = 0 is the uncontaminated IV case. Similarly, σz ∈ {0.16, 0.2, 0.24, 0.28, 0.32, 0.36}. Addi-
tionally, we have taken σz = 1 for the selected values of σzθ, including the no contamination case,
to make the simulations exercise in tandem with that of Banerjee and Basu (2021). So, the chosen
values for σzθ and σz generate 49 combinations of strength and degree of contamination of the IV.

3.3 Estimation

We compare the OLS, 2SLS, SLF, and SLF+IV estimates based on percentage bias, standard error,
coverage probability, and MSE, using Monte Carlo simulations across 1000 iterations of the dataset,
each for n = 500 and n = 1000. The percentage bias has been calculated as:

Percentage bias =
Absolute Bias

Actual Treatment Effect
∗ 100

where the absolute bias has been calculated by taking the absolute difference between the actual
values of (α1, α2

1, α
3
1, α

4
1) and their estimated values obtained through simulations.

MSE has been calculated as:

MSE = Bias2 + Sampling variability

Additionally, we have presented the first-stage F-statistic for the 2SLS estimate for a given combina-
tion of σzθ and σz. To decide whether to choose SLF or SLF+IV estimator based on the estimator
bias, we have ascertained the thresholds for σzθ and σz from the simulations data. The simula-
tions for SLF and SLF+IV employ the Maximum Likelihood Estimation (MLE) method to estimate
the treatment effect. We have used the gsem package of Stata 18 (StataCorp, 2023) to obtain the
simulations data.

3.4 Results and Discussion

Tables 1(a), 1(b), 1(c), and 1(d) pertain to Y 1, Y 2, Y 3, and Y 4, respectively, for n = 500. Results
for n = 1000 have been depicted in tables A1(a), A1(b), A1(c), and A1(d) of the Appendix for the
same four outcomes. In this section, the analyses thereafter pertain to all four outcome variables.
The tables for n = 500 and n = 1000 show that the SLF estimator has a lower bias and MSE but
a higher coverage probability than the OLS estimator. The SLF+IV estimate has either a lower
coverage probability than the corresponding 2SLS estimate or both SLF+IV and 2SLS estimators
have 0 coverage probability. Finally, the first-stage F-statistic of 2SLS estimates increases when σzθ

increases for a given σz, as well as when σz increases for a given σzθ.

The results for n = 500 and n = 1000 highlight that for a given σz, percentage bias and MSE of both
2SLS and SLF+IV estimates increase as σzθ increases. This shows that highly contaminated IVs are
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associated with higher 2SLS and SLF+IV estimator bias for any given IV strength. On the other
hand, for a given non-zero σzθ, percentage bias and MSE of both 2SLS and SLF+IV estimates decline
as the σz increases for both sample sizes. This shows that stronger IVs are associated with lower 2SLS
and SLF+IV estimator bias. However, this virtue does not hold when the IV is uncontaminated.
Hence, by combining these conjectures, we can say that 2SLS and SLF+IV estimates have lower
(greater) biases when the IV is strong (weak) and less (more) contaminated.

As described in our theoretical framework, there exists a threshold σ∗
zθ for a given strength of the

IV, such that when σzθ is lower (higher) than that threshold, the SLF+IV estimate will have a lower
(greater) bias than the SLF estimate. Our simulation results are consistent with the theoretical
framework. For instance, when n = 500 and σz = 0.16, σ∗

zθ lies between 0.025 and 0.035, because
when σz = 0.16, the bias of the SLF+IV estimator is greater (lower) than that of the SLF estimator
when σzθ ≤ 0.025 (σzθ ≥ 0.035). In the same manner, when n = 500, σ∗

zθ lies between 0.035 and
0.045, 0.045 and 0.055, 0.055 and 0.065, 0.055 and 0.065, and 0.075, when the given σz is 0.2, 0.24,
0.28, 0.32, and 0.36, respectively. Similarly, when n = 1000, σ∗

zθ lies between 0.025 and 0.035, 0.035
and 0.045, 0.035 and 0.045, 0.045 and 0.055, 0.045 and 0.055, and 0.045 and 0.055, when the given
σz is 0.16, 0.2, 0.24, 0.28, 0.32, and 0.36, respectively. Note that when σz = 1, σ∗

zθ lies above 0.075,
for both n = 500 and n = 1000. Hence, the threshold σ∗

zθ determines the choice between SLF and
SLF+IV estimator for a given σz and sample size.

Our theoretical framework also elucidates that there exists a threshold σ∗
z for a given σzθ, such that

when σz is lower (higher) than σ∗
z , the SLF+IV estimate will have a greater (lower) bias than the SLF

estimate. Our simulation results are again consistent with this theoretical exposition. For instance,
when n = 500 and σzθ = 0.045, σ∗

z lies between 0.2 and 0.24, because when σzθ = 0.045, the bias of
the SLF+IV estimator is lower (greater) than that of the SLF estimator when σz ≤ 0.2 (σz ≥ 0.24).
In the same manner, when n = 500, σ∗

z lies below 0.025, between 0.16 and 0.2, 0.24 and 0.28, 0.32
and 0.36, and 0.36 and 1, when σzθ is 0.025, 0.035, 0.055, 0.065, and 0.075, respectively. When
n = 1000, σ∗

z lies below 0.025, between 0.16 and 0.2, between 0.24 and 0.28, between 0.24 and 0.28,
between 0.36 and 1, between 0.36 and 1, and between 0.36 and 1, when σzθ is 0.025, 0.035, 0.045,
0.055, 0.065, and 0.075, respectively. Hence, the threshold σ∗

z determines the choice between SLF
and SLF+IV estimator for a given σzθ and sample size.

So, by combining the attributes of thresholds σ∗
zθ and σ∗

z simultaneously, we find that the SLF+IV
estimator is preferred over the SLF estimator when the IV is strong and less contaminated, while the
SLF estimator is preferred over the SLF+IV estimator when the IV is weak and highly contaminated.
Our simulation results unveil that the strength and degree of contamination of the IV have opposite
effects on the bias of the SLF+IV estimator. So, when the IV strength and degree of contamination
increase (decrease) simultaneously, then the SLF+IV estimator remains a better (worse) choice than
the SLF estimator if the effect of strengthening (weakening) of the IV outweighs the effect of rise
(fall) in the degree of contamination of the IV.

Figures A1-A4 in the Appendix are the heatplots for outcomes Y 1, Y 2, Y 3, Y 4, respectively, for
n = 500, wherein each block represents the bias of the SLF+IV estimator for a given combination
of the strength of the IV and degree of contamination. The x-axis represents the strength of the
IV, and the y-axis represents the degree of contamination. Note that we have considered only σzθ ∈
{0.025, 0.035, 0.045, 0.055, 0.065, 0.075}, and σz ∈ {0.16, 0.2, 0.24, 0.28, 0.32, 0.36} for the construction
of the heatplots. The intensity of the orange colour represents the magnitude of the percentage bias of
the SLF+IV estimators for Y 1, Y 2, Y 3, Y 4, respectively, such that darker shades of orange represent
higher biases of the estimator. In the legends of each figure, we have mentioned the extreme values
of the percentage bias of the SLF+IV estimator for each outcome on the right side of the colour
intensity bar, while the corresponding bias of the SLF estimator is mentioned on the left side of the
bar. Note that blocks with lower IV strength and higher degree of contamination have darker shades
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of orange. We have displayed the preferred estimator between SLF and SLF+IV on each block after
comparing the bias of the SLF+IV estimator with that of the SLF estimator. The heatplots show
that the SLF+IV (SLF) estimator is preferred over the SLF (SLF+IV) estimator at blocks with
higher (lower) IV strength and lower (higher) degree of contamination.

The simulation results reveal regarding σ∗
zθ and σ∗

z that σ∗
zθ(n = 500, σ̄z) ≥ σ∗

zθ(n = 1000, σ̄z), and
σ∗
z(n = 500, σ̄zθ) ≤ σ∗

z(n = 1000, σ̄zθ). These results indicate that as the sample size increases, the
threshold strength and degree of contamination of the IV for choosing between SLF and SLF+IV
estimator declines and increases, respectively. This indicates that larger sample sizes are associated
with SLF being a better choice than SLF+IV for a given strength and degree of contamination of the
IV. So, the sample size creates a trade-off between SLF and SLF+IV estimators, wherein SLF+IV
is a better choice for smaller sample sizes, while SLF is a better choice for larger sample sizes.

4 Empirical Application: Impact of Obesity on Different In-
dicators of the Health Status

4.1 Introduction

Obesity is a prevalent, complex, progressive and relapsing chronic disease characterized by abnormal
or excessive body fat that impairs health (Wharton et al., 2020). It has become a serious public health
concern in recent years. A person is said to be obese if her Body Mass Index (BMI) is above 30 kg/m2

(World Health Organization, 1998). Obesity is associated with many non-communicable diseases-
including hypertension and diabetes mellitus (Segula, 2014). Hypertension is a frequent, chronic, age-
related disorder which often entails debilitating cardiovascular and renal complications. The diastolic
and systolic readings of blood pressure are key indicators of hypertension (Staessen, 2003). Diabetes
mellitus is a chronic disorder of glucose metabolism, which leads to microvascular (retinopathy,
nephropathy, neuropathy) and macrovascular (ischaemic heart disease, stroke, peripheral vascular
disease) complications (Forouhi and Wareham, 2010). Diabetes mellitus is associated with a high
blood sugar level. Apart from hypertension and diabetes, studies have shown that there is a strong
association between obesity and anaemia (Saad and Qutob, 2022; Cepeda-Lopez and Baye, 2020;
Jordaan et al., e2020). Experts have opined that obesity creates disturbances at the endothelial,
hormonal, and inflammatory levels, which potentially leads to anaemic state (Saad and Qutob,
2022). An individual is diagnosed to be anaemic or non-anaemic based on the haemoglobin count in
her blood.

Our empirical application aims to test the causal impact of obesity on the risk of hypertension,
diabetes mellitus and anaemia among women in India. It is, however, difficult to obtain an unbiased
estimate of the impact due to the presence of unobservable confounders that affect both the prevalence
of obesity in a woman and the risk of hypertension, diabetes, and anaemia. For instance, genetic
factors can potentially affect the prevalence of obesity and indicators for those diseases. In that case,
an IV may be employed to create some exogenous variation in the treatment variable to mitigate the
impact of any unobservable confounders. We have considered the arm circumference as the IV. The
IV is likely to be a strong IV, as several studies have revealed that arm circumference is strongly
associated with obesity (Kiran et al., 2022; Dereje et al., 2022; Craig et al., 2014). However, our
IV is potentially contaminated. The arm circumference can affect the cuff size for blood pressure
measurement, which can affect the blood pressure reading of an individual (Loenekke et al., 2016).
A larger arm circumference is potentially linked with reduced insulin resistance, which raises the risk
of a high blood glucose level. Such insulin resistance can be independent of the BMI level of an
individual (Wang et al., 2023). Moreover, a larger arm circumference is strongly associated with the
haemoglobin level of an individual (Ahankari et al., 2020), although it is not clear whether the causal
impact of arm circumference on the haemoglobin level is through the obesity of an individual or due
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to any other unaccounted factor. Hence, in view of the possibility of the IV being contaminated, a
highly contaminated IV shall make the 2SLS estimator more biased than the OLS estimator, even if
the OLS estimator itself is highly biased.

We motivate the application of SLF and SLF+IV methods, along with the traditional estimators
(OLS and 2SLS). Both the latent factor estimators have the virtue of being less biased than the
traditional ones, which has been elucidated in the preceding sections. Using the empirical application,
we also aim to demonstrate the virtue of the latent factor models in capturing the effects of omitted
variable(s) that are correlated with treatment and outcome measurements.

4.2 Data

The data for this analysis comes from the latest fifth Round of the National Family Health Sur-
vey (NFHS-5), conducted in 2019-21 (International Institute for Population Sciences (IIPS) & ICF,
2021). The Indian NFHS is comparable to the Demographic Health Surveys (DHS) conducted in
many other countries. NFHS is a nationally representative repeated cross-sectional study, which was
started in 1992-93 (NFHS-1), and the latest round was conducted in 2019-21 (NFHS-5). The NFHS
series furnishes data on socioeconomic, demographic, health, and nutritional indicators across 707
districts of India, covering all the states and union territories. This data is delineated by demographic
characteristics at both national and state levels.

Our dataset contains women aged between 30 and 40 years. We have considered only those re-
spondents whose BMI lies in either the healthy weight category (18.5 < BMI < 24.9) or the obese
category (BMI > 30), wherein obese women constitute the treatment group, while healthy weight
women constitute the control group. So, our treatment variable is a binary variable, which takes
the value 1 if the woman is obese, and 0 if the woman has a healthy weight. We have taken arm
circumference as a continuous IV. The final sample size, thus, stands at 65,034.

We have considered four continuous outcome variables: (i)log of average diastolic reading, (ii) log
of average systolic reading, (iii) log of blood glucose level, and (iv) log of haemoglobin level. The
outcome variable (i) has been generated by taking the logarithm of the average of the three diastolic
readings (mmHg) of the blood pressure of the woman. Similarly, the outcome variable (ii) has been
generated by taking the logarithm of the average of the three systolic readings (mmHg) of the blood
pressure of the woman. The outcome variable (iii) has been generated by taking the logarithm of the
blood sugar level (mg/dL) of the woman. Finally, the outcome variable (iv) has been generated by
taking the logarithm of the haemoglobin level (g/dL) of the woman.

The control variables include the place of residence, current age, alcohol consumption and the dietary
habits of the woman. The place of residence has been categorized into rural (reference category) and
urban. The current age of the woman is a continuous variable. The alcohol consumption of the
woman has been categorized into whether the woman consumes alcohol or not (reference category).
We have controlled the consumption of milk/curd, pulses/beans, dark green leafy vegetables, fruits,
fish, chicken/meat, fried food, and aerated drinks. We have categorized the consumption of any of
the food items into no consumption (reference category), daily consumption, weekly consumption,
or occasional consumption.

4.3 Methods

We have studied the difference in the means of the outcome variables, IV, and control variables
between the treatment group (obese women) and the control group (healthy-weight women) using a
t-test (in case of continuous variable) and Chi-square test (in case of binary variable).
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In the baseline cases, we have considered the traditional models: OLS and 2SLS. In the OLS model,
we have regressed each outcome variable on the treatment indicator and all the control variables.
We have used the regress command of Stata 18 to run the OLS models. The 2SLS model comprises
two regressions in two stages. In the first stage regression, we regressed the treatment variable on
the IV and all the other control variables and then regressed each outcome variable on the treatment
variable estimated from the first stage regression and all the other control variables. We have used
the ivregress command of Stata 18 to run the 2SLS model. The standard errors obtained for both
OLS and 2SLS estimates are heteroscedasticity robust.

Next, we estimated SLF and SLF+IV models with the same four outcome, treatment, and control
variables. The models have been estimated using the gsem package of Stata 18 (StataCorp, 2023).
The structural parameters of both SLF and SLF+IV models will be identified as the number of
outcomes chosen by us fulfils the identification criteria for both SLF and SLF+IV models. All four
models are estimated using the technique of Maximum Likelihood Estimation (MLE). Note that we
have assumed that the treatment variable for both SLF and SLF+IV have been drawn from a probit
model, in order to make our model similar to our simulations exercise models. The standard errors
obtained for both SLF and SLF+IV estimates are heteroscedasticity robust.

We have tabulated the summary statistics that outline the means and standard deviations of all
variables between the treatment and control groups and the p-values of the differences in means.
We have tabulated the treatment effect estimates of obesity on the log of average diastolic reading,
log of average systolic reading, log of blood glucose level, and log of haemoglobin level, along with
the standard deviation, number of observations and mean of observation. We have also shown the
treatment effects graphically, along with 95 % confidence intervals.

4.4 Results

4.4.1 Summary Statistics

In Table 2, the summary statistics reveal that all four outcome variables and the IV have significantly
greater means in the treatment group than in the control group. The mean age of women in the
treatment group is significantly greater than that in the control group. The women in both the
treatment and control groups majorly belong to rural areas, wherein the treatment group has a
larger proportion of urban women than the control group. The women in both groups are mostly non-
consumers of alcohol, wherein the treatment group has a lower proportion of alcohol consumers than
the control group. Most of the respondents in the treatment group are daily consumers of milk/curd,
daily consumers of pulses/beans, daily consumers of dark green leafy vegetables, weekly consumers
of fruits, non-consumers of fish, weekly consumers of chicken/meat, occasional consumers of fried
food, and occasional consumers of aerated drinks. On the other hand, most of the respondents in the
control group are daily consumers of milk/curd, daily consumers of pulses/beans, daily consumers
of dark green leafy vegetables, occasional consumers of fruits, weekly consumers of fish, occasional
consumers of chicken/meat, occasional consumers of fried food, and occasional consumers of aerated
drinks. The treatment group has significantly greater proportions of daily consumers of milk/curd,
daily consumers of pulses/beans, daily and weekly consumers of fruits, non-consumers of fish, daily
consumers of fish, non-consumers and daily consumers of chicken/meat, non-consumers and weekly
of fried food, and weekly consumers of aerated drinks than the control group. On the other hand, the
control group has significantly greater proportions of weekly and occasional milk/curd consumers,
non-consumers and occasional consumers of pulses/beans, non-consumers and occasional consumers
of fruits, weekly and occasional consumers of fish, occasional consumers of chicken/meat, daily and
occasional consumers of fried food, and non-consumers and occasional consumers of aerated drinks
than the treatment group.
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Table 2: Summary Statistics

VARIABLES Treatment group: Obese women Control group: Healthy-weight women
Mean SD Mean SD p-value of difference†

[a] [b] [a] - [b]

Outcomes
Log of average diastolic reading 4.404 0.109 4.349 0.110 < 0.001

(N = 3,511) (N = 35,594)
Log of average systolic reading 4.775 0.113 4.751 0.108 < 0.001

(N = 3,511) (N = 35,595)
Log of blood glucose level 4.739 0.239 4.679 0.171 < 0.001

(N = 3,640) (N = 37,902)
Log of haemoglobin count 4.763 0.135 4.737 0.154 < 0.001

(N = 3,640) (N = 37,867)

Instrumental variable
Arm circumference 29.552 3.349 24.342 2.310 < 0.001

(N = 3,728) (N = 38,279)

Control variables
Place of residence:

Urban 0.437 0.008 0.214 0.002 < 0.001
(N = 3,740) (N = 38,380)

Rural‡ 0.563 0.008 0.786 0.002 < 0.001
(N = 3,740) (N = 38,380)

Current age 33.294 2.805 32.988 2.824 < 0.001
(N = 3,740) (N = 38,380)

Alcohol consumption:
Yes 0.014 0.002 0.024 0.001 < 0.001

(N = 3,740) (N = 38,380)
No‡ 0.986 0.002 0.976 0.001 < 0.001

(N = 3,740) (N = 38,380)

Milk/Curd consumption:
Never‡ 0.056 0.004 0.076 0.001 < 0.001

(N = 3,740) (N = 38,380)
Daily 0.568 0.008 0.407 0.003 < 0.001

(N = 3,740) (N = 38,380)
Weekly 0.206 0.007 0.253 0.002 < 0.001

(N = 3,740) (N = 38,380)
Occasionally 0.170 0.006 0.263 0.002 < 0.001

(N = 3,740) (N = 38,380)

Pulses/Beans consumption:
Never‡ 0.003 0.001 0.003 0.000 < 0.001

(N = 3,740) (N = 38,380)
Daily 0.497 0.008 0.456 0.003 < 0.001

(N = 3,740) (N = 38,380)
Weekly 0.428 0.008 0.438 0.003 0.222

(N = 3,740) (N = 38,380)
Occasionally 0.072 0.004 0.103 0.002 < 0.001

(N = 3,740) (N = 38,380)

Dark green leafy vegetables consumption:
Never‡ 0.001 0.000 0.002 0.000 0.105

(N = 3,740) (N = 38,380)
Daily 0.546 0.008 0.549 0.003 0.712

(N = 3,740) (N = 38,380)
Weekly 0.367 0.008 0.358 0.002 0.313

(N = 3,740) (N = 38,380)
Occasionally 0.087 0.005 0.091 0.001 0.409

(N = 3,740) (N = 38,380)

Fruits consumption:
Never‡ 0.011 0.002 0.014 0.001 0.086

(N = 3,740) (N = 38,380)
Daily 0.240 0.007 0.112 0.002 < 0.001

(N = 3,740) (N = 38,380)
Weekly 0.411 0.008 0.358 0.002 < 0.001

(N = 3,740) (N = 38,380)
Occasionally 0.338 0.008 0.515 0.003 < 0.001

(N = 3,740) (N = 38,380)

Fish consumption:
Never‡ 0.378 0.008 0.280 0.002 < 0.001

(N = 3,740) (N = 38,380)
Daily 0.068 0.004 0.042 0.001 < 0.001

(N = 3,740) (N = 38,380)
Weekly 0.285 0.007 0.305 0.002 0.010

(N = 3,740) (N = 38,380)
Occasionally 0.270 0.007 0.374 0.002 < 0.001

(N = 3,740) (N = 38,380)

Chicken/meat consumption:
Never‡ 0.340 0.008 0.254 0.002 < 0.001

(N = 3,740) (N = 38,380)
Daily 0.025 0.003 0.017 0.001 < 0.001

(N = 3,740) (N = 38,380)
Weekly 0.344 0.008 0.341 0.002 0.691

(N = 3,740) (N = 38,380)
Occasionally 0.291 0.007 0.389 0.002 < 0.001

(N = 3,740) (N = 38,380)

Fried food consumption:
Never‡ 0.051 0.004 0.042 0.001 0.017

(N = 3,740) (N = 38,380)
Daily 0.089 0.005 0.102 0.002 0.014

(N = 3,740) (N = 38,380)
Weekly 0.370 0.008 0.348 0.002 0.007

(N = 3,740) (N = 38,380)
Occasionally 0.490 0.008 0.507 0.003 0.040

(N = 3,740) (N = 38,380)

Aerated drinks consumption:
Never‡ 0.155 0.006 0.175 0.002 0.003

(N = 3,740) (N = 38,380)
Daily 0.030 0.003 0.030 0.001 0.925

(N = 3,740) (N = 38,380)
Weekly 0.152 0.006 0.130 0.002 < 0.001

(N = 3,740) (N = 38,380)
Occasionally 0.662 0.008 0.665 0.002 0.740

(N = 3,740) (N = 38,380)

Notes:
N: number of observations after adjusting for missing values
SD: standard deviation
†p-values reported for Chi-square test (in case of binary variables) and t-test (in case of continuous variables)
‡reference category
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4.4.2 Strength of the IV

The IV has a significant effect on the treatment variable (p < 0.001) after controlling for the control
variables. The F-statistic of the first stage regression of the 2SLS model is 255.79, which is much
larger than 10. So, as per the thumb rule proposed by Staiger and Stock (1997), our IV is a strong
IV.

4.4.3 Effect of obesity on the log of average diastolic reading

In Table 3, all four estimators reveal that obesity leads to a significant rise in average diastolic read-
ing. The coefficients of the shared latent factor are significant in both SLF and SLF+IV models,
which shows that there are potential omitted variables in both OLS and 2SLS models. Table A2 in
the Appendix shows that staying in urban areas and daily consumption of fish are significantly asso-
ciated with a lower diastolic reading, while alcohol consumption, daily consumption of pulses/beans,
consumption of chicken/meat, and daily consumption of aerated drinks are significantly associated
with higher diastolic reading. Older women are more likely to have a higher diastolic reading. In
Figure 1, the OLS and SLF treatment estimates are close to each other and have relatively narrower
95% confidence intervals than 2SLS and SLF+IV estimates. The 2SLS estimate has the largest
magnitude and the widest confidence interval.

4.4.4 Effect of obesity on the log of average systolic reading

In Table 4, all four estimators reveal that obesity leads to a significant rise in average systolic read-
ing. The coefficients of the shared latent factor are significant in both SLF and SLF+IV models,
which shows that there are potential omitted variables in both OLS and 2SLS models. Table A2 in
the Appendix shows that staying in urban areas, daily consumption of fish, and daily consumption
of fruits are significantly associated with a lower diastolic reading, while alcohol consumption, con-
sumption of milk/curd, occasional consumption of pulses/bean, and consumption of chicken/meat
are significantly associated with higher systolic reading. Older women are more likely to have a
higher systolic reading. In Figure 2, the OLS and SLF treatment estimates are close to each other
and have relatively narrower 95% confidence intervals than 2SLS and SLF+IV estimates. The 2SLS
estimate has the largest magnitude and the widest confidence interval.

4.4.5 Effect of obesity on the log of blood glucose level

In Table 5, all four estimators reveal that obesity leads to a significant rise in blood glucose level. The
coefficients of the shared latent factor are significant in both SLF and SLF+IV models, which shows
that there are potential omitted variables in both OLS and 2SLS models. Table A2 in the Appendix
shows that chicken/meat consumption is significantly associated with a lower blood glucose level,
while daily and weekly consumption of milk/curd, consumption of fish, and consumption of aerated
drinks are significantly associated with a higher blood glucose level. Older women are more likely
to have a higher systolic reading. In Figure 3, the OLS, SLF, and SLF+IV are almost close to each
other and almost have the same 95% confidence interval width, while the 2SLS estimate has the
largest magnitude and the widest confidence interval.

4.4.6 Effect of obesity on the log of haemoglobin level

In Table 6, all four estimators reveal that obesity leads to a significant rise in haemoglobin level
in the blood. The coefficients of the shared latent factor are significant in both SLF and SLF+IV
models, which shows that there are potential omitted variables in both OLS and 2SLS models. Table
A2 in the Appendix shows that occasional consumption of milk/curd is significantly associated with
a lower haemoglobin level in the blood while staying in urban areas, daily consumption of milk/curd,
occasional consumption of pulses/beans, daily and weekly consumption of fruits, daily and occasional
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Table 3: Effect of obesity on log of average diastolic reading

log of average diastolic reading

OLS 2SLS SLF SLF+IV

Treatment effect: obesity† 0.0570*** 0.105*** 0.0577*** 0.0841***
(0.00194) (0.00398) (0.00194) (0.00320)

Number of Observations 39,105 39,101 42,120 42,074
Mean of the outcome 4.355 4.355 4.355 4.355
Coefficient of the latent factor -21.00*** 4.214***

(0.880) (0.0244)

Notes:
† after controlling for age, place of residence, alcohol consumption and dietary habits
***p < 0.01, **p < 0.05, *p < 0.1
Robust standard errors in the parentheses

Table 4: Effect of obesity on log of average systolic reading

log of average systolic reading

OLS 2SLS SLF SLF+IV

Treatment effect: obesity 0.0270*** 0.0942*** 0.0276*** 0.0505***
Robust standard error (0.00199) (0.00415) (0.00199) (0.00308)
Number of Observations 39,106 39,102 42,120 42,074
Mean of the outcome 4.751 4.751 4.751 4.751
Coefficient of the latent factor -17.86*** 4.626***

(0.815) (0.0204)

Notes:
† after controlling for age, place of residence, alcohol consumption and dietary habits
∗ ∗ ∗p < 0.01, ∗ ∗ p < 0.05, ∗p < 0.1
Robust standard errors in the parentheses

Table 5: Effect of obesity on log of blood glucose level

log of blood glucose level

OLS 2SLS SLF SLF+IV

Treatment effect: obesity† 0.0583*** 0.0978*** 0.0585*** 0.0604***
Robust standard error (0.00407) (0.00713) (0.00408) (0.00413)
Number of Observations 41,542 41,475 42,120 42,074
Mean of the outcome 4.686 4.686 4.686 4.686
Coefficient of the latent factor -1.437*** 4.571***

(0.309) (0.0240)

Notes:
† after controlling for age, place of residence, alcohol consumption and dietary habits
∗ ∗ ∗p < 0.01, ∗ ∗ p < 0.05, ∗p < 0.1
Robust standard error in the parentheses
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Table 6: Effect of obesity on haemoglobin level

log of blood glucose level

OLS 2SLS SLF SLF+IV

Treatment effect: obesity† 0.0205*** 0.121*** 0.0213*** 0.0279***
Robust standard error (0.00243) (0.00554) (0.00243) (0.00254)
Number of Observations 41,507 41,441 42,120 42,074
Mean of the outcome 4.738 4.738 4.738 4.738
Coefficient of the latent factor -5.145*** 4.658***

(0.280) (0.0299)

Notes:
† after controlling for age, place of residence, alcohol consumption and dietary habits
∗ ∗ ∗p < 0.01, ∗ ∗ p < 0.05, ∗p < 0.1
Robust standard error in the parentheses

Fig 1: OLS, 2SLS, SLF, and SLF+IV estimates of the effect of obesity on diastolic reading, with
95% confidence intervals

Fig 2: OLS, 2SLS, SLF, and SLF+IV estimates of the effect of obesity on systolic reading, with 95%
confidence intervals
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Fig 3: OLS, 2SLS, SLF, and SLF+IV estimates of the effect of obesity on blood glucose level, with
95% confidence intervals

Fig 4: OLS, 2SLS, SLF, and SLF+IV estimates of the effect of obesity on haemoglobin level, with
95% confidence intervals

consumption of fish, chicken/meat consumption, and daily dried food consumption is significantly
associated with a higher haemoglobin level. In Figure 4, the OLS, SLF, and SLF+IV are close to
each other and have almost the same 95% confidence interval width. The 2SLS estimate has the
largest magnitude and the widest confidence interval.

4.4.7 Virtue of shared latent factor models to control for omitted variables

The latent factor employed by both the shared latent factor models can be seen as an index of all
the variables that either are unobservable or are observable but have been omitted from the analysis.
The coefficient of the latent factor represents the combined effect of all such omitted variables on
the treatment and outcome variables. So, if any essential control variable is deliberately dropped
from the model, then the magnitude of the coefficient of the latent factor has to rise, as the omitted
control variable becomes a part of the new latent factor.

We have run a new set of OLS, 2SLS, SLF, and SLF+IV models, wherein we deliberately dropped
the control variable place of residence: urban. Table A3 in the Appendix summarizes the results of
the new set of models. The magnitude of the coefficient of the latent factor has increased as the
control variable has been dropped from the analysis for a given outcome variable and for both SLF
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and SLF+IV. For instance, the magnitude of the coefficient of the latent factor for the outcome log
of average diastolic reading rose from 21 (when place of residence: urban is included) to 118 (when
place of residence: urban is excluded) under the SLF model, the magnitude of the coefficient of the
latent factor for the outcome log of blood glucose level rose from 0.030 (when place of residence:
urban is included) to 7.989 (when place of residence: urban is excluded) under the SLF+IV model.
Hence, in this way, we have demonstrated how latent factor models capture the effects of all the
omitted variables in order to render treatment effects with lower biases vis-a-vis OLS and 2SLS.

4.5 Discussion

In our empirical application, we find that obesity is significantly associated with higher diastolic and
systolic readings, blood glucose levels, and haemoglobin levels under OLS, 2SLS, SLF, and SLF+IV
models. This indicates that obese women are at a higher risk of being hypertensive and diabetic.
On the other hand, obese women are at a lower risk of being anaemic. We find that the 2SLS
estimates are very large for all the four outcomes. So, based on the theoretical claim of Banerjee and
Basu (2021), the 2SLS estimates are more biased than the OLS, SLF, and SLF+IV estimates. We
have demonstrated the virtue of the latent factor models in controlling for unobservable or omitted
variables.

The coefficient of the latent factor is significant in both SLF and SLF+IV models, which indicates
that there is unobserved heterogeneity between the treatment and control groups in both OLS and
2SLS models. We find that the magnitude of the coefficient of the latent factor is larger in the
SLF model than in the SLF+IV model, which indicates that unobserved heterogeneity between the
treatment and control groups is relatively a more serious concern in the OLS model than in the 2SLS
model.

Our models have some limitations. Firstly, we could not control for the physical activities like
exercising, yoga, etc., of the respondent due to the unavailability of information on such aspects in
NFHS-5, although physical activities are an important determinant of obesity and blood pressure,
blood sugar, and haemoglobin levels. Secondly, we did not control for the pregnancy and parity-
related aspects of the women. Finally, we did not control whether the woman was already taking
any medications for hypertension and/or diabetes. However, even if such variables have not been
considered, the latent factor of the SLF and SLF+IV models shall capture these omitted variables
to mitigate the bias of the estimates.

5 Conclusion

This paper highlights the choice between SLF and SLF+IV models based on IV strength and degree
of contamination. Our theoretical and simulation results strongly suggest that the SLF+IV estimator
is less (more) biased than the SLF estimator when the IV is strong (weak) and less (highly) contam-
inated. SLF and SLF+IV models perform better than naive OLS and 2SLS models, respectively, in
terms of bias and MSE. We ascertained that SLF and SLF+IV models require a minimum of 4 and
2 outcome variables for parameter identification, respectively.

We have presented an empirical application wherein we analyzed the effect of obesity on the diastolic
reading, systolic reading, blood glucose level and haemoglobin level, using OLS, 2SLS, SLF, and
SLF+IV models and taking arm circumference as the IV. We found that all four models indicate
that obesity is associated with a higher risk of hypertension and diabetes but a lower risk of anaemia.
We demonstrated how the latent factor of the SLF and SLF+IV models capture the impact of
variable(s) that are omitted in the traditional OLS and 2SLS models, respectively.
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7 Appendix

Relationship Between Strength of the IV and σ2
z

The expression for the strength of an IV (|Cov(D, z)|) is given as follows:

|Cov(D, z)| = |Cov(πz + θ + u, z)|
=

∣∣πσ2
z + Cov(z, θ)

∣∣
The expression for |Cov(D, z)| shows that if Cov(z, θ) and π have the same sign, then the strength
of the IV increases (decreases) as σ2

z increases (decreases), for given values of Cov(z, θ) and π. In
other words, if values of Cov(z, θ) and π are given and have the same sign, then |Cov(D, z)| becomes
an increasing function of σ2

z .

Minimum number of outcome variables required when there are two IVs

Consider the following SLF+IV model with two IVs:

D = π1z1 + π2z2 + θ + u

Y 1 = β1
1D + γ1θ + w1

Y 2 = β2
1D + γ2θ + w2

...

Y m = βm
1 D + γmθ + wm
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We have made the following assumptions:

Cov(D, zi) ̸= 0, i = 1, 2

Cov(zi, w
j) = 0, i = 1, 2, j = 1, 2, ...,m

Cov(zi, u) = 0, i = 1, 2

Cov(θ, u) = 0

Cov(θ, wi) = 0, i = 1, 2, ...,m

Cov(wj , wk) = 0, j ̸= k, j = 1, 2, ...,m, k = 1, 2, ...,m

Cov(u,wi) = 0, i = 1, 2, ...,m

Cov(zi, θ) = 0, i = 1, 2

The covariance equations are as follows:

Cov(Y 1, Y 2) = Cov(β1
1D + γ1θ + w1, β2

1D + γ2θ + w2)

= β1
1β

2
1σ

2
D + [β1

1γ
2 + β2

1γ
1 + γ1γ2]σ2

θ

Cov(Y 1, Y 3) = Cov(β1
1D + γ1θ + w1, β3

1D + γ3θ + w3)

= β1
1β

3
1σ

2
D + [β1

1γ
3 + β3

1γ
1 + γ1γ3]σ2

θ

...

Cov(Y m−1, Y m) = Cov(βm−1
1 D + γm−1θ + wm−1, βm

1 D + γmθ + wm)

= βm−1
1 βm

1 σ2
D + [βm−1

1 γm + βm
1 γm−1 + γm−1γm]σ2

θ

Cov(Y 1, D) = Cov(β1
1D + γ1θ + w1, D)

= β1
1σ

2
D + γ1σ2

θ

Cov(Y 2, D) = Cov(β2
1D + γ2θ + w2, D)

= β2
1σ

2
D + γ2σ2

θ

...

Cov(Y m, D) = Cov(βm
1 D + γmθ + wm, D)

= β2
mσ2

D + γmσ2
θ

Cov(Y 1, z1) = Cov(β1
1D + γ1θ + w1, z1)

= β1
1πσ

2
z1

Cov(Y 2, z1) = Cov(β2
1D + γ2θ + w2, z1)

= β2
1πσ

2
z1

...

Cov(Y m, z1) = Cov(βm
1 D + γmθ + wm, z1)

= βm
1 πσ2

z1
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Cov(Y 1, z2) = Cov(β1
1D + γ1θ + w1, z2)

= β1
1πσ

2
z2

Cov(Y 2, z2) = Cov(β2
1D + γ2θ + w2, z2)

= β2
1πσ

2
z2

...

Cov(Y m, z2) = Cov(βm
1 D + γmθ + wm, z2)

= βm
1 πσ2

z2

Cov(D, z1) = πσ2
z1

Cov(D, z2) = πσ2
z2

There are m(m−1)
2 covariance equations for discordant pairs of outcomes, m covariance equations

for each outcome variable and the treatment variable, 2m covariance equations for each IV and each
outcome variable, and 2 covariance equations for each IV and the treatment variable. The parameters
to be estimated include m “β” parameters, m “γ” parameters, 2 “π” parameters, and 1 “σ2

θ”. So,

there are m(m−1)
2 + 3m+ 2 equations, and 2m+ 3 parameters to be estimated.

Number of covariance terms ≥ Number of parameters to be estimated

=⇒ m(m− 1)

2
+ 3m+ 2 ≥ 2m+ 3

=⇒ m2 +m− 2 ≥ 0

Solving the above quadratic inequality, we get: m ≥ 1. So, when there are two IVs, the SLF+IV
model parameters can be estimated using only 1 outcome variable, vis-a-vis a minimum of 2 outcome
variables required when there is only 1 IV.
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äı
ve

O
L
S

S
L
F

2
S
L
S

S
L
F
+
IV

2S
L
S

S
L
F
+
IV

2S
L
S

S
L
F
+
IV

2
S
L
S

S
L
F
+
IV

2
S
L
S

S
L
F
+
IV

2
S
L
S

S
L
F
+
IV

2
S
L
S

S
L
F
+
IV

st
d
(z
)
=

0
.1
6

T
re
at
m
en
t
eff

ec
t
es
ti
m
at
e

2.
75
6

1.
41
3

0.
78
5

1.
00
2

4.
17
8

1.
23
4

4.
80
3

1.
48
8

5
.4
1
5

3
.2
7
5

5
.9
7
3

5
.0
5
2

6
.2
7
5

5
.3
0
0

6
.5
6
0

5
.4
3
2

F
ir
st

st
ag
e
F
-s
ta
t

15
.6
59

51
.0
06

72
.5
41

9
9
.2
0
3

1
2
8
.5
3
5

1
6
1
.1
2
7

2
0
2
.5
0
5

%
B
ia
s

17
5.
58

41
.3
5

21
.4
6

0.
23

31
7.
77

23
.4
0

38
0.
31

48
.8
2

4
4
1
.4
8

2
2
7
.4
7

4
9
7
.2
9

4
0
5
.2
4

5
2
7
.5
4

4
2
9
.9
7

5
5
5
.9
8

4
4
3
.2
5

se
0.
14
3

0.
63
1

1.
35
0

0.
2
23

0.
63
8

0.
27
6

0.
56
1

0.
34
4

0
.5
0
9

0
.4
1
4

0
.4
6
8

0
.3
2
5

0
.4
3
6

0
.2
6
3

0
.4
0
9

0
.2
2
4

C
ov
er
ag
e
P
ro
b
ab

il
it
y

0.
00
0

0.
69
7

0.
97
4

0.
9
51

0.
00
2

0.
90
6

0.
00
0

0.
85
7

0
.0
0
0

0
.4
4
0

0
.0
0
0

0
.0
2
3

0
.0
0
0

0
.0
0
0

0
.0
0
0

0
.0
0
0

M
S
E

3.
10

0.
5
7

1.
87

0.
05

10
.5
0

0
.1
3

14
.7
8

0.
36

1
9
.7
5

5
.3
5

2
4
.9
5

1
6
.5
3

2
8
.0
2

1
8
.5
6

3
1
.0
8

1
9
.7
0

st
d
(z
)
=

0
.2

T
re
at
m
en
t
eff

ec
t
es
ti
m
at
e

2.
75
6

1.
41
3

0.
86
3

1.
00
2

3.
39
1

1.
2
11

4.
00
5

1.
32
6

4
.4
7
2

1
.5
2
3

4
.9
0
5

2
.4
3
7

5
.4
1
6

4
.3
5
0

5
.7
5
1

5
.0
0
6

F
ir
st

st
ag
e
F
-s
ta
t

29
.9
62

67
.9
67

95
.0
04

1
1
9
.8
9
8

1
4
9
.5
0
2

1
7
2
.4
8
9

2
1
0
.5
1
0

%
B
ia
s

17
5.
58

41
.3
5

13
.7
0

0.
15

23
9.
11

21
.0
6

30
0.
49

32
.5
6

3
4
7
.2
2

5
2
.2
6

3
9
0
.5
5

1
4
3
.6
9

4
4
1
.5
7

3
3
5
.0
0

4
7
5
.0
9

4
0
0
.6
0

se
0.
14
3

0.
63
1

1.
03
2

0.
2
21

0.
60
2

0.
26
1

0.
53
5

0.
30
1

0
.4
9
1

0
.3
7
8

0
.4
5
6

0
.5
0
9

0
.4
2
7

0
.3
9
9

0
.4
0
7

0
.3
1
3

C
ov
er
ag
e
P
ro
b
ab

il
it
y

0.
00
0

0.
69
7

0.
97
3

0.
9
54

0.
04
4

0.
90
1

0.
00
0

0.
86
7

0
.0
0
0

0
.8
4
2

0
.0
0
0

0
.6
4
5

0
.0
0
0

0
.1
4
8

0
.0
0
0

0
.0
0
9

M
S
E

3.
10

0.
5
7

1.
08

0.
05

6.
08

0
.1
1

9.
32

0.
20

1
2
.3
0

0
.4
2

1
5
.4
6

2
.3
2

1
9
.6
8

1
1
.3
8

2
2
.7
4

1
6
.1
5

st
d
(z
)
=

0.
2
4

T
re
a
tm

en
t
eff

ec
t
es
ti
m
a
te

2.
75
6

1.
41
3

0.
90
1

1.
00
1

2.
82
4

1.
19
7

3.
37
7

1.
29
7

3
.8
3
6

1
.4
2
9

4
.2
0
6

1
.6
0
9

4
.5
1
9

2
.0
1
1

4
.9
2
0

3
.3
3
6

F
ir
st

st
ag
e
F
-s
ta
t

43
.9
38

79
.3
58

94
.9
75

1
1
5
.5
9
8

1
3
6
.9
0
2

1
5
7
.2
9
8

1
8
3
.1
1
4

%
B
ia
s

17
5.
58

41
.3
5

9.
92

0.
07

18
2.
43

19
.6
7

23
7.
73

29
.7
4

2
8
3
.5
8

4
2
.8
7

3
2
0
.6
4

6
0
.8
7

3
5
1
.9
5

1
0
1
.0
6

3
9
1
.9
9

2
3
3
.5
5

se
0.
14
3

0.
63
1

0.
84
5

0.
2
18

0.
56
6

0.
25
2

0.
51
1

0.
27
9

0
.4
7
1

0
.3
2
8

0
.4
4
1

0
.4
3
4

0
.4
1
8

0
.5
4
7

0
.3
9
8

0
.5
7
6

C
ov
er
ag
e
P
ro
b
ab

il
it
y

0.
00
0

0.
69
7

0.
97
2

0.
9
57

0.
13
5

0.
89
8

0.
00
8

0.
85
9

0
.0
0
0

0
.8
3
0

0
.0
0
0

0
.8
1
7

0
.0
0
0

0
.7
6
1

0
.0
0
0

0
.3
8
6

M
S
E

3.
10

0.
5
7

0.
72

0.
05

3.
65

0
.1
0

5.
91

0.
17

8
.2
6

0
.2
9

1
0
.4
8

0
.5
6

1
2
.5
6

1
.3
2

1
5
.5
2

5
.7
9

st
d
(z
)
=

0.
2
8

T
re
a
tm

en
t
eff

ec
t
es
ti
m
a
te

2.
75
6

1.
41
3

0.
92
3

1.
00
0

2.
42
6

1.
18
5

2.
89
5

1.
27
6

3
.3
1
2

1
.3
8
3

3
.6
7
8

1
.5
1
9

3
.9
9
5

1
.7
2
4

4
.2
5
2

2
.0
0
9

F
ir
st

st
ag
e
F
-s
ta
t

81
.0
51

97
.3
56

11
8.
48
7

1
2
7
.3
9
0

1
4
9
.0
0
5

1
6
7
.0
3
3

1
8
7
.9
8
0

%
B
ia
s

17
5.
58

41
.3
5

7.
68

0.
01

14
2.
57

18
.5
2

18
9.
53

27
.6
0

2
3
1
.2
0

3
8
.3
0

2
6
7
.7
8

5
1
.8
8

2
9
9
.5
1

7
2
.3
8

3
2
5
.2
1

1
0
0
.8
9

se
0.
14
3

0.
63
1

0.
72
0

0.
2
15

0.
53
0

0.
24
3

0.
48
6

0.
26
3

0
.4
5
2

0
.2
9
5

0
.4
2
5

0
.3
5
2

0
.4
0
4

0
.4
5
8

0
.3
8
6

0
.6
1
7

C
ov
er
ag
e
P
ro
b
ab

il
it
y

0.
00
0

0.
69
7

0.
97
2

0.
9
53

0.
24
0

0.
89
2

0.
04
6

0.
85
7

0
.0
0
1

0
.8
0
6

0
.0
0
0

0
.7
7
5

0
.0
0
0

0
.7
3
7

0
.0
0
0

0
.7
1
9

M
S
E

3.
10

0.
5
7

0.
52

0.
05

2.
31

0
.0
9

3.
83

0.
15

5
.5
5

0
.2
3

7
.3
5

0
.3
9

9
.1
3

0
.7
3

1
0
.7
3

1
.4
0

st
d
(z
)
=

0.
3
2

T
re
a
tm

en
t
eff

ec
t
es
ti
m
a
te

2.
75
6

1.
41
3

0.
93
9

0.
99
9

2.
14
4

1.
17
6

2.
54
1

1.
25
8

2
.9
0
4

1
.3
5
2

3
.2
3
4

1
.4
6
5

3
.5
3
9

1
.6
0
6

3
.8
1
1

1
.7
9
9

F
ir
st

st
ag
e
F
-s
ta
t

11
8.
44
3

16
6.
73
8

18
3.
95
0

2
0
5
.4
8
5

2
3
2
.1
7
8

2
3
3
.6
4
9

2
5
6
.3
3
5

%
B
ia
s

17
5.
58

41
.3
5

6.
11

0.
08

11
4.
39

17
.5
5

15
4.
09

25
.8
0

1
9
0
.3
8

3
5
.2
3

2
2
3
.4
1

4
6
.5
1

2
5
3
.9
5

6
0
.6
4

2
8
1
.0
6

7
9
.8
8

se
0.
14
3

0.
63
1

0.
63
0

0.
2
11

0.
49
6

0.
23
6

0.
46
1

0.
25
1

0
.4
3
3

0
.2
7
3

0
.4
1
0

0
.3
0
6

0
.3
9
1

0
.3
6
7

0
.3
7
5

0
.4
6
9

C
ov
er
ag
e
P
ro
b
ab

il
it
y

0.
00
0

0.
69
7

0.
97
3

0.
9
50

0.
34
5

0.
89
4

0.
11
2

0.
84
6

0
.0
1
4

0
.8
0
2

0
.0
0
0

0
.7
4
1

0
.0
0
0

0
.6
9
0

0
.0
0
0

0
.6
5
9

M
S
E

3.
10

0.
5
7

0.
40

0.
04

1.
55

0
.0
9

2.
59

0.
13

3
.8
1

0
.2
0

5
.1
6

0
.3
1

6
.6
0

0
.5
0

8
.0
4

0
.8
6

st
d
(z
)
=

0.
3
6

T
re
a
tm

en
t
eff

ec
t
es
ti
m
a
te

2.
75
6

1.
41
3

0.
95
0

0.
99
9

1.
93
7

1.
16
5

2.
27
7

1.
24
2

2
.5
9
3

1
.3
2
7

2
.8
8
5

1
.4
2
2

3
.1
5
7

1
.5
3
4

3
.4
1
3

1
.6
7
5

F
ir
st

st
ag
e
F
-s
ta
t

17
5.
15
8

20
4.
13
8

22
8.
11
1

2
5
1
.9
4
1

2
7
4
.9
4
5

3
0
0
.6
9
9

3
0
2
.0
4
7

%
B
ia
s

17
5.
58

41
.3
5

4.
98

0.
15

93
.6
6

16
.4
6

12
7.
69

24
.2
2

1
5
9
.2
8

3
2
.6
9

1
8
8
.5
5

4
2
.2
4

2
1
5
.7
2

5
3
.3
8

2
4
1
.3
2

6
7
.5
3

se
0.
14
3

0.
63
1

0.
56
2

0.
2
08

0.
46
6

0.
22
9

0.
43
8

0.
24
1

0
.4
1
6

0
.2
5
8

0
.3
9
6

0
.2
8
0

0
.3
7
9

0
.3
1
2

0
.3
6
5

0
.3
6
4

C
ov
er
ag
e
P
ro
b
ab

il
it
y

0.
00
0

0.
69
7

0.
97
1

0.
9
51

0.
44
0

0.
89
5

0.
19
1

0.
85
2

0
.0
5
0

0
.7
9
6

0
.0
0
4

0
.7
2
9

0
.0
0
0

0
.6
5
4

0
.0
0
0

0
.5
9
6

M
S
E

3.
10

0.
5
7

0.
32

0.
04

1.
09

0
.0
8

1.
82

0.
12

2
.7
1

0
.1
7

3
.7
1

0
.2
6

4
.8
0

0
.3
8

5
.9
6

0
.5
9

st
d
(z
)
=

1
T
re
at
m
en
t
eff

ec
t
es
ti
m
at
e

2.
7
56

1.
41
3

0.
9
86

0.
99
5

1.
16
7

1.
07
2

1.
2
38

1.
10
4

1
.3
0
9

1
.1
3
6

1
.3
8
0

1
.1
6
9

1
.4
5
0

1
.2
0
2

1
.5
1
9

1
.2
3
5

F
ir
st

st
ag
e
F
-s
ta
t

74
9.
16
8

79
7.
24
5

81
8.
69
7

8
3
6
.8
6
4

8
5
1
.6
5
3

8
7
1
.7
4
6

8
7
6
.3
5
6

%
B
ia
s

17
5.
58

41
.3
5

1.
39

0.
53

16
.6
9

7.
23

23
.8
4

10
.4
1

3
0
.9
4

1
3
.6
4

3
7
.9
9

1
6
.8
5

4
4
.9
9

2
0
.1
6

5
1
.9
4

2
3
.5
2

se
0.
14
3

0.
63
1

0.
25
8

0.
1
68

0.
25
4

0.
17
1

0.
25
2

0.
17
2

0
.2
5
1

0
.1
7
4

0
.2
4
9

0
.1
7
5

0
.2
4
8

0
.1
7
6

0
.2
4
6

0
.1
7
8

C
ov
er
ag
e
P
ro
b
ab

il
it
y

0.
00
0

0.
69
7

0.
96
0

0.
9
44

0.
90
5

0.
92
8

0.
84
9

0.
90
5

0
.7
6
4

0
.8
7
1

0
.6
5
0

0
.8
4
7

0
.5
4
7

0
.8
0
4

0
.4
2
2

0
.7
4
3

M
S
E

3.
10

0.
5
7

0.
07

0.
03

0.
09

0
.0
3

0.
12

0.
04

0
.1
6

0
.0
5

0
.2
1

0
.0
6

0
.2
6

0
.0
7

0
.3
3

0
.0
9

N
ot
es
:

F
ir
st

st
ag
e
F
-s
ta
t:

F
st
at
is
ti
c
fo
r
th
e
fi
rs
t
st
a
ge

re
gr
es
si
o
n
o
f
2
S
L
S

%
b
ia
s:

p
er
ce
n
ta
ge

b
ia
s

se
:
st
an

d
ar
d
er
ro
r
of

tr
ea
tm

en
t
eff

ec
t

M
S
E
:
M
ea
n
S
q
u
ar
ed

E
rr
or

st
d
(z
):

st
an

d
ar
d
d
ev
ia
ti
o
n
o
f
z

37



Fig A1: Heatplot for percentage bias of SLF+IV estimator for Y 1, n = 500; different combinations
of Cov(z, θ) and std(z); colour intensity depicts magnitude of the bias

Fig A2: Heatplot for percentage bias of SLF+IV estimator for Y 2, n = 500; different combinations
of Cov(z, θ) and std(z); colour intensity depicts magnitude of the bias
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Fig A3: Heatplot for percentage bias of SLF+IV estimator for Y 3, n = 500; different combinations
of Cov(z, θ) and std(z); colour intensity depicts magnitude of the bias

Fig A4: Heatplot for percentage bias of SLF+IV estimator for Y 4, n = 500; different combinations
of Cov(z, θ) and std(z); colour intensity depicts magnitude of the bias
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