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Abstract

We model random choice when an attention-constrained decision maker (DM) chooses
from a menu finite number of times. The DM’s attention to each alternative in every time
period may vary. We axiomatically characterize two dynamic random choice rules in this
setting: an attention-constrained dynamic random utility model and a dynamic consid-
eration set rule. Our axioms constrain the intertemporal changes in choice probabilities.

We show that the attention probabilities for each time period and the preferences are
identifiable.

1 Introduction

We consider an attention-constrained decision maker (DM) choosing from a menu in different
time periods. Several papers have modeled random choice in static settingSE] One of the
widely accepted explanations for stochasticity is the presence of inattention. Papers such as
Manzini and Mariotti (2014]), Cattaneo et al.| (2020), Masatlioglu and Vu (2024) model choice
with attention constraints applicable to choice data that doesn’t distinguish the time periods
in which the choices are made. In this paper, we model stochastic choice with inattention in
a dynamic setting. When choice data for multiple time periods is available, several interesting

aspects of behavior can be explored:

(i) Search and inattention: consider a DM buying breakfast cereal every week for a

month from a department store. In the first week, her attention may be drawn to brands
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located on a prominent shelf. Empirical and experimental evidence show that shelves at
eye level draw more attention (Chandon et al.| (2009)). [Urban| (1975) shows that only a
small number of products are observed at a time. In the second week, she may explore
brands that she didn’t notice on her previous visit. Therefore attention drawn by a
brand in one period may be conditional on attention paid to it and other brands in the
previous time periods. Our model captures this effect. If choice is stochastic because
the DM is searching in the presence of inattention as described above, then as the time
periods increase and more alternatives are observed, it is natural to expect that choice
probabilities will converge to the deterministic case with one alternative being chosen
with full probability. Our model implies the same and is compatible with search as the

motivation for stochasticity.

(i) Dynamic formation of consideration sets: In the previous example, the DM may
remember a brand she observed in an earlier time period and choose it with high proba-
bility even if she has paid relatively low attention to it in the current time period. In the
literature on stochastic choiceﬂ two-stage decision making is a well studied procedure:
in the first stage, the DM considers a subset of alternatives from the menu and in the
second stage, an alternative is chosen from the subset that is considered. |Wright and
Barbour| (1977)) is among the earliest works that introduced the idea of such consider-
ation sets. Manzini and Mariotti| (2014)) explores stochastic choice through a model of
random consideration sets where different subsets are considered with varying frequency.
Masatlioglu and Vu/ (2024) models choice behavior that results from two-stage decision
making and the evolution of consideration sets— they characterize a choice procedure
that generates nested consideration sets. When choice data for several time periods is
available, a nuanced exploration of this two-stage procedure becomes possible. In our
model, previously observed alternatives remain in the consideration set in subsequent
time periods with the accumulated®| probability of the attention drawn by them. The

consideration set in different time periods therefore depends on the history of attention.

(iii) Identifying conditional attention parameters: Closely related to the above two
is the problem of identifying attention parameters for each time period from the data.
As the example in (i) states, when the DM observes the same menu repeatedly, the
attention drawn by an alternative in the time period ¢ is likely to depend on the attention
drawn previously by all the alternatives. A simple approach to analyzing data across
time periods is to consider repeated applications of a static model in each time period.
However, this approach cannot capture or identify the intertemporal nature of attention

in such settings. We consider the static model in Manzini and Mariotti (2014) as the

2Manzini and Mariotti (2014), [Masatlioglu and Vul (2024) are some of the papers that model this procedure.
3we discuss the procedure for computing the attention probabilities in detail in section 2. Here ”accumulated”
is used as an indicative term and does not mean summation.



framework for single-period choice and provide a characterization for a dynamic choice
rule that is equivalent to Manzini and Mariotti (2014))’s choice rule in the absence of choice
history. We identify the attention parameters with intertemporal effects— the attention
parameter for period t is identified as conditional on the attention it drew in the previous

time periods.

(iv) Heterogeneity in attention: When a DM chooses repeatedly, her attention may vary
in different time periods. Factors such as cognitive constraints, time and various internal
(e.g. health) and external factors (e.g. advertising) influence her attention in differ-
ent time periods in varying ways. For example, she may be more time constrained on
weekdays as compared to weekends, or may have been exposed to advertising that may
influence her attention in some time periods (Shapiro et al. (1997)). Existing models of
stochastic choice recognize the heterogeneity but this paper is the first to model stochastic
choice for choice data that is disaggregated for time periods. Since our model identifies
attention for each time period without restricting its correlation across time periods, it
provides a framework for exploring the influence of such factors on attention over time.
This is an important aspect that can provide useful feedback for each time period for
marketing strategies being employed and also for further exploration of cognitive and

economic decision making.

Another example of the above effects on choice is a DM searching for a movie to watch
every day on an OTT platform such as Netflix. On any day, she does not observe all the
available movies. She observes a few and chooses a movie from the set that she has observed in
the current or previous time periods. Over time, she learns which are the available movies and
may spend less time searching before making a choice. Our model is applicable to the above
example. The probability with which a movie is chosen will depend on not just the probability
of considering it in that time period, but also on whether or not it was observed in previous
time periods. While ours is the first paper to model inattention in the setting of dynamic
choice, papers that are most closely related to ours is Manzini and Mariotti (2014) which we
use as the framework for single-period choice. In terms of the economic intuition Masatlioglu
and Vu (2024) which models the expansion of consideration sets using attention filters followed
a similar reasoning. Their characterization is time-invariant and is applicable to unobserved
heterogeneous preferences and consideration sets. The evolution of consideration sets is also

modeled by [Fershtman and Pavan| (2025) in a search and learning framework.

There is a growing literature on dynamic choice behavior that includes a variety of ap-
proaches such as structural models, dynamic optimization and standard choice theoretic ap-
proaches. |Aguirregabiria and Mira| (2010) provides a survey of discrete dynamic choice ap-
proaches. |Frick et al| (2019)) develop a model of dynamic random utility where utilities are

allowed to exhibit serial correlation over time. They also show that the imposition of Bayesian



rationality can restrict randomness and explore time-consistency of preferences. Kashaev et al.
(2023) model dynamic random utility in the broad framework of random utility models (RUM)-
their model generalizes static RUM to dynamic settings and allows for preference heterogeneity
and correlation across time. Our paper models choice with inattention in a dynamic setting
which to the best of our knowledge hasn’t been explored previously. The model also provides

a framework for understanding the intertemporal formation of consideration sets.

We introduce and characterize the dynamic attention rule (DAR). The rule is sensi-
tive to the time periods in which the DM makes her choice. It states that for any set A, the
probability of choosing an alternative x € A in time period t is the joint probability that x
drew attention in any of the time periods up to ¢t and the probability that alternatives ranked
higher than = did not draw attention until time period t. Intuitively, the rule is similar to
the static random consideration set rule (RCS rule) in [Manzini and Mariotti (2014). We note
that if there is only one time period, DAR and RCS rules are equivalent. In order to capture
the intertemporal effects of attention on choice, we introduce the following axioms: dynamic
regularity (DR) (i), (ii) and (iii). These axioms constrain the changes in choice probability over
time. DR (i) is a dynamic version of menu independence and of |Manzini and Mariotti (2014)’s
i-asymmetry axiom. DR (ii) requires that if an alternative impacts the choice probability of
another in any time period, then it also impacts it in future time periods. The motivation for
this axiom is the idea that it is possible that the DM does not pay attention to an alternative
y that is better than some x for some time periods. However, if in any time period he notices
y such that it affects the choice probability of x then in future time periods, the effect may

increase or decrease but never returns to the state where y had no effect on .

DR (iii) requires that choice probabilities of an alternative from a singleton set i.e. in the
absence of any other alternative must be non-decreasing over time. Note that since the reason
for random choice in our model is inattention, if the DM is fully attentive to a singleton menu,
she must choose the alternative with full probability. When the DM is repeatedly observing
the same menu and is inattentive, then in the absence of any other alternatives there is no
reason within the framework of this model for her to choose with lower probability. In addition
to the above dynamic regularity axioms, we introduce a dynamic menu independence (DMI) as
another axiom. This axiom is a dynamic version of standard menu independence axioms in the
stochastic choice literature (Manzini and Mariotti (2014), Bhattacharya et al. (2021)). DAR
is fully characterized with DR and DMI. The primitives of the rule: the attention parameters
for each time period and the underlying binary relation are identified. We present the axioms

and the characterization in section 2 in detail.

In the following example, we compare DAR to Manzini and Mariotti (2014))’s rcs rule to

demonstrate the granular identification of attention parameters for each time period given the



history of choice that DAR enables.

Example 1 Suppose that choice data disaggregated for time periods t = 1,2 s available for a
DM facing the menu {x,y}:

t=1 t=2

Pi(z,{z}) =04 Py(z,{z}) =105
Pi(y,{y}) =0.25 | Pa(y,{y}) =0.6
Py(z,{z,y}) =0.3 | Py(x,{z,y}) =0.2
Pi(y, {z,y}) =05 | Py, {z,y}) = 0.6
Fort =1 both/Manzini and Mariotti (2014) and DAR explain the above data as choice generated
by a strict binary relation > where y > x and the attention probabilities for x and y are
identified as 0(x) = Py(z,{z}) = 0.4 and Pi(y,{y}) = 0(y) = 0.25 respectively. Fort = 2,
Manzini and Mariott] (2014) identifies the probabilities as 6(x) = Pa(x,{z}) = 0.5 and §(y) =
Py(y,{y}) = 0.6. Manzini and Mariotty (2014)) do not model choice in different time periods
therefore the attention probabilities are identified independently of the same. DAR identifies

the total attention drawn by each alternative until each time period and also the conditional
attention in every time period given the attention drawn previously. This allows attention and
consequently the formation of consideration sets to be modeled as related across time periods.
The following table shows the conditional attention probabilities as calculated in our model:
t=1 t=2

o (z,{z}) =04 | o2(x,{z}) = 0.167
d1(y, {y}) = 0.25 | 6a(y, {y}) = 0.467
Note that although Ps(x,{x,y}) < Pi(z,{x,y}) Manzini and Mariott] (2014}) identifies a higher
attention probability for both x and y int = 2 as compared to t = 1. This points to the

intuition that both the alternatives drew greater attention in t = 2. On the contrary, using
DAR we find that the conditional attention to x int = 2 is lower than the attention it drew
int=11ie. d(x) < d1(x). Therefore, we have an alternative explanation for the reduction in
choice probability of x in t = 2: it did not draw the same quantity of attention int = 2 as it
did previously while y drew more attention than in t = 1. DAR enables us to interpret such
intertemporal changes in attention when dynamic choice data is available. Further, we identify
the total attention drawn by each alternative until each time period which is dependent on the
conditional attention.

In section 2 we discuss the model, the arioms and the characterizing result. In section 3 we

provide some observations about the relationship between dynamic choice and search.

2 Model

Let X be the set of all alternatives. A decision maker (DM) makes a choice from a menu
A C X in each time period t = 1,2,...n. Let T = {1,2,...,n} denote the set of finite time

>



periods. In any ¢t € T', the DM may decide not to choose any alternative. In this case we say
that the default x* is chosen. Let X* be the relevant domain such that every A C X* contains

*

xT.

Definition 1 (Dynamic stochastic choice rule) A dynamic choice rule is a collection of
functions {P,|t = 1,2,...n} such that for all t,

(i) P : X* x 2X = [0,1]
(ii) Pz, A) € (0,1) forallz € A,AC X*, & # z*

(iii) Y cq Pi(x, A) =1 for all A C X*.

The influence of attention on stochastic choice has been widely modeled in static settings.
We introduce the following dynamic stochastic choice rule that captures inattention in the

framework of dynamic choice:

Definition 2 (Dynamic attention rule (DAR)) A dynamic stochastic choice rule {P,} is
a dynamic attention rule if 3 a strict total order = over X and for allt, 3§, : X — (0,1) such
that for any v € A, A C X*,

Pyw, A)= M) [ (- 2uy)

yeA\{z}y-a
where Ay(z) =1 — [}, (1 — &(x)).

The above rule states that the choice probability of an alternative x in any time period t is
the probability that x drew attention in some time period upto (including) ¢ and alternatives
that > ranks above x did not draw the DM’s attention.

For a single time period the above rule coincides with the model in Manzini and Mariotti
(2014). However, repeated application of [Manzini and Mariotti (2014) in each time period
would yield different binary relations and attention parameters for every ¢, as demonstrated in
example Il In DAR, we uniquely identify a time-invariant binary relation that represents the
decision maker. In addition, the attention parameters A; are dynamic- it denotes the cumula-
tive attention paid to an alternative over all previous time periods. These attention parameters
can be disaggregated into single-period conditional attention parameters for each time period

that are distinct from those identified in [Manzini and Mariotti (2014)’s one-period model.

Dynamic attention and formation of consideration sets: We interpret A;(x) as the
probability of the event that the decision maker has paid attention to x in some time period

upto t. We denote the probability that attention is paid to an alternative in time period t by



d; : X — (0,1). Note that &, d; for some k,l < ¢ may be correlated. If for some = € X, dy,
are independent for all k,[ <t then:

s
t=1

i.e. the probability that the DM pays attention to x at some time period upto t is the proba-
bility that it is not the case that he does not pay attention to x in any of the time period till

t. Note that here A; is non-decreasing in ¢.

Using the above, we can find out the probability of formation of a consideration set in
different time periods. For example, let A = {a,b,¢,d} and C' = {a,b}. The probability of
C C A being considered in t = 1 is:

Ar(a)Aqi(b) = [1 = (1 = d01(a))][1 = (1 = 61(0))] = d1(a)d1 (D)

Int=2,C C A is considered with the probability:

As(a)Ag(b) = [1 = (1 = d1(a))(1 = d2(a))][1 = (1 = 01(b))(1 — d2(b))]

In t = 2, the probability of considering C' is not independent of the attention drawn by
the alternatives in C' in ¢t = 1. Similarly, the probability of considering C' in every t can be
computed. We calculate the attention probabilities as shown above in DAR and show that

these are uniquely identifiable. Next, we introduce the axioms that characterize the rule.
Axiom 1 Dynamic Regularity (DR) For any x,y € A, AC X*, andt € {1,2,...,n}
(i) For any x,y € A, AC X*, andt € {1,2,...,n}

Pz, A\y)
Pz, A)

By, A\ z)

—1
Py, A)

#1 =

(ii) if P}ZAX # 1 then % #1 forallk=1,2,...,(n—1t)

(111) Pt“(x{g}) > 1 forallt <n

According to DR (i), if the removal of an alternative y from a set A containing both = and

y affects the choice probability of x, then the removal of x from the same set A must not affect

P (J»’ A\y) -
Py(z,A)

to Manzini and Mariotti (2014). This axiom is an adaptation of the i-Asymmetry axiom in

the choice probability of y. The ratio is interpreted as the “impact” of y on = similar

Manzini and Mariotti (2014) to a dynamic setting.



DR (ii) and DR (iii) restrict the choice probabilities across time periods. DR (ii) requires
that if y impacts the choice probability of x in time period ¢, it must impact it in all subse-
quent time periods. This rules out situations in which the presence of y influences x only in
some time periods and then stops impacting the choice probability in further time periods.
Once an alternative influences the choice probability of another alternative, the axiom requires
that it continues to affect the probabilities in future time periods although the extent of this
effect (if measurable) may vary. Intuitively, this places a restriction on the DM forgetting
the alternatives. DR (iii) requires that the choice probability of any x from the singleton set
{z} is non-decreasing over time. The intuition for this axiom is that since choice is random
due to inattention, when a decision maker observes a menu multiple times, the attention and

therefore the choice probability of an alternative in the absence of others, will not fall over time.

Axiom 2 (Dynamic menu independence (DMI)) Foranyx,y € X*, forallt =1,2,...,n

PlwA\y) _ P B\y)
Pz, A) P(z, B)

for all A, B C X* such that x,y € AN B.

DMI is an adaptation of the i-independence axiom in Manzini and Mariotti (2014) to
a dynamic setting. This is a standard independence axiom based on [Plott| (1973))’s path
independence. It requires that the impact of y on x is independent of the menu in which x,y

occur.

Lemma 1 If a dynamic stochastic choice rule {P|t = 1,2,...n} satisfies DR (i) and DMI,
then for any x € A, A C X*,

(i) Pled\) > for anyy € A, z £ y.

Py( zA)
(2, A P (y,A\z
(i) £ P :”\5’) >1 <— —;D(:zy,f\\)) =1

Proof. Let P, be a dynamic stochastic choice rule that satisfies DR (i) and DMI. Consider

By ?Af\f)”) < 1. Let’s consider the default z*. By DMI,
P {e)) P9

Ber{x,yy) - Pl {y})

x,y € X*, x #y. Suppose that

which implies

Bi(a” {z})) Pa™, {y}) = Pz, {2, y})

therefore, (1 — P(x,{z}))(1 — P(y,{y})) =1 — P(z,{z,y}) — P(y,{z,y}) which implies

Pi(z,{z}) + Py, {y}) — P(z, {z})P,(y,{y}) = Pz, {z,y}) + P(y,{z,y}) (1)

8



Py (z,A\y) Py (y,A\z) Pyly) _ Py} _
By DR (i), Py(z,A %I <l = Pt?éy,A) = 1. By DML, Ptzy?{xz,/y}) o Pt(y%/{r%y}) = 1. Therefore,

Fi(y,{z,y}) = By, {y}). Using this in (1), we get Pi(z,{z})(1 - P(y.{y})) = Bz, {z,y}).
Since Py(z,A) € (0,1) for all z € A, A C X*, we get P]:z;xéx;;) = = Pt(ly oy > 1 By DML
% > 1 for any A such that z,y € A, which contradicts t(x A\W) 1. Thus, (i) holds.

Py(z,A)
Next, notice that (i) and DR (i) together imply

Pz, A\ y) Pi(y, A\ )
“R@d T TRmA)

P (y,A\x Pi(x,A . .
Suppose fﬂ(féy,f\x)) = g(x’)‘i’) = 1 then (1) would imply that P,(z,{z})P(y,{y}) = 0. Since

choice probabilities are strictly positive, this is a contradiction. m

Theorem 1 A dynamic stochastic choice rule P is a DAR if and only if P satisfies DR and
DMI.

Proof. Let P be a dynamic stochastic choice rule that satisfies DR and DMI. Consider a menu

ACX*andz € A Let A ={z€ A: PtxxA/\l)z # 1,y # x}. For any z € A\ A*,

Pz, A\ 2)

=1
Pt<x>A)

which implies Pi(z, A\ z) = Pi(z, A). Similarly, we iteratively remove each z € A\ A” since
it does not affect the choice probability of z in A. Therefore, P,(x, A) = P,(x, A*). Now, pick

any w € A*. By construction of A®, Pt(x A\w # 1. By Lemma 1, Pt(’“i A\l)" > 1. Using DR (ii),

P (xz,A\w A
Evt(,(x,f\x)) > 1 for all t' > ¢. By DMI, P}(f(myxu) = ij(tf{iﬁ)}). Further, DMI also implies

b7, {x}) Bi(z”, )

P2 {z,w})  Pfa {w})

which implies
1 — Py(x,{z}) _ 1
1= Bz {z,w}) — B(w,{z,w}) 1- P(w,{w})

Note that by DR (i), % = 1. Using this in the above equation, we get

By(z, {z, w}) = Pz, {z})(1 = P(w, {w}))

{(L’ w}) Py (z,A) t(:v,{x,w})

Using the above expression for P;(z FGaAw) = Papy 0 We get

Pz, A) 1 Plw fw

We re-write the above as follows
Pz, A) = Pz, A\ w)[1 — P(w,{w})]

9



Repeating the above steps for each v’ € A* \ w, we get
Pi(x, A) = Pz, {z}) [ [1 = Pi(w, {w})] (2)
wEA®

Define > as follows: for any z,y € X,

Ve s Bllew)

By(x, {x})

By DR (i) and (ii) > is complete and does not vary with ¢t. By Lemma 1, > is strict. We show
that > is transitive: for all z,y, z € X™*, by DMI,

Pt('r? {ZL’, Y, Z}> — Pt('r7 {ZL’, y})
Fy(x {x,2})  Pix,{z})

From the above, we can write P(z, {z,y}) = ALz, {z}) and Py(z, {z,y, 2}) = Az Apy P, {x})).
Now consider a particular a,b,c € A, A € X*. By DMI,

= )\ab

P(a*¢) _ Pl (b)) _ P {c}) _ Pila"{b.c})
Pt(I*v {a}) Pt(x*’ {CL, b}) Pt(x*v {CL, C}) Pt(x*a {av b7 C})

which implies

Pt(x*’{a7 b}) - Pt(x*’{a})Pt(x*’{b}) (3)

Bi(a", {a,b,c}) = P(a", {a}) P (", {b, c}) = Pu(a", {a}) Pu(a", {b}) Pi(2", {c}) (4)

Since > Jx € A C X*Py(z, A) =1, we use (3), (4) and the fact that P,(a*, {z}) = 1— Pi(z,{z})
for all z € A to write the following for A = {a,b,c} and its binary subsets. Note that z* is

included in A and its subsets by the domain assumption.

AacAab (@, {2}) +AoeAva P (0, {0}) +Acaren (¢, {c})+(1=Fi(a, {a})) (1=Fi(b, {b})) (1= Pi(c, {c})) = 1

AaPr(a{a}) + Moo Pr(b, {0}) + (1 = Fi(a, {a}))(1 = F(b, {b})) = 1
AapPi(afa}) + Ao Pr(b, {0}) + (1 = Fi(a, {a}))(1 = P (b, {b})) = 1
AacPi(afa}) + AcaPi(c, {c}) + (1 = Pila, {a}))(1 = Fi(e, {c})) =1

We re-write the above as

Bi(a, {a}) Pi(b, {b}) + Pi(a, {a}) Bie, {c}) + Pu(b, {b}) Pi(c, {c})

= (1_/\ab)\ac>Pt(a7 {a}>+(1_/\bc/\ba)Pt(b7 {b})+(1_)‘ca/\cb)P75(C7 {C})—i—Pt(CL, {a}>Pt(ba {b})Pt<C7 {C})’
(5)

10



(1 ab)Pt( {CL}) ( - )‘ba)Pt(ba {b}) = Pt(av {a})Pt(ba {b})
(1= Aae)Fila, {a}) + (1 — Aa) Bi(c, {c}) = Fi(a,{a}) Pi(c, {c})
(1= Xe) Pu(b, {b}) + (1 = Aap) Pr(c, {c}) = Pu(b, {b}) Pi(c, {c})

Substituting the above three equations in (5) and re-arranging,
(1 - )‘ab)(l - ac)Pt( {a}) (1 - /\ba)(1 - )‘bc)Pt(bw {b}) + (1 - /\ca)(l - cb)Pt( {{L‘})
— Pa, ()P0, (B} P, {c}) (6)

Now suppose a = b, b = c and ¢ > a. Therefore, \p, > 1 and Ay, > 1. By DR (i), Agp = 1 = M.
Further, A, > 1. Using Lemma 1 (ii), this implies \,, = 1. Substituting in (6), we get
0 = Pi(a,{a})P;(b,{b})Pi(c,{c}) > 0 which is a contradiction. Therefore, - is transitive.

Using the definition of > and the construction of A*, we rewrite (1) as

Pi(z,A) = Pz {«}) ][] [ —PRw {w})] (7)

w-rwEA

Now, set 01(x) = Pi(x,{x}). Note that for t = 1, Aj(z) = §;(x). Let

By(x, {a}) — Pi(x, {x})
1= Py(z,{x})

DR (iii) and P(z, A) € (0,1) for all x € A C X* imply d2(z) > 0. Since Pi(x,{z}) = Ay(x) =
51@;)7

(52(1’) =

Py, {z}) = Au(z, {z})
1-— Al(l')

and let Ag(z) =1 — (1 —d1(x))(1 — d2(x)). Re-arranging the terms in (8), we get:

da(z) =

Py(x,{z}) = da(z) + Pr(x, {z}) — d2(2) Pr(, {z})
We re-write the above as
Pz, {z}) =1—[1 = da(x) — Pa(z, {z}) + da(z) Pr(z, {z})]

which implies
Py(z,{z}) =1 = (1 = Pz, {z}))(1 — d2(x))

using 01(z) = Py(z,{z}) in the above, we get

Py(a, {}) =1 = (1 = d1(2))(1 = 62(x))

11



Note that since Ag(z) =1 — (1 — 01(x))(1 — da(x)),
Py(z,{z}) = As(x)

where Ay(z) is identified. Next, we similarly set d3(z) as follows

_ P3<x7 {l‘}) — AQ(x7)
%) = =A@

which implies
Py(x,{2}) = Ag(z) + d3(2)[1 — Ag(x)]

similar to the steps above for Py(z,{x})), we re-write
Py(,{x}) =1 =[1 = Ay(x) = d3(x)(1 — Az())]

which implies

Py, {x}) =1 = [(1 = d5(2))(1 = As(x))]
Setting Ag(z) =1 — [(1 — d3(x))(1 — Ag(x))], we get

Py(x, {z}) = Az(x)

Similarly, we construct d4(x), d5(x), ... (x) for all £ < ¢. In general, for any k < ¢, let

_ Bz, {z}) — Ay (2)
5k<1’) N 1-— Ak_l(!t)

where Aj(z) =1 — [[;<,(1 — & (z)) for any [ < ¢. This implies
Py, {z}) = Apr(2) + 0k (2)[1 = Ap ()]

Simplifying the above using the expression for A in terms of §:

Pz, {z}) = u(@)1 = {1 = [ [ = a@)}] + 1= [ [ - a(x))

<k <k

Simplifying the above, we get

Pi(z {z}) =1 [[(1 = ai(2)) = Au(e)

1<k
Therefore, for any time period t and any z € X:

_ Bz {z}) — Aa(2)
o) = =T AL
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where Ay(z) =1 — (1 — 0(2))(1 — Ay_1(x)) and
By(x, {z}) = A() (9)

The above holds for all x € X. Using (9) in (7) for z, and for all w, w > z, we get

Pz, A)=Afz) ] (1—A(w)
w-z:weA
We now show necessity of DR (i), (ii), (iii) and DMI. Suppose that P is a DAR and > is
a strict, complete binary relation. Consider any z,y € A C X*. Without loss of generality,
assume y = x. By the definition of DAR, for any ¢,
Pt(I, A \ y) At(x) Hz>—m;z€A\y(1 - At(‘z)) 1

P A) A0 Lowcal - &) O=Aw)

since Ay(y) € (0,1). Since y > x, forany t = 1,2,...,n

Py, A\z) _ B I yrena(l — Bel2))
Pt(y? A) At(?J) Hz>—y;z€A(1 - At(z))

Therefore, DR (i) holds. Without loss of generality, suppose that y >~ z for some z,y € A C X*
and % # 1 for some t. Using the definition of the DAR in the above,

Pt(ZE, A \ y) _ At(x) Hz}x;zeA\y(l - At(’z)) 1

P2, A)  Ay(@) [Lygpea(l = Aul2)) (1= Au(y))

Now, consider some k € {1,2,3,...,(n —t)}. Suppose that

Perla A\y) _ |
Pz, 4)

By the definition of DAR,

At-f—k(x) Hz>—ac;z6A\y(1 - At+k(z)) _ 1 7£ 1
At+k($) Hz>m;z€A<1 - At+k<z)) (1 - At+k(y))

which contradicts our assumption. Therefore, DR (ii) holds.

Consider any z € X* and t < n. By DAR, Pi(z,{z}) = 1 — [[,,(1 — dx(z)) and
Piyi(z,{z}) =1 = [[y<py1 (1 = 0 (2)). Since 6y, o € (0,1) for all k, &', we get Py (z, {z}) >
P,(z,{x}). Therefore, DR (iii) is necessary.

Notice that for any x,y € A, A C X* such that y > x, by the definition of DAR, % =1

for all A C X*, or ij(;’("ﬁé\f)’) = (I—Alt(y)) for all A C X*. Therefore, for any A, B € X* such that

x,y € AN B, DMI is satisfied. =
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3 Discussion

In this section we outline some observations and potential applications of DAR.

Choice probabilities as cumulative attention: Note that the proof of theorem 1 provides
a decomposition of P;(x,{z}) in terms of the cumulative attention prior to ¢ (A;_;) and the

conditional attention parameter for time period ¢. In general, for any ¢, we rewrite (8) as:
Bz {z}) = A (2) + 0u(2)[1 = Ay ()] = 6e(2) + A () — 0r(2) A (2)

where A;_; and d; are the cumulative and conditional attention parameters as described earlier.
The above computes the choice probability of  when no other alternative is available as the
sum of the probability that = attracts the DM’s attention either in time period ¢ i.e. & (x)
or earlier i.e. A;_1(z). The term d;(x)A;_1(z) is subtracted to rule out double counting of
the attention probability for the tth time period. Consider any ¢, the above explains choice
probability of x in isolation depending on past attention and the attention in ¢. Since A, ; is
identifiable from data of 1,2,...,t—1 a seller (or marketeer) can easily adapt the above to form
an expectation of the probability that = is sold in ¢, where only d;(x) is unknown. Further,

different marketing policies may be tested based on the identified trends in d;, A; as t varies.

Convergence as t increases: The choice probabilities converge to the deterministic case
in DAR at ¢ increases. In order to see this consider any z € A. By the definition of DAR,
Pz, A) = Au(2) [T e ool — Au(y)). As ¢t — oo, DR(iii) implies Ay(z), Ay(y) — 1.
Therefore, P(z,A) — 0if y > = for any y € A\ {z}. Note that P,(y,A) — 1 as t — oo if
y > x for all z € A\ {y}. As the number of time periods increase, the choice probabilities of
all alternatives except the = —max alternative converges to 0. The probability of the >~ —mazx
alternative converges to 1. Clearly, in the limit choice is converging to the deterministic case
where one alternative is chosen with full probability. This observation is intuitive as over time,
the DM eventually has searched and paid attention to all the alternatives and comes close to

choosing the best (according to >) alternative with probabilities close to 1.
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A

DR (i):

DR (ii):

DR (iii):

DMI:

Independence of axioms

Let P, be a dynamic stochastic choice rule such that for all z € A, A C X,

Bi(x, A) = 0(x) H 0r(y)

yeA\{z}

where 0; : X — [0, 1] are attention probabilities in time period ¢. This rule violates DR(i)
but satisfies DR(ii),(iii) and DMLI.

Consider the following dynamic stochastic choice rule: for all x € A, A C X,

615(*75) Hy>—x|y€A(]' - 5t(y))7 t S k
d¢(), t>k

Pz, A) =

for some k < n where ¢; : X x (0, 1) are the attention probabilities in time period ¢ and >
is complete total order. This rule satisfies DR(i), DR (iii) and DMI, but violates DR(ii)
for t > k.

A simple version of [ Manzini and Mariotti (2014)’s res-rule demonstrates the independence
of DR(iii): forallz € A, A C X,

PeA)=b) ]

y-zlyeA\{z}

where 0 : X — (0,1) are time-invariant attention probabilities and > is a complete total
order. The above rule satisfies DR(i)y, DR (ii) and DMI which are similar axioms to
those in Manzini and Mariotti (2014). It does not satisfy DR (iii) which is crucial in our

model.

Consider the following dynamic stochastic choice rule: for all x € A, A C X,

5 ()
Al

Pz, A) =

where 0, : X — (0,1) is the attention probability of the alternatives in time ¢. Notice
that For any A, B such that |A| # |B|, DMI will be violated. However, this rule satisfies
DR(i), DR (ii) and (iii).
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