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ABSTRACT

In this note, using stochastic preference, we provide an alternative characterization of
the indirect stochastic dominance axiom of Nehring (1999), which captures some notion of
“preference for flexibility” in the context of preference over opportunity acts. At the same
time, we also provide an alternative characterization of rationalizability of probabilistic choice
functions by using the indirect stochastic dominance axiom. These characterizations show that

there is some link between the underlying structures of the two problems.
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1. INTRODUCTION

An important issue that has received attention in the literature on preference over opportunity
sets is the preference for flexibility. The classic paper on this topic is Kreps (1979), which
considered an axiomatic treatment of the class of preferences over opportunity sets that can
be represented in terms of the expected indirect utilities of the opportunity sets.? Nehring
(1999) extented the analysis of Kreps (1979) to a stochastic setting by considering opportunity
acts that map states to opportunity sets. He studied preferences over opportunity acts that
satisfy the Savage axioms and a new preference for flexibility axiom called indirect stochastic
dominance. Indirect stochastic dominance is an axiom which captures the notion that having
“more opportunities in expectation” is preferable. The main result of Nehring (1999) shows
that a preference relation over opportunity acts that satisfies the Savage axioms and indirect
stochastic dominance has an additive representation in terms of an expected indirect utility
function (with respect to an implicit state space) over the opportunity sets. This result con-
tains a characterization of the indirect stochastic dominance axiom in the following sense: An
additively representable preference relation over opportunity acts (i.e. the Savage axioms hold)
satisfies indirect stochastic dominance if and only if the representation is in terms of an ex-
pected indirect utility function over the opportunity sets. A purpose of this note is to provide
an alternative characterization of the indirect stochastic dominance axiom by using measures
defined on the class of linear orderings over the set of alternatives augmented by a dummy
alternative.

Another purpose of this note is to present an alternative characterization of the problem of
rationalizability of stochastic choice behaviour, which was posed by Block and Marshak (1960).
In this literature, the choice behaviour of an agent is represented by a function which maps each
feasible set (which is a nonempty subset of the universal set of alternatives) to a lottery over
the feasible set. The rationalizability problem is, when can this choice behaviour be induced
by a probability measure over the set of linear orderings on the universal set of alternatives?
An answer to this problem was provided by Falmagne (1978) (see also Barbera and Pattanaik
(1986)). We present an alternative necessary and sufficient condition for this problem by
requiring indirect stochastic dominance on a class of preference relations over opportunity
acts which are derived from the choice behaviour of the agent. Our characterizations show
that there is some underlying structural link between the notion of preference for flexibility
as captured in indirect stochastic dominance and the problem of rationalizability of stochastic

choice behaviour.
2. PREFERENCE FOR FLEXIBILITY

In this section we will first outline the setting developed by Nehring (1999) to consider prefer-

ence for flexibility.

2Two other closely related papers are Koopmans (1965) and Jones and Ostroy (1984).



Some notation and definitions:

X: the finite set of alternatives.

A: the set of nonempty subsets of X (opportunity sets)
©: the space of explicit states 0

F: the class of opportunity acts f: © — A

[f, E; g, E€]: the act h such that, for § € ©,

) f() ifoe FE
7o) = { g0)  if6cEe
U: the class of utility functions u: A — R
>: a preference relation on F

Given a finitely additive measure p on 29, for each finitely ranged function t : © — R,
define

/t(@)du = Y ru({ e 0:t0) =r})

ret(0)

Definition 1: A preference relation > on F is representable by a nonconstant utility function
u € U if there exists a finitely additive, convex-ranged? probability measure p on 2° such that,
for all f,g € F,

f=gitand only it [u(f©)du> [ ulg(6))dp.

Definition 2: Given opportunity acts f,g € F, f indirectly stochastically dominates g with
respect to an ordering R on X if and only if, for all x € X,

{peco:fO)n{yec X|yRe} #0} 2 {0 € O©:9(0)N{y € X|yRa} # 0}.

Indirect Stochastic Dominance (ISD): A preference relation = over F satisfies indirect
stochastic dominance if and only if, for all f,g € F, f = g whenever f indirectly stochastically

dominates g for every ordering R on X.4

Definition 3: A nonconstant utility function u € U is an ezpected indirect utility (EIU) function
if there exist a finite collection of utility functions {v¢ : £ € =} C U and nonnegative weights
{Xe : € € B} with ¢z Ae = 1 such that,” for all A € A,

u(A) = > Aemaxve({z})].

£eE

We can now state a weaker version of the representation theorem of Nehring (1999) as a

chracterization of ISD in terms of EIU.

311 is convex-ranged if, for all E C © and all p € [0, 1], there exists F' C E such that u(F) = pu(E).

4For a discussion of how ISD embodies preference for flexibility in the sense of having “more opportunities
in expectation” is better, see Nehring (1999).

®Nehring (1999) treats the finite index set = as some preference determining implicit state space.



Theorem 1: Suppose = is a preference relation over F that is representable by a nonconstant
utility function uw € U. Then > satisfies ISD if and only if u is an EIU function.

In order to present our alternative characterization of ISD, we will introduce a dummy
alternative denoted by d (i.e. d does not belong to X). Denote by R the set of all linear
orderings (i.e. reflexive, connected, transitive and anti-symmetric binary relations) on X U{d}.

For each A € 2%, let

R(d;A) ={R € R: dRx for all x € A°}

where we use the notation A° to denote the complement of A in X.

Given a utility function u € U, let U(u) be the class of utility functions in ¢/ that are positive
affine transformations of w. Then it is clear from Definitions 1 and 3 that: (i) whenever a
preference relation > over F is representable by a nonconstant utility function u € U, > is also
representable by every utility function in U(u); (ii) whenever a nonconstant utility function

u € U is an EIU function, each utility function in ¢(u) is also an EIU function.

Theorem 2: Suppose = is a preference relation over F that is representable by a nonconstant
utility function w € U. Then > satisfies ISD if and only if there exist a probability measure m
on 2% and a utility function @ € U(u) such that [1 —a(A°)] = m(R(d; A)) for all A € 2X\ {X}.

The proof of Theorem 2, which is our characterization of ISD, is given in the appendix.
The proof relies on an intermediate result of Nehring (1999) which provides a characterization
of EIU in terms of the notion of monotonicity and total submodularity of a utility function.

For each A € 2%, m(R(d; A)) could be interpreted as the probability that the dummy d
is ranked best in the set A° U {d} by a decision maker who has a randomized preference over
X U {d} represented by the probability measure m. Thus, from a choice theoretic framework,
Theorem 2 could be interpreted as saying that a representable preference relation satisfies ISD
if and only if there is a utility function u € U that represents it such that, when 1 — u(A°) is
viewed as the probability of choosing d by a decision maker from A¢U {d} for each A € 2%,
these choice probabilities could be induced by some randomized preference over X U{d}. This
suggests that there is some link between the question addressed in this section and the problem
of rationalizability in the literature on probabilistic revealed preference theory (e.g. see Block
and Marshak (1960), Falmagne (1978), Barbera and Pattanaik (1986)). We will confirm this
link in the next section by using the results of this section to provide a characterization of

rationalizability of resolute probabilistic choice.
3. PROBABILISTIC RATIONALIZABILITY

Let X be a finite set of alternatives with |X| = N. Let X = 2% \ {f)} be the set of possible
feasible sets. In this section, for each z € X and each A € 2X\M*} we will use the notation
A¢ for the complement of A in X, and AS for the complement of A in X \ {z}. Also, to

avoid introducing additional notation, in this section we will let R denote the set of all linear



orderings on X, and for each € X and each A € 25X\#} we let

R(z;A) = {ReR: zRyV ye AS};
Q(r;A) = {RER: yReVyec A;zRyVye AS}.

Clearly, for each # € X and each A € 2X\{#}, {Q(2; B) : B C A} is a partition of R(z; A).

Resolute probabilistic choice function: A resolute probabilistic choice function (RPCF)
is a function ¢ : X x X — [0,1] such that >y c(z;4) => caclzr;A)=1 VAecX.

A RPCEF is the probabilistic counterpart of a single-valued choice function in the determin-
istic framework. We interpret c¢(x; A) as the probability that = will be chosen from A when A

is the feasible set.

Rationalizability: A RPCF c is rationalizable if there exists a probability measure m on
2R such that, for each z € X, ¢(z; A°) = m(R(z; A)) for all A € 2X\{#} 6

Rationalizability simply requires a RPCF to be induced by some randomized preference.
Using simple examples (e.g. see Barbera and Pattanaik (1986)), it can be shown that not every
RPCF is rationalizable. The purpose of the rest of this section is to provide a necessary and
sufficient condition for rationalizability using the results from the previous section.

Given a RPCF ¢, for each € X, define the set function F, : 2X\{#} — [0, 1] by

Fo(A) = c(z; A°) ¥ A e 25X\,

Then a RPCF c is rationalizable if and only if there exists a probability measure m on 2% such
that, for each z € X, Fy(A) = m(R(x; A)) for every A € 2X\{=},

For each x € X, let A, be the set of all nonempty subsets of X \ {z}. Also, let © be the
explicit state space as in the previous section. For each x € X, define F, to be the class of
opportunity acts f, : © — A, (i.e. F, is the class of opportunity acts with the range restricted
to the opportunity sets without x) and U, to be the class of utility functions u : A, — R.

For each z € X, let F¢ be the conjugate of F, i.e. FS(A) =1— F,(A¢) for all A € 2X\{=},
Also, let F§  be the restriction of Fy to A;. So F§ is a utility function in . Thus, an
obvious implication of Theorem 2 is that, if a RPCF c is rationalizable, then, for each = € X,
any preference relation over the opportunity acts in F, that can be represented by the utility
function F3 must satisfy ISD.

For each R € R and each i € {1,...,N}, let ¢;(R) be the alternative ranked in the ith
position by R and let A;(R) = {t1(R),...,t;(R)}. Also, let Ag(R) =0 for all R € R.

Given a RPCF ¢, for each x € X, let

T(Qw;4)) = Y ()W F A\ A) v Ae 22X\ (1)
A'CA

6 Although our definition of rationalizability looks somewhat different, it can be verified that it is equivalent
to the definition given in Barbera and Pattanaik (1986).



Also, let

P(R) = m(Q(ti(R);A_1(R))) VReRandVie{l,.. N} (2)

A(R) = > 7(Q;Ai(R)\{z})) VReRandVie{l, . N} (3)
z€A;(R)

RT = {RER:P(R)#0Viec{l,...N}}; (4)

_ o1 (_Di(R) .

PR = PR [[[<A(R))] VRERT o)

p(R) = 0 VYReR\R* (6)

m(Q) = > p(R) foreach Q€ 2R\ {0}; (7)
ReQ

m(0) = 0. (8)

Lemma: If a RPCF c is such that, for each x € X, the preference relation over F, that is
representable by the utility function F§  satisfies ISD, then m is a probability measure on 2R,

Using the above Lemma, we can now provide our characterization result which shows that,
given a RPCF ¢, satisfying ISD by the preference relation over F, that is representable by the

utility function F'5 is not only necessary but also sufficient for rationalizability.

Theorem 3: A RPCF c is rationalizable if and only if, for each x € X, the preference relation
over Fy that is representable by the utility function F§  satisfies ISD.

Thus, Theorems 2 and 3 show that there is some link between the notion of preference
for flexibility captured by the ISD axiom and the concept of rationalizability of probabilistic

choice functions.
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APPENDIX

Given a nonempty and finite set S, a set function p : 25 — [0,1] is:

(1) Alternating of order oo if it satisfies the following two conditions:
(a) for every Ay, Ay € 25, u(Ay) < p(Ag) if Ay C A7

(b) for every integer K > 2 and every Ay, ..., A € 2%,

p(Sa) < Y D u(Ukerdr).
0AIC{1,...K}

(2) Monotone of order oo if it satisfies the following two conditions:
(a) for every Al,AQ S 23, ,U,(Al) < /A(AQ) if A; C AQ;

(b) for every integer K > 2 and every A, ..., Ax € 25,

p(Uaa) > Y D) (ke Ay
0#£IC{1,...K}

It is well known that a set function p is alternating of order co (monotone of order co) if
and only if its conjugate p(A) = 1 — u(A°) for all A € 29 is monotone of order co (alternating
of order c0).®

In the above, if we restrict the domain of x to 2%\ {()}, then in the definition of alternat-
ing of order oco: (i) (a) is the monotonicity condition of Nehring (1999); (ii) (b) is the total
submodularity condition of Nehring (1999) if we also require NE&_| Ay, # 0.

For each utility function u € U, let u” be the extension of u to 2% which is given by

uP(A) = u(A) for all A € A and

uP(0) =inf ) (=D 4 (Uper Ar)
0AIC{1,...,.K}

where the infimum is taken over all K > 1 and all Ay, ..., Ax € A. Since we can take a positive
affine transformation of u such that the range of the transformed utility function is a subset of
[0, 1], without loss of generality we can treat the range of u also to be a subset of [0, 1]. Then
it can be verified that « is monotone and totally submodular if and only if u” is alternating
of order co. Thus, u is monotone and totally submodular if and only if the conjugate of u?,
which is given by u¢(A) = 1 — uf(A°) for all A € 2%, is monotone of order co.

In the proof of Theorem 2 we will use the following intermediate result of Nehring (1999).

Lemma A1l: A utility function u is an EIU function if and only if it is monotone and totally

submodular.

"Given two sets A and B, we use A C B to denote “A is a subset of B”, and A C B to denote “A is a proper
subset of B”.
8For example, see Shafer (1979).



From Lemma A1, it follows that a utility function u is an EIU function if and only if u°

is monotone of order oo.

Lemma A2: Let i : 2% — [0,1], with u(X) = 1, be monotone of order co. Then there exists
a probability measure m on 2% such that m(R(d; A)) = u(A) for all A € 2¥.

Proof: For each A € 2%, let
Q(d;A)={ReR: zRdIV z € A; dRx ¥V x € A°}.

Clearly, for each A € 2%, {Q(d; A") : A’ C A} is a partition of R(d; A). So {Q(d; A) : A € 2%}
is a partition of R.
For each A € 2% let
m*(Q(d; A)) = > (=) u(A\ 4).
A'CA

Then m*(Q(d;0)) = w(@) > 0. Now, consider any nonempty A € 2%. Without loss of
generality, let A = {s1,...,sx} and also let Ay, = A\ {sy} foreach k =1,..., K. If K = 1, then
condition (a) in the definition of monotone of order oo implies m#(Q(d; A)) = u(A) — (@) > 0.

Suppose K > 2. By condition (b) in the definition of monotone of order oo,
0<pu@+ 3 (DM u(Onerdr).
0AIC{1,....K}
Also, for each nonempty I C {1,..., K}, NkerAx = A\ {sp: k€ I}. So

0 < pA+ > DMuAN\{sk: ke
0£IC{1,...K}

= pA)+ Y (T a)
P£A'CA

= Y )4 a)
A'CA
= mH(Q(d; 4)).

Hence, m*(Q(d; A)) > 0 for all A € 2X. Thus, since {Q(d; A) : A € 2%} is a partition of R,

there exists a measure m on 2% such that
m(Q(d; A)) = mM(Q(d; A)) YV A e 2X.
For each A € 2%, since {Q(d; A") : A’ C A} is a partition of R(d; A),

m(R(d; A)) = > m(Q(d;A"))

A'CA

= Zm“(Q(d;A’))
A'CA

= 3> 3 (a4
A’QAA"QA’

= > |wan >
A”QA A”QA’QA



It can be verified that, for all A” C A C X,

R S

oAl
aremca 1 itA"=A

Hence, for each A € 2%, m(R(d; A)) = u(A). Also, because R(d; X) = R, we have m(R) =
w(X) = 1. Therefore, m is a probability measure on 2%. ||

Proof of Theorem 2: Suppose a preference relation over F is representable by a noncon-
stant utility function u and satisfies ISD. Without loss of generality, let the range of u”¢ be
in [0,1] and u¥¢(X) = 1. Then, because of Theorem 1 and Lemma A1, u*¢ is monotone of
order co. Thus, Lemma A2 implies that there exists a probability measure m on 2% such that
[1—u(A)] = uP¢(A) = m(R(d; A)) for all A € 2¥\ {X}. This completes the necessity part of
the proof.

To prove the sufficiency, let m be a probability measure on 2% such that [1 — u(A°)] =
uf¢(A) = m(R(d; A)) for all A € 2%\ {X}. Because of Theorem 1 and Lemma A1, it is enough
to show that u”¢ is monotone of order co. For all A C B C X, since R(d; A) C R(d; B),
uP¢(A) < uP¢(B). Consider an integer K > 2 and A, ..., Ax € 2%X. Then it is sufficient to
show that

m(R(GUL4)) > > (=) (R (d; erAg)).-
0AIC{1,...,.K}
For each B C UK | Ay, let I(B) = {k € {1,...,K}: B C Ag}. Also, let H = {B C UK | A} :
I(B) # (0}. Tt can be verified that Z (=1)+1 =1 for all B € H. Thus, since {Q(d; B) :
0£ICI(B)
B C A} is a partition of R(d; A) for each A € 2% and {Q(d;B) : B € H} C {Q(d;B) : B C
U?zlAk}a

m (R (d:Uf,4c)) > > m(Q(d; B))

BeH
= > lm@(d;B)) 3 <—1>'”“]
BeH 0£ICI(B)

= ¥ [(—1)'”1 > m(Q(d;B))

0AIC{L,...K} BCNkerAk

= S ) (R (d; nkerAr)) - |
0£IC{1,... K}

The proof of the Lemma in section 3 follows some preliminary lemmas.

Lemma A3: If ¢ is a RPCF, then

Y m(QasA) =) w(Qas A\ {z})) V¥ Ae2¥\{0,X}

TEAC z€A

10



Proof: Let A € 2%\ {0, X}. By (1)

Yor(QA) = Y| Y )M R4 4)

rEAC xEAc | A/CA
= Y (-pl ZFx(A\A’)]
A'CA Lezc A
= Y (-p Zc(:a(A\A’)C)]
A'CA Lx€ Ac
= Y )T 1= 3 e(a(a\ A))
A'CA | weA

Since it can be verified that ZA,QA(—I)W' = 0, we have

Soow(Qx:4) = Y <—1>'A’—1[Zc<x;<A\A'>C>

rEAC A'CA zeAl
— Z Z \A’| 1 (A \ Al)c)
T€AA'CA

_ Z Z (—1)"4/‘ c(x;(A\ (A U{z})))

€A A/CA\{z}

=Y Y )R A\ u{a))

w€A A'CA\{z}

= > > )R (A\feh)\ 4)

z€A A'CA\{x}

= > m(QwA\{a}). |

€A

Lemma A4: Let ¢ be a RPCF. Then, for each x € X and each A € 2X\#}, RY N Q(x; A) # 0
if m(Q(x; A)) > 0.

Proof: Let 2 € X and A € 2X\#} be such that 7(Q(z; A)) > 0. Without loss of generality,
let |[A|=1—-1,x=x;, Ai-1 = Aand 4; = AU {z}.

Suppose [ > 2. By Lemma A3, 3 ¢4, 7(Q(y; Ai-1 \ {y})) = Yyene | m(Q(y; Aj—1)) > 0.
So there exists x;_1 € A;—1 with 7(Q(x;—1; A;—1 \ {z1-1})) > 0. Let A;_o = A1\ {x;-1}.
If I > 3, by Lemma A3, 3 c4, , 7(Q(y; A2\ {y})) = yeae m(Q(y; Aj—2)) > 0. So there
exists xj_o € Aj_9 with m(Q(zj—2; Aj—2 \ {z;—2})) > 0. Continuing in this manner, we can
arrange the alternatives in A; in a sequence x1,...,2; such that m(Q(z; A; \ {x;})) > 0V
i=1,..,0, where A; = {z1,...,z;} Vi=1,..,1L.

Suppose [ < N —1. By Lemma A3, 3% c 4 T(Qy; A1) = Xyea, (Qy; AL\ {y})) > 0
So there exists x;11 € Af such that 7(Q(x41;4;)) > 0. Let Ajyq1 = Ay U {z;31}. Then
m(Q(xry1; A1 \ {xi41})) > 0. If I < N — 2, by Lemma A3, ZyeAch m(Q(y; A1) =
Sy, T(Q(y; Aip1 \ {y})) > 0. So there exists ;42 € Af; such that m(Q(2112; A41)) > 0.
Let Aj1o = Ajp1U{x;42}. Then m(Q(x149; Arvo \ {z142})) > 0. Continuing in this manner, we

11



can arrange the alternatives in Af in a sequence x4 1, ..., xy such that 7(Q(x;; A; \ {z;})) >0
Vi=I1+1,..,N, where A; = AyU{zi11,...,zi} Vi=1+1,..,N.

Now, let R € R be such that t;(R) = x; for each ¢ = 1,...,N. Then it is clear that
Re€ Q(z;A) and Pj(R) >0V i=1,..,N. Hence, R" N Q(z; A) #0. ||

Lemma A5: Let ¢ be a RPCF. Then, for each v € X and each A C X \ {z} such that
RTNQ(x; A) # 0,

s LG

RERTNQ(x;A) [i=|Al+2

Proof: Let x € X and A C X \ {z} be such that RT N Q(z; A) # 0. Also, let
B={Be2¥:IReR*NQ(x;A) and i € {|A| + 1,..., N — 1} such that B = A;(R)}.
Then it can be verified that

e ®(Q;B) | N Pi(R)
ley@w(Q(y;B\{y}))]‘ 2 [H <AH<R>>

BeB ReER*TNO(x;A) [i=|A|+2

£ 0.

Thus, by Lemma A3, we also know that

[ >yepe (Q(y; B))
> yen m(Qy; B\ {y}

))]:1 VBeB. |

Proof of Lemma: Let ¢ be a RPCF such that, for each x € X, the preference relation over
JF that is representable by the utility function F'j satisfies ISD. Then Theorem 1 and Lemma
A1l imply that F, is monotone of order oo for each z € X. From the proof of Theorem 2 and
(1), we know that, for each x € X,
m(Q;A) = Y (-)WIF A\ A) >0 v Ae2X\e} (9)
A'CA
So, using (2)-(5), it can be checked that p(R) > 0 for all R € R*. Thus, given (5)-(8), we only
need to show that > pcr+ p(R) = 1. Let X = {z € X : 7(Q(z;0)) > 0}. By Lemma A4,
RTNQ(x;0) # 0 for all z € X;. Also, for each z € X, (2) implies Pi(R) = 7(Q(x;0)) for
all R € RT N Q(z;0). So (5) and Lemma A5 imply

S p(R) =7 (Q;0) Ve Xy

ReERTNQ(z;0)

Clearly, {R* N Q(z;0) : x € X} is a partition of RT. Thus, (9) implies

> op(R) = { Y. B

RER+ z€Xy | RER+TNQ(x;0)

= > w(Qw;0) = Y w(Q(x:0)).

reX zeX

It can be verified from (1) that >, cx 7(Q(z;0)) = Y pex Fo(0) = X ex c(z; X) =1. |

Proof of Theorem 3: The necessity part of the proof follows from Theorem 2. So we only

need to prove sufficiency.

12



Let ¢ be a RPCF such that, for each x € X, the preference relation over JF, that is
representable by the utility function F'3 satisfies ISD. Then Theorem 1 and Lemma A1 imply
that F, is monotone of order oo for each x € X. By the Lemma in section 3, the set function
m defined by (7) and (8) is a probability measure on 2%. We will first show that, for each
z e X, m(Q(x; A)) = n(Q(x; A)) for all A € 2X\=},

Let z € X. If 7(Q(x;0)) = 0, then (2), (4), (6) and (7) imply m(Q(z;0)) = 0 = 7(Q(x;0)).
Also, by (5)-(7) and Lemmas A4 and A5, if 7(Q(z;0)) > 0, then

m(Q(z;0) = Y p(R)=m(Qx:0)).
ReRTNQ(x;0)
Let Ae A,. FRTNQ(x; A) =0, then (9) and Lemma A4, imply m(Q(z; A)) = 0, and hence,
(6) and (7) imply m(Q(x; A)) = 0 = 7(Q(x; A)). So suppose Rt N Q(z; A) # 0. Then it can
be verified that
> 'ﬁ' (R-(R))
- \A(R)

RER+NQ(z;4) |

Using (5)-(7), it can also be verified that

m(Q;A) = >, pR)=

ReRTNQ(x;A)
|A| Pi(R)
()

RER+NQ(z;A)
ﬁ ( Pi(R) )
i=| A|+2 Ai-1(R)

m(Q(z; A))

)

ReERTNQO(z;A) \i=|Al+2

where we let Z
RER+NQ(z;A)
implies m(Q(x; A)) = m(Q(x; A)).
Let 2 € X and let A € 2°\M#}, To complete the proof it is sufficient to show that F,(A) =
m(R(x; A)). Since {Q(x; A’) : A’ C A} is a partition of R(z; A), (1) implies

m(R(z; A)) = > m(Q(x; A"))

=1 if A= X\ {z}. Thus, Lemma A5

A'CA

= > m(Qx;4)
A'CA

_ Z Z |A”|F A/\A//)
A'CA A'CA’

DO FACO D DI C i
A'CA A'CA'CA

It can be verified that, for all A” C A,

s e [0 Az
W 1 if A=A

Therefore, m(R(x; A)) = Fp(A). ||
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