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Abstract

This paper develops a theoretical framework for International Kidney Paired Ex-

change (IKPE) to address efficiency and fairness concerns in multicountry kidney

exchanges. Drawing on a discrete version of the Kalai-Smorodinsky (KS) bargaining

solution, we propose a mechanism that first maximizes the least-gained country’s

relative gain and then selects a matching that achieves the largest overall trans-

plant benefit. The model features a dynamic weighting scheme that adjusts over

time to compensate countries whose participation yields lower gains in the past

rounds compared to other countries, ensuring an equitable distribution of cooper-

ative gains. We prove that the proposed mechanism guarantees per-period Pareto

optimality and individual rationality of the resulting allocation, as no country is

worse off by cooperating than by acting alone. We also show that over multiple

periods, dynamic weighting corrects historical imbalances, eventually converging

countries’ cumulative gains under mild stochastic assumptions. We further extend

the framework to a dual-objective setting that simultaneously protects total trans-

plants and access for hard-to-match recipients via a bi-criteria KS screen, retaining

the per-period guarantees and long-run convergence.
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1 Introduction

The exchange of kidneys across incompatible donor-recipient pairs has become one of the

most successful applications of market design in healthcare. Kidney exchange programs

(KEPs) allow patients with willing but incompatible donors to swap donors with others

in similar situations, creating mutually compatible transplant opportunities. In recent

years, the possibility of international cooperation between national kidney exchange pro-

grams has attracted growing attention. When countries merge their pools of incompatible

pairs, the joint pool becomes larger and more diverse, increasing the likelihood of finding

compatible matches and thereby raising the total number of transplants performed.

Examples include the Scandinavian program (Andersson and Kratz (2020)), the South

Alliance for Transplant (SAT) between Italy, Spain, and Portugal (Francisco et al. (2024)),

and a recent pilot agreement between the United States and Italy.1 These collaborations

aim to broaden the pool of donor-recipient pairs and thereby increase the number of

transplants.

Despite their promise, international programs remain underdeveloped and are often

used primarily for pairs that are difficult to place domestically. A persistent challenge is

cream skimming: countries prioritize easy matches within their own borders and leave

only hard-to-match pairs for international exchange. As a result, the number of successful

matches is reduced, and much of the potential benefit from pooling is lost.

Beyond cream skimming, IKPE faces additional obstacles: legal and logistical barri-

ers related to cross-border organ transfers, the high costs of transporting kidneys, and

differences in healthcare infrastructure across countries. Another major concern is the

distribution of gains from cooperation. Countries with larger national pools may be

less motivated to participate since they can secure sufficient matches domestically, while

countries with smaller pools stand to benefit disproportionately. Without mechanisms to

ensure equity, sustained collaboration is difficult to achieve.

Nevertheless, IKPE offers substantial potential to improve transplant opportunities

for all participating countries. For such a program to be effective and sustainable in the

long run, benefits must be distributed fairly across countries. A balanced approach is

essential to maintain cooperation and ensure that each participant receives an equitable

share of the gains from pooling.

While the efficiency gains from cooperation are well recognized, how to share these

gains among participating countries remains a challenging and central question.

In this paper, we propose an allocation approach inspired by the Kalai-Smorodinsky

(KS) bargaining solution, adapted to the discrete setting of kidney exchange matchings.

Our main argument is that the KS framework offers a natural and compelling notion of

fairness for cooperative problems of this kind. The idea of the KS solution is that each

1This program is managed by the Alliance for Paired Kidney Donation (link).
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agent (or country, in our setting) should receive the same proportion of its maximum

attainable benefit that is, the same fraction of the best possible outcome it could achieve

through cooperation. This principle captures fairness in proportional gains, ensuring

that no country is systematically disadvantaged relative to its potential contribution or

benefit.

To situate our proposal, we note that the Nash and Kalai-Smorodinsky bargaining

solutions are among the two most influential frameworks for determining fair outcomes

in bargaining theory. Both emerge from a set of axioms that formalize principles of

rationality and fairness in situations where two or more agents must agree on how to

divide a feasible set of payoffs. The Nash solution maximizes the product of the agents’

gains relative to a disagreement point, capturing a notion of compromise between com-

peting interests. In contrast, the Kalai-Smorodinsky solution replaces Nash’s axiom of

independence of irrelevant alternatives with a monotonicity axiom, emphasizing equity

in proportional achievement rather than compromise. In other words, while the Nash

solution is compromise-oriented, the KS solution is equity-oriented.

This distinction is fundamental in our context. In international kidney exchange,

the problem is not primarily one of conflicting interests to be reconciled, but rather one

of sharing the benefits of cooperation in a fair and stable way. When countries agree

to pool their incompatible donor-recipient pairs, they jointly expand the feasible set of

transplants that can be performed. The resulting gains are cooperative surpluses, not

conflicting claims. Therefore, an allocation principle that ensures proportional fairness

where each country’s benefit reflects its potential maximum within the cooperative ar-

rangement is more appropriate than one based on compromise. The Kalai-Smorodinsky

solution provides exactly this kind of fairness benchmark.

In practical terms, our contribution is to develop a discrete adaptation of the Kalai-

Smorodinsky solution suitable for kidney exchange, where allocations are inherently in-

divisible and represented by integer-valued matchings. The proposed algorithm seeks

outcomes that maintain the spirit of KS proportionality while ensuring feasibility and

efficiency within the matching framework. By doing so, it promotes a balance between

equity, efficiency, and incentive compatibility - three conditions essential for sustaining

international cooperation in organ exchange.

Our paper makes two main contributions. First, it provides a conceptual justifica-

tion for using equity-oriented bargaining principles to guide the allocation of benefits in

international kidney exchange programs. Second, it offers an algorithm to compute a

solution to the discrete and combinatorial environment of kidney exchange. Together,

these contributions aim to strengthen the theoretical and practical foundations for fair

and sustainable international kidney exchange systems.

We then extend the framework to the case in which each country pursues a dual

objective: first, to maximize the number of its hard-to-match recipients who receive a
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transplant, and second, to maximize the total number of its recipients who are trans-

planted.

The remainder of this paper is organized as follows. Section 2 reviews the literature

and specifies the gap where this paper lies. Section 3 introduces the notation and mech-

anism; Section 4 establishes its normative properties; Section 5 extends the framework

to the case in which each country pursues a dual objective: giving priority to maximiz-

ing the number of hard-to-match recipients who receive a transplant, and conditional on

this maximizing the total number of transplants; finally, Section 6 presents simulation

evidence based on realistic assumptions about the underlying patient-donor population.

2 Related Literature

The modern design of kidney exchange programs originates from the seminal work of Roth

et al. (2004, 2005), who formulated kidney exchange as a matching market and proposed

algorithmic mechanisms based on the top trading cycles and integer programming ap-

proaches. Subsequent contributions by Ashlagi and Roth (2014) and others have analyzed

the structure and efficiency of large exchange pools, providing theoretical foundations for

national programs such as those operating in Europe.

In the United States, hospitals operate in a competitive environment in the market

for organ transplantation, and several multi-hospital kidney exchange programs coexist.

A substantial body of research has focused on how to reduce free-riding incentives and

promote active participation in these programs. Hospitals typically have the option to

join one or more kidney exchange networks, but they may also strategically withhold some

of their patient-donor pairs. These strategic behaviors can undermine the efficiency of

these multi-hospital programs and pose challenges for sustaining large-scale participation

(Ashlagi and Roth (2012, 2014); Ashlagi et al. (2015); Toulis and Parkes (2015)). To

address this issue, Agarwal et al. (2019) and Hajaj et al. (2015) proposed credit-based

schemes, which were implemented in the National Kidney Registry, the largest US kidney

exchange program. These schemes influence hospitals’ incentives to submit pairs without

altering the matching algorithm itself.

In Europe, International Kidney Exchange (IKPE) programs have been implemented

between the Czech Republic and Austria (Böhmig et al. (2017)), as well as between Por-

tugal, Spain, and Italy since 2018, and between Sweden, Norway, and Denmark in the

Swedish-Danish Transplant Program (STEP), initiated by Sweden (Andersson and Kratz

(2020)). The Italy-Portugal-Spain cooperation follows a stepwise structure: first, con-

ducting national-level matches and then seeking international matches for the remaining

donor-patient pairs.

Many of the participation and incentive issues observed in the United States also arise

in cross-border collaborations in Europe. Ensuring that participating countries accept the
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proposed solutions is crucial for maintaining full participation in the IKPE. Without this,

countries may exit the program. Therefore, long-term participation is essential for success

in these programs. To address social equilibria, Carvalho and Lodi (2023) introduced

a 2-round system with 2-way exchanges and provided a polynomial-time algorithm for

computing a Nash equilibrium that maximizes the total number of transplants, improving

on the results of Carvalho et al. (2017) for two countries. Similarly, Sun et al. (2021)

considered 2-way exchanges and proposed a solution deemed fair if the minimum ratio of

transplants across all countries was maximized.

In contrast to these approaches, Benedek et al. (2024, 2025) introduced the framework

for partitioned matching games for IKPE. Their model adopts a credit-based adjust-

ment rule (originating from Klimentova et al. (2016)): in each round, the algorithm first

finds a maximum-cardinality matching and then chooses, among all maximum cardinality

matchings, the one whose country-level outcomes lie closest to a predetermined target

allocation.2 Deviations from this target are carried forward as positive or negative cred-

its, which shift next round’s targets. Since fairness is implemented as a post-processing

step: only after restricting attention to maximum-cardinality matchings, this framework

cannot impose individual rationality as a hard constraint, guaranteeing each country its

stand-alone benchmark may require accepting fewer transplants, which the model does

not allow.

The ENCKEP simulator (Druzsin et al. (2024)) implements this partitioned-matching

approach to evaluate real cross-border collaborations in Europe. Simulation studies

(Druzsin et al. (2024); Matyasi and Biró (2024)) using the ENCKEP framework con-

sistently show that fully pooling all countries’ incompatible donor-recipient pairs into a

single international graph yields substantially more transplants than the common two-

step practice of running national exchanges first and sending only leftovers to the in-

ternational pool. Across realistic multi-year scenarios, the joint or “borderless” policy

outperforms the consecutive policy by roughly 10-15%, confirming that partial partici-

pation systematically sacrifices match efficiency. Subsequent work e.g., Biró et al. (2021)

and the IP formulation in Mincu et al. (2021) extends this framework to accommodate

heterogeneous national regulations and country-specific feasibility constraints.

Our contribution complements this literature by developing a fairness framework that

differs in two conceptual respects. First, fairness and efficiency are embedded directly

into the matching objective rather than introduced as an adjustment to the set of max-

imum matchings, allowing these goals to be treated as jointly determined rather than

sequential. Second, the mechanism incorporates intertemporal considerations through a

dynamic edge-weighting scheme that adjusts weights in response to cumulative country-

level imbalances: countries that have received fewer transplants than other countries

2These target allocations, often represented as target vectors specifying the desired distribution of
transplants across countries, evolve over time through accumulated credits.
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obtain higher weights in subsequent periods, while those with higher outcomes receive

lower weights. This formulation enables the mechanism to guarantee, in every period,

that each country achieves at least its stand-alone outcome thereby satisfying individual

rationality, while sustaining high overall performance across periods. By allowing the

objective to internalize intertemporal fairness directly, the mechanism provides a uni-

fied approach to participation, equity, and efficiency without relying on exogenous target

vectors or lexicographic tie-breaking.

To formalize this principle, we treat the international kidney exchange problem as

a cooperative bargaining problem and use the Kalai and Smorodinsky (1975) (KS) so-

lution as our fairness benchmark, a bargaining concept that proportionally distributes

gains from cooperation. Embedding the KS criterion at each time period directly into the

matching objective operationalizes the dynamic weighting scheme described above, ensur-

ing that the mechanism maintains voluntary, self-enforcing cooperation while preventing

any country from being systematically disadvantaged in the long run.

3 Setup

Consider a set C = {1, 2, . . . , n} of countries, each with a national pool of incompatible

donor-recipient pairs who are willing to collaborate for creating a supra-national exchange

program. Let c denote a generic country in C. We consider discrete time periods t =

1, 2, . . . , T . At each time t, country c has a pool ptc of donor-recipient pairs; some pairs

may arrive anew at time t, while others remain from previous periods if they were not

matched in earlier rounds. We model the transplant problem at time t by a directed

graph Gt = (V t, Et):

• The node set V t collects all incompatible donor-recipient pairs across all countries

at time t.

• A directed edge (v, v′) ∈ Et indicates that the donor of pair v can donate to the

recipient of pair v′, thus making a transplant from v to v′.

We allow edges to connect pairs from different countries, enabling international cooper-

ation. Each edge (v, v′) ∈ Et with v′ belonging to country c is endowed with non-zero

positive weight wt
c(v, v

′) > 0. Here, the weight is associated with the recipient’s coun-

try; wt
c(v, v

′) reflects the importance or priority assigned to a given transplant by the

mechanism designer, relative to other possible transplants. At the start of the collabora-

tion (time t = 1), all transplants are assumed to be equally valuable, w1
c (v, v

′) = 1 for all

c ∈ C. Later these weights are dynamically adjusted to capture the imbalance of gains

between the countries in previous time periods.

Definition 1 (Matching). A matching at time t is a set of disjoint cycles M t ⊆ Et in

the directed graph Gt.
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Let F t be the set of all matchings that can be performed at time t. Given a match-

ing M t let St
c be the set of recipients from country c who are transplanted at M t and

X t
c(M

t) ≡ |St
c| as the number of recipients from country c who are transplanted at M t.

For brevity we will write X t
c(M

t) as X t
c when no confusion arises.

Each country c ∈ C is equipped with a preference relation ≿c over the set F t. We

assume that, in each period, every country aims to maximize the number of transplants

received by patients within its national pool. Two remarks are important regarding the

restrictions on countries’ preferences. First, we assume that countries are indifferent to

which specific patients receive an organ within their own national pool. In section 5, we

consider an important extension in which countries prioritize patients who are harder to

match, i.e., those with a lower probability of finding a compatible donor, over patients

who are easier to match.

Second, we assume that countries aim to maximize the per period number of trans-

plants, rather than the total number of transplants over multiple periods. This assump-

tion is consistent with the current practice in most kidney exchange programs and can

be justified in two ways. First, it is difficult to predict which patient-donor pairs will join

the pool in the future. Second, and more importantly, it respects the normative principle

that each patient should receive the best possible treatment and, consequently, should be

transplanted as soon as this is the optimal option for them. Formally, for each country

c ∈ C we assume that M t ≿c M̃
t if and only if X t

c ≥ X̃ t
c.

Let Gt
c = (V t

c , E
t
c) denote a subgraph of Gt restricted to pairs belonging to country c,

M t
c a corresponding matching, and let dtc = max

{
number of vertices in a set of disjoint

cycles M t
c ⊆ Et

c

}
denote the number of transplants country c can perform independently

at period t. Specifically, if country c opts out the international exchange program and

only uses its own donor-recipient pairs, the dtc is the maximum number of transplants

c can realize from its own pool alone, by forming disjoint set of cycles among its intra-

country pairs.3 We refer to dtc as the disagreement option for country c in period

t.

For any matching M t ∈ F t, the total number of transplants performed across all

countries at time t is given by:

Xt =
∑
c∈C

X t
c

This represents the aggregate number of transplants realized from the matching M t.

Given a set of matchings F t in a graph Gt = (V t, Et), let Bt
c denote the largest

number of transplants that country c could get at time t when all countries cooperate,

3Here, we only consider cycles. We do not consider any sort of chains as part of the matchings.
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representing the most favourable outcome for country c. Formally,

Bt
c = max

Mt∈Ft

{
X t

c(M
t) ∀M t ∈ F t

}
,

where F t is the set of all matchings at time t, and X t
c denotes the number of transplants

assigned to country c in that matching.

Taken together, a country’s stand-alone payoff dtc and cooperative best Bt
c delimit its

period-t surplus window; accordingly, in §3.1 we implement a discrete Kalai-Smorodinsky

screen that targets proportional equity by maximizing the minimum realized share
(
X t

c−
dtc
)/(

Bt
c − dtc

)
across countries before selecting a maximum-weight matching within the

resulting feasible set.

3.1 The algorithm: DAKSA

(Dynamically Adjusted Kalai-Smorodinsky Algorithm)

We adopt the idea of equitable distribution of transplants following Kalai-Smorodinsky

(KS) bargaining solution (Kalai and Smorodinsky (1975)), but adapted for discrete set-

tings as in Lahiri (2003). To identify a solution of an international kidney program for

each period t we adopt a two-step procedure.

• Step 1.t (Selecting equitable and individually rational allocations): For

each period t, and for each country c, let

rtc(M
t) =

X t
c(M

t)− dtc
Bt

c − dtc
, (1)

if Bt
c > dtc, and rtc(M

t) = 1 otherwise4. Let rtc(M
t) be the relative gain country

c gets at M t. Let rt be the highest-worst KS ratio in period t

rt ≡ max
Mt∈Ft

min
c∈C

rtc(M
t). (2)

Intuitively, the ratio rtc(M
t) measures the share of cooperative gain that country c

secures under matching M t. If a country receives only its disagreement outcome

dtc, then rtc(M
t) = 0; if it attains its best possible cooperative outcome Bt

c, then

rtc(M
t) = 1. Values between 0 and 1 indicate partial gains from cooperation. Thus,

rt serves as the fairness benchmark for the period: only matchings that ensure each

country achieves at least this guaranteed share are considered in the next step.

• Step 2.t (Maximizing Recipient-Weighted Efficiency): Let E t ⊂ F t be a set

4Countries with Bt
c = dtc are treated as fully satisfied, with ratio 1.
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of matchings in period t such that for each M t ∈ E t,

min
c∈C

(X t
c(M

t)− dtc
Bt

c − dtc

)
≥ rt

By construction, E t is non-empty. Among the set of matchings E t the solution

in period t is the matching (set of disjoint cycles) M∗t that maximizes the total

transplant weight :

M∗t ≡ arg max
Mt∈Et

∑
(v,v′)∈Mt

wt
c(v, v

′).

By construction w1
c (v, v

′) = 1 for all pairs v′ belonging to c and for all c ∈ C. For

each t > 1, the weight updates as follows:

wt
c(v, v

′) = wt−1
c (v, v′) + (1− rt−1

c (M∗t−1)), (3)

Rationale for a KS-style fairness screen: In each period, a country’s stand-alone

capability dtc (what it can achieve within its own pool) and its cooperative best Bt
c (what

it could receive under full cooperation) jointly pin down the feasible interval of gains for

that country. The KS ratios

rtc(M) =
X t

c(M)− dtc
Bt

c − dtc

measure the share of cooperative surplus actually realized by c under a matching M , i.e.,

how far X t
c(M) lies between these two benchmarks [dtc, B

t
c]. Framing fairness in terms

of proportional equity of gains therefore aligns naturally with a KS logic: we protect

disagreement payoffs while balancing access to the surplus generated by cooperation.

Because kidneys are indivisible and the feasible set consists of discrete matchings, the

continuous KS point is typically infeasible; we operationalize its spirit via a discrete KS

screen that maxminc r
t
c(M) in Step 1, then select a maximum-weight matching within the

KS-feasible set in Step 2 so that no “free” transplants that preserve the minimum share

are left on the table. This implementation preserves per-period individual rationality,

enforces proportional equity in realized gains, and dovetails with our dynamic weights

that correct intertemporal imbalances.5

Remark 1 (Expansion monotonicity of the discrete KS screen). If the feasible set of

matchings expands from F t to F̃ t ⊇ F t, then the guaranteed share weakly increases:

r̃ t ≡ maxM∈F̃t minc r
t
c(M) ≥ rt.

5Dual-objective extension: The same rationale applies in component-wise total transplants and hard-
to-match (§5) via a bi-criteria screen that enforces proportional equity along both dimensions before the
weighted tie-break.
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Remark 2 (Normalization and Comparability). Because each ratio rtc(M) is defined

using the country-specific disagreement (dtc) and best (Bt
c) benchmarks, it takes values

in [0, 1] and is already normalized by the feasible gain interval of country c. Hence,

these ratios are directly comparable across countries without any additional scaling or

transformation.

Rationale for dynamic weights: Over multiple periods, certain countries might re-

peatedly receive fewer transplants because of the discrete nature of the matchings. To

address this, the second step maximizes the weighted sum of transplants, where edge

weights are dynamically adjusted to guarantee a fair distribution of the gains from coop-

eration.

In summary, the algorithm here aims to balance the goals of maximizing the total num-

ber of transplants and ensuring long-term participation and equitable distribution among

countries. By incorporating recipient-weighted maximization and dynamic weight adjust-

ments to address imbalances, the algorithm strives to create a fair and efficient kidney

exchange system.

The two-step selection rule and its dynamic weight update can be expressed operationally

as the pseudocode below; this is an implementation of the period-t definition given above:

Algorithm 1 DAKSA: Dynamically Adjusted Kalai-Smorodinsky Algorithm

Require: Countries C = {1, . . . , n}; horizon T ; per-period graphs Gt = (V t, Et) (with carryovers from
period t− 1); initial weights w1

c (v, v
′) ≡ 1 for all edges whose recipient v′ is in country c.

Ensure: A matching M∗t ∈ F t for each t.
1: For all c ∈ C, set r0c ← 0.
2: for t = 1 to T do
3: Graph Gt is given or built from carryover ∪ new arrivals
4: for each country c ∈ C do
5: Compute dtc = maximum transplants in c’s standalone subgraph of Gt.
6: Compute Bt

c = maximum transplants for c under full cooperation (M ∈ F t).
7: end for
8: if t > 1 then ▷ Dynamic weight update
9: for each edge (v→v′) ∈ Et with recipient v′ ∈ c do
10: wt

c(v, v
′)← wt−1

c (v, v′) +
(
1− rt−1

c

)
11: end for
12: end if

13: Step 1.t: rt ← maxM∈Ft minc∈C ρtc(M) where ρtc(M) =

{
Xt

c(M)−dt
c

Bt
c−dt

c
, Bt

c > dtc

1, Bt
c = dtc

14: Et ← {M ∈ F t : minc ρ
t
c(M) ≥ rt } ▷ KS-feasible set

15: Step 2.t: M∗t ∈ argmaxM∈Et

∑
(v,v′)∈M wt

c(v, v
′) ▷ Receiver v′ ∈ c

16: for each c ∈ C do ▷ Record realized ratios for next update

17: Xt
c ← Xt

c(M
∗t); rtc ←

{
Xt

c−dt
c

Bt
c−dt

c
, Bt

c > dtc

1, Bt
c = dtc

18: end for
19: end for

To interpret the selected outcome in each period and to structure the properties that

follow, we recall the standard efficiency and participation criteria used throughout the
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paper. We first formalise the notion of Pareto efficiency that underpins our welfare

comparisons.

Definition 2 (Pareto Efficiency). A matching M t is Pareto efficient if there exists no

M̃ t ∈ F t such that:

1. X t
c(M̃

t) ≥ X t
c(M

t) for all c, and

2. X t
c′(M̃

t) > X t
c′(M

t) for at least one c′ ∈ C.

In other words, within each period t, no improvement can be made where at least one

country is strictly better off without making another country worse off; i.e. the standard

weak Pareto ordering with at least one strict improvement.

Next, we state the period-by-period participation guarantee relative to each country’s

standalone capacity.

Definition 3 (Individual Rationality). A matching M t ∈ F t is individually rational if

X t
c ≥ dtc for every country c ∈ C.

That is, in each period t, each country c receives at least as many transplants as it could

have achieved alone from its own pool.

To analyse mergers of pools and the monotonicity result, we also work with coalition-level

feasibility and the associated maximal cooperative yield. Let C be the set of countries

and A1, · · · , Ak ⊆ C are disjoint coalition of countries. For any coalition Ai ⊆ C, define

X∗t(Ai) = max
Mt∈Ft(Ai)

∑
c∈Ai

X t
c(M

t),

the maximal total transplants achievable when only countries in Ai participate, with

F t(Ai) the set of matchings restricted to Ai.

Using the coalitional yield notation, the monotonicity property we employ is captured by

super-additivity, stated next. As presented in Kalai (2008),

Definition 4 (Super-additivity / Coalitional Monotonicity). A rule satisfies super-additivity

(also known as coalitional monotonicity) if, for all disjoint coalitions Ai ⊆ C,

X∗t(A1 ∪ A2 ∪ · · ·Ak) ≥ X∗t(A1) +X∗t(A2) + · · ·+X∗t(Ak).

Taken together, the procedural rule and the definitions above set the terminology and

framework for the analysis in later sections, where these properties will be examined in

detail.
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4 Model Properties and Discussion

Here, we show that the proposed solution satisfies several desirable normative properties.

Throughout, M∗t denotes the matching selected by DAKSA in period t. We refer to the

definitions in the section 3.

Using Definition 2, we check whether the period-t matching M∗t leaves any possible

Pareto improvement unused and we observe the following:

Proposition 1 (Pareto Efficiency). M∗t is Pareto-efficient.

Implication within the KS-feasible set: In the second step of each period (among all tie

matching on max−min ratio), the algorithm maximizes total weight and thus does not

discard beneficial edges if they do not reduce the minimum ratio. Hence,

Corollary 1. (Inclusion of Beneficial Cycles) Any cycle that increases the total number

of transplants without reducing the max−min (attained from Step 1 of the mechanism)

will always be included in the selected matching. Thus, the mechanism never excludes

beneficial transplant opportunities that preserve fairness.

This corollary guarantees that within the KS-feasible set, once fairness is secured, the

mechanism never leaves ‘free’ transplants on the table. If, after Step 1.t, there exist small

national-level cycles (or other disjoint transplant opportunities) that can be executed

without affecting any of the cycles supporting the max−min ratio, the algorithm’s de-

sign compels their inclusion in the final matching. This follows because Step 2.t always

selects a maximum-weight matching within the KS-feasible set, and all such “extra” cy-

cles contribute strictly positive weight while leaving the fairness constraint intact. Thus,

no harmless transplant opportunity is ever omitted once fairness has been secured.

Now, we will look at the individual rationality property, as defined in Definition 3.

That is, each country receives at least as many transplants as it could have obtained

by withdrawing from international exchange and relying solely on its own pool. The

following proposition states that the allocation identified by the algorithm is individu-

ally rational. The intuition of the proof is simple. Consider the trivial matching from

“disagreement option” M t
Dis ∈ F t in which each country just uses its domestic pool and

ignores international exchange, i.e. X t
c = dtc ∀ c ∈ C (This is feasible simply by selecting

no cross-border edges). Among the feasible matchings, there always exists the stand-

alone solution (M t
Dis) in which every country performs their exchanges among its pool of

donor-recipient pairs. This matching is such that for each country c ∈ C, rt(M t
Dis) = 0.

Consider any matching M t such that at least one country c′ gets a number of transplants

strictly lower than dtc′ , then rtc′(M
t) < 0, but then M t /∈ E t.

Proposition 2 (Individual Rationality). M∗t satisfies Individual rationality for all c ∈ C

and in every period t.
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Intertemporal remark: The period-wise individual rationality immediately yields the fol-

lowing dynamic implication. A country’s outside option in any period t is the same as

it was initially: run a domestic-only exchange. But the mechanism ensures individual

rationality, at every time period. So, if a country does not join, it misses out on any

cross-border cycles. Also, because your dynamic weighting increases for under-served

countries only when they are actually in the pool, leaving the system forfeits those future

weight boosts. Hence,

Corollary 2. (No Incentive for Mid-Game Defection): Once a country c is in the pro-

gram, it has no incentive to withdraw in a future period, because Xτ
c (M

∗τ ) ≥ Xτ
c (M

τ
Dis)

for any τ > t.

Now, we look at a coalition-level property captured by Definition 4. In many multi-

country exchange settings, intuitively, when more countries pool their donor–recipient

pairs, the set of feasible cross-border matches either stays the same or increases, never

diminishing the total number of transplants. The proposition below formalizes this mono-

tonicity (or super-additivity) property, showing that the grand coalition achieves at least

as many transplants as any collection of disjoint sub-coalitions could achieve on their own.

Consider a set C of countries participating in an International Kidney Paired Exchange

(IKPE) program. For each coalition Ai ⊆ N , X∗t(Ai) is the maximum total number of

transplants that coalition Ai can achieve when running the previously described algorithm

exclusively among its members (i.e. ignoring all countries not in Ai).

Proposition 3 (Monotonicity). Let A1 and A2 be any two disjoint subsets of the set of

countries C. Then the following monotonicity (or super-additivity) property holds: for

each t ≥ 1,

X∗t(A1 ∪ A2) ≥ X∗t(A1) + X∗t(A2),

So, merging two disjoint coalitions A1 and A2 never reduces the set of feasible cross-

border donor–recipient matches; indeed, each subset’s internal matches remain feasible,

and new inter-subset edges can strictly increase total matches. Consequently, no sub-

coalition can do better by splitting away from the grand coalition, ensuring that full

participation is weakly optimal in terms of total transplants. The preceding argument

immediately extends to multiple disjoint coalitions, as follows:

Corollary 3. (Super additivity) The above argument can be extended by induction to any

number of disjoint coalitions. For three disjoint coalitions A1, A2, A3, one can first merge

A1 and A2 (not losing value), then merge the result with A3, and so on. Formally, for

any partition of the player set into coalitions A1, A2, . . . , Ak (disjoint and covering C),

repeated application of the inequality gives:

Xt(A1 ∪ A2 ∪ · · · ∪ Ak) ≥ Xt(A1) +Xt(A2) + · · ·+Xt(Ak).
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But A1 ∪ · · · ∪Ak = N (the grand coalition). Therefore, for every partition of countries,

Xt(N) ≥
k∑

i=1

Xt(Ai) .

The super-additivity property provides a scalability guarantee for the mechanism: as

more countries join the exchange, the total number of transplants can only increase (or

remain unchanged in the worst case). This ensures that expanding participation in the

program cannot harm aggregate performance, reinforcing the appeal of the mechanism

as the basis for a growing supra-national exchange network.

Incentives and Hiding Pairs: Our mechanism does not eliminate incentives for coun-

tries to strategically withhold (especially easy-to-match in this setup) pairs before sub-

mission. This limitation is fundamental: Atlamaz and Klaus (2007) establish that with

additive preferences and only two agents, no allocation rule can simultaneously satisfy

Pareto efficiency and immunity to hiding-type endowment manipulation.6 Because the

effect of withholding depends on the realized global compatibility graph and that graph

is unknown until all countries submit, so the profitability of hiding is inherently unpre-

dictable ex ante.7 Full strategy-proofness would require sacrificing pareto efficiency or

adding external pool verification.

4.1 Long-run Convergence: Egalitarian Solution

Now, we analyze the long-term behavior of the proposed IKPE model under dynamic

weight adjustments. Given the stochastic nature of donor-recipient arrivals, we model

the system using a probability space and define the arrival process as a sequence of

random variables.

Our key result establishes that, under mild assumptions, the dynamic weighting mech-

anism ensures that no country remains persistently disadvantaged. Specifically, while

short-term fluctuations may cause some countries to receive fewer transplants than oth-

ers, the long-run cumulative transplant ratios of all countries converge to the same limit.

This fairness property follows from the periodic reweighting of edge priorities: when-

ever a country falls significantly behind, its transplant opportunities are gradually prior-

itized in future rounds. As a result, we prove that all countries’ cumulative gains become

arbitrarily close over an infinite horizon, ensuring equitable long-term outcomes.

6Related impossibilities appear in Sertel and Özkal-Sanver (2002), Postlewaite (1979); Ashlagi and
Roth (2014) document strategic withholding of pairs by hospitals in kidney exchange.

7A country hiding easy pairs might (i) lower its disagreement point dtc, inflating its KS ratio, or
(ii) remove edges that would have created cross-border cycles, reducing total matches. Which effect
dominates depends on the realized graph structure.
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We begin by formalizing the assumptions. Let Ω be a probability space, where each

ω ∈ Ω corresponds to a realization of donor-recipient arrivals across countries at a given

time period, and let µ be a measure on it. In each period t ∈ N, the newly arriving

donor-recipient pairs (across all countries) is realized from a random variable

Y t : Ω→ P

where P is the set of all possible “arrival profiles” (i.e., the configuration of new donor-

recipient pairs for every country). We assume:

Assumption 1. (i.i.d. or Stationary Distribution) The random variables {Y t}t∈N are

identically distributed according to µ. Equivalently, for every Borel-measurable set A ⊆ P,

Pr[Y t ∈ A] = µ(A), ∀ t.

Assumption 2 (Sufficient Cross-Compatibility). For each country c ∈ C there exists

a constant εc > 0 and a Borel set Ec ⊆ P, such that whenever Y t(ω) ∈ Ec for some

ω ∈ Ω, there is at least one feasible cross-border cycle (or set of cycles) that can yield an

additional transplant for country c, then

1. Uniform positive probability. For every period t ∈ N and every realised history

Ht−1 (i.e. the multiset of donor-recipient pairs left unmatched after period t− 1),

Pr
[
Y t ∈ Ec

∣∣ Ht−1

]
≥ εc.

2. Existence of a fairness-preserving augmenting cycle. Whenever Y t ∈ Ec,

let St be the compatibility graph obtained by adding Y t to the leftover pool Ht−1.

Then St contains at least one cycle Ct (or set of vertex-disjoint cycles) satisfying

(a) Benefit to c: Ct provides at least one additional transplant to country c.

(b) Fairness-safe cycle: Appending Ct (where Ct is vertex-disjoint from M) to

any matching M with minc r
t
c(M) = rt yields a matching M̃ with positive

max−min ratio; hence, max
M̃∈Ft

min
c∈C

rtc(M̃) ≥ 0.

Formally the rationale behind these assumptions are, on the subset of arrivals Ec, there

exists a set of Edges Mc ⊆ Et in the global compatibility graph (formed by new plus old

unmatched pairs) that would add at least one transplant for country c without decreasing

the minimum ratio below the maximum min-ratio matching. Because µ(Ec) > 0, such

“beneficial-for-c” arrivals occur infinitely often with positive probability over the infinite

horizon. In the presence of these assumptions, all countries’ total “fraction of potential
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improvement” eventually become arbitrarily close. The dynamic weighting ensures coun-

tries that lag behind are gradually favoured in subsequent matchings (provided there

are feasible edges for them). The strategy here is that the weights act as a mirror of

cumulative shortfalls: lower past ratios rtc generate larger increments (1 − rtc), raising

future selection priority. Coupled with a positive probability of fairness-safe opportuni-

ties, this produces infinitely many corrective events that eliminate cumulative disparities.

Formally,

Theorem 1. (Long-Term Cumulative Ratio Convergence) Under assumptions A1 and

A2, applying DAKSA with dynamic weight adjustment, the cumulative ratios {RT
c }c∈C

satisfy: for any pair of countries c and c′

lim
T→∞

max
c,c′∈C

∣∣∣RT
c −RT

c′

∣∣∣ = 0, almost surely,

where, RT
c =

∑T
t=0(X

t
c(M

∗t)− dtc)∑T
t=0(B

t
c − dtc)

Equivalently, the ratios {RT
c }c∈C converge to the same limit for all countries, implying

that no country remains persistently disadvantaged in the long run.

The theorem says short-run imbalances need not persist: while rtc and X t
c may fluctu-

ate, the cumulative KS ratios {RT
c } coalesce almost surely, so no country is permanently

disadvantaged. The statement concerns cumulative ratios (not per-period outcomes) un-

der mild conditions: stationary/i.i.d. arrivals and a positive probability of fairness-safe

augmenting cycles, and it accommodates carryover pools and bounded cycle lengths.

Design-wise, the dynamic reweighting acts as a self-correcting equity mechanism: coun-

tries that fall behind are endogenously prioritized later, supporting long-run participation

and program stability. The proof (Appendix §A.4) proceeds with a weight identity linking

wt
c to running KS ratios, a “mirror’ relation comparing weights across countries, inclusion

of fairness-safe cycles in any KS feasible maximum weight matching, and a probabilistic

convergence argument framed via a submartingale type drift and the (conditional) second

Borel-Cantelli lemma to guarantee infinitely many corrective events.

4.2 The Price of Fairness

We quantify the efficiency cost of implementing the outcome of the DAKSA algorithm

in each period t by comparing the utilitarian benchmark to the KS-selected outcome.

The index below measures, for each t, the relative shortfall in total transplants that is

attributable to the fairness constraint, and we then bound this loss in terms of the KS

ratios.

For each period t = 1, . . . , T let X t
max = maxMt∈Ft

∑
c∈C X t

c(M
t) denote the maximum
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number of transplants that could be performed in period t and X t
KS =

∑
c∈C X t

c(M
∗t),

the total number of transplants in period t according to the DAKSA solution.

Definition 5. Following Dickerson et al. (2014) we define the price of fairness in period

t as the relative loss of total transplants incurred by imposing our fairness constraint:

PoFt =
X t

max −X t
KS

X t
max

, 0 ≤ PoFt ≤ 1. (4)

We recall rt = maxMt∈Ft minc∈C rtc(M
t), and let r̂ t = minc∈C rtc(M

∗t) ≥ rt.

Proposition 4 (Period t efficiency loss). For every period t

PoFt ≤ 1−

∑
c∈C

dtc + r̂ t
∑
c∈C

(Bt
c − dtc)∑

c∈C

Bt
c

≤ 1− r̂ t ≤ 1− rt.

Proof. First we prove two simple lemmas.

Lemma 1 (Lower bound on the KS total). For every period t,

X t
KS ≥

∑
c∈C

[
dtc + r̂ t

(
Bt

c − dtc
)]
.

Proof. By definition of r̂ t, X t
c(M

∗t) ≥ dtc+r̂ t(Bt
c−dtc) for every c. Summing over countries

yields the claim.

Lemma 2 (Upper bound on the utilitarian total). For every period t,

X t
max ≤

∑
c∈C

Bt
c. (5)

Proof. No allocation can give a country more than its individual best Bt
c, hence the

inequality holds after summing across countries.

By Lemma 1 and Lemma 2 we get

X t
KS ≥ L and, X t

max ≤ U (6)

with L =
∑

c[d
t
c+ r̂ t(Bt

c−dtc)] and U =
∑

c B
t
c. Since PoFt = 1−X t

KS/X
t
max, substituting

X t
KS with L and X t

max with U we obtain the first inequality. Since∑
c

dtc + r̂ t
∑
c

(Bt
c − dtc) = r̂ t

∑
c

Bt
c + (1− r̂ t)

∑
c

dtc ≥ r̂ t
∑
c

Bt
c,

the middle inequality follows, and r̂ t ≥ rt gives the last inequality.
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5 Dual-Objective Fairness: Total and Hard-to-Match

From a policy point of view, it is not always enough to ensure fairness across countries

solely in terms of total transplants; one must also account for the allocation of trans-

plants to particularly disadvantaged patient groups. In kidney exchange, these are often

recipients with high Panel Reactive Antibody (PRA) levels, who are substantially harder

to match than others.8 To address this, we extend our framework to incorporate a dual

fairness objective covering both total transplants and hard-to-match transplants leading

to a modified procedure we call DAKSA-2.

Some recipients are hard-to-match because they have high panel reactive antibody (PRA)

levels; others are easy-to-match with low PRA. Following the clinical practice, we fix a

threshold τH ∈ (0, 1) (e.g., 80% ≡ 0.8) and call a recipient hard-to-match if PRA ≥ τH

and easy-to-match otherwise.9 This refinement is policy-relevant: it lets us evaluate

equity both in the overall counts of transplants and in the subset serving immunologically

disadvantaged patients.

Notation and benchmarks:

We assume that each country c ∈ C has lexicographic preferences: between two match-

ings, country c prefers the one that yields the highest number of transplants; and among

matchings that yield the same total number of transplants, c prefers the one that includes

the largest number of hard-to-match transplants. Let the matching MT be an optimal

matching for country c at time t when country c can only match pairs in its own national

pool. Let All definitions mirror those in the baseline model but now track both the total

and the hard-to-match components from the recipient’s side.

For each country c and period t, and for any matching M t:

• X t,T
c (M t): total number of recipients from c transplanted by M t.

• X t,H
c (M t): number of hard-to-match recipients from c transplanted by M t (PRA

≥ τH).

The domestic (standalone) and cooperative benchmarks are defined receiver-wise in the

same spirit as before, but with the hard-to-match counts taken from the corresponding

total-optimal solutions:

dt,Tc = max
Mt

c∈Ft
c

X t,T
c (M t

c), dt,Hc = max
{
X t,H

c (M t
c) : M

t
c ∈ arg max

Mt
c∈Ft

c

X t,T
c (M t

c)
}
,

8In kidney transplantation, the Panel Reactive Antibody (PRA) test is used to assess a potential
recipient’s level of sensitization to Human Leukocyte Antigens (HLA), which are expressed on most
human cells. A higher PRA value reflects a greater proportion of HLA antibodies in the patient’s blood,
thereby increasing the risk of graft rejection and reducing the likelihood of identifying a compatible donor
organ.

9Only the recipient ’s PRA determines the type; the donor side plays no role in the classification.
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Bt,T
c = max

Mt∈Ft
X t,T

c (M t), Bt,H
c = max

{
X t,H

c (M t) : M t ∈ arg max
Mt∈Ft

X t,T
c (M t)

}
.

Thus, dt,Tc is the maximum total number of transplants that country c can achieve do-

mestically, while dt,Hc is the maximum number of hard-to-match recipients served in a

total-optimal domestic matching. Specifically among the domestic matchings that maxi-

mize the total number of transplants each country selects those that maximize the number

of hard-to-match transplants that can be performed. Similarly, Bt,T
c is the maximum to-

tal number of transplants c can achieve under full cooperation, and Bt,H
c is the maximum

induced number of hard-to-match recipients in a cooperative total-optimal matching.

Remark 3. An alternative definition of the disagreement and best allocation benchmarks

would be obtained by the dual lexicographic order: first select the set of matchings that

maximize the number of hard-to-match transplants and then choose among them those

that maximize the total number of transplants.

For K ∈ {T,H}, define the period-t KS ratios

rt,Kc (M t) =


X t,K

c (M t)− dt,Kc
Bt,K

c − dt,Kc
, if Bt,K

c > dt,Kc ,

1 , if Bt,K
c = dt,Kc .

ForK ∈ {T,H}, rt,Kc (M t) = 0 corresponds to the domestic benchmark dt,Kc and rt,Kc (M t) =

1 corresponds to the cooperative best Bt,K
c ; the ratio measures the fraction of the “gains”

country c received at time period t from M t.

Now, we adapt Individual Rationality (IR) and Pareto Efficiency (PE) from section 3

to reflect both the total and the hard-to-match dimensions. The bi-criteria analogues of

Definition 2 and Definition 3 will be used to evaluate any period-t matching in this setup.

Definition 6 (Bi-criteria Individual Rationality). A matching M t is bi-criteria IR if, for

every c ∈ C,

X t,T
c (M t) ≥ dt,Tc and X t,H

c (M t) ≥ dt,Hc .

In other words, cooperation never hurts a country, not only in total transplants but also

in the number delivered to its hard-to-match recipients.

Definition 7 (Bi-criteria Pareto Efficiency). A matching M t is bi-criteria PE if there is

no M̃ t ∈ F t such that, for all c ∈ C,

X t,T
c (M̃ t) ≥ X t,T

c (M t) and X t,H
c (M̃ t) ≥ X t,H

c (M t),

with at least one strict inequality for some country.

No period-t reallocation can weakly improve both dimensions for all countries and strictly

improve one country in at least one dimension.
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Definition 6 guarantees that countries are never worse off in either metric when they

participate; the Definition 7 rules out reallocations that appear “efficient” on totals while

covertly reducing service to hard-to-match patients (or vice versa).

Algorithm DAKSA-2: bi-criteria KS screen + weighted tie-break

To accommodate the two objectives, we modify only the fairness screen (Step 1.t); the

tie-break and weight update remain as in DAKSA.

• Step 1.t (max−min−min KS screen). Define the period benchmark

r∗t = max
Mt∈Ft

min
{
min
c∈C

rt,Tc (M t)︸ ︷︷ ︸
overall KS ratio

, min
c∈C

rt,Hc (M t)︸ ︷︷ ︸
hard KS ratio

}
.

Let the KS-feasible set be

E t =
{
M t ∈ F t : min

c
rt,Tc (M t) ≥ r∗t and min

c
rt,Hc (M t) ≥ r∗t

}
.

• Step 2.t (weighted tie-break). Select

M∗t ∈ arg max
Mt∈Et

∑
(v,v′)∈Mt

wt(v, v′),

where wt(v, v′) = wt
c(v, v

′) if the recipient v′ belongs to country c.

The dynamic edge weight procedure remains unchanged. Initialize w1
c (v, v

′) = 1. For

t > 1,

wt
c(v, v

′) = wt−1
c (v, v′) +

(
1− rt−1

c (M∗ t−1)
)
,

where rt−1
c := min{rt−1,T

c , rt−1,H
c } computed as in the worst of the two components. Using

the worst component ratio in the weight update focuses priority on countries lagging in

either objective, while the bi-criteria KS screen ensures per-period feasibility on both

dimensions.

DAKSA-2 jointly detects fairness in total and hard-to-match dimensions (via the

max−min−min criterion) and then maximizes weighted efficiency between bi-criteria

feasible matches. The strengthened IR and PE ensure that participation protects coun-

tries on both metrics, while the dynamic weights continue to correct intertemporal im-

balances.

Having established the modified fairness criteria and selection rule, we now summarise

the procedure in pseudocode form. The following pseudocode (2) of the algorithm im-

plements the bi-criteria max−min−min screening stage, followed by the same weighted
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tie-break and dynamic edge weight update used in the single-objective case, but with the

weight increments driven by the worst of the two component ratios.

Algorithm 2 DAKSA-2: Dual-Objective

Require: Countries C = {1, . . . , n}; horizon T ; per-period graphs Gt = (V t, Et) (with carryover if
modeled); hard-type threshold τH ; initial weights w1

c (v, v
′) ≡ 1 for all edges whose recipient v′ is in

country c.
Ensure: A matching M∗t ∈ F t for each t.
1: For all c ∈ C, set r0,Tc ← 0, r0,Hc ← 0, and r0c ← 0.
2: for t = 1 to T do
3: Gt given or built from carryover ∪ new arrivals; recipient type is hard if and only if PRA(v′) ≥ τH
4: for each country c ∈ C do
5: Compute dt,Tc = maximum transplant in c’s standalone subgraph of Gt.
6: Compute dt,Hc = hard-to-match recipients count among dt,Tc

7: Compute Bt,T
c = maximum transplants for c under full cooperation (M ∈ F t)

8: Compute Bt,H
c = hard-to-match recipients count among Bt,T

c

9: end for
10: if t > 1 then ▷ Dynamic weight update (worst-component ratio)
11: for each edge (v→v′) ∈ Et with recipient v′ ∈ c do
12: wt

c(v, v
′)← wt−1

c (v, v′) +
(
1− rt−1

c

)
where rt−1

c := min{rt−1,T
c , rt−1,H

c }
13: end for
14: end if
15: Step 1.t: define

ρt,Kc (M) =


Xt,K

c (M)− dt,Kc

Bt,K
c − dt,Kc

, if Bt,K
c > dt,Kc ,

1, if Bt,K
c = dt,Kc ,

K ∈ {T,H}.

16: r∗t ← maxM∈Ft min
{
minc∈C ρt,Tc (M), minc∈C ρt,Hc (M)

}
17: Et ←

{
M ∈ F t : minc ρ

t,T
c (M) ≥ r∗t and minc ρ

t,H
c (M) ≥ r∗t

}
▷ bi-criteria KS-feasible set

18: Step 2.t: M∗t ∈ argmaxM∈Et

∑
(v,v′)∈M wt

c(v, v
′) ▷ v′ ∈ c

19: for each c ∈ C do ▷ Record realized component ratios for next update
20: Xt,T

c ← Xt,T
c (M∗t); Xt,H

c ← Xt,H
c (M∗t)

21: rt,Tc ←


Xt,T

c − dt,Tc

Bt,T
c − dt,Tc

, Bt,T
c > dt,Tc

1, Bt,T
c = dt,Tc

; rt,Hc ←


Xt,H

c − dt,Hc

Bt,H
c − dt,Hc

, Bt,H
c > dt,Hc

1, Bt,H
c = dt,Hc

22: rtc ← min{rt,Tc , rt,Hc } worst-component ratio for the next weight update
23: end for
24: end for

Per-period property : With Definition 7 and Definition 6 in hand, the period-t outcome

selected by the algorithm satisfies both criteria:

Proposition 5 (Bi-criteria IR and PE). For every period t, the matching M∗t selected by

the Algorithm 2 is (i) bi-criteria Individually Rational and (ii) bi-criteria Pareto efficient.

Each period’s outcome protects every country on both metrics (total and hard) relative

to going alone, and there is no alternative matching that weakly improves both metrics

for all countries while strictly improving at least one.

As in the baseline model, dynamic reweighting creates a corrective drift: countries that fall

behind in either dimension receive higher priority later. Under mild arrival conditions,
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this yields an egalitarian limit in cumulative terms for both totals and hard-to-match

recipients.

Theorem 2 (Long-Term Bi-Criteria Cumulative Ratio Convergence). Under assump-

tions A1 and A2, and with dynamic weights updated according to the worst-component

ratio rtc = min{rt,Tc , rt,Hc }, the DAKSA-2 satisfies

lim
T →∞

max
c,c′∈C

∣∣∣RT ,T
c −R

T ,T
c′

∣∣∣ = 0 almost surely, where RT ,T
c =

∑T
t=0

(
X t,T

c (M∗t)− dt,Tc
)∑T

t=0

(
Bt,T

c − dt,Tc
) .

Moreover,

lim
T →∞

max
c,c′∈C

∣∣∣RT ,H
c −RT ,H

c′

∣∣∣ = 0 almost surely, where RT ,H
c =

∑T
t=0

(
X t,H

c (M∗t)− dt,Hc
)∑T

t=0

(
Bt,H

c − dt,Hc
) .

Equivalently, the cumulative gain ratios converge to a common limit across all countries in

both dimensions (total and hard-to-match), ensuring that no country remains persistently

disadvantaged along either metric.

The statement concerns cumulative ratios R
T ,(·)
c (not period by period outcomes r

t,(·)
c )

and holds under stationary/i.i.d. arrivals plus a positive probability of fairness-safe aug-

menting cycles that preserve the bi-criteria KS constraint.

The argument follows the same martingale-type convergence strategy as in the single-

objective case (Theorem 1). A weight identity links wt
c to the running worst-component

ratios, and a mirror relation compares these across countries. Since the martingale differ-

ence sequence is now two-dimensional but uniformly bounded, we first apply the Azuma-

Hoeffding inequality to control deviations, and then invoke the conditional second Borel-

Cantelli lemma exactly as before to ensure infinitely many corrective events. This drift

toward lagging countries drives convergence in both dimensions.

Price of Fairness (PoF) analysis in Bi-criteria Setup:

The definition for Price of Fairness (Definition 5) depends only on the total utilitarian

optimum and the total realised count; these are unchanged by introducing the additional

fairness constraint.

Corollary 4 (PoF bound under DAKSA-2). With the same PoFt as in Definition 5, the

bound in Proposition 4 holds verbatim

PoFt ≤ 1−
∑

c d
t
c + r̂t

∑
c(B

t
c − dtc)∑

c B
t
c

≤ 1− r̂t ≤ 1− rt.

The intuition is identical to Proposition 4 because it only uses (i) a lower bound on

X t
KS via the realised min-ratio and (ii) the upper bound X t

max ≤
∑

c B
t
c. The extra hard-
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layer constraint only changes the value of the realised minimum ratio from the baseline

r̂ t
DAKSA to r̂ t = min{minc r

t
c,minc r

t,H
c }; the algebra of the bound remains identical and

yields PoFt ≤ 1− r̂ t. If one also tracks the hard-only price of fairness:

PoFH
t =

∑
c B

t,H
c −

∑
cX

t,H
c (M∗t)∑

c B
t,H
c

,

the same derivation using Bt,H
c , dt,Hc , X t,H

c (M) yields PoFH
t ≤ 1 − r̂ t. Since the two-

tier benchmark is obtained by solving the same optimisation problem as the one-tier

benchmark but with additional constraints, its feasible set is a subset of the one-tier

feasible set. As a result, the maximum attainable fairness ratio under the two-tier bench-

mark cannot be higher than under the one-tier benchmark. Nevertheless, our bound

keeps the same form PoFt ≤ 1 − r⋆ t (now with the two-tier r⋆ t), hence the qualitative

statement from earlier section “PoF is controlled by the slack 1 − r”, is preserved. Let

∆t
c := max{1 − rtc(M

∗t), 1 − rt,Hc (M∗t)} ∈ [0, 1] be country c’s composite shortfall at t.

Updating recipient-side weights by

wt+1
c (v, v′) = wt

c(v, v
′) + ∆t

c

strictly increases the relative priority of any country that underachieved in either metric.

As in the baseline analysis, this monotone rule ensures the realised minimum ratio r̂ t is

non-decreasing over time and bounded by 1; under the same mild regularity on arrivals

and feasibility used in the one-tier case, r̂ t → 1. By Corollary 4, PoFt ≤ 1 − r̂ t → 0.

Thus the two-tier rule inherits (a) the same per-period functional bound and (b) the

same long-run vanishing PoF guarantee. Because PoFH
t ≤ 1 − r̂ t as well, the worst-

case efficiency loss is controlled uniformly for the hard subpopulation and for the overall

population, matching the baseline qualitative message.

6 Simulation Results

In this section we show simulations that lie outside the formal model. They serve to

display the theoretical properties and to provide intuition on the speed and robustness

of convergence in practice.

Single-Objective Simulation Design (DAKSA): To evaluate the dynamic perfor-

mance of DAKSA, we create a synthetic international exchange environment that mirrors

the stylised facts outlined in section 3. For every country the generator produces a list

of incompatible donor-recipient pairs together with the ABO blood types of both donor

and patient as well as PRA details.10

10All experiments are implemented in a Jupyter notebook and rely on the open-source kidney-exchange
instance generator developed by Delorme et al. (2022).
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Each simulation covers a horizon of T = 100 periods. At t = 1, a total of 150 incompatible

donor-recipient pairs are randomly distributed across the three countries so as to create an

ex-ante imbalance in pool sizes. In every subsequent period, exactly 150 new incompatible

pairs arrive across the three countries. The data generator draws the blood type of each

donor’s and each patient’s independently according to the empirical worldwide frequency

vector.11 Unmatched pairs remain in the pool and, therefore, carry over to the next

period until they are transplanted.

At each period, we apply the two-step DAKSA procedure described in section 3: we

first maximise the minimum relative gain rtc across countries (step 1) and then select,

among KS-feasible matchings, a maximum-weight matching (step 2). Edge weights start

at w1
c (v, v

′) = 1 and are updated recursively through

wt+1
c (v, v′) = wt

c(v, v
′) +

(
1− rtc(M

t)
)
,

so that countries that perform poorly in one round obtain higher priority in subsequent

rounds. Consistent with clinical practice and the prevailing optimisation literature, feasi-

ble matchings are restricted to vertex-disjoint cycles of length at most three (no chains).

Dual-Objective Simulation Design (DAKSA-2): We replicate the same interna-

tional environment for the dual-objective setting, but with a smaller, stress-test inflow:

at each period t = 1, . . . , 100, exactly 60 new incompatible pairs arrive and are ran-

domly distributed across the three countries. To model the “hard-to-match” dimension,

we classify a fixed fraction of newly arriving recipients in each period as highly sensi-

tised (hs), defined by PRA (or cPRA) ≥ 80%; in the baseline we set this fraction to

30% of new arrivals, consistent with upper-range reported prevalence figures for highly

sensitised patients.12 As before, unmatched pairs carry over, feasible matchings are re-

stricted to vertex-disjoint cycles of length at most three (no chains), and we run the

algorithm period-by-period. The only change is the fairness screen: DAKSA-2 enforces

a bi-criteria max−min−min constraint on both the total and hs counts, and among the

bi-criteria-feasible matchings the algorithm selects a maximum-weight solution.

6.1 National gains and participation incentives

Figure 1a-1c (Green is Bt
c, Orange is dtc and Blue is the DAKSA output X t

c) report

period-by-period transplant counts for each country under DAKSA. For each country,

the trajectory rises steadily, indicating that all participating countries achieve strictly

The data generator is available at https://wpettersson.github.io/kidney-webapp/.
11(O,A,B,AB) = (0.47, 0.41, 0.09, 0.03)
12See, for example, Mamode et al. (2022); Hart et al. (2021); Erdogmus et al. (2022) on the use of

a cPRA≥ 80% threshold and the prevalence of highly sensitised recipients. Higher values approaching
30% are reported in some specific cohorts and programmes (See for example, here).
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positive gains relative to their autarky benchmark. At the aggregate level, Figure 1d

(Blue is
∑

c∈C X t
c and Orange is

∑
c∈C dtc) shows that total transplants increase sharply

over time. Thus, the fairness screen embedded in DAKSA does not reduce efficiency;

rather, it accompanies a substantial improvement in overall welfare, consistent with the

mechanism’s theoretical properties.13

(a) Country 1 (b) Country 2

(c) Country 3 (d) Total Efficiency gain

Figure 1: Match plots and Efficiency gain across countries.

6.2 Cumulative Convergence

Under DAKSA, Figure 2a reports the cumulative gain ratio Rt
c for each country. Al-

though the three lines do not coincide point-wise, they draw steadily closer as time pro-

gresses. To measure this convergence more sharply, Figure 2b shows in each period the

maximum vertical distance between any two of the Rt
c curves. The gap narrows monoton-

ically during the first forty periods and remains below 0.02 thereafter, indicating that the

mechanism quickly limits cross-country disparities. Under DAKSA-2 the cumulative

gain ratios for both total (Rt,T
c ) and hard-to-match (Rt,H

c ) recipients (Appendix subsub-

section A.7.2) display the same qualitative pattern as under DAKSA: the country-level

13The detailed country-level plots for DAKSA-2 are reported in Appendix subsubsection A.7.1; the
patterns are qualitatively identical to the single-objective case. The qualitative patterns closely parallel
those under DAKSA: all countries obtain sustained improvements relative to autarky, and the hard-to-
match subgroup benefits from explicit protection.
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trajectories steadily converge, and no country remains persistently disadvantaged along

either dimension.

(a) Cumulative Gain of the countries at each
time period

(b) Maximum difference between any two
points at each time period.

Figure 2: Plots of Cumulative Gain (RT
c ) under DAKSA

Robustness across replications: To assess sensitivity to stochastic variation in ar-

rivals, we repeat the 100-period experiment across multiple independent arrival streams.

In the single-objective case we run 45 independent replications, and in the dual-objective

case 50 replications, each with a fresh sequence of arrivals drawn from the same distri-

bution. All reported curves in this section are averages across these replications, which

stabilises the period-by-period statistics and allows meaningful inspection of convergence

patterns. The resulting plot Figure 3 shows that, in every replication, the maximum gap

in cumulative gain ratios contracts rapidly (to the order of 0.01 by 100th time period

here), consistent with the asymptotic equity guarantee in Theorem 1. The corresponding

DAKSA-2 robustness results are reported in Appendix subsubsection A.7.3 and display

the same pattern for both total and hard-to-match recipients.14

Figure 3: Average cumulative gain across 45 simulations. The convergence is consistent
with Theorem 1.

14We also simulate in Appendix subsubsection A.7.4 a similar environment but with unequal popula-
tions of donor-recipient pairs (approximately in the proportions 0.50, 0.35, and 0.15 among Country 1,
Country 2, and Country 3, respectively).
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6.3 Price of Fairness

To quantify the efficiency cost of enforcing per-period equity, we compare DAKSA with

an efficiency-first benchmark that maximises total number of transplants in each time

period. As shown in Figure 4, the two trajectories are almost indistinguishable: in the

vast majority of periods DAKSA attains the same total number of transplants as the

maximum-cardinality solution. When differences occur, they are typically of size one,

and never exceed two, over the 100-period horizon. Aggregating across all periods15, the

total number of transplants under DAKSA falls short of the unconstrained benchmark by

23 matches in this specific case, or roughly 0.76% reduction from the global max across

100 time periods.16

(a) PoF - Total Max vs DAKSA

(b) PoF - Difference of Total Max and DAKSA

Figure 4: Comparison of PoF metrics using Total Max and DAKSA

7 Conclusion

This paper developed a framework for International Kidney Paired Exchange that inte-

grates a Kalai-Smorodinsky fairness criterion with dynamic, feedback-driven edge weights.

In its baseline form (DAKSA), the algorithm guarantees per-period individual rationality

15Total number of transplants is 2876 for Total max and 2853 for DAKSA.
16Due to local computational constraints, we performed this particular analysis with a reduced number

of donor-recipient pairs: 60 incompatible pairs join the pool at each time period. All other settings remain
the same.

27



and Pareto efficiency, while super-additivity ensures scalability as more countries partici-

pate. We further established a long-run egalitarian property: cumulative gain ratios con-

verge across participants, preventing any country from being persistently disadvantaged.

A bound on the Price of Fairness characterizes the efficiency cost of these guarantees.

We then extended the framework to a dual-objective version (DAKSA-2) that simul-

taneously protects overall transplant numbers and access for hard-to-match recipients.

This extension preserves per-period fairness and efficiency while ensuring long-run con-

vergence in both dimensions. Simulation experiments with realistic arrival processes

confirm the theoretical predictions: national gains increase, disparities shrink over time,

hard-to-match patients benefit from explicit protection, and efficiency losses remain small

and stable. From a design perspective, the mechanism also ensures that once fairness

constraints are satisfied, all additional beneficial (e.g., national) cycles are incorporated,

while dynamic weights create a self-correcting priority system for lagging countries.

Future research can extend this framework along several dimensions. Strategic con-

siderations such as entry and exit incentives or selective reporting of pairs remain unex-

plored. Alternative fairness objectives, including severity-weighted or pediatric priorities,

could be embedded within the bargaining framework. Extending the model to incorpo-

rate chains and refining computational methods for large-scale deployment are further

promising directions. Together, these avenues will deepen our understanding of how fair-

ness and efficiency can be jointly sustained in large-scale international kidney exchange

programs.
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Benedek, M., Biró, P., Kern, W., Pálvölgyi, D., and Paulusma, D. (2025). Partitioned

matching games for international kidney exchange. Mathematical Programming, pages

1–36.

Benedek, M., Biró, P., Paulusma, D., and Ye, X. (2024). Computing balanced solutions

for large international kidney exchange schemes. Autonomous Agents and Multi-Agent

Systems, 38(1):1–41.
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A Appendix

A.1 Proof of Proposition 1

Proof. We prove that M∗t is Pareto efficient by contradiction. Suppose M∗t is not Pareto

efficient. Then, there exists some M̃ t ∈ F t such that M̃ t is a Pareto improvement over

M∗t. We show that this contradicts the two-step selection of M∗t.

Since X̃ t
c ≥ X t

cfor all c ∈ C, we have

rtc(M̃
t) =

X̃ t
c − dtc

Bt
c − dtc

≥ X t
c − dtc

Bt
c − dtc

= rtc(M
t).

Since X̃ t
c′ > X t

c′ for at least one c′ ∈ C, that country’s ratio strictly increases, rtc′(M̃
t) >

rtc′(M
t). Thus

min
c∈C

rtc(M̃
t) ≥ min

c∈C
rtc(M

t), with at least one c′ having rtc′(M̃
t) > rtc′(M

t).

Hence either

min
c∈C

rtc(M̃
t) > min

c∈C
rtc(M

t) or min
c∈C

rtc(M̃
t) = min

c∈C
rtc(M

∗t) but with at least one ratio strictly larger.

Hence the comparison of minimum ratios yields two possibilities:

• Case A: minc∈C rtc(M̃
t) > minc∈C rtc(M

∗t)

This contradicts Step 1.t of the algorithm: M t was chosen tomaximize minc∈C rtc(M
t).

So there can be no M̃ t ∈ F t that yields a strictly bigger min-ratio.

• Case B: minc∈C rtc(M̃
t) = minc∈C rtc(M

∗t)

In this case, M̃ t ∈ E t. However, by assumption, M̃ t guarantees a strictly higher

number of transplants to at least one country c′ and does not reduce transplants for

any other country. Therefore it follows:∑
(v,v′)∈M̃t

wt(v, v
′) >

∑
(v,v′)∈M∗t

wt(v, v
′).

which contradicts Step 2.t of the procedure.

Either way, M̃ t cannot exist. We have shown that any matching M̃ t that tries to Pareto-

improve upon M∗t leads to a contradiction with the model’s two-step procedure. Hence

M∗t cannot be Pareto dominated by any other matching.
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A.2 Proof of Proposition 2

Proof. Suppose, for contradiction, that the matching M∗t is not individually rational.

Then there exists a country c′ with

X t
c′ < dtc′

Hence

rtc′(M
∗t) < 0

because the numerator is negative and the denominator (Bt
c′ − dtc′) is non negative by

assumption.17 Consequently,

min
c∈C

rtc(M
∗t) ≤ rtc′(M

∗t) < 0.

For that matching, since for all c ∈ C, rtc(M
t
Dis) = 0, then rt(M t

Dis) = 0.

It follows that

min
c∈C

rtc(M
∗t) < 0 = min

c∈C
rtc(M

t
Dis).

But this contradicts the fact that M∗t maximizes minc∈C rtc in Step 1.t of the algorithm.

A.3 Proof of Proposition 3

Proof. For any coalition A ⊆ C let

rtA := max
M∈Ft(A)

min
c∈A

r t
c (M)

be the Kalai-Smorodinsky benchmark ratio when only the countries in A cooperate, and

let

E tA :=
{
M ∈ F t(A) : min

c∈A
r t
c (M) ≥ rtA

}
be the set selected after Step 1.t of the algorithm. For any matching M , W (M) :=∑

e∈M wt(e) for its total weight in period t. Because F t(A1) and F t(A2) are both subsets

of F t(A1 ∪ A2), maximising the minimum ratio over a larger index set can only reduce

(or leave unchanged) the optimum. Hence

rtA1∪A2
≤ min{ rtA1

, rtA2
}. (7)

Let M1 := M∗t(A1) and M2 := M∗t(A2). Because A1 and A2 share no patient-donor

pairs, the edge sets M1 and M2 are vertex-disjoint, so their union M12 := M1 ∪M2 is a

17This necessarily concerns a country with Bt
c′ > dtc′ , since when Bt

c = dtc, we set rtc = 1.
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matching in F t(A1 ∪ A2). For every country in A1 the ratio achieved under M12 equals

the ratio it already enjoyed in M1, and similarly for A2. Therefore

min
c∈A1∪A2

r t
c (M12) = min{ rtA1

, rtA2
}

(7)

≥ rtA1∪A2
.

Consequently M12 ∈ E tA1∪A2
it passes the Step 1.t fairness screen when the two coalitions

merge. Now, every transplant edge carries a strictly positive weight (initialised at 1 and

never decreased), so

W (M12) =
∑

e∈M12

wt(e) ≥ |M12| = X∗t(A1) +X∗t(A2).

Step 2.t of the algorithm, run on A1 ∪ A2, chooses

M∗t(A1 ∪ A2) = arg max
M∈Et

A1∪A2

W (M),

so it attains at least the total weight of M12 and therefore at least as many transplants:18

X∗t(A1 ∪ A2) =
∑

e∈M∗t(A1∪A2)

1 ≥ |M12| = X∗t(A1) +X∗t(A2).

A.4 Proof of Theorem 1

Proof. Let C be the finite set of countries, |C| = n ≥ 2. For each period t ∈ N:

• X t
c(M) - transplants country c receives under matching M .

• dtc - disagreement (stand-alone) number of transplants.

• Bt
c - period upper bound when all countries cooperate.

• rtc(M) :=
X t

c(M)− dtc
Bt

c − dtc
- period KS-ratio of c.

• M∗t - matching chosen by DAKSA.

• wt
c(e) - weight attached to edge e whose recipient is in c.

Weights evolve according to

w1
c (e) = 1, wt+1

c (e) = wt
c(e) +

(
1− rtc(M

∗t)
)
. (8)

18Summing the constant 1 over the edge set simply counts the edges, so
∑

e∈M 1 = |M |. Because
each transplant corresponds to one edge, the cardinality |M | equals the total number of transplants.
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Define the cumulative KS-ratio

RT
c :=

∑T
t=1

(
X t

c(M
∗t)− dtc

)∑T
t=1(B

t
c − dtc)

, T ≥ 1.

Denominators are positive and uniformly bounded above by D := maxc,t(B
t
c − dtc) <∞.

Lemma 3 (Closed-form weight identity). For every country c and period t ≥ 0, the total

weight on any edge incident to c satisfies

w t+1
c = (t+ 1)−

t∑
s=1

r s
c (M

∗s). (9)

Proof. Induction on t. Base t = 0 is w1
c = 1 = (0+ 1)− 0. If the formula holds at t, then

by the update rule (3)

wt+2
c =

[
(t+ 1)−

t∑
s=1

rsc
]
+
(
1− rt+1

c

)
= (t+ 2)−

t+1∑
s=1

rsc .

Lemma 4 (Weight-ratio mirror). For any c, c′ ∈ C and t ≥ 1

w t
c′ − w t

c =
t−1∑
s=1

(
r s
c − r s

c′

)
. (10)

Consequently, if R t−1
c ≥ R t−1

c′ + 1
D

then w t
c ≤ w t

c′.

Proof. Subtract the identities of Lemma 3 for c and c′ and drop the (t + 1) term. For

the implication, note that 1/D upper-bounds the denominators in R t−1
· . The detailed

derivations are as follows:

Lemma 3 tells us that for every country k and each t ≥ 1

wt
k = t−

t−1∑
s=1

rsk(M
∗s). (11)

Recall that the original identity is wt+1
k = (t + 1) −

∑t
s=1 r

s
k; re-indexing by replacing t

with t− 1 gives (Equation 11). Now subtracting the weights for c′ and c

wt
c′ − wt

c =
[
t−

t−1∑
s=1

rsc′
]
−

[
t−

t−1∑
s=1

rsc

]
=

t−1∑
s=1

(
rsc − rsc′

)
,

(12)
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which is exactly the identity Equation 12 claimed in the lemma. From a 1/D ratio lead

to a weight ordering: Write each cumulative KS-ratio at time t− 1 as

R t−1
k =

N t−1
k

D t−1
k

, N t−1
k :=

t−1∑
s=1

(
Xs

k − dsk
)
, D t−1

k :=
t−1∑
s=1

(
Bs

k − dsk
)
. (13)

Because every term Bs
k − dsk is bounded above by D, D t−1

k ≤ (t − 1)D for all k. Now

assume the stated gap in cumulative ratios:

R t−1
c ≥ R t−1

c′ +
1

D
.

Multiply by (t− 1)D (a common upper bound on the denominators):

(t− 1)DR t−1
c ≥ (t− 1)DR t−1

c′ + 1.

Since D t−1
k ≤ (t− 1)D, this implies that

N t−1
c ≥ N t−1

c′ + 1. (14)

But

N t−1
k =

t−1∑
s=1

rsk
(
Bs

k − dsk
)
≤ D

t−1∑
s=1

rsk, (15)

so dividing Equation 14 by D yields

t−1∑
s=1

rsc ≥
t−1∑
s=1

rsc′ +
1

D
. (16)

Now, plugging Equation 16 into the weight difference: Inserting Equation 16 into identity

Equation 12:

wt
c′ − wt

c =
t−1∑
s=1

(
rsc − rsc′

)
≥ 1

D
> 0.

Hence, wt
c ≤ wt

c′ , proving the second statement of the lemma.

Lemma 5 (Execution of helpful cycles). Fix t and let c be a country with Rt
c minimal

among all countries. If a cycle Ct satisfying Assumption 2(b) exists, then Ct is included

in every maximum-weight matching that meets the period-t KS constraint.

Proof. c is laggard, which means c has the lowest Rt
c. Because c is the laggard, R

t
c ≤ Rt

c′

for all c′ ̸= c. By Lemma 4 and the 1/D bound there is T such that for all t ≥ T we

also have wt
c ≥ wt

c′ for every c′ ̸= c. Adding Ct: (i) keeps the min KS-ratio feasible, and

(ii) adds strictly positive weight (at least one edge of weight wt
c). Therefore any feasible
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matching omitting Ct has strictly lower total weight, so Step 2.t selects a matching

containing Ct.

Lemma 6 (Infinitely many corrective cycles). For each country c, the event At(c) :=

{c is the laggard at t and a cycle Ct as in Lemma 5 exists} occurs infinitely often almost

surely.

Proof. When c is the laggard, Assumption 2(a)-(b) imply Pr
[
At(c) | Ht−1

]
≥ θc. The

conditional Borel-Cantelli lemma (Freedman (1975)) then guarantees At(c) i.o.

Proposition 6 (Two-country case). If |C| = 2 then |RT
1 −RT

2 |
a.s.−−→ 0 as T →∞.

Proof. Let ∆T := RT
1 − RT

2 and δ := 1/D > 0. Whenever At(1) (resp. At(2)) occurs,

Lemma 5 ensures that the algorithm gives country 1 (resp. 2) at least one extra trans-

plant, so |∆t| drops by at least δ. Lemma 6 guarantees such drops happen infinitely often,

hence |∆T | → 0.

Now, extending the same intuition to n-countries: we want to show that, under

Assumption 1 and Assumption 2,

max
c,c′∈C

|RT
c −RT

c′|
a.s.−−→ 0.

For this, let’s define the potential (ratio spread) ΦT := maxc R
T
c − minc R

T
c ≥ 0. Let

cmin(T ) be a country attaining the minimum at time T . Whenever At

(
cmin(t)

)
occurs,

Lemmas 5-6 imply Rcmin(t) jumps up by at least δ = 1/D, so Φt decreases by at least δ.

Because each country is the minimum infinitely often and each of such periods sees At(c)

with conditional probability θc > 0, the conditional Borel-Cantelli lemma ensures Φt is

reduced by δ infinitely many times. Being bounded below by 0, Φt must converge to 0

almost surely.

Equation 9 shows that weights are equal to a common additive trend minus the running

sum of KS ratios. If a country lags in ratios, its weights automatically increase relative to

countries with higher cumulative gains. Assumption 2 guarantees that helpful compati-

bility opportunities arrive often enough and Lemma 5 ensures that the algorithm always

takes advantage of them once the weight reversal occurs. Hence, the share of the country

with the lowest cumulative gain is absorbed and the maximum-min gap collapses.

A.5 Proof of Proposition 5

Proof. The proof follows similar strategy like the other proofs of Pareto Efficiency and

Individual Rationality.
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(IR): The disagreement matching in which each country c uses only its domestic pool

attains X t,T
c = dt,Tc and X t,H

c = dt,Hc for all c, hence minc r
t,T
c = 0 and minc r

t,H
c = 0 are

feasible. Therefore r∗t ≥ 0, and by Step 1.t every M ∈ E t satisfies minc r
t,K
c (M) ≥ r∗t ≥ 0

forK ∈ {T,H}. Unpacking the ratios yieldsX t,K
c (M) ≥ dt,Kc for all c andK, in particular

for M∗t.

(PE): Suppose, toward a contradiction, that there exists M̃ t ∈ F t such that for all c,

X t,T
c (M̃ t) ≥ X t,T

c (M∗t) and X t,H
c (M̃ t) ≥ X t,H

c (M∗t), with at least one strict inequality in

one component for some country. Then for K ∈ {T,H} we have rt,Kc (M̃ t) ≥ rt,Kc (M∗t)

for all c, and strict inequality for some c in at least one K. Hence, either the minimum

ratio in some component strictly increases (contradicting Step 1.t), or both component

wise minima are equal to r∗t and M̃ t ∈ E t while (because all edge weights are strictly pos-

itive and
∑

cX
t,T
c equals the number of transplant edges)

∑
e∈M̃t wt(e) >

∑
e∈M∗t wt(e),

contradicting the Step 2.t tie-break. Thus no such M̃ t exists.

A.6 Proof of Theorem 2

Proof. Let (Ω,F ,Pr) is a probability space. For each period t ∈ N, let Y t : Ω → P be

the arrival profile; the compatibility graph Gt is the measurable function of (carryovers,

Y t) defined in the model. Given (Gt, wt), the period-t selection rule (DAKSA-2) chooses

a measurable selector

M∗t ∈ arg max
M∈Et

∑
(v,v′)∈M

wt(v, v′),

where E t is the bi-criteria KS-feasible set. Weights update predictably via wt+1 = wt+∆t,

with ∆t a measurable function of (Gt,M∗t).

Define the natural filtration

Ht := σ
(
Y 1, . . . , Y t, M∗1, . . . ,M∗t), t ≥ 0, H0 := {∅,Ω}.

Then Gt, M∗t, ∆t, and wt+1 are Ht measurable, while wt is Ht−1 measurable (pre-

dictable).19 Under Assumption 1, {Y t} are i.i.d., so Y t+1 is independent of Ht for every

t.20

Lemma 7 (Weight–shortfall identity). Let rt,Kc := rt,Kc (M∗t), rtc := min{rt,Tc , rt,Hc }, and
∆t

c := 1− rtc ∈ [0, 1]. If w1
c ≡ 1 and wt+1

c = wt
c +∆t

c on recipient-side edges, then for all

t ≥ 1,

wt
c = 1 +

t−1∑
s=1

∆s
c and wt

c − wt
c′ =

t−1∑
s=1

(
∆s

c −∆s
c′

)
.

19This predictability is all we need to justify conditional expectations and martingale tools below.
20If argmax is set-valued, a measurable selector exists by the Kuratowski-Ryll-Nardzewski theorem;

see Aliprantis and Border (2006).
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Proof. Induction on t yields wt
c = 1 +

∑t−1
s=1 ∆

s
c. Subtract the identities for c and c′.

Lemma 8 (Fairness-safe augmentations are adopted). Fix t. If Y t ∈ Ec,K from As-

sumption 2 (read componentwise), then there exists a vertex-disjoint Cc,K
t that (i) yields

at least one additional K-type recipient for c and (ii) preserves bi-criteria KS feasibility

when appended to any M ∈ E t. Any maximizer of
∑

(v,v′)∈M wt(v, v′) over E t must include

Cc,K
t ; in particular M∗t includes Cc,K

t .

Proof. By Assumption 2, such Cc,K
t exists and is fairness-safe. Every edge in Cc,K

t targets

a recipient in c. Because DAKSA-2 assigns a country-uniform weight to all edges whose

recipient lies in c (they all start at 1 and receive the same additive increments ∆s
c each

period), we have wt
c(v, v

′) ≡ wt
c for all such edges. Let L := |Cc,K

t | ≥ 1. Then∑
(v,v′)∈Cc,K

t

wt
c(v, v

′) = Lwt
c ≥ wt

c > 0, (17)

where wt
c > 0 follows from w1

c ≡ 1 and ∆s
c ∈ [0, 1]. Vertex-disjointness ensures no edge of

M is removed, and fairness-safety guarantees M ∪ Cc,K
t ∈ E t. Formally, for any M ∈ E t

define M ′ := M ∪ Cc,K
t ∈ E t; then∑

(v,v′)∈M ′

wt(v, v′) =
∑

(v,v′)∈M

wt(v, v′) +
∑

(v,v′)∈Cc,K
t

wt
c(v, v

′) >
∑

(v,v′)∈M

wt(v, v′),

contradicting maximality if Cc,K
t ̸⊆M . Hence every maximizer must include Cc,K

t .

Lemma 9 (Linear frequency of fairness-safe opportunities). For each (c,K) there exists

εc,K > 0 such that, almost surely,

N∑
t=1

1{Y t ∈ Ec,K} ≥ 1
2
εc,K N for all sufficiently large N.

Proof. Let Ic,Kt := 1{Y t ∈ Ec,K}. Assumption 2 gives E[Ic,Kt | Ht−1] ≥ εc,K > 0 uniformly

in t. Define the bounded-difference martingale Sc,K
N :=

∑N
t=1

(
Ic,Kt −E[Ic,Kt | Ht−1]

)
with

|Sc,K
N − Sc,K

N−1| ≤ 1. By Azuma-Hoeffding (Azuma (1967), Hoeffding (1963)), Pr(Sc,K
N ≤

−x) ≤ exp(−2x2/N). Taking x = 1
2
εc,KN and applying a conditional Borel-Cantelli

(Freedman (1975)) yields the almost-sure linear lower bound21.

Lemma 10 (Denominator growth). If Pr(Bt,K
c − dt,Kc > 0) > 0 under Assumption 1,

then DK
c (T ) :=

∑T
t=1(B

t,K
c − dt,Kc ) satisfies DK

c (T ) = Θ(T ) almost surely.

21Azuma-Hoeffding supplies concentration uniformly conditional on Ht−1; Freedman’s conditional
Borel-Cantelli converts conditional expectations into a.s. linear occurrence.
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Proof. The sequence {Bt,K
c − dt,Kc } is i.i.d., nonnegative, and bounded (bounded cycle

length). By the Strong Law, DK
c (T )/T → E[B1,K

c − d1,Kc ] > 0 a.s.

For K ∈ {T,H} define

NK
c (T ) :=

T∑
t=1

(
X t,K

c (M∗t)− dt,Kc
)
, RT ,K

c :=
NK

c (T )
DK

c (T )
.

By Lemma 10, there exist constants 0 < mK ≤MK <∞ and a random T0(ω) such that

for all T ≥ T0 and all c,

mK T ≤ DK
c (T ) ≤ MK T . (18)

By Lemma 8, on every event {Y t ∈ Ec,K} the selected M∗t includes a fairness-safe

Cc,K
t , increasing NK

c by at least 1 and not decreasing any NK
c′ (vertex-disjointness and

feasibility). Define the directed shortfall

GK
c,c′(t) := max{0, NK

c′ (t)−NK
c (t)}.

When country c receives a corrective K-type augmentation at t, NK
c increases by at least

1, hence GK
c,c′ weakly decreases for every c′ and, whenever GK

c,c′(t
−) > 0, it drops by at

least 1. Thus, at such t,

NK
c −NK

c′ decreases by at least 1 for all c′ ̸= c. (19)

By Lemma 9, for each (c,K) the corrective event {Y t ∈ Ec,K} occurs with linear fre-

quency; by Lemma 10, each DK
c (T ) grows linearly a.s. Suppose, toward a contradiction,

that there exist c, c′ and η > 0 and an infinite subsequence {Tm} with RTm,K
c −RTm,K

c′ ≥ η.

Without loss, label the pair at time Tm so that ℓ is the leader and ι the laggard: RTm,K
ℓ −

RTm,K
ι ≥ η. Equivalently,

NK
ℓ (Tm)DK

ι (Tm)−NK
ι (Tm)DK

ℓ (Tm) ≥ η DK
ℓ (Tm)DK

ι (Tm). (20)

Using Equation 18, the right-hand side is bounded below by η m2
K T 2

m for all largem. Con-

sider the “potential” ΦK
ℓ,ι(t) := NK

ℓ (t)DK
ι (t)−NK

ι (t)DK
ℓ (t). When ι receives a corrective

K-type augmentation at period t, NK
ι increases by 1 while DK

ℓ and DK
ι are unchanged

at t, so ΦK
ℓ,ι decreases by exactly DK

ℓ (t). By Lemma 9, such events occur with linear

frequency, and by Equation 18 we have DK
ℓ (t) ≥ mK t eventually. Hence the cumulative

decrease in ΦK
ℓ,ι up to time T is at least cKT 2 for some cK > 0. But Equation 20 asserts

that ΦK
ℓ,ι(Tm) ≥ η m2

K T 2
m along the subsequence, while the preceding paragraph shows

that (due to the laggard’s linear stream of corrective events) ΦK
ℓ,ι must be driven down

by at least cKT 2
m along the same horizon. Choosing cK > ηm2

K/2 (possible by Lemma 9
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and Equation 18) yields a contradiction. Therefore, maxc,c′ |RT ,K
c − RT ,K

c′ | → 0 almost

surely. Then

NK
c (Tm)−NK

c′ (Tm) ≥ η DK
∗ (Tm), DK

∗ (T ) := min
d∈C

DK
d (T ) = Θ(T ),

which contradicts the linear cumulative reductions implied by Equation 19 and Lemma 9.

Hence,

lim
T →∞

max
c,c′∈C

∣∣RT ,K
c −RT ,K

c′

∣∣ = 0 a.s., for each K ∈ {T,H}.

Taking K = T and K = H yields the two displays in the theorem. Equivalently, cumu-

lative gain ratios equalize across countries in both dimensions22.

22By Lemma 7, the worst-component update ∆t
c = 1−min{rt,Tc , rt,Hc } induces persistent equity drift

toward any lagging component, aligning the tie-break with fairness-safe augmentations.
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A.7 Additional Plots

A.7.1 Country-Level Plots for DAKSA-2

Figure 5a-5f display period-by-period outcomes for both total and hard-to-match recipi-

ents. The qualitative patterns closely parallel those under DAKSA: all countries obtain

sustained improvements relative to autarky, and the hard-to-match subgroup benefits

from explicit protection.

(a) Country 1 - Hard-to-Match (b) Country 2 - Hard-to-Match (c) Country 3 - Hard-to-Match

(d) Country 1 - Total (e) Country 2 - Total (f) Country 3 - Total

Figure 5: Country-level matches under DAKSA-2, shown separately for hard-to-match
recipients (top row) and total recipients (bottom row). Blue line: realised matches X t

c;
orange: standalone benchmark dtc; green: cooperative best Bt

c.
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A.7.2 Cumulative-Convergence Plots for DAKSA-2

For completeness, we report the full set of cumulative-ratio and maximum-gap plots for

DAKSA-2. Figure 6a and Figure 6b track the cumulative gain ratios Rt,T
c and Rt,H

c

for each country. As in the single-objective case, both the total and hard-to-match

cumulative gain ratios converge across countries, and in each replication the maximum gap

shrinks rapidly over time. These patterns are consistent with the bi-criteria convergence

guarantee in Theorem 2.

(a) Cumulative ratios Rt,T
c (Total) (b) Cumulative ratios Rt,H

c (Hard-to-Match)

Figure 6: Cumulative gain ratios under DAKSA-2. Both total and hard-to-match dimen-
sions converge across countries, confirming long-run equity.

(a) Maximum gap across Rt,T
c (Total)

(b) Maximum gap across Rt,H
c (Hard-to-

Match)

Figure 7: Convergence of cumulative gain ratios under DAKSA-2. Dispersion shrinks
rapidly in both total and hard-to-match dimensions.
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A.7.3 Robustness Results for DAKSA-2

For completeness, we report the robustness results for DAKSA-2. Across 50 independent

arrival streams, both the total and hard-to-match cumulative gain ratios converge, and

the maximum gap between countries contracts steadily over time to the order of 0.005 by

the 100th time period. These patterns mirror those observed under DAKSA and provide

empirical support for the bi-criteria convergence guarantee in Theorem 2.

(a) Total (b) Hard-to-Match

Figure 8: Maximum difference of average cumulative gain ratios at each round under
DAKSA-2 after 50 rounds of simulations.
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A.7.4 Unequal Pool Size Simulation across Countries under DAKSA-2

In addition to the baseline specification with equal expected pool sizes, we also simulate

a variant with unequal populations of donor–recipient pairs across countries. Specifically,

new arrivals are assigned so that, in expectation, approximately 50%, 35%, and 15%

of pairs belong to Country 1, Country 2, and Country 3, respectively. The qualitative

patterns remain consistent with the main results discussed in the paper.

(a) Maximum gap across Rt,T
c (Total)

(b) Maximum gap across Rt,H
c (Hard-to-

Match)

Figure 9: Maximum difference of cumulative gain ratios (Rt
c) at each round under

DAKSA-2. Convergence of cumulative gain ratios under DAKSA-2. Dispersion shrinks
rapidly in both total and hard-to-match dimensions.

(a) Maximum gap across Rt,T
c (Total)

(b) Maximum gap across Rt,H
c (Hard-to-

Match)

Figure 10: Maximum difference of average cumulative gain ratios at each round under
DAKSA-2 after 50 rounds of simulations with unequal proportion of donor-recipient pairs.
Both total and hard-to-match dimensions converge across countries, confirming long-run
equity, consistent with Theorem 2.
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