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Abstract

In a typical model of private information and choice under uncertainty, a de-

cision maker observes a signal, updates her prior beliefs using Bayes rule, and

maximizes her expected utility. If the decision maker’s utility function sat-

isfies the single crossing property, and the information structure is ordered

according to the monotone likelihood ratio, then the comparative statics ex-

hibit monotonicity with respect to signals. We consider the restrictions placed

by this model of signal processing on state conditional stochastic choice data.

In particular, we show that this model rationalizes a state conditional stochas-

tic choice dataset if and only if the dataset itself is ordered according to the

monotone likelihood ratio. A straightforward application of the main result

shows the conditions under which the analyst can infer when one DM is more

informed than the other.
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In many models of choice under uncertainty, a decision maker (DM) is postulated

to have preferences over action-state pairs, where the state is unobserved by the DM.

The DM may have some private information, which is typically modeled as a mapping

from the set of states to a set of signal realizations. If the DM is Bayesian, following

a signal realization, she updates her prior beliefs using Bayes rule and the (known)

structure of private information, and chooses an action to maximize her expected

utility. Such models of signal processing are now commonplace in economics.

However, in an applied context, it is not always clear how such private information

comes about. Indeed, a private signal may purely be an object of subjective consid-

erations of the DM. If that is the case, the private signal would remain unobserved

by an econometrician who wishes to perform some empirical exercise based on such

a model. On the other hand, even if the private signal is “objective” in some sense,

the analyst may not have any information about how such a signal is acquired by the

DM, and therefore, it may still remain unobserved.

In an important contribution, Athey, 2002 establishes conditions under which the

comparative statics results in this setting exhibit monotonicity. In particular, if the

DM’s utility function satisfies the single crossing property (SCP) and the informa-

tion structure is ordered according to the maximum likelihood ratio (MLR), then the

DM’s choice exhibits monotone comparative statics1 (MCS) - that is, higher signal

realizations induce higher optimal actions.

The single crossing property is an ordinal generalization of the increasing dif-

ferences property2. Since it implies monotone comparative statics, and due to its

1Essentially, single crossing property states that if higher action is preferred in a given state,
then it must also be preferred at a higher state. If an information structure is MLR-ordered, then
under higher signal realizations higher states are more likely.

2A function u exhibits increasing differences in (x, θ) if, x′ > x and θ′ > θ imply u(x′, θ′) −
u(x, θ′) > u(x′, θ)− u(x, θ). Clearly, this is a cardinal property. See Topkis, 1998.

1



straightforward economic interpretation resting on strategic complementarity, the

SCP has turned out to be an extremely important tool for applications - both in

applied theory as well as in the empirical literature. For instance, in mechanism

design, single crossing property allows us to pin down optimal transfers. In applied

work, an intimately related property has been used to solve certain optimal taxation

problems (see Mirrlees, 1971). In IO entry models, single crossing property is often

invoked and facilitates equilibrium analysis. In labor economics, the single crossing

property is closely related to the so called Le Chatelier principle which helps char-

acterize comparative static results (see Dekel, Quah and Sinander, 2022 for a recent

work). The single crossing property also has some nice implications for preference

aggregation, which proves to be quite useful in applied work (see, for instance Gans

and Smart, 1996).

In this paper we ask, what restrictions does the single crossing property impose

on certain kinds of observable data? Often, available data - especially experimental

data - may take a stochastic form. The analyst may observe only some distribution(s)

over available actions and may not possess any knowledge of either the DM’s utility

function or her private information. It is therefore important to understand whether

the behavior of a Bayes rational agent imposes any restrictions on the stochastic data

observed by the analyst. Caplin and Martin, 2015 show that rationalizability by a

Bayes rational agent with access to some private information is equivalent to a single

condition. Here, we ask what if the single crossing and MLR-ordered information

structure impose any additional restrictions on top of those identified by Caplin and

Martin, 2015. The importance of this question is illustrated by the aforementioned

examples. Since the SCP has proven to be such an important property, it seems

worthwhile to see if it imposes meaningful testable restrictions on observable data.
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Athey’s results suggest that the stochastic data should exhibit certain kind of

monotonicity. If (i) the DM’s utility function is single crossing; and (ii) private

information structure is MLR-ordered, then we know from Athey, 2002 that (iii) the

comparative statics are monotone. How does (i)− (iii) affect the data? In our setup,

neither the utility function nor the private information structure is observed. Only

a set of conditional distributions over actions are observed. If (ii) holds, then higher

states lead to higher signal realizations more often - or with higher likelihood. If (i)

holds as well, then (iii) is true, and so higher signals would lead directly to higher

actions. One can expect this to be exhibited in data: since higher signals are more

likely, and they lead to higher actions, we would expect higher actions to be more

likely at higher states. This monotonicity translates into the data itself being MLR-

ordered - that is, higher actions have higher relative probabilities at higher states.

Proposition 1 shows that this intuition holds for the binary case. In fact, we establish

something much stronger for the binary case. We show that this condition is not

only both necessary and sufficient for rationalization by an SCP utility function, but

such data can only be rationalized by a utility function satisfying the single crossing

property. Furthermore, the main result of the paper shows that for any finite number

of states, the MLR condition is both necessary and sufficient for rationalizability by

a single crossing utility and an MLR ordered information structure.

The MLR condition is a rather strong restriction, and it should be stressed that

what is actually being tested is not simply the hypothesis of a single crossing utility,

but the joint hypothesis of a single crossing utility and an MLR-ordered information

structure. The main conjecture is therefore that rationalizability by a single cross-

ing utility function and MLR-ordered information structure is equivalent to a single

condition, which requires the data to be MLR-ordered. Although the proof for the
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general case does suggest a test for the single crossing property alone, we believe that

a test for the joint hypothesis is more attractive in light of Athey’s results.

The main result suggests an interesting application. Because an MLR ordered

dataset implies that that analyst may tentatively accept the hypothesis of a DM

with single crossing utility and MLR ordered information. The Lehmann order ranks

information structures based on their information content. In particular, one MLR-

ordered information structure is Lehmann higher than the other if and only if, for

every single crossing utility function, it yields a higher ex-ante expected utility. It

is shown that, if two datasets are Lehmann ordered, then so are the information

structures that rationalize them. This would allow the analyst to conclude that the

DM to which the former dataset corresponds is in some sense revealed to be more

informed. That is, the result allows an analyst to perform inference on how informed

DMs just from choice data.

Related literature. Our paper tries to answer a question similar to ones asked

within the literature on revealed preference theory, although the dataset we consider

is quite different from finite data typically considered in classical revealed preference

theory. Green and Osband, 1991, Green and Srivastava, 1986, Echenique and Saito,

2015, Bayer et al., 2013 are prominent examples of classical revealed preference theory

for expected utility. However, this set of papers considers a much richer setting.

They focus primarily on consumption or asset demand, while none explicitly feature

information processing or consider the single crossing property. Caplin and Martin,

2015, Doval and Eilat, 2023, Rehbeck, 2023 consider stochastic datasets and consider

rationalizability by a Bayesian DM. The latter two consider rationalizability when

the analyst only observes marginal distribution(s) over actions, but knows the DM’s

utility function. Our paper can thus be thought of as imposing particular shape
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restrictions in the setting of Caplin and Martin, 2015. Lazzati, Quah and Shirai,

2018 consider similar shape restrictions, but they prove a rationalizability theorem

with finite data, where the variation in data comes from “budgets” of actions. With

finite data, they show that single crossing is indistinguishable from a weaker property

developed by Quah and Strulovici, 2009 - called interval dominance property. They

also derive similar results for cross-sectional datasets and Bayesian games.

Apesteguia, Ballester and Lu, 2017 posits a single crossing random utility model,

dubbed SCRUM. The primary difference between that paper and ours is contextual:

they deal with stochastic choice - there is a set of preferences with a probability

measure defined on them that needs to be recovered. Here, the preferences are not

stochastic - only the data is - and one is interested in the existence of some preference

and information structure consistent with the given data. Put another way, while the

structure of the dataset available to the analyst is somewhat similar across these two

groups of papers, the postulated data generating process is different.

The next section presents the model, characterizes the dataset available to the

analyst, and defines the corresponding notion of rationalizability. Section 2 presents

the main result for the binary case - where the single crossing is indistinguishable

from Bayesian expected utility maximization. Section 3 presents an example, and

the two sections that follow establish necessity and sufficiency, respectively, for the

general case. Section 6 shows how the main result can be used to perform inference on

relative “informedness” of DMs, and the final section presents concluding discussion.
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1 The Model

We begin this section with the canonical model of a Bayesian decision maker with

access to some information structure. The implications of the single crossing property

on monotone comparative statics are then presented. This is the model that the

analyst wishes to test. The second subsection delineates the dataset that the analyst

has access to, and the corresponding notions of rationalizability we are concerned

with in this paper.

1.1 Preliminaries

Let Θ be a finite set of states and let A be a finite set of actions, with |A| ≥ |Θ|.

Typical elements of these sets are denoted by θ and a, respectively. Suppose that both

Θ and A are (strictly) ordered according to some exogenously given binary relations

>Θ, >A.
3 To avoid notational clutter, in what follows, the subscripts are suppressed

and the symbol > is used to denote both the orderings. A decision maker (DM)

wants to choose an action a ∈ A without observing the state so as to maximize her

expectation of her utility function u : A×Θ → R over states.

Let S be some set of signal realizations, with |S| ≥ |Θ|. Let S be ordered by

some fixed binary relation >S as well. An information structure is a collection I ≡

{µ(·|θ)}θ∈Θ ⊂ ∆(S). That is, each state induces a distribution over signal realizations.

Let µ0 be the prior distribution over Θ4. The decision maker is said to be Bayesian if

3In particular, >Θ, >A are assumed to be strict linear orders. That is, they are complete,
transitive, and contain no “equalities”. While the results on which this paper builds are given for
partial orders, we restrict attention to linear orders for brevity. Presence of unordered alterna-
tives/states/signals does not affect the results reported here.

4To avoid unnecessary complications in the exposition, we assume that µ0(θ) > 0 for each θ ∈ Θ.
This is without loss of generality since, if any state θ has a 0 probability, we can just drop that state
and restrict attention to the set of states Θ/{θ} instead. For revealed preference exercises, any such
state is irrelevant.
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she obtains a signal realization s ∈ S, forms a belief µ(·|s) ∈ ∆(Θ) using Bayes rule,

and chooses an action a∗(s) ∈ argmaxA Eµ(·|s)[u(a, θ)].

Each signal realization s ∈ S induces a posterior distribution µ(·|s) ∈ ∆(Θ). That

is, if the signal realization observed by the DM is s ∈ S, then updating the prior belief

using Bayes rule leads to the posterior distribution µ(·|s) ∈ ∆(Θ). Thus, ex-ante, the

probability of distribution µ(·|s) being induced is simply the probability of signal s

being observed, that is
∑

θ∈Θ µ0(θ)µ(s|θ). It is well known, at least since Blackwell,

1951, that there is a bijection between an information structure and the distribution

over posteriors induced by it. Therefore, the information structure can equivalently

be represented as a mapping π : Θ → ∆(∆(Θ)). Going forward, both these rep-

resentations shall be employed interchangeably. When the latter representation is

employed, π(γ|θ) will be used to denote the probability placed by the information

structure on posterior belief γ in state θ.

One is often interested in conditions under which higher signal realizations trans-

late to higher action choices by the DM - this refers to monotone comparative statics

(MCS). That is, a Bayesian DM exhibits monotone comparative statics if,5

s′ > s ⇒ argmax
a∈A

Eµ(·|s′)[u(a, θ)] ≥ argmax
a∈A

Eµ(·|s)[u(a, θ)]. (1)

Athey, 2002 provides conditions on u and I under which monotone comparative

statics (MCS) are obtained in this model. Some additional definitions are needed

before Athey’s result can be stated.

5However, the above definition of MCS is applicable only when there is always a unique optimal
choice - which may not always be the case. In case of multiple solutions, sets of solutions are ordered
using the strong set order relation ≥sso. In particular, given two sets K1,K2, say that K1 >sso K2

if and only if for any x′ ∈ K1, x ∈ K2, max{x, x′} ∈ K1 and min{x, x′} ∈ K2. Note that, when K1

and K2 are singletons, this relation reduces to x′ ≥ x.
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Definition 1. A utility function u : A×Θ → R satisfies strict single crossing property

(SCP) in (a, θ) if,6 for states θ′′ > θ′ and actions a′′ > a′,

u(a′′, θ′) ≥ u(a′, θ′) ⇒ u(a′′, θ′′) ≥ u(a′, θ′′), and

u(a′′, θ′) > u(a′, θ′) ⇒ u(a′′, θ′′) > u(a′, θ′′).

The single crossing property says that if, for a given state a higher action is

preferred, then the higher action must be preferred at higher states as well.

Given two densities λ and ν over some set S ⊂ R, λ is said to dominate ν in the

MLR-order if λ(s)
ν(s)

is increasing in s ∈ S. Often, λ is called an MLR shift of ν. The

notion of MLR-shift is used to formalize the idea that higher states are more likely

under λ. It extends naturally to a family of conditional distributions:

Definition 2. A collection of conditional probability distributions {ν(·|s)} ⊂ ∆(Θ) is

said to be (strictly) MLR-ordered if, for any s, s′ ∈ S, θ, θ′ ∈ Θ such that, s′ > s and

θ′ > θ,

ν(θ′|s′)
ν(θ|s′)

(>) ≥ ν(θ′|s)
ν(θ|s)

An information structure I is said to be MLR-ordered if {µ(·|θ)}θ∈Θ is MLR-ordered.

So, if a collection of distributions over states conditional on signals is MLR-

ordered, then, at higher signals, higher states are more likely. If the above inequality

holds for all θ < θ′ and s < s′, write ν(·|s′) ⪰MLR ν(·|s).7

6The SCP is an ordinal generalization of increasing differences. However, while the property of
increasing differences is symmetric, SCP is not. That is, if u satisfies SCP in (a, θ), it need not, in
general, be the case that u(a′, θ′′) > u(a′, θ′) ⇒ u(a′′, θ′′) > u(a′′, θ′).

7Note that, ν(·|s′) ≻MLR ν(·|s) if and only if ν(·|θ′) ≻MLR ν(·|θ), where ν(·|θ) is the distribution
over signals conditional over states corresponding to ν(·|s).
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We call a Bayesian DM with a single crossing utility function and an MLR-

ordered information structure aMonontone Bayesian Expected Utility Decision Maker

(MBEU-DM). Among other things, Athey, 2002 shows that together, the two prop-

erties of SCP utility and MLR-ordered information imply monotone comparative

statics. One version of the result is stated below.

Theorem. (Athey, 2002, Theorem 2) Let Θ, A be partially ordered sets. Con-

sider a DM characterized by u with access to some MLR-ordered information structure

I. If u satisfies the single crossing property, then the DM exhibits monotone compar-

ative statics.8

Thus single crossing property imposes straightforward testable implications on

observed choice - if the analyst observes the DM’s private information. The main

contribution of the present paper is to show that, even if private information is un-

observed, restrictions are nevertheless imposed on certain kind of datasets.

1.2 Data and rationalizability

Without any knowledge of the utility function or the information structure available

to the agent, the analyst wants to test for the single crossing property (and that the

DM’s private information is MLR-ordered). The primary objective of this paper is

thus to determine what restrictions are placed by single crossing utility on stochastic

8In fact, Athey, 2002 shows something much stronger: (i) MCS obtains for every single crossing
utility if and only if the information structure is MLR-ordered and (ii) MCS obtains for every MLR-
ordered information structure if and only if the utility is single crossing. That is, together, the two
conditions form a minimal pair of sufficient conditions for MCS - neither of the two can be weakened
any further. However, it must be noted that in the class of models considered in Athey, 2002, the
set of available actions is not fixed, but changes with the parameter (in accordance with the strong
set order). If the constraint set is taken to be fixed, Quah and Strulovici, 2009 show that single
crossing can be further weakened to a property they call interval dominance.
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choice data, if any. This paper attempts to answer this question in the context of

“ideal” datasets, defined below.

Definition 3. A dataset is a collection of conditional distributions over actions - one

for each state. That is, the available data takes the form q ≡ {q(·|θ)}θ∈Θ ⊂ ∆(A).

In the terminology prevalent in revealed preference literature, this is somewhat

akin to the case of complete observability. The dataset is complete in the sense that

the analyst observes conditional distributions over actions for each state. Therefore,

the issue of unobserved counterfactuals is side-stepped. 9

In what follows, it will be assumed that the analyst knows the set of possible

states Θ, the set of actions, A, the prior µ0, and stochastic choice data q. Thus,

the tuple D ≡ ⟨A,Θ, µ0, q⟩ denotes the observables available to the analyst.10 This

corresponds to the setting considered by Caplin and Martin, 2015. There it is shown

that the existence of a rationalizing utility function and an information structure is

equivalent to a single condition on D. Our paper investigates whether the single

crossing property imposes further conditions on D.

Note, however, that it is possible that the DM optimally mixes between different

actions. To that end, rationalizing the observed data also requires a choice rule

C : ∆(Θ) → ∆(A), mapping posterior beliefs into distributions over actions. Let

C(a|γ) denote the probability on action a placed by the choice rule when the induced

posterior is γ. Thus, an MBEU-DM is characterized by a tuple ⟨u, I, C⟩, where u is

a strict single crossing utility function, I is an MLR-ordered information structure,

and C is a choice rule.

9However, this terminology has traditionally been only used to characterize deterministic
datasets. In a deterministic environment, the integrability theorem is an instance of complete ob-
servability, while Afriat’s theorem is an instance of partial observability. Cf footnote 3.

10It is also being assumed that the (exogenously given) orders over the sets A,Θ, and S are known
to the analyst.
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We say that the data D is rationalized by an MBEU-DM - represented by ⟨u, I, C⟩

- if the distribution over actions induced by the optimal behavior of the DM char-

acterized by the tuple is exactly q. The following definition makes this notion of

rationalizability precise,

Definition 4. A collection of observables D ≡ ⟨A,Θ, µ0, q⟩ is MBEU - rationalizable

if there exists a tuple ⟨u, I, C⟩ such that the following hold

1. Monotonicity: u : A × Θ → R is a strict single crossing utility function and I

is MLR-ordered.

2. Bayes plausibility: The mapping π : θ → ∆(∆(Θ)), induced by the information

structure I, is Bayes plausible:

for every γ ∈ ∆(Θ) such that π(γ|θ′) > 0 for some θ′,

γ(θ) =
µ0(θ)π(γ|θ)∑
θ′ µ0(θ′)π(γ|θ′)

3. Consistency: q(a|θ) =
∑

γ∈supp(π)

π(γ|θ)C(a|γ)

4. Optimality: For all γ ∈ supp(π), and a ∈ A such that C(a|γ) > 0,

∑
θ∈Θ

γ(θ)u(a, θ) ≥
∑
θ∈Θ

γ(θ)u(b, θ), for every b ∈ A

where the inequality holds strictly for at least one action b.

The third condition demands that the observed data must in fact be induced by

the choice behavior of the DM, while the fourth condition demands that the choice

behavior be optimal. In certain degenerate cases with multiple optimal choices, it is
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possible that the choice rule does not select an otherwise optimal action. This may

result in misleading inference. To address this issue, we assume that each optimal

action is taken with some positive probability.

Assumption 1. If C is a choice rule corresponding to a DM with utility function u,

then for each γ ∈ supp(π), C(a|γ) > 0 if and only if a ∈ argmax {Eγ[u(a, θ)]}

While strong, the assumption is in line with the present context of complete

observability. We now state the main result of the paper:

Theorem 1. Consider a dataset D = ⟨A,Θ, µ0, q⟩.

1. If Assumption 1 holds and D corresponds to an MBEU-DM, then q(·|θ)θ∈Θ is

MLR-ordered.

2. If q(·|θ)θ∈Θ is MLR-ordered, then D is MBEU-rationalizable.

2 Binary-state, binary-action case

In the two-states case, the single crossing property does not add any additional re-

strictions on top of those implied by expected utility maximization. Let there be

two states and two actions so that Θ = {θ1, θ2}, A = {a1, a2}, a1 < a2 and θ1 < θ2,

and let the prior be µ0 = Pr(θ = θ1). The utility function is characterized by

four numbers u(ai, θj), i, j = 1, 2. The SCP is violated in this case if (and only

if) u(a1, θ1) ≤ u(a2, θ1) and u(a1, θ2) > u(a2, θ2). Denote the points in the dataset

q(ai|θj) as qij - so that subscripts correspond to states and the superscripts corre-

spond to actions. Similarly, denote the utility u(ai, θj) by ui
j. Note that any dataset

in this case is characterized by two numbers: q(a1|θ1) ≡ q11, q(a1|θ2) ≡ q12. From
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these, we can compute q21 = 1− q11 and q22 = 1− q12. The MBEU hypothesis then has

a straightforward test as demonstrated in the following lemma.

Proposition 1. Suppose that the data is characterized by (q11, q
1
2). The dataset is

MBEU-rationalizable if and only if the data is MLR-ordered11.

Proof. See Appendix B.

Thus, in the binary case, the MLR property alone is both necessary and sufficient

for there to exist an MBEU-rationalization. The above result suggests a straight-

forward test of the SCP. Indeed, if the data is not MLR-ordered, then no BEU-

rationalization of the data can satisfy the single crossing property. On the contrary,

if the data is MLR-ordered, then there exists a BEU-rationalization that satisfies the

SCP. The proof also exhibits something much stronger. It turns out that, in the bi-

nary case, an MLR-ordered dataset can be rationalized only by an MBEU-DM. That

is, if there is an information structure and a utility function that rationalizes the data,

then the information structure must be MLR-ordered and the utility function must

be single crossing. This result is stated below as a corollary.

Corollary 2. When there are only two states, and the data is MLR-ordered, data is

rationalized only by single crossing utility functions.

The result says that, in 2 action, 2 state case, Bayesian expected utility hypothesis

is indistinguishable from single crossing property. Put another way, the single cross-

ing property puts no additional restricitions on the expected utility theory. These

restrictions on From an empirical perspective, this result is crucial, since many econo-

metric application of single crossing property involve binary states (for instance, entry

11In general, MLR property implies first order stochastic dominance. However, under the two
statess case, MLR property is equivalent to the property of first order stochastic dominance. More-
over, in the above context, the dataset is MLR ordered if and only if q11 > q12 .13



games). The next sections establish that Proposition 1 holds in the general case as

well.

3 An Example

Let there be three equi-likely states θ1 < θ2 < θ3 and three available actions a1 <

a2 < a3. Consider the utility function and an information structure with three signal

realizations l < m < h given in tables 1 and 2 respectively.
Table 1: u(a, θ)

a1 a2 a3

θ1 5 -1 2

θ2 -1 5 -1

θ3 0 -1 5

Table 2: I ≡ {µ(s|θ)}

l m h

θ1 2/3 1/6 1/6

θ2 1/4 1/2 1/4

θ3 1/6 1/6 2/3

The function u exhibits two violations of the single crossing property in (a, θ): (1)

u(a2, θ1) < u(a3, θ1), u(a2, θ2) > u(a3, θ2), and (2) u(a1, θ2) < u(a2, θ2), u(a1, θ3) >

u(a2, θ3).

Given the information structure, the distributions induced by the signals l,m, and

h are (8/13, 3/13, 2/13), (2/10, 6/10, 2/10), and (2/13, 3/13, 8/13) respectively. These

distributions are, in turn, induced with probabilities 13/36, 10/36, 13/36 respectively.

The optimal actions are a∗(l) = a1, a
∗(m) = a2, a

∗(h) = a3. Thus, the induced

state-conditional distributions over actions are,

µ(·|θ1) = (2/3, 1/6, 1/6)

µ(·|θ2) = (1/4, 1/2, 1/4) (2)

µ(·|θ3) = (1/6, 1/6, 2/3)
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Table 3: A u(a, θ) satisfying the SCP

l m h
θ1 5 3 1
θ2 3 5 -1
θ3 -1 1 10

In the present context, the stochastic data available to the analyst takes the form

of equation 2. The question this paper poses is, under what conditions on {µ(·|θ)}θ∈Θ,

does there exist an information structure, an SCP utility function, and a choice rule12

consistent with the former in the sense of definition 4.

Note, however, that the above utility function may be changed to a best-response

equivalent utility function which has no violations of the SCP. One such utility func-

tion is depicted in table 3 below.

4 Proof of Necessity

For the rest of this section, let u be a single crossing utility function, I be an MLR-

ordered information structure, π ∈ ∆(∆(Θ)) be the distribution over posteriors in-

duced by it, and C : supp(π) → ∆(A) be a choice rule. Thus, the tuple ⟨u, I, C⟩

corresponds to an MBEU-DM.

Since I is MLR-ordered and u is single crossing, MCS must hold. For any

γ ∈ supp(π), define the support of C(γ) as supp(C(γ)) := {a ∈ A|C(a|γ) > 0}.

Rationality requires that each action in the support of the choice rule must be opti-

mal. Therefore, under Assumption 1, the support must exactly be the solution set

to the DM’s maximization problem. MCS then requires that the solution must be

ordered by the strong set order. The following establishes this argument formally.

12Indeed, the choice rule may be degenerate, mapping posteriors into Dirac measures over actions.
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Lemma 1. If γ, γ′ are two posteriors induced by I such that γ′ ≻MLR γ, then

supp(C(γ′)) ≥sso supp(C(γ)).

Proof. Since u is single crossing and I is MLR-ordered, MCS holds by Theorem 1.1.

Since γ′, γ are induced by I, if γ′ ≻MLR γ it must be the case that s′ > s, where s′

and s are signal realizations corresponding to γ′ and γ respectively. But by MCS,

this implies argmaxEγ′ [u] ≥sso argmaxEγ[u]. Since C is a choice rule, for any belief

λ and action a ∈ A, C(a|λ) > 0 only if a ∈ argmaxEλ[u]. Hence, it must be that

supp(C(γ′)) ≥sso supp(C(γ)).

Suppose, for now, that the choice rule is degenerate at each belief. That is, for

each γ ∈ supp(π), C(γ) = δa for some a. By Lemma 1, C is increasing in the

sense that if γ′ ≻MLR γ, C(γ′) = δa′ , and C(γ) = δa, then a′ ≥ a. For each

a ∈ A, define Γ(a) := {γ ∈ supp(π)|C(γ) = δa}. That is, Γ(a) is the set of all

posteriors at which a is optimal. Then, the probability of observing action a in

state θ is given by q̃(a|θ) :=
∑

γ∈supp(π) π(γ|θ)C(a|γ) =
∑

γ∈Γ(a) π(γ|θ). Obviously,

data matching requires that q̃(a|θ) coincides with the observed data. Finally, let

Â := {a ∈ A|∃γ ∈ supp(π) such that C(γ) = δa} - so that Â is the set of actions

which are optimal for some posterior. Put another way, Â is the set of actions that

may be (optimally) chosen by the DM.

Lemmata 2 and 3 establish the consequences of monotone comparative statics on

observed data for the general case. MCS says that, given a single crossing utility

function and an MLR-ordered information structure, higher signals induce rational

agents to take higher actions. Since the data is MLR-ordered, in higher states, higher

signal realizations are more likely or, have higher odds. Because higher signals in

turn induce higher actions, higher actions must be observed at higher states with
16



higher odds as well. But this simply means that the collection {q̃(·|θ)}θ∈Θ is itself

MLR-ordered.

For the case where the choice rule is deterministic - so that for each posterior there

is a unique optimal action - Lemma 2 establishes this argument formally. In this case,

the result rests upon the observation that the posteriors which induce a higher action

must be higher - in the the sense of MLR - than those that induce a lower action. This

follows from the contrapositive of MCS and our assumption that the sets of signals,

states, and actions are strictly linearly ordered. Suppose θ2 > θ1 and a2 > a1. Then,

the MLR property of I implies that, under θ2, the likelihood of obtaining a posterior

that induces a2 relative to one that induces a1 is higher than under θ1. Moreover,

this holds for all such pairs of states and actions, which essentially means that the

collection of conditional distributions over actions is MLR-ordered.

Lemma 2. If C(γ) is degenerate at every γ, u satisfies SCP, and I is MLR-ordered,

then, {q̃(·|θ)}θ∈Θ is MLR-ordered.

Proof. Again, MCS holds. Let a′, a ∈ Â such that a′ > a. Then, for a given θ,

q̃(a′|θ)
q̃(a|θ)

=

∑
γ∈Γ(a′) π(γ|θ)∑
γ∈Γ(a) π(γ|θ)

=

∑
γ∈Γ(a′) µ(sγ|θ)∑
γ∈Γ(a) µ(sγ|θ)

where sγ denotes the signal realization that induces the signal γ.13 By MCS, a < a′

implies sγ ≤ sγ′ for any γ′ ∈ Γ(a′) and γ ∈ Γ(a). As C(γ) is degenerate for each γ,

Γ(a)∩Γ(a′) = ∅. Moreover, as argued above, it is without loss of generality to assume

that each signal realization induces a unique posterior, and therefore it must be that

sγ < sγ′ . The latter follows from the assumption that the set of signals is completely

ordered by a strict linear order. Now, if θ′ > θ, for {q̃(·|θ)}θ∈Θ to be MLR-ordered

13Note that this is without loss of generality. If, in a given information structure, multiple signal
realizations induce same posterior, then they can simply be “collapsed” together.
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one needs

q̃(a′|θ′)q̃(a|θ) ≥ q̃(a′|θ)q̃(a|θ′)

⇔

 ∑
γ∈Γ(a′)

µ(sγ|θ′)

 ∑
γ∈Γ(a)

µ(sγ|θ)

 ≥

 ∑
γ∈Γ(a′)

µ(sγ|θ)

 ∑
γ∈Γ(a)

µ(sγ|θ′)


⇔

∑
(γ,γ′)∈Γ(a)×Γ(a′)

µ(sγ′|θ′)µ(sγ|θ) ≥
∑

(γ,γ′)∈Γ(a)×Γ(a′)

µ(sγ′ |θ)µ(sγ|θ′).

Since µ(s|θ) is MLR-ordered, any individual term from left side of the last inequality

must be at least as large as any on the right. Thus, the only case of concern is one

where the number of terms on RHS is greater than those on the LHS. This happens

when there are pairs of posteriors (γ, γ′) ∈ Γ(a)×Γ(a′) such that the µ(sγ′ |θ)µ(sγ|θ′) >

0 while µ(sγ′ |θ′)µ(sγ|θ) = 0. However, if µ(sγ′ |θ′) = 0 then µ(sγ′ |θ) must be 0 by MLR.

Similarly, if µ(sγ|θ) = 0 then µ(sγ|θ′) must be 0. Therefore, the fact that {µ(·|θ)}θ∈Θ

is MLR-ordered ensures that the above inequality holds and thus {q̃(·|θ)}θ∈Θ is MLR-

ordered.

Following is the main result of this section. It builds on Lemma 2 and shows that

the argument goes through even when the choice rule is non-degenerate - that is, when

there are posteriors at which there are multiple optimal solutions. The argument uses

2 and the fact that the support of the choice rule is ordered by the strong set order.

Therefore, actions induced by a higher (in the sense of MLR) posterior must dominate

- in the strong set order - the actions induced by a lower posterior. Following this

observation, the role played by choice rule turns out to be redundant, and the MLR

inequality is established for the general case.

Lemma 3. If ⟨u, I, C⟩ correspond to an MBEU-DM, then the collection of conditional
18



distributions over actions, {q̃(·|θ)}θ∈Θ, is MLR-ordered.

Proof. First note that, if γ′ ≻MLR γ, it must be that sγ′ > sγ. For any action a,

define Γ̃(a) = {γ ∈ supp(π)|C(a|γ) > 0}. Consequently, if a′ > a then {sγ′ |γ′ ∈

Γ̃(a′)} ≥sso {sγ|γ ∈ Γ̃(a)}θ∈Θ. For {q(·|θ)} to be MLR-ordered, one needs,

 ∑
γ∈supp(π)

µ(sγ|θ′)C(a′|γ)

 ∑
γ∈supp(π)

µ(sγ|θ)C(a|γ)


>

 ∑
γ∈supp(π)

µ(sγ|θ)C(a′|γ)

 ∑
γ∈supp(π)

µ(sγ|θ′)C(a|γ)



⇔

 ∑
γ′∈Γ̃(a′)

µ(sγ′ |θ′)C(a′|γ′)

 ∑
γ∈Γ̃(a)

µ(sγ|θ)C(a|γ)


>

 ∑
γ′∈Γ̃(a′)

µ(sγ′ |θ)C(a′|γ′)

 ∑
γ∈Γ̃(a)

µ(sγ|θ′)C(a|γ)


⇔

∑
(γ,γ′)∈Γ̃(a)×Γ̃(a′)

µ(sγ′ |θ′)µ(sγ|θ)C(a′|γ′)C(a|γ) >
∑

(γ,γ′)∈Γ̃(a)×Γ̃(a′)

µ(sγ′|θ)µ(sγ|θ′)C(a′|γ′)C(a|γ)

In the last inequality, terms corresponding to the case where γ = γ′ can be elim-

inated from both sides. The only remaining terms will thus be the ones where

sγ′ > sγ. For each of these pairs, the terms µ(sγ′ |θ′)µ(sγ|θ) are greater than the

terms µ(sγ′ |θ)µ(sγ|θ′) by MLR property and Lemma 2, and the result follows.

As pointed out in the introduction, the necessary conditions are intuitive in light

of Athey’s results. Hence, the more interesting question is whether they are also

sufficient. The next section answers this question in the affirmative. Given an MLR-

ordered dataset, constructing an MLR-ordered information structure is straightfor-
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ward. Establishing the existence of a single crossing utility turns out to be more

delicate.

5 Proof of Sufficiency

We now show that if the data is MLR ordered, then there exists a single crossing

utility function u, an MLR ordered information structure π, and a choice rule C that

rationalize the data. The next subsection shows the construction of the choice rule

and information structure.

5.1 Constructing a single crossing utility function

Let there be M actions and N states, with M ≥ N . Enumerate the actions and states

A = {a1, . . . , aM},Θ = {θ1, . . . , θN}, so that al′ > al, θl′ > θl whenever l
′ > l. For any

action a, define Θ(a) as the set of states with the highest conditional probability of

a,

Θ(a) = argmax
θ

{q(a|θ)}

So, for any θ ∈ Θ(a), q(a|θ) ≥ q(a|θ′) for any θ′ ∈ Θ.

Lemma 4. Suppose {q(·|θ)}θ∈Θ is MLR ordered. Then, a′ > a implies Θ(a′) >sso

Θ(a).

Proof. Suppose not, so that for some a′, a with a′ > a, there exist θ(a′) ∈ Θ(a′), θ(a) ∈

Θ(a), such that θ(a′) < θ(a), and either θ(a′) /∈ Θ(a), or θ(a) /∈ Θ(a′).

Suppose θ(a′) /∈ Θ(a). The other case is handled in a similar manner. By defini-
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tion, q(a|θ(a)) > q(a|θ(a′)) and q(a′|θ(a′)) ≥ q(a′|θ(a)). It follows that,

q(a|θ(a))
q(a|θ(a′))

>
q(a′|θ(a))
q(a′|θ(a′))

Since, by assumption, a′ > a and θ(a′) < θ(a), the above inequality violates MLR.

Now, consider a finite, (weakly) increasing integer sequence {nak}Mk=1, avoiding ties

wherever possible, and such that θnak
∈ Θ(ak), k = 1, . . . ,M . Doing this is possible

in light of lemma 4.14.

In order to prove the result, we rely on Theorem 1 of Caplin and Martin, 2015.

They show that rationalizability by a Bayesian expected utility maximizer requires

the existence of a solution to a certain system of inequalities. The solution to this

system is in turn a rationalizing utility function. Since the objective here is to prove

the existence of a rationalizing utility that is also single crossing, it is sufficient to

show that, when the dataset is MLR ordered, there exists a single crossing utility

that solves the aforementioned system of inequalities.

We proceed to construct a SC utility function inductively. For each consecutive

pair a + 1, a, we compute single crossing differences {Aθ
a+1,a}θ∈Θ and then find a

utility function with those differences. However, an additional difficulty that needs to

be addressed when N > 3 concerns aggregation. For instance, even if {Aθ
a+1,a} and

{Aθ
a,a−1} are single crossing, {Aθ

a+1,a−1} = {Aθ
a+1,a + Aθ

a,a−1} may not be so. That is,

the single crossing property is not necessarily preserved under aggregation. However,

Quah and Strulovici, 2012 report the condition - called the signed ratio property -

under which the single crossing property is preserved under aggregation. These can

14One way to do this, for instance, is to define na1
= min{j|θj ∈ Θ(a1)}, and then inductively

define nak
= min{j|θj ∈ Θ(ak)\θnak−1

}, if Θ(ak)\θnak−1
̸= ∅; otherwise, set nak

= nak−1
. The

sequence is weakly increasing since the sets Θ(ak) is ordered in SSO.
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be written as linear restrictions and incorporated into the systems of equations that

characterize the single crossing differences.

Indeed, these issues arise only when there are more than three states, and the

number of restrictions that need to be imposed is increasing in the number of states.

Before we proceed to inductively construct a single crossing utility function, we note

that, for any pair of consecutive actions a, a + 1, we can pick the state at which

the function θ 7→ Aθ
a+1,a crosses the horizontal axis. In this case, we construct the

differences Aθ
a+1,a so that the switch happens at θna+1 .

Denote by q(ai|θ) the row vector (q(ai|θ1), . . . , q(ai|θN)), and 1θ′ the unit (row)

vector with a 1 in the position j, where j is such that θj = θ′, and 0 elsewhere. We

proceed inductively. For k = 2, consider the following system:



q(ak|θ)

−q(ak−1|θ)

−1θ1

...

−1θnak
−1

1θnak

...

1θN


(N+2)×N

·



A1
k,k−1

A2
k,k−1

...

AN
k,k−1


≥ 0. (3)

It follows from the MLR property and a Theorem of Alternative that this sys-

tem has a solution. In particular, consider the following version of the Theorem of

Alternative.
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Theorem 3. Exactly one of the following systems has a solution15:

A′x = 0 x ≫ 0 (I)

Ay ≥ 0, y ̸= 0 (II).

Then, we have the following.

Claim 1. The system in Eq 3 has a solution.

Proof. Consider the system,

A′x = 0, x ≫ 0

where A is the first matrix on the left hand side of 3. Suppose that this system

does have a solution x = (x1, . . . , xN+2) ≫ 0. Then, for any θ = θj < θnak
, qθkx1 −

qθk−1x2 − xj = 0. Since xj > 0, qθkx1 − qθk−1x2 > 0. That is,
qθk

qθk−1
> x2

x1
. Then, for any

θ′ = θl ≥ θnak
> θ,

qθ
′

k

qθ
′

k−1

>
qθk

qθk−1
> x2

x1
, where the first inequality follows from the MLR

property. Therefore, qθ
′

k x1 − qθ
′

k−1x2 > 0. But x is a solution to the dual system, and

so qθ
′

k x1 − qθ
′

k−1x2 + xl = 0 - which is a contradiction since xl > 0.

Thus, the system A′x = 0 does not have a solution x ≫ 0. By theorem 3, the

system 3 must have a solution.

So, there exist solutions {Aθ
2,1}Nθ=1. Note that because of the last N−2 constraints

in 3, these two solutions satisfy single crossing by construction.

Now, for each k = 3, 4, . . . , suppose we have {Aθ
k−1,l}θ∈Θ, l = 1, . . . , k − 2, each of

which satisfy the single crossing property. We follow the steps given below:

15There are many different versions, and proofs of the Theorem of Alternative, sometimes also
known as Farkas’ Lemma. See for instance Gale, 1989.
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1. Define Θ(ak) as before. For each l = 1, . . . , k − 1, define Θ̃k,l := {θ ∈ Θ|θ <

θnak
, Aθ

k−1,l > 0}.

2. For each l = 1, . . . , k − 2, define Ãk = {al ∈ A||Θ̃k,l| ≥ 2} (these are the only

states for the pair k, l, for which the aggregation issue is non-trivial).

3. For each l such that al ∈ Ãk, and for each θ′, θ′′ ∈ Θ̃k,l such that θ′′ > θ′, define

the row vector

κl(θ′, θ′′) := 1θ′′A
θ′

k−1,l − 1θ′A
θ′′

k−1,l (4)

(this is essentially the signed ratio property of Quah and Strulovici which pre-

serves SCP under aggregation).

4. Let κ(Θ̃k,l) be the matrix obtained by stacking all the row vectors 4 on top of

each other.

5. Let κ(Ãk) be the matrix obtained by stacking matrices {κ(Θ̃k,l)}l|al∈Ãk on top

of each other.
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6. Now, consider the system,



qθ
k

−qθ
k−1

−1θ1

...

−1θnak
−1

1θnak

...

1θN

κ(Ãk)



·



A1
k,k−1

A2
k,k−1

...

AN
k,k−1


≥ 0

By virtually the same arguments as above, this system has a solution by MLR

property and the Theorem of Alternative.

7. Finally, for each l = 1, . . . , k − 2, define Aθ
k,l = Aθ

k,k−1 + Aθ
k−1,l.

All the possible differences {Aθ
k,l}θ∈Θ, k = 2, . . . ,M, l = 1, . . . , k − 1 are thus ob-

tained. However, note that the solutions {Aθ
k,l} may only be weakly single crossing.16

However, once any such collection of weakly single crossing differences are obtained,

it is straightforward to convert them into a collection of single crossing differences.

So, it is without loss of generality to assume that the solutions {Aθ
k,l} are, in fact,

single crossing.

We now show that {Aθ
k,l}θ∈Θ are indeed appropriate SC differences. We begin

with an important observation:

Claim 2. Consider any {Aθ
k−1,l}θ∈Θ, l = 1, . . . , k−2. Then, for all θ ≥ θnak−1

, Aθ
k−1,l ≥

16That is, if θ′ > θ then Aθ
k,k−1 ≥ 0 implies Aθ′

k,k−1 ≥ 0 only.
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0.

Proof. Note that,

Aθ
k−1,l = Aθ

k−1,k−2 + Aθ
k−2,l

= Aθ
k−1,k−2 + Aθ

k−2,k−3 + · · ·+ Aθ
2,1.

By construction, for each Aθ
ai,ai−1, the switch happens at θnai

. Since θnai
is a (weakly)

increasing sequence, for θ ≥ θnak−1
, each of the differences in the above expression are

nonnegative.

Claim 3. For any l = 1, . . . , k − 1, {Aθ
k,l}θ∈Θ satisfies SCP.

Proof. For l = k − 1, k − 2, SCP follows by construction. For l < k − 2, and by

Claim 2, we only need to take care of cases with Aθ
k,k−1 < 0, Aθ

k−1,l > 0. These are

exactly the states θ that lie in Θ̃k,l and the restrictions involving κÃk
ensure that the

appropriate version of signed ratio property holds for all such action-state pairs. SCP

then follows by Proposition 1 of Quah and Strulovici, 2012.

We now show that the differences are “optimal”. The optimality conditions are

precisely the NIAS inequalities from Caplin and Martin, 2015, which can be rewritten

in terms of utility differences.

Claim 4. For each k, and for each l = 1, . . . , k−1, {Aθ
kl}θ∈Θ satisfy optimality. That

is, for each k = 1, . . . ,M , and l = 1, . . . , k − 1,

∑
θ

qθkA
θ
k,l ≥ 0 (5)

∑
θ

qθl A
θ
k,l ≤ 0. (6)

26



Proof. For l = k− 1, optimality follows by construction. Now consider any l < k− 1.

Recall that Aθ
k,l = Aθ

k,k−1+Aθ
k−1,k−2+ · · ·+Aθ

l+1,l. We use induction on l to prove the

result. First, consider Aθ
k,k−2 = Aθ

k,k−1 + Aθ
k−1,k−2. By construction,

∑
θ q

θ
kA

θ
k,k−1 ≥

0,
∑

θ q
θ
k−1A

θ
k,k−1 ≤ 0,

∑
θ q

θ
k−1A

θ
k−1,k−2 ≥ 0 and,

∑
θ q

θ
k−2A

θ
k−1,k−2 ≤ 0. Now consider,

(
q1k−1

q
θnak
k−2

q
θnak
k−1

)
A1

k,k−1 + · · ·+

(
qNk−1

q
θnak
k−2

q
θnak
k−1

)
AN

k,k−1 ≤ 0 (7)

Note that Aθ
k,k−1 ≥ 0 for all θ ≥ θnak

and Aθ
k,k−1 ≤ 0 for all θ < θnak

. By MLR

property of {qθk},

θ < θnak
⇒ qθk−2 ≥ qθk−1

q
θnak
k−2

q
θnak
k−1

θ > k − 2 ⇒ qθk−2 ≤ qθk−1

q
θnak
k−2

q
θnak
k−1

.

Thus, in 7, replacing the coefficients

(
qθk−1

qk−2
k−2

qk−2
k−1

)
with qθk−2 preserves the inequality,

since this weakly decreases the coefficients of positive terms and weakly increases the

coefficients of negative terms. Therefore,

∑
θ

qθk−2A
θ
k,k−1 ≤ 0 (8)

⇒
∑
θ

qθk−2[A
θ
k,k−1 + Aθ

k−1,k−2] =
∑
θ

qθk−2A
θ
k−1,k−2 ≤ 0 (9)

which is optimality of ak−2 against ak. Similarly,

q1k−1

q
θnak−1

k

q
θnak−1

k−1

A1
k−1,k−2 + · · ·+

qNk−1

q
θnak−1

k

q
θnak−1

k−1

AN
k,k−1 ≥ 0 (10)
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Aθ
k−1,k−2 ≥ 0 for all θ ≥ θnak−1

and Aθ
k−1,k−2 ≤ 0 for all θ < θnak−1

. Again, by MLR

property of {qθk}θ∈Θ,

θ < θnak−1
⇒ qθk ≤ qθk−1

q
θnak−1

k

q
θnak−1

k−1

θ > θnak−1
⇒ qθk ≥ qθk−1

q
θnak−1

k

q
θnak−1

k−1

.

Then, in 10, replacing the coefficients

(
qθk−1

qk−1
k

qk−1
k−1

)
with qθk preserves the inequality,

since this weakly increases the coefficients of positive terms and weakly decreases the

coefficients of negative terms. Therefore,

∑
θ

qθkA
θ
k,k−2 ≥ 0 (11)

⇒
∑
θ

qθk[A
θ
k,k−1 + Aθ

k−1,k−2] =
∑
θ

qθkA
θ
k,k−2 ≥ 0. (12)

which is the optimality of ak against ak−2. Hence {Aθ
k,k−2} satisfies optimality.

Now suppose that {Aθ
k,l}, where l < k − 2, satisfies optimality. To complete the

proof, it suffices to show that {Aθ
k,l−1} = {Aθ

k,l}+ {Aθ
l,l−1} satisfies optimality. Again,

{Aθ
l,l−1} satisfies optimality by construction. {Aθ

k,l} satisfies single crossing, so let

θnk,l
be smallest θ such that Aθ′

k,l ≥ 0 for every θ ≥ θ′. That is, θnk,l
is the crossing

point for Aθ′

k,l. Consider,

(
q1k
q
θnk,l

k

q
θnk,l

l

)
A1

k,l + · · ·+

(
qNk

q
θnk,l

k

q
θnk,l

l

)
AN

k,l ≥ 0 (13)

Again, note that, for k > l, θ < θnk,l
, qθk

q
θnk,l
k

q
θnk,l
l

> qθk and for θ > θnk,l
, qθk

q
θnk,l
k

q
θnk,l
l

< qθk.
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Since Aθ
l,l−1 ≥ 0 for θ ≥ θnk,l

and Aθ
l,l−1 ≤ 0 for θ < θnk,l

, the inequality is preserved

by replacing coefficients with qθk. Therefore,

∑
θ

qθkA
θ
k,l−1 =

∑
θ

qθk[A
θ
k,l + Aθ

l,l−1] ≥ 0

Finally, consider {Aθ
k,l}. We have,

∑
θ

(
qθl
q
θnk,l

l−1

q
θnk,l

l

)
Aθ

k,l ≤ 0.

By definition, Aθ
k,l ≤ 0 for θ < θnk,l

and Aθ
k,l ≥ 0 for θ ≥ θnk,l

. Moreover, by MLR,

qθl
q
θnk,l
l−1

q
θnk,l
l

⋚ qθl−1 as θ ⋚ θθnk,l
. Thus, the inequality is once again preserved when the

coefficients are replaced with qθl−1, and therefore,

∑
θ

qθl−1A
θ
k,l−1 =

∑
θ

qθl−1[A
θ
k,l−1 + Aθ

k,l−1] ≤ 0

This ensures the optimality of {Aθ
k,l−1}, thereby completing the proof.

29



Finally, consider the system,



−11 + 12

−12 + 13

...

−1M−1 + 1M

−1M+1 + 1M+2

...

−12M−1 + 12M

−12M+1 + 12M+2

...

...

−1(M−1)(N−1)−1 + 1(M−1)(N−1)

−1(M−1)(N−1)+1 + 1(M−1)(N−1)+2

...

−1(M−1)N−1 + 1(M−1)N



·



u1
1

u1
2

...

uN
M


MN×1

=



A1
2,1

...

A1
M,M−1

A2
2,1

...

AN
M,M−1


(M−1)N×1

There are exactly (M −1)N independent columns in the coefficient matrix on the

left hand side.17 This is also the dimension of the vector on the RHS. So, the rank of

the augmented matrix is same as that of the coefficient matrix and thus there exists

a utility function u(a, θ) which induces the differences {Aθ
k,l}. This completes the

construction of a single crossing utility function that rationalizes the data, thereby

completing the proof.

Once again, it follows from the Theorem 1 of Caplin and Martin, 2015 that this

17Each row on the first matrix on the LHS has exactly two 1’s N2 0’s, where the positions of the
1’s ensure that the solution to the system induces the corresponding differences Aθ

k,l.
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utility function rationalizes the data. However, we still need a choice rule and an MLR

ordered information structure, that together with the utility function rationalize the

data.

5.2 Constructing the information structure and the choice

rule

Start by setting the set of signal realizations equal to the set of actions, so S = A,

and define

γa(θ) =
µ0(θ)q(a|θ)∑

θ′∈Θ µ0(θ′)q(a|θ′)

Essentially, γa is the posterior that induces action a. Let A = {A(b1), . . . , A(bP )} be

a partition of A so that actions in the same equivalence class satisfy: a, a′ ∈ A(b) ⇔

γa(θ) = γa′(θ),∀θ. Thus, for each member of the partition A(b), there is a unique

posterior γ(b) that induces one of those actions. To get the information structure,

define

π(γ(b)|θ) =
∑

a∈A(b)

q(a|θ)

It is then easily seen that, if the data is MLR-ordered, then so is information structure.

In particular, note that, if θ′ > θ and a′ > a, then,

γa′(θ′)

γa′(θ)
=

µ0(θ
′)

µ0(θ)

q(a′|θ′)
q(a′|θ)

≥ γa(θ′)

γa(θ)
=

µ0(θ
′)

µ0(θ)

q(a|θ′)
q(a|θ)

and so, I ≡ {γa(θ)}θ∈Θ is MLR ordered.
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Now we construct the choice rule. To that end, define,

C(a|γ(b)) =


∑

θ′∈Θ µ0(θ′)q(a|θ′)∑
a∈A(b)

∑
θ′∈Θ µ0(θ′)q(a|θ′) if a ∈ A(b)

0 if a /∈ A(b)

The procedure for constructing the information structure is exactly as that found

in Caplin and Martin, 2015. A key observation, however, is that when the data

is MLR-ordered, then so is the rationalizing information structure. That ⟨u, I, C⟩

rationalize that data - and hence satisfy conditions 2, 3, and 4 of Definition 4 - follow

directly from Theorem 1 of Caplin and Martin, 2015 (see Theorem 5). Since we

have shown that u is single crossing and I is MLR ordered, it follows that the tuple

⟨u, I, C⟩ represents an MBEU-DM that rationalizes the data.

We have thus established Theorem 1.

6 Revealed Informedness

Theorem 1 suggests a straightforward, but rather interesting application. Recall

that an information structure is said to be Blackwell better than the other if the

former guarantees (weakly) highly ex-ante utility for any bounded utility function

18. Indeed, since Blackwell order requires an information structure to give higher

ex-ante value for every utility function, it is, in general, a severely partial order. By

restricting attention to smaller classes of utility functions, more complete orders over

information structures can be obtained.

For single crossing utilities, we typically consider the Lehmann order (Lehmann,

18Ex ante utility refers to expected utility before a signal is realized That is,∑
θ∈S

∑
s∈S µ0(θ)µ(s|θ)u(a ∗ (s), θ)). This is often referred to as the value of the information struc-

ture.
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1988), which is weaker than the Blackwell order. In particular, if an information

structure I1 is higher than I2 in Blackwell order, then I1 is higher than I2 in Lehmann

order, but the converse may ot hold. In particular, I1 is higher than I2 in the Lehmann

order if and only if for every single-crossing utility function ex-ante utility is higher

under I1 than under I2 (see for example, Persico, 2000, Jewitt, 2006). Below we give

a formal definition of Lehmann order.

Definition 5. Let Ii ≡ {µi(·|θ)}θ∈Θ ⊂ ∆(Si), i = 1, 2 be MLR-ordered information

structures. Let {F i
θ(·)}θ∈Θ, i = 1, 2 be the corresponding distribution functions. Then,

I1 is said to be Lehmann higher, or more accurate, than I2 if there exists an function

h : S2 ×Θ → S1 which is increasing in θ and, such that, for every θ, s1 ∈ S1,19

F 1
θ (h(s

2, θ)) = F 2
θ (s

2).

Suppose I1 = {µ1(·|s)}s∈S1 , I2 ≡ {µ2(·|s)}s∈S2 are MLR ordered, and let ν1, ν2 be

the corresponding marginal distributions over signals.20 I1 is Lehmann higher than

I2 if and only if, for every single crossing utility function u(a, θ),21

∫
s∈S1

∫
θ∈Θ

u(a∗(s), θ)dµ1(θ|s)dν1(s) ≥
∫
s∈S2

∫
θ∈Θ

u(a∗(s), θ)dµ2(θ|s)dν2(s).

Our main result gives the conditions under which rationalizing posteriors and sin-

gle crossing utility functions may be constructed from the observed state conditional

stochastic choice data. Suppose that two distinct datasets are MBEU-rationalizable.

If the analyst can somehow conclude that one rationalizing information structure,

19While this definition is appropriate only for continuous distributions F i, Lehmann, 1988 shows
that it is without loss of generality to assume that F i are continuous. That is, if F 1, F 2 are
discontinuous, there exist continuous distributions F i∗ which are informationally equivalent to F i.

20So, νi(s) =
∫
θ∈Θ

µi(s|θ)µ0(θ) for each s ∈ Si.
21See Lehmann, 1988, theorem 5.1.
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say I1 is Lehmann higher than the other, I2, then, the analyst can infer that any

MBEU-DM rationalizing the former has better information than the one rationalizing

the latter.

Definition 6. Fix some class U of utility functions, and consider two datasets D1 =

{q1(·|θ)}, D2 = {q2(·|θ)}. We say that the DM corresponding to D1 is U−revealed

more informed than the DM corresponding to D2 if, there exist information struc-

tures I1, I2 such that, for any utility functions u1, u2 ∈ U , if (I1, u1), (I2, u2) are

BEU-rationalizations of D1,D2, respectively, then,

EI1u1 ≥ EI2u1

EI1u2 ≥ EI2u2

Clearly, if U is the family of all single crossing utility functions, the MBEU-

DM corresponding to {q1(·|θ)} is revealed more informed than the MBEU-DM

corresponding to {q2(·|θ)} if and only if I1 is Lehmann higher than I2. Then, we

have the following result:

Theorem 4. Let D1 = {q1(·|θ)},D2 = {q2(·|θ)} be MLR ordered and such that D1

is Lehmann higher than D2. Then, the MBEU-DM corresponding to D1 is revealed

more informed than the MBEU-DM corresponding to D2.

Proof. See appendix.

While the proof is entirely trivial, we contend that this result is nonetheless inter-

esting. To underscore the argument, it is instructive to compare our rationalizability

result with that of Caplin and Martin (2015). Indeed, if one is interested in BEU-

rationalizability alone, and the analyst has datasets D1,D2 such that (i) both D1,D2
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are BEU-rationalizable and (ii) D1 Blackwell dominates D2, then the analyst can

conclude that the BEU-DM corresponding to D1 is more informed than the BEU-

DM corresponding to D2. But, as pointed out above, it is not known whether, in

general, a solution to the NIAS inequalities exists. Secondly, Blackwell order is quite

incomplete. On the other hand, the definition of Lehmann order requires the datasets

to be MLR ordered - which guarantees the existence of an MBEU-DM.

7 Discussion

Independent tests of the hypotheses This paper restricts attention to the test of

joint hypothesis of an MLR ordered information structure and an SC utility function.

However, the proof of sufficiency does suggest a test of the hypothesis of single crossing

alone.

Consider any two actions ak, al and for any θ, denote Aθ
k,l = uθ

k − uθ
l . As noted

above, the proof of sufficiency relies on the main result of Caplin and Martin, 2015,

who show that rationalizability with a Bayesian expected utility DM is equivalent to

the existence of a solution to a certain system of inequalities (see 7). We show that

MLR property ensures that a solution exists, which is also single crossing.

Suppose, however, that one was interested is testing SCP alone. Then, for any

pair of actions k > l, BEU rationalizability requires

∑
θ

qθku
θ
k ≥

∑
θ

qθku
θ
l∑

θ

qθl u
θ
l ≥

∑
θ

qθl u
θ
k

where the inequalities are strict for at least one pair of actions. Without loss of
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generality, suppose one of these is strict. These can then be rewritten as,

∑
θ

qθk[u
θ
k − uθ

l ] ≥ 0 ≥
∑
θ

qθl [u
θ
k − uθ

l ]

where one of two inequalities is strict. Suppose that uθN
k − uθN

l < 0. Then, SCP

requires that uθ
k − uθ

l < 0 for all θ - however, this would imply that numbers uθ
k, u

θ
l

cannot be a solution to the inequality
∑

θ q
θ
k[u

θ
k − uθ

l ] ≥ 0. The analyst must then

reject the single crossing property. Similarly, if uθ1
k − uθ1

l > 0, then uθ
k − uθ

l > 0

for every θ and therefore the numbers uθ
k, u

θ
l cannot be a solution to the inequality∑

θ q
θ
l [u

θ
k − uθ

l ] ≤ 0. However, under uncertainty, almost all of the bite of single

crossing property rests upon the information structure being MLR ordered. Indeed,

one implication of the result of Athey, 2002 is that, if the information structure is

not MLR ordered, then there exists a utility function satisfying the SCP such that

MCS does not hold. Thus, under uncertainty, most of the bite of SCP comes when

combined with an MLR ordered information structures.

Furthermore, without uncertainty, the only observable implication is monotonicity

of chosen actions with respect to the exogenous covariate (e.g. known state), as shown

in Lazzati, Quah and Shirai, 2018. As pointed out above, the single crossing prop-

erty is an ordinal generalization of the property of increasing differences. The latter

is intimately related to supermodularity.22 Interestingly, Chambers and Echenique,

2009 argue that quasi-supermodularity, the ordinal generalization of the notion of

supermodularity is indistinguishable from the latter if the underlying domain is fi-

22A function f : X×Θ → R is said to be supermodular if f(x, θ)+f(x′, θ′) ≤ f((x, θ)∨ (x′, θ′))+
f((x, θ)∧(x′, θ′)), where X×Θ is ordered according to the product ordering induced by the orderings
over the sets X and Θ. If the functions x 7→ f(x, θ) and θ 7→ f(x, θ) are both supermodular for any
θ and x respectively, and if f has increasing differences then f is supermodular. See section 2.6.1 of
Topkis, 1998.
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nite and the function is assumed to be monotonic. In several settings, therefore, this

property is not refutable. A novelty of the results reported here is thus establishing

an observational non-equivalence between monotonicity and single crossing property

for certain kinds of data.

Identifying testable restrictions The proof exhibits that as long as the data is

MLR-ordered, one can always find a solution to the system in 14. Therefore, the

MLR condition is the only condition required for rationalizing the data by an SCP

utility function and MLR information structure. The method of proof here suggests

a possible way of approaching problems involving inference in models of information.

Existence of a Bayesian DM is equivalent to the existence of a solution to a system

of inequalities. Then, suppose an analyst wants to test additional restrictions on this

model. The restrictions could either be on the information structure, or the utility

function, or both. Whether such restrictions have any implications on stochastic

choice data in addition to the NIAS inequalities, is determined by whether these

restrictions imply the existence of a solution to the NIAS inequalities, or if they

“shrink” the set of solutions. The approach in this paper therefore suggests a method

to assess whether a particular restriction is testable.

Rambachan, 2024 shows how to combine the NIAS inequalities with known meth-

ods of partial identification to obtain a novel theory of identifying prediction mistakes

with stochastic choice data. Our results can thus be possibly used to further sharpen

the identification bounds by imposing some shape restrictions.
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Appendix A. BEU-Rationalizability

This section briefly presents the result of Caplin and Martin, 2015 since the latter is

the result on which our paper builds. A BEU-rationalization of a dataset is D is a

tuple ⟨u, π, C⟩ such that conditions 2− 4 in Definition 4 hold.

Theorem 5 (Caplin and Martin, 2015, Theorem 1). Let D ≡ ⟨A,Θ, µ0, q⟩. Then

there exists a BEU-rationalization ⟨u, π, C⟩ of D if and only if there exists a function

U : A×Θ → Θ such that,∑
θ∈Θ

µ0(θ)q(a|θ)U(a, θ) ≥
∑
θ∈Θ

µ0(θ)q(a|θ)U(b, θ) (14)

for every a, b ∈ A, where the inequality holds strictly for at least one pair of actions.

Since A and Θ are finite, the system of inequalities 14 is a finite system of inequal-

ities. Thus, if there are no solutions to this system, the Bayesian expected utility

hypothesis is falsified by observed data. The next section shows that, in binary state

case, a single condition on q{(·|θ)}θ∈Θ is equivalent to MBEU-rationalization.

Appendix B. Proof for the Binary Case

Proof. Suppose that the data is MLR ordered. Then, q(a2|θ2)
q(a1|θ2) ≡

q22
q12

>
q21
q11

≡ q(a2|θ1)
q(a1|θ1) . Or

equivalently,
q11
q12

>
1−q11
1−q12

. One can then find numbers ui
j such that

µq11
(1− µ)q12

≥ u2
2 − u1

2

u1
1 − u2

1

≥ µ(1− q11)

(1− µ)(1− q12)
(15)

where at least one of the two inequalities holds strictly. Then,

µq11u
1
1 + (1− µ)q12u

1
2 ≥ µq11u

2
1 + (1− µ)q12u

2
2 (16)

µ(1− q11)u
2
1 + (1− µ)(1− q12)u

2
2 ≥ µ(1− q11)u

1
1 + (1− µ)(1− q12)u

1
2 (17)

where at least one of the two holds strictly. Since there are only two actions and two

states, one can easily construct a consistent information structure. Indeed, consider
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two signal labels s1 and s2 and define

γ1 ≡ (γ(θ1|s1), γ(θ2|s1)) =
(

µq11
µq11 + (1− µ)q12

,
(1− µ)q12

µq11 + (1− µ)q12

)
γ2 ≡ (γ(θ1|s2), γ(θ2|s2)) =

(
µ(1− q11)

µ(1− q11) + (1− µ)(1− q12)
,

(1− µ)(1− q12)

µ(1− q11) + (1− µ)(1− q12)

)
with π(γ1) = µq11 + (1− µ)q12 and π(γ2) = µ(1− q11) + (1− µ)(1− q12). Finally, define

the choice rule C(γ1) = δa1 and C(γ2) = δa2 .
23

It can be easily checked that ⟨u, π, C⟩ is an MBEU-rationalization. Bayes-plausibility

follows from construction. Optimality follows from equations 16, 17 and the defini-

tion of (γ1, γ2). Consistency follows directly by construction of π. Finally, choosing

(ui
j)i,j∈{1,2} such that u1

1 − u2
1 > 0 ensures that SCP holds.

Conversely, suppose ⟨u, π, C⟩ is an SC utility function which rationalizes the data.

By optimality, for any γ ∈ supp(π) and any a, b ∈ A,

C(a|γ)[γ(θ1)u(a, θ1) + γ(θ2)u(a, θ2)] ≥ C(a|γ)[γ(θ1)u(b, θ1) + γ(θ2)u(b, θ2)].

Aggregating across posteriors,∑
γ∈supp(π)

C(a|γ)[γ(θ1)u(a, θ1) + γ(θ2)u(a, θ2)] ≥
∑

γ∈supp(π)

C(a|γ)[γ(θ1)u(b, θ1) + γ(θ2)u(b, θ2)]∑
i=1,2

u(a, θi)
∑

γ∈supp(π)

C(a|γ)γ(θi) ≥
∑
i=1,2

u(b, θi)
∑

γ∈supp(π)

C(a|γ)γ(θi).

By consistency, the last inequality reduces to,∑
i=1,2

q(a|θi)u(a, θi) ≥
∑
i=1,2

q(a, θi)u(b, θi).

Since this holds for any pair of actions,

q(a1|θ1)u(a1, θ1) + q(a1|θ2)u(a1, θ2) ≥ q(a1|θ1)u(a2, θ1) + q(a1|θ2)u(a2, θ2)

q(a2|θ1)u(a2, θ1) + q(a2|θ2)u(a2, θ2) ≥ q(a2|θ1)u(a1, θ1) + q(a2|θ2)u(a1, θ2).

23δx denotes point mass probability or the Dirac measure at x.
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where at least one of the two holds strictly. These can be rewritten as,

q(a1|θ1)[u(a1, θ1)− u(a2, θ1)] + q(a1|θ2)[u(a1, θ2)− u(a2, θ2)] ≥ 0

q(a2|θ1)[u(a2, θ1)− u(a1, θ1)] + q(a2|θ2)[u(a2, θ2)− u(a1, θ2)] ≥ 0.

Now, since u is SCP, note that u(a1, θ1) − u(a2, θ1) must be positive. Otherwise,

u(a1, θ2)− u(a2, θ2) must also be negative violating the first inequality above. Thus,

the above inequalities can be rewritten as,

q(a1|θ1)
q(a1|θ2)

≥ u2
2 − u1

2

u1
1 − u2

1

≥ q(a2|θ1)
q(a2|θ2)

(18)

where at least one of the two inequalities holds strictly. But this implies, q(a1|θ1)
q(a1|θ2) >

q(a2|θ1)
q(a2|θ2) and thus the data is MLR-ordered.

Appendix C. Proof of Theorem 4

Proof. Consider the datasets Di{qi(·|θ)}θ∈Θ, i = 1, 2, and let F i
θ be the cumulative

distribution corresponding to qi(·|θ). From Lehmann, we know that it is without loss

of generality to assume that F i
θ is continuous for each θ. So, F i

θ(a) =
∫
a′<a

qi(a′|θ)da′.
Recall that, the constructed posterior rationalizing the dataset was defined as γa

i (θ) =
qi(a|θ)µ0(θ)∑

θ′∈Θ qi(a|θ′)µ0(θ)
= qi(a|θ)µ0(θ)

νi(a)
- where νi is the marginal distribution over actions cor-

responding to Di. But then, the probability of obtaining a signal a when the state

is θ is simply γi(θ|a) =
γa
i (θ)ν

i(a)

µ0(θ)
= qi(a|θ). Therefore, the cumulative distribution

of γi(a|θ) - the state conditional distributions over signal realizations - is simply F i
θ ,

and thus the rationalizing information structures are Lehmann ordered. That is,

the MBEU-DM corresponding to D1 is revealed more informed than the MBEU-DM

corresponding to D2.
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