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Abstract

We consider the random walk in an independent and identically distributed (i.i.d.) random environ-
ment on a Cayley graph of a finite free product of copies of Z and Z;. Such a Cayley graph is readily
seen to be a regular tree. Under a uniform ellipticity assumption on the i.i.d. environment we show that
the walk has positive speed and establish the annealed central limit theorem for the graph distance of
the walker from the starting point.
©2021 Elsevier B.V. All rights reserved.
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1. Introduction

In this article we consider a Random Walk in Random Environment (RWRE) model on
an infinite regular tree where the environment at each vertex is independent and are also
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“identically” distributed. To make this notion of i.i.d.-ness of the environment rigorous we
adopt the framework developed in [1] and define the model on a finitely generated non-abelian
free group and then transfer it back to an appropriate even degree regular tree (Section 2). As
in any (static) RWRE model, we will first choose an environment by above specified random
mechanism and keep it fixed throughout the time evolution. A walker then moves randomly
on the vertex set of a regular tree in such a way that given the environment, its position
forms a time-homogeneous Markov chain whose transition probabilities depend only on the
environment. Under a uniform ellipticity assumption we prove that the walk has positive speed
(Theorem 2.1) and obeys an annealed central limit theorem (Theorem 2.2).

RWRE on the integer lattice 7 for d > 1 as well as on the infinite d-regular tree T,
for d > 3 (also known as Bethe lattice [4]) has been studied in great detail and there is a
vast literature. RWRE model on the one-dimensional integer lattice Z was first introduced by
Solomon in [17] where he gave explicit criteria for the recurrence and transience of the walk
for independent and identically distributed (i.i.d.) environment distribution. Since then a large
variety of results have been discovered for RWRE in 74, we refer the reader to [18,19] for a
review of the subject.

Perhaps the earliest known results for RWRE on trees are by Pementle and Lyons [12]. In
that paper they consider a model on rooted tress, which later came to be known as random
conductance model. In that model, the random conductances along each path from vertices to
the root are assumed to be independent and identically distributed. The random walk is then
shown to be recurrent or transient depending on how large the value of the average conductance
is. Later [10] considered the same model under additional assumption of the jump probabilities
are also i.i.d. and have studied the speed of the walk in the recurrent regime. There have been
several work also on random walk on random trees, particularly on random walk on Galton—
Watson trees [7,11,13—15]. In [6] the authors developed a technique that provided a lower
bound on the speed of transient random walk in a random environment on regular trees. They
also used bounds on the first regeneration level and regeneration time to obtain an annealed
invariance principle. Their methods also applied to once-reinforced random walk.

Motivated by these, [1] considered a RWRE model on a regular tree, where the environment
(or rather the transition laws) at each vertex are independent and also “identically” distributed.
However, unlike in the usual RWRE models on integer lattices, such as on Z as introduced
by [17], or the random conductance models on trees [12], it is not entirely obvious how to
make the random transition laws on the vertices of a tree “identically” distributed. To make
this notion of “i.i.d. environment” rigorous in [1] defined the model on a finite free product
of copies of Z and Z, and then transfers it back to a regular tree of appropriate degree which
is essentially same as a Cayley graph associated with the group. A more detailed description
is given in the following section. A similar model was also considered in [16]. In both [1,16]
under differing mild non-degeneracy assumptions the authors proved that the RWRE is transient
with probability one.

In this work, we prove that under a uniform ellipticity assumption on the i.i.d. environment
(which is a stronger assumption than the one made in [1]), the walk has a positive drift away
from the starting point and admits an annealed Central Limit Theorem under linear centring
and square-root scaling. We adapt the regeneration time technique developed in [6] and obtain
bounds on the moments of the regeneration levels and times. However, we will see in the sequel
that the definition of the i.i.d. environment needs a group action of the underlying Cayley tree
(assumption (E1)). Thus many details of the proof including the definition of the regeneration
time have been worked out using different arguments than those in [6].
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It is worth noting here that, the RWRE on integer lattice Z¢ with i.i.d. random environment
is often considered as a good discrete model for random walk on random media [19]. Z% can
also be viewed as the Cayley graph of the free abelian group with d generators. The i.i.d.
environment then becomes a group invariant measure on the environment space, where the
actions of the group are nothing but the usual euclidean translations. In the same vain, our
model essentially complements this idea by defining it appropriately on any finitely presented
non-abelian free group. As we shall see in the next section our model provides a group invariant
measure on the environment space resulting to an i.i.d. environment on the associate (left)-
Cayley graph, which in this case will turnout to be an infinite regular tree/Bethe lattice. Thus our
work can be used for studying transportation problem on a random media where the underlying
space is non-amenable. As noted in [5], many statistical physics problems which are studied
on integer lattices, are also studied on Bethe lattices. In general, such studies are interesting on
their own right, but they also throw light on the classical problems by comparing the differences
which may arise on Bethe lattice. This aspect is also one of our motivation to consider our
model.

The rest of the paper is organised as follows. In Section 2 we define the model precisely
and state our main results. In Section 3, we prove tail bounds for regeneration levels (Propo-
sition 3.3) and moment bounds for regeneration times (Proposition 3.4). Using the bounds
obtained, in Section 4 we prove our main results.

2. Model and main results

Even though our framework is same as in [1], but for sake of completeness, we begin by
providing a detailed description of the model below.

Group structure: Following [1] we will also consider a group G which is a free product of
finitely many groups, say, G, Ga, ..., Gy and H, H,, ..., H., where each G; = Z and each
Hi =7, letd =2k+r.

Cayley graph: Let G be a group defined above. Suppose G; = (a;) for 1 < i < k and
H; = (b;) where b? =e for 1 < j <r. Here by (a) we mean the group generated by a single

element a. Let S == {a;, aa, ..., a;} U {a]_',az_', ...,ak_'} U {by, by, ..., b} be a generating

set for G. We note that § is a symmetric set, that is, s € § <<= s~! e S. In what will
follow the order of the generating elements will not be of any consequence. We will thus list
the elements of S simply by {sy, s2, ..., sq4}.

We now define a graph G with vertex set G and edge set E := {{x, v} ‘yx‘1 es } We

will say x ~ y whenever {x, y} € E. Such a graph G is called a (left) Cayley Graph of G
with respect to the generating set S. Since G is a free product of groups which are isomorphic
to either Z or Zo,, it is easy to see that G is a graph with no cycles and is regular with degree
d, thus it is isomorphic to the d-regular infinite tree which we will denote by T,;. We refer the
reader to [20] for a treatment of other infinite graphs and groups. We will abuse the terminology
a bit and will write T, for the Cayley graph of the group G. This way we essentially endow the
d-regular tree, T,, a group structure, which we will make use to define an i.i.d. environment.

Note that for the d-dimensional Euclidean lattice, such a group structure is automatic, which
is the product of d copies of the abelian free group Z. In our case, all the difference appears
due to the fact that on Ty, a group can only be obtained through free product of several copies
of Z and also with possible free product of groups generated by forsion elements.

82



S. Athreya, A. Bandyopadhyay, A. Dasgupta et al. Stochastic Processes and their Applications 146 (2022) 80-97

We will consider the identity element e of G as the root of Ty;. We will write N (x) =
ly eG ‘ yx~! e St for the set of all neighbours of a vertex x € T,. Observe that from

efinition N (e) = §.

For x € G, define the mapping 6, : G — G by 6, (y) = yx, then 6, is an automorphism
of T;. We will call 6, the translation by x. For a vertex x € Ty and x # e, we denote by |x|,
the length of the unique path from the root e to x and |e| = 0. Further, if x € T; and x # e
then we define % as the parent of x, that is, the penultimate vertex on the unique path from
etox.

Random Environment: Let S := S, be a collection of probability measures on the d elements
of N (e) = S. To simplify the presentation and avoid various measurability issues, we assume
that S is a Polish space (including the possibilities that S is finite or countably infinite).
For each x € Ty, S, is the push-forward of the space S under the translation 8,, that is,
Sy = S o6 '. Note that the probabilities on S, have support on N (x). That is to say,
an element w(x, ) of S,, is a probability measure satisfying w (x,y) > 0V y € T, and
Lyen @ (s y) = L.

Let Bs, denote the Borel o-algebra on S,. The environment space is defined as the
measurable space ({2, F) where (2 := erTd S, and F = ®xer Bs, -

An element w € {2 will be written as {a) (x,-) ’x eTy } An environment distribution is

a probability P on (2, F). We will denote by E the expectation taken with respect to the
probability measure P.

Random Walk: Given an environment @ € {2, a random walk (X,,),~¢ is a time homogeneous
Markov chain taking values in Ty with transition probabilities given by (@ (x, y)), yer,- Let
N := NU{0}. For each @ € {2, we denote by P, the law induced by (X,,),>( on ((']I‘d)NO ,G),
where G is the o-algebra generated by the cylinder sets, such that P} (Xo =x) = 1. The
probability measure P, is called the guenched law of the random walk (X,,), ¢, starting at x.
We will use the notation E}, for the expectation under the quenched measure P’ .

Following Zeitouni [19], we note that for every B € @, the function w — P¥ (B) is

F-measurable. Hence, we may define the measure P* on ((l X (Td)NO ,F® g) by the relation
IP’X(AXB)szZ)(B)IP’(da)), VAeF, Beg.
A

With a slight abuse of notation, we also denote the marginal of P* on (T)™° by P*, whenever
no confusion occurs. This probability distribution is called the annealed law of the random
walk (X,,),>¢, starting at x. We will use the notation E* for the expectation under the annealed
measure P*. For simplicity, when x = e, we will drop the superscript from the notations
P¢, E¢, P¢ and E° and simply write P,,, E,,, P and [E respectively.

Assumptions: Throughout this paper we will assume the following hold,

(E1) P is a product measure on ({2, F) with “identical” marginals, that is, under P the random
probability laws {a)(x, ) ‘x e ’]I‘d} are independent and “identically” distributed in the
sense that

Pob ' =P, 1
for all x € G.
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(E2) There exists € > 0 such that

Pw(e,s;)) >eV1<i<d)=1. 2)

Remark 1. The assumption (E1) above essentially says that the random transition laws
w(x, ") ’x € T¢ } are independent and identically distributed (i.i.d.). But on Ty to define
identically distributed we introduce the group structure and make the probability law P
invariants under the translations by the group elements. This is different than the much studied
random conductance model with i.i.d. conductances introduced in [12]. In fact the only example
where the two models agree is the deterministic environment of the simple symmetric walk on
T,. It is worth to point out here that a random walk on a Galton—Watson tree [11] satisfies the
assumption (E1) and so does a random walk on a multi-type Galton—Watson tree [8].

We are now ready to state our main results. We begin with a law of large numbers result
for | X, | which also establishes that the speed of walk is positive.

Theorem 2.1. Assume (El) and (E2). Then there exists v > 0, such that,

. 1Xal
lim =, 3)

n—oo n

almost surely with respect to P°.

[Xnl

In [1], it was pointed out that under (E1), (E2), liminf,_ o > 0,if € > ﬁ The
above result not only establishes that the walk on T, has a positive speed, but also shows
that the corresponding limit exists almost surely. Our next result is an annealed central limit
theorem for | X, |.

Theorem 2.2. Assume (El)and (E2). Then there exists 6% > 0 such that, under P,
Xn
ﬁ(' l—v)—d>Z, )
n

with Z ~ N(0, o2).

We note here that although we define the walk starting at Xy = e, the root, results hold for
starting at any vertex x of T;. This is because the environment is invariant under the translation
by the group G. Indeed it will be evident from the proofs that the constants v and o2 are also
independent of the starting position. Thus Theorems 2.1 and 2.2 hold for any initial distribution
of X on the vertex set of T.

3. Regeneration times

In this section we shall introduce a sequence of regeneration times and provide moment
bounds for them. We begin with some notation. For any x, y € T, [x, y] denote the unique
path from x to y, that is, [x,y] = {xi}ly | X0 = x,x, = y,xi_lxi_l e 5,1 <i <
n and all are distinct}. Let T;(y) be the sub-tree rooted at y, i.e., {x € Ty : y € [e,x]}
and T}, = {x € Ty :| x |[=n}. The type of x € Ty, x #eiss €S if x5! =5 and we shall
denote it by s,. We define

T(y):=inf{n > 0: X, = y} 5
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and

R(y) =inf{n = 1: X,y € Ta(y), X» = y}, (6)
be the hitting time of y and the return time to y, respectively. We also define,

T, = inf{k > 0: X; € T}} @)
and

R =inf{n > 1: X,, = Xy}, 8)

to be the hitting time of level n and return time of the walk to its starting point, respectively.
The first regeneration level is then defined as /| = inf{k > 1 : R(Xy) = oo}, and the
n — th regeneration level for n > 2 is defined recursively as [, := inf{k > [,_; : R(X7,) = oo}.
Regeneration times for n > 1, are defined by
1, if [, < oo;
Ty = (9)
o0 otherwise.

3.1. Tail bounds for the first regeneration time

In this section we will prove tail bounds for first regeneration level. We need to identify
the regeneration levels with a multi-type branching process (see [2]) and obtain the required
bounds. The process will follow from a colouring scheme to be placed on the vertices. The
colouring scheme is an adaptation from [6].

Colouring scheme: We will construct a coupling with a Markov chain that lives on sub-trees
of T, and using this we will develop a colouring scheme on the vertices.
Let
{hy(x,y)|n>1,x,y € Ty, and x ~ y}

be i.i.d. Exponential random variables with mean 1, which are independent of the environment
w.
Suppose Xy = x, an explicit a.s. construction of the walk is obtained by taking

. thrl(an )’)
Xy41 = argmin———.
y~Xn w(an y)
Fix a finite sub-tree C of T, with x € C. Let {Y¢},¢ be such that Y$ = x and
By (YE,
YS = argmin %’Zy)
y~¥¢, yeC oYy, y)

We claim that process {Ync }n>0 1s @ Markov chain on C. To see this, we shall construct a
coupling with the walk {X, : n > 1} so that YC has the same law as X whenever it visits the
sub-tree C. Define A = inf{n > 0 : X, ¢ C}, and recursively for i > 1,

w; = inf{n > X; : X,, € C} followed by A;1| = inf{n > u; : X, ¢ C}.

Define for each k > 1,

W, — X if k<A —1, or u; <k < A;4; for some i > 1;
£ Xy,—1 ifA <k < pu;, for somei > 1.
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Note that as Ty is a tree, for all i > 1, X,,_; = X, € C. It is now easy to see that {W, },>o
is a Markov chain on C and has the same law as {Y,f}nzo. We begin by colouring the root e
asred. Let k > 1 and ¢ > 1. A vertex y € Tfjw is coloured red if and only if

e its ancestor at level (k — 1)y, say x, is coloured red, and
o (Y1, .0, started at x, hits y before returning to x.

For each v > 1 and k > 1, s € § let Zy(k, s) be the number of red vertices at level ki of
type s. Let Z,(0) = {e} and for k > 1, define

Zy(k) = (Zy(k, $))ses € N, where N = NU {0}.

Under the annealed measure, {Z,} is a multi-type Branching process with expected offspring
matrix M = (mg,(¥))s.ues 1S given by

-1

) =E| Y Zﬁ”(x”x’ A

il [ 0(Xj, Xj41)

where Z* is the sum over all indexes, such that x{, xz,...,xy € Ty, s, = s, Sx, = U and
Xy € Td]/f

Proposition 3.1. Assume (El) and (E2). There exists \ > 1 such that Zy, is supercritical.

Proof. We will show that the largest eigenvalue, p, of the offspring matrix M is larger than
1. We observe that for 1 <i <n—1

w(x;, x;i_1)

P (Y[x,y] =x_1 | yol — X)) =
e ' ’ (x;, Xi41) + o(x;, xi—1)

and
(X, Xiy1)
(X, Xi+1) + o(x;, xi—1)

P, (Y =xipy | Y =x) =

Using a standard gambler’s ruin chain argument we can conclude
~1

n—1 m
1 g . w(xj, X
P, (Y™ hits y before returning to x ) = E | | @, Xj-1)
m=1 j=1 w(xj’ xj+l)

We shall now show that for all s € S, and large enough

-1
*

v—1 m
Y @)=Y E[Y Z]‘[“’(x”xf 25 B Y (10)

ues ues j=1 w(x]’ Xj+1)

where > * is defined above. Now notice that for the v for which Eq. (10) holds for that the
row sums of the matrix M are larger than 1, this implies that the largest eigenvalue of M is
bigger than 1. Thus the process Z,, is supercritical.

To show (10) we follow an argument very similar to the proof of Theorem 1 in [1]. Suppose
Oy = 00y ---op Where o; € S and ;41 # ai_l and n = |o,|. Further, let x; = agoy_1--- 0y
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where 1 < k < n. Note that x; = ayx;_; forall 1 <k <n. Let

n—1

_ 1 o(xg, X—1) Lok (otk_l) 1
() = o [ (]_[ (11)

o @O i)\ @k () ) @i (o)’

where we write wy (s) = o (x, sx;) for any s € §. We will now show that P-a.s., there is
a subset of vertices of T}, with size O ((d — 1)"‘1) such that the @-value of these vertices is
strictly smaller than (d — 1)%.

Let By, denote the product o -algebra on S No_ and p be a probability measure on (S No, BNO)
such that (¥,,),>0 € SN forms a Markov chain on S with

1
yn_lzt)zﬁ, s.t €S withs #17", (12)

It is easy to see that the chain (Y,),>o is an aperiodic, irreducible and finite state Markov
chain and its stationary distribution is the uniform distribution on S. We shall assume that Y
is uniformly distributed on S. Thus each Y, is also uniform on S.

Letn, =7Y,Y,—1---Y;. From Eq. (12) it follows that 7, is uniformly distributed on the set
of vertices T7. Now

H’(YHZS

n—1

1 1 _
~In @ (,) = o () +~ ; (Inwy (Y1) = Inawx_ (Yp))

Nn,l(s‘il)
1
o+ (lna)kj(s_l) (1) = Iy, 1y (s)) , (13)
ses j=1
where for each s € S, ki (s™'),ka(s7') -+ ky, (1) (s7') are the time points k when
Y, =s! and

Ny(s) =) 1Y =s). (14)
k=1

Now consider the product space (£2 x §%, By ® By,, P ® ). By Theorems 6.5.5 and 6.6.1
of [9] we have P ® p-almost surely for all s € S,

fim Y& _ 1 (15)

n—oo n d

Further under assumption (A2) and using the Strong Law of Large Numbers for i.i.d. random
variables we have P-almost surely, for every fixed s € S,

N,,_l(s_l)
lim _ Z lnwk_/_(rl) (s_l) =F [lna)l (s_l)],

n—oo N,_; (sfl) P

and also
Nn_l(s_l)
lim — Z Inw, (-1y_; (s) = E [Inw; (s)]
=00 Ny (s71) 45 ki (=) =1 18-

87



S. Athreya, A. Bandyopadhyay, A. Dasgupta et al. Stochastic Processes and their Applications 146 (2022) 80-97

As S is a symmetric set of generators for G. Therefore, P ® p-almost surely,

lim —ln B(n,) = ZE [lnwi (s7") = Inw ()] = 0. (16)
seS

So there exists 1 < ¢ < d — 1 such that, P ® p-almost surely,
IM eN, st.Vn>M d(n,) < c".

This implies that there exist ¢ < ¢ <d — 1 and K > 0, such that, P ® p-almost surely,
n—1
IM e N, st.Vn>M, > O(pm) < K" (17)
m=1
Let M} € N be the minimum such M for which Eq. (17) holds. So by Fubini’s theorem, it
follows from (17), that almost surely for every w € {2, p-almost surely, n > M/fL” € N, such
that

n—1
n (Z D1l < Kc“) > % (18)

m=1
But recall that under u, the distribution of 1, is uniform on the vertices of T7, so for all
n > MZ’

#Ha,, eT) : Z"m_:11 P(o,) < Kc”_'] 1

> —. 19
d (d _ l)nfl 2 ( )
This readily implies that for all n > M7
n—1 -1 —1
1 dd-1D"
#40,€T) : (Z (b(am)> > ch(nfl) - % (20)
Now notice that
B —1
* n—1 m
(,()()C » Xj l)
m, u(n) =E — L
2 ;Z Y| ey
> E Z Z (Z @(w))
ueS
d(d — 1! »
> B| o 1= M)

where the second inequality is because of the factor — elx > 1 in the definition of & (see

Eq. (11)) and the last inequality follows from (20). Now applymg Fatou’s Lemma we get

dd — 1y~
hmmmem(n) >FE hmmeI (n > M:f) = 00.
ch—

n— 00
ues

The last equality follows from the fact that 1 < ¢ < d — 1. This completes the proof
of Eq. (10). O
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Now, for x € T4, y € Ty(x) is called the first child of a vertex yy € Ty(x), if
h1(yo,
y = argmin M 2D
Z“’yO.Z#% CU()’07 Z)

Often we will simply write “y € Ty(x) is a first child ” to mean y is the first child of the
parent <y_ € Ty4(x). Notice that by construction of the walk (X,),-, whenever the walk enters
a previously unexplored domain, it does so through a first child.
Form > 1,
Fox={yeTiux):l]y|—|x|=mand y is a first child}.
Lety > 1,0 >1
Ex = ’]I'd(x) N Z,[, ﬂ,‘i‘;l chg‘x/r,x’
where by slight abuse of notation, we denote the set of red vertices by Z,;.

B(x) = {X\ is finite}, By = B(e), and By, = B(XTW;)’ k>1.
Lemma 3.2. The collection of events {B;,i > 1}, are independent.

Proof. The event B(x) € o{h,(z,y):z,y € Ty(x),n > 1}. Let iy < i, < --- < iy be positive
integers. Note, as observed,

By € ofhu(z, y) 12,y € Ta(X7; ()i m = 1)

Note however that X7, ., is a first child at level /;¢v. and this implies Td(XTii[ 2N

Td(XTi,: w) = (J. Hence {/Bij : 1 < j <k} are mutually independent. [l

Proposition 3.3. 3 y < 1 such that for n > 1, we have

Py > nyg) <y

Proof. Note that Bf C ({level iy¥¢ is a regeneration level}. Hence, using that B; are
independent we have,

n—1

n—1
P = nyro) <P(() B) =] [P(B).

i=1 i=1

For s € §, let
K -1
B; = {XTi[u/ XTiw
Note that for s € S, P(B}) = IP’(B;) for all 1 <i, j < n. Hence,

P(B;)) = P(UsesB)) = Y B(B) =y

ses

Therefore Py > ny¢) < [T/ (X,es P(BD) =y~

Now we will show that we can choose ¢ > 0, such that y < 1. It is enough to show that
we can choose ¢ > 0, such that P(B;) < 1. For this we follow an argument similar to the
proof of Lemma 3.3 of [6]. From definition it is clear that the vertices which belong to Xy,
are obtained as follows. The vertices at level (¢ — 1)y are of d-types and have a distribution

:S}ﬂBi.
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with mean matrix M¢~DY_ Further, the vertices at level £ have a number of various types of
coloured vertices and we have deleted the first child. Therefore, the expectation matrix of such
vertices is M — A where A is a d x d-matrix with 0 < Ay, <1 and A1 = 1. Thus, y = P(B;)
is at most as large as the extinction probability of a multi-type branching process with mean
matrix M, := M¢~D¥(M — A). But, from Eq. (10) it follows that

mq := min E mg, > 1.
seS

ues

So for any s € S, the sth row sum of A7I; is at least as large as mg_l)‘/'(mo — 1). Now select
¢ > 1, such that m@ 1)‘/j(mo — 1) > 1. From the argument above then we can conclude that
y<l1. O

3.2. Moment bounds

We conclude this section with the required moment bounds on the regeneration times defined
above. For x € Ty, let T(x) be as in (5) and 7; be as in (9). Furthermore, let

00
L(X) = Z I{Xj:x} and D = Z I{T(x)grll (22)

j=0 xeTy

be total number of visits to x and the number of distinct vertices visited before t; respectively.

In Proposition 3.4 we show moment bounds on L(e), D and these yield the moment bounds
on regeneration times. For the bound on L(e) we will work with induced walk on specific
subtrees and provide moment bounds for their visits to the root. For moment bounds on D we
will need tail bounds on regeneration levels that were proved in Proposition 3.3.

Proposition 3.4. Assume (E1) and (E2). Then for p > 1,
(a) E[L(e)"] < oo;
(b) E[D?] < oo, and
(c) E[]] < oo.
Proof (a). For n > 1, let
U, = {{)c"}f’=1 xie T/ and [x',elN[x/,e] ={e} forall 1 <i # j <d)}.

We will denote any element of U, by A, and the smallest sub-tree in T, containing A, will
be denoted by T,. Consider the walk {Y, ko> 1}. Define

Ty, =inflk > 1:Y." € A,}, and L(e, TAn)_ZI =,
i=0

—e,i<TAn}

to be the hitting time of .4, and the number of visits of Y* to e before the walk Y= hits
A, respectively. Define R, =inf{k > 1: Y, = = e} return time to e. Under the quenched law,
Lie, TAn) is a geometric random variable W1th parameter g, given by

-1
n j—1

d
Gw =Po(Ta, < R) =D wle.s) [ Y ][] ——— DX X )

i=l j=1 k= la)(xk’xk+l)

90



S. Athreya, A. Bandyopadhyay, A. Dasgupta et al. Stochastic Processes and their Applications 146 (2022) 80-97

Using standard results about geometric random variables we know that for p > 1, 3¢, > 0,
such that

—1\ P
d
- . w(x!, x!
EIL(e. T4,)"] < ¢,Elq,"1 = ¢, | [ 3 wee. s Zl_[ )
= k= lw(xkvxkﬂ)
— 1 —1\ P
noj-
w(x!, xi
<c¢,d’E min ZH (. 3y
tsisd \ L O, X))
] n i 1a)(x xi ) !
=c,dPE| max | Y [][ L . (23)
I<i<d Tl ke lw(xk’xk-&-l)

For x € Ty, define R* = inf{n > 1 : Td(x) = x}. We note here that the distribution
of R* under the annealed measure P depends on x only through its type. In particular,
P (s, = s, R* < 00) depends only on s € S. We further define

= inf{k > 1 : A, € Uy such that P, (R* = c0) = 1 for all x € A}.
Observe that for any n > 1,
L(e)igr=n) < L(e, Ta,){11=n).

By Holder’s inequality, witha = 14+6/p, b = 1 + p/§, for some § > 0 and using (23) we
have

E[L(e)" I{pr=m] < EI(L(e, Ta,))" I{1=n)]

<
< E[L(e, Ta,)"1"*P(H = n)'/*

B n j—1 paT] l/a
o(x!, xi
< pa? | B | max ST 2k P(H =)'/,
tsizd \ T (2 la)(xk,karl)
- pa: 1/a
n iz la)(xk,xk D b
<cpd? | E| max [ Y ] P(H =n)'/?. (24)
Isi=d \ "= 1w(xk,kar,)
Now,
PH=n=<P||]J [] R <oo}|=> P (| (R <oo)
s~e ye']I‘d(s)l"l']I‘;71 s~e yE’]I‘d(s)ﬂ']I‘271
=Y ] ER <o)
S yeT ()T !
(d—1)" 2
<d max P (sy =s, R < oo) . (25)
€S, yeTy()NTH !

Let ¢ = max sy =s, R < 00). Recall that P (s, = s, R” < 00) depends on

s€8,yeTy(s)NT ! P (
y only through s € §, thus, g max;cg P (sy =s5,R < oo) Therefore, ¢ < 1. From(24), (25)
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and using (E2) the above we have

pa 1/a
1
w(xi, xi o\
E[L()’, Iin=n)] < c,d”" max ZH (¥, Xi—1) (dq(d—l) 2)”
==\ T ke (X Xjp1)
IR 1 @-1"—2
< de Pty Z el_*l q b
j=1
€ 1" ! @-1"—2
< c,d s - b
=Cp 1_e (E) q
cp€? Y an] 1 o
= — 71— ep| —loglon + A log(g)(d — 1) (26)

It easily follows that

E[L(e)’] = > E[L(e)". Iirr=n)] < 00.

n=1

(b) From the definition of D, we have

o0
Yo lrw=my =14+ Y D lrw=n ly=n

D =
xeTy x#e,xeTy n=1
o0
=14+Y > Irwsn ly=n
n=1 x#e,xeTy
[o¢] n
=1+ Z Z Z Lirco<tyy | Liy=n)
n=1 \ k=1 yopk
d
oo n
<1+ Z Z Z Iiry<coy | Tity=ny-

n=1 k=1 xe'ﬂ‘k

For each k > 1, we may dominate the random variable ZX etk I{1(x)<c0) by @ Geometric (1—gq)
random variable (where g was defined in the previous proofg This implies
2p

Z Ii7(x)<o0) <c,(1—q)?.
xe’ﬂ‘z

Using this, Jensen’s inequality, followed by Holder’s inequality we have for all n > 1,

p P
n n
YR D frw<ea) | D=y [ <0 EL D Irco<en) | T
k=1 xe'JI‘f, k=1 xETfI
2p
n
< nP~! Z E Z Iit<ocy | VPU1 = 1)
k=1 reTh

IA

e =) Pn? Bl =n)
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Then,

(o]
E[D’] < /c,(1 —P(R < 00))" an P, = n)'/2. 27)
n=1
The result follows from Proposition 3.3.
(c) Let {x; : 1 <i < D} be an enumeration of the vertices visited by the walk X before
time 7;. It is easy to see that

D
T = Z L(xi).
i=1

So,

D P D
E[z/]=E [(Z L(x,»)) } <E [Dpl > L(x,-)pi| : (28)
i=1

i=1

Now

D ()
DY L) =Y D' L) [ip=i.
i=1 i=1
For each i > 1, using Holder’s inequality twice (first with ¢ = 1 4+38/p, and ¢’ = 1 + p/§)
and Chebychev’s inequality, we have

— 1 1/ 1/(¢"
E[D" ' L0y Iip=i] < [EILG)" 1] [EIDT Iipy )]

1/q") /
P(D > i)l/(2c1)

< [z 0] [ErD2]
S [E[L(xl)era]]l/q [E[Dz(pil)q/]] ]/(2(1 ) I:E(D4q/)]l/(2q ) ‘_12.
l
29)
By definition of L we have
E[L(x;))""] < E[L(x;))"*°|Xo = x;] = E[L(e)" ). (30)

Using (28), (29), (30), the fact that Zloil liz < 00, along with part (a) and (b), we have the
result. []

4. Proof of main results

We are now ready to prove the main result. We will need only the first moment bound
obtained in Proposition 3.4 for the regeneration time. Then a standard renewal technique
will yield the result in Theorem 2.1. For Theorem 2.2, we will identify independent blocks
conditioned on the type of vertex at the regeneration times. This along with proportion of
visits to each time will yield the result.

Proof of Theorem 2.1. Let {7,},>1 be the sequence of regeneration times defined in (9). By
Proposition 3.4, E(t;) < oo. So for all n > 1, there exists a (random) subsequence {k,},>1
such that

Tk, <N =< Tpyt1- 31D

93



S. Athreya, A. Bandyopadhyay, A. Dasgupta et al. Stochastic Processes and their Applications 146 (2022) 80-97

It is then readily seen that

| Xo | _ 1 X 14 2000 Xy | = 1 Xy D4 [ X | — | X, | )
n T+ Zm:l (Tmt1 — Tw) + 1 — T,
For any s € S, define
Viis) = | x> = g = K g = =1
(T = Ty, ) 0> 1, (1 X | =1 Xey Dl =y 0> 1.
(33)

Using Assumption (E1) we have for each s € S, {Yi(s)};>1 and {Z;(s)};>; are i.i.d. Using
Proposition 3.4,

E[Yi(s)] = E[Y\(s)] = E[r, ]; 1] < E[ri] < oo,

AX-[ =5}

and

E[Z;i(s)] = E[Zi(s)] = E[| X<, | I 11 < E[| X7, |1 = a1E[7] < oo.

5Xr —=s}

By strong law of large numbers for each s € S,

" Y . Zi
lim Lizt 1) — E[Yi(s)] and lim Lizi Zi) — E[Z(5)]
n—o0 n n—o00 n
P-almost surely, as n — oco. Consequently,
kp—1 kn—1
L Tup T Y; (S)
Z"k—j; 22 oo LEN@I=Elal, (34)
" ses i=1 ses
and
k 1 kn—1
n | Xop | =1 Xq | — Z(S)
P == 7 — LEZ@I=El X, ]I (35)
n seS i=1 n s€S
almost surely P, as n — oco. Now,
0<n-—1, < T,+1 — Tk, (36)
Elt, — t,—1] = ZE Thy — Thy—11{ :s]]
ses
= Ellsy, Bl = w1 |sx, =s11=) Elly, —oEle—1 |sx, =sl]
ses ses
<Y E[E[n,— 7 | sy, =sl1=| S |Elr, — 7], (37)
ses
and
O0=<IXn|—1|Xyg, IS Xg | — | Xq, land n—| Xy [<c1(n — 17%,) (38)

for some ¢; > 0. Using (34)—(38) along with simple elementary algebra on (32) yields
| X | E[l X, (]
—
n E[‘Cl]

almost surely as n — co. O
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Proof of Theorem 2.2. Recall from (31) and (33), k,, ., Z.(-) and Y.(-). Let

E[l X<, [
= gy W) = Zu) — Y. Sus) = ZWk(s) and S, =) S,(s).
1 seS
Observe that,
Xn Xn S
ﬁ('—l—v>=ﬁ<| l—Sk,l—v>+ b,
n n Jn
As,
1 X, | =S, < max 1!
— w | =Sy —nv|< max ———,
Jn n I<isk,  /n
our result will follow if we establish that as n — o0
S
.3 —d> N(O, 02), for some 0% > 0 39)
n
and for all § > 0
P{ max M>8 —> 0. (40)
0<i<kp ﬁ

Proof of (39): Using Assumption (E1), it is easy to check that sy, under the annealed law Pis
uniform on S (see [1, Section 2]) and thus the vector (Wi(s));cs forms an i.i.d sequence with
mean

E[W1()] = E[X¢, Ly, ] — Eli Iy, _yJv for each s € S,

and covariance

2
Oy = ELTU(1 Xoy | T, o = Tl 10 = EIWA (1)1 or s1, 52 € 5.
i=1

Therefore by the multivariate central limit theorem, we have
(Su(s) — nE[W1(s)]Dses 4

Jn
where Y = (O5;s;)si,5 €8+ The continuous map theorem then implies that for each s € S,

Su(s) — nE[Wi(s)] 4

5 N@©, %)

— N0, o
NG 0,0}
with 02 = o,. If 0 = 1" X1 then it is immediate that as n — 0o
Sn
4 N, o?). (41)
n
Note that there is no centring because Zfe s E[Wi(s)] = 0. From proof of Theorem 2.1, we
know that k” — W Using this and (41) we are done.

Proof of (40): Using Proposition 3.4(c) the proof is standard (see [3, Proof of Theorem 2.3]).
Since k, < n, we have that for any § > 0,

Ti+1
P (og}ikn *7 > Zp(n > 8/n). (42)

95



S. Athreya, A. Bandyopadhyay, A. Dasgupta et al. Stochastic Processes and their Applications 146 (2022) 80-97

Note that, since IE [7{] < oo, one has that

> 8vi > 8%i
P(t; > —) = P(r? > —) < oo.
le(l 77 le(l =)

Hence, for each € > 0 there is a deterministic constant N = N(d, §, €) such that

Z]P’(rl > (ST\?T) <e.

i=N

Therefore,
) n ) N 00 3\/1_'
hmsupZIP’(rl > §4/n) < limsup ZP(‘L’I > 8/n) + Z P(t; > —) | <e.
e o e Nzt i=N+1 VT

As € > 0 was arbitrary, one concludes from the last limit and (42) that (40) holds. [
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