
Reursive DistributionalEquations : Appliation toHard-Core Model on RandomGraphs
Antar Bandyopadhyay

Eighth North Amerian New Researhers ConfereneMinneapolis, USA
Department of MathematisChalmers University of TehnologyG�oteborg, Swedenhttp://www.math.halmers.se/~antarAugust 3, 2005



Two ExamplesExamples 1 : Consider a (sub)-ritial Galton-Watsonbranhing proess with the progeny distribution N , soE [N ℄ � 1; we assume P (N = 1) < 1.
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Height of the Tree : Let H := 1+ height of the G-Wtree, then H <1 a.s. andH d= 1+max (H1;H2; : : : ;HN) on N ;where (Hj)j�1 are i.i.d. with same law as of H and areindependent of N . 1



Example 2 (Perhaps the best known !) : Considerthe following �xed point equation
Z d= Z1+ Z2p2 on R ;where (Z1; Z2) are i.i.d. opies of Z.

� The set of all solutions is given by the Normal �0; �2�,�2 � 0 family.� This example also extends to give haraterizationsof stable laws.
We will all suh an equation a reursive distributionalequation (RDE).
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Reursive Distributional Equation (RDE)De�nition 1 The following �xed-point equation on Pis alled a Reursive Distributional Equation (RDE)
X d= g ��;Xj;1 � j��N� ; on Swhere (Xj)j�1 are independent opies of X and are in-dependent of (�;N).Remark : A more onventional (analysis) way of writingthe equation would be � = T (�)where T is the operator assoiated with the above equa-tion, whih depends on the funtion g and the joint dis-tribution of the pair (�;N), and � is the (unknown) lawof X.
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g

i.i.d
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Hard-Core ModelSetup :� Let G := (V;E) be a graph.� We say a subset I � V is an independent set ofG, if for any two verties u; v 2 I there is no edgebetween u and v.� Let IG be the set of all independent sets of G.� We would like to de�ne a measure on IG.
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For Finite Graphs :� Fix � > 0.� Hard-ore model on G with ativity � is a probabilitydistribution on IG suh thatP� (I) / �jIj; I 2 IG:� Thus P� (I) = �jIjZ� (G); I 2 IGwhere Z� (G) := PI2IG �jIj is the proportionality on-stant, known as the partition funtion.For In�nite Graph :� Use a Statistial Physis de�nition of in�nite vol-ume Gibbs measure on IG (similar to that of Isingmodel and q-Potts model).� It always exists but may not be unique ! If unique-ness fails then we will say that a phase transitionours. 5



Random Graph Models� GW-Tree : Galton-Watson branhing proess treewith a given progeny distribution denoted by N .I The parameter here is the distribution of N .� Erd�os and R�enyi Random Graph : A randomgraph on n � 1 verties labeled by [n℄ := f1;2; : : : ; ngwhere eah pair of verties are onneted by anedge independently with probability n, where  > 0.This would be denoted by G �n; n�.I The parameter here is  > 0.� Can also work with \Random r-regular Graph"model (this we will not disuss) !
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The Reursive Distributional Equation(RDE)
� d= � NQj=1 �1� �j�1+ � NQj=1 �1� �j� on [0;1℄;

where ��j� are i.i.d. opies of � and are inde-pendent of N .
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Charaterization of Phase Transition forGW-Tree ModelTheorem 1 For GW-tree with progeny distribution N ,there is no phase transition for the hard-ore model withativity � > 0, if and only if, for the assoiated RDE,the operator T 2 has unique �xed-point.
Main Results for Hard-Core Model onSparse Random GraphsTheorem 2 Suppose X!� (n; ) be the size of a randomindependent set distributed aording to the hard-oremodel with ativity � > 0 on a Erd�os-R�enyi randomgraph G �n; n�. If the GW-tree with Poisson() progenydistribution has no phase transition thenlimn!1 E� �X!� (n; )�n = � ()where � () := E [�℄ and � is the unique solution of theRDE.Theorem 3 A similar statement for the random r-regulargraph model. 8


