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1. Suppose (Xn,Fn)n≥0
is a martingale such that E
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< ∞ for all n ≥ 0. Then prove that

(a) For any m ≥ 1 and any square integrable Fm-measurable random variable Y we must have
E [(Xn − Xm) Y ] = 0 for all n ≥ m.

Note: So in particular we have E [(Xn − Xm) Xm] = 0 for all n ≥ m ≥ 1. Thus a martingale

increment is orthogonal to its current value.
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m. [5 + 3 = 8]

2. Suppose (Zn)n≥1
are i.i.d. Normal (0, 1) random variables and θ is another random random variable

with finite first moment which is independent of (Zn)n≥1
. Define Xn = θ + Zn for n ≥ 1. Show that
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[7]

3. Let (Ω,F , P) be a probability space and {Xβ}β∈I
be a collection of random variables such that there

exists a non-negative random variable Y which is integrable such that |Xβ | ≤ Y for all β ∈ I. Then
show that the collection {Xβ}β∈I

is uniformly integrable. [5]
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