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Introduction

Erd6s-Rényi model for random graphs is one of the most popular models
in graph theory. They are named after mathematicians Paul Erdés and
Alfréd Rényi, who first introduced one of the models in 1959, while Edgar
Gilbert introduced the other model contemporaneously and independently
of Erdés and Rényi. There are two closely related variants of the
Erdés—Rényi random graph model.
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Erdés—Rényi random graph model.

@ In the G(n, M) model, a graph is chosen uniformly at random from
the collection of all graphs which have n nodes and M edges.

@ In the G(n, p) model, a graph is constructed by connecting nodes
randomly. Each edge is included in the graph with probability p
independent from every other edge.
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Introduction

Erd6s-Rényi model for random graphs is one of the most popular models
in graph theory. They are named after mathematicians Paul Erdés and
Alfréd Rényi, who first introduced one of the models in 1959, while Edgar
Gilbert introduced the other model contemporaneously and independently
of Erdés and Rényi. There are two closely related variants of the
Erdés—Rényi random graph model.

@ In the G(n, M) model, a graph is chosen uniformly at random from
the collection of all graphs which have n nodes and M edges.

@ In the G(n, p) model, a graph is constructed by connecting nodes
randomly. Each edge is included in the graph with probability p
independent from every other edge.

However, for the rest of this article, we shall be considering the G(n, p)
model for our purpose where p = A\/n. Why this specific form of p shall be
useful, we shall see in a bit.
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Degree Distribution

We would like to investigate the nature of the degree of a uniformly
selected vertex given an Erd6s-Rényi random graph.Since the vertex to be
selected is arbitrary, its distribution will asymptotically be same as the
empirical distribution of all the vertices given the graph.

Anirban Nath

Asymptotic Degree Distribution June 15, 2020 3/19



Degree Distribution

We would like to investigate the nature of the degree of a uniformly
selected vertex given an Erd6s-Rényi random graph.Since the vertex to be
selected is arbitrary, its distribution will asymptotically be same as the
empirical distribution of all the vertices given the graph.

Suppose the graph has n vertices and D; denote the degree of vertex i.
Then the empirical degree distribution will be

1
Py = =" Lip—i

i€[n]
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Degree Distribution

We would like to investigate the nature of the degree of a uniformly
selected vertex given an Erd6s-Rényi random graph.Since the vertex to be
selected is arbitrary, its distribution will asymptotically be same as the
empirical distribution of all the vertices given the graph.

Suppose the graph has n vertices and D; denote the degree of vertex i.
Then the empirical degree distribution will be

P = Z L{p=k)

le[n

Even if we fix a vertex and check its degree the distribution will be same,
but the choice should be arbitrary i.e. if we intentionally choose an
isolated vertex, the result will obviously not follow.

We also define the Poisson(\) pmf as pyx = e‘Ai‘(—T for k >0
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Fix A > 0. Then, for every €, such that ne% — 00,

P P — | >
A(rpzaglk pkl_en)—>0
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Fix A > 0. Then, for every €, such that ne% — 00,

P P — | >
A(rpzaglk pkl_en)—>0

Remark. The proof involves some ideas and results of coupling which we
shall discuss in the next section in details.
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Fix A > 0. Then, for every €, such that ne% — 00,

P P — | >
A<rp2a(>)<|k pkl_en)—>0

Remark. The proof involves some ideas and results of coupling which we
shall discuss in the next section in details.
Proof. First, note that,

By [B7] = Pa (D3 = k) = (n;1> <2>k(1_2>n1

because D; ~ Bin(n — 1, %) i.e. node 1 has n — 1 edges to connect each
with probability % Now,

3 [pe— BB = 32 [Pa (X = k)~ P (X, = 4|

k>0 k>0
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where X* ~ Poi()) and X, ~ Bin (n—1,2). We shall bound the
difference by a coupling argument as follows.
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where X* ~ Poi()) and X, ~ Bin (n—1,2). We shall bound the
difference by a coupling argument as follows.

Let Y, ~ Bin(n, 2). Then, Y, = X, + I, where I, ~ Ber (2) and X, and
I, are independent.

> P(Xn = k) = P(Yn = k)]

k>0

= IP(Xp = k) = P(Xp = k, Iy = 0) = P(Xp = k — 1,1, = 1)]
k>0

2\
=—ZUP —P(X,=k-1)[ <
k>0
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where X* ~ Poi()) and X, ~ Bin (n— 1, 2). We shall bound the
difference by a coupling argument as follows.

Let Y, ~ Bin(n, 2). Then, Y, = X, + I, where I, ~ Ber (2) and X, and
I, are independent.

Z IP(Xn = k) = P(Yn = k)|

k>0

= IP(Xp = k) = P(Xp = k, Iy = 0) = P(Xp = k — 1,1, = 1)]
k>0

f—Z]]P ]P(Xn:k—1)|<Q
k>0

Therefore, for all k > 0, we have,

S P(X, = k)~ PX° = k) < 2N

n
k>0
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Thus, it is enough to show that,

e (g [P - 1] 2 5 ) = et
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Thus, it is enough to show that,

o (g P -1 ]| 2 ) = ot

Boole's Identity gives us,

o (gl l? -2 ]| > ) < e (- ma ) )
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Thus, it is enough to show that,
(n) (n) €n\ _
P (g Pl - [10] > 5 ) =00
Boole's Identity gives us,
(”)_ (”)‘>€_” < ‘ (”)_ (n)‘>6_n
e (g [P~ B[] ) < o ([Pl 0] = )

2
Then, for a fixed k > 0, by Chebychev's Inquality, we get,

P ([P - [ = 52) < avan(P”)

€
n 1
Vara(P") = ~ [PA(D1 = k) = PA(Dy = k)’

n—1
+

[PA(D1 = D> = k) = P\(D1 = k)’
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Let, X1, Xo " Bin(n —2,\/n), and I, b " Ber(\/n). Then,

(D1, Dy) 4 (X1 + h, Xo + I) while (X1 + l, Xo + k) are two independent
copies of D1.Thus,

]P)\(Dl =D, = k) = ]P)\((Xl + L, Xo + /1) = (k,k))
Py(D; = k)? = Py((X1 + i, Xo + k) = (k, k))

Using the above coupling, we get,

my - 1 A
Vara(P") < “PA(D1 = k) + = [PA(Xy = k) + PA(Xe = k — 1)]
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Let, X1, Xo " Bin(n —2,\/n), and I, b " Ber(\/n). Then,

(Dy, D») 4 (X1 4+ h, Xo + h) while (X1 + h, X2 + k) are two independent
copies of D1.Thus,

]P)\(Dl =D, = k) = IP)\((Xl + L, Xo + Il) = (k,k))
Pa(D1 = k)* = PA((X1 + h, X2 + ) = (k, k))

Using the above coupling, we get,

my - 1 A
Vara(P") < “PA(D1 = k) + = [PA(Xy = k) + PA(Xe = k — 1)]

n n €n
P, <rpax P _ R, [P(k)” 22>
A
< 22[ = K+ 2Py = k) £ PAG = k1)
”k>0
4(2
:M—)O since ne2 — oo
€e-n

n
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Coupling

Coupling is nothing but a joint distribution of random variables that may
not be individually defined on the same probability space having the same
marginal distribution.

Coupling of Random Variables

The random variables ()?1,)?2, ¢ ) are a coupling of the random
variables X1, X5, ..., X,, when (X1,X2, e ,X ) are defined on the same
probability space and are such that the marginal distribution of X; is same
as that of X; for all i =1,2,...,n that is for all measurable set £ € IR,

P(X; € £) =P(X; € &)
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Coupling

Coupling is nothing but a joint distribution of random variables that may
not be individually defined on the same probability space having the same
marginal distribution.

Coupling of Random Variables

The random variables ()?1,)?2, ¢ n) are a coupling of the random
variables X1, X5, ..., X,, when (X1,X2, e ,X ) are defined on the same
probability space and are such that the marginal distribution of X; is same
as that of X; for all i =1,2,...,n that is for all measurable set £ € IR,

P(X; € £) =P(X; € &)

We now describe a general coupling between two random variables that
makes them equal with high probability. Let, X and Y be two discrete
random variables with the following probability mass functions

P(X =x) = px P(Y=y)=gq, xeX,ye)y
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Total Variation Distance

Now, a convenient distance between discrete probability distributions is the
total variation distance between the discrete probability mass functions

(Px)xex and (Qy)yey-

Total variation distance
For two probability measures i and v, the total variation distance between
them is defined as drv (u,v) = supacg [4(A) — v(A)|
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Total Variation Distance

Now, a convenient distance between discrete probability distributions is the
total variation distance between the discrete probability mass functions

(Px)xex and (qy)yey-

Total variation distance

For two probability measures i and v, the total variation distance between
them is defined as drv (u,v) = supacg [4(A) — v(A)|

For discrete probability mass functions,the total variation distance between
them will be

E:(Pa_‘YJ

drv(p,q) = sup
AeB‘aeA

1
:ZEEZ‘pX_Ck|
x

Anirban Nath Asymptotic Degree Distribution June 15, 2020 10/19



Total Variation Distance

Now, a convenient distance between discrete probability distributions is the
total variation distance between the discrete probability mass functions

(Px)xex and (Qy)yey-

Total variation distance

For two probability measures i and v, the total variation distance between
them is defined as drv (u,v) = supacg [4(A) — v(A)|

For discrete probability mass functions,the total variation distance between
them will be

E:(Pa_‘YJ

drv(p,q) = sup
AGB‘aeA

1
:ZEEZ‘pX_‘k|
X
For continuous random variables, the total variation distance will be,

drv(f.) =5 [ 1700 - g(o)lox
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Useful Theorems

These are the theorems we have used previously in our proof earlier.
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These are the theorems we have used previously in our proof earlier.

Maximal coupling

For any two discrete random variables X and Y , there exists a coupling
(X, Y) of X and Y such that, P(X # Y) = drv(p, q) while, for any other
coupling, we have, P(X # Y) > drv(p, q)
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Useful Theorems

These are the theorems we have used previously in our proof earlier.

Maximal coupling

For any two discrete random variables X and Y , there exists a coupling
(X, Y) of X and Y such that, P(X # Y) = drv(p, q) while, for any other
coupling, we have, P(X # Y) > drv(p, q)

Poisson limit for binomial random variables

Let (/;)"_; be independent with /; ~ Ber(p;), and let A = >""_, p;. Let

X =371l and Y be a Poisson random variable with parameter A. Then
there exists a coupling (X, Y) of random variables X and Y such that
P(X £ V) < X0, p? -
Consequently, for any A > 0 and n € N, there exists a coupling (X, Y) of
random variables X and Y where X ~ Bin(n,A/n) and Y ~ Poi()) such
that P(X # V) < &

v
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Why Enough?

From triangle inequality, it follows that,

P — k| < [P = B [P7] | + | [P - ]
— [P = o <[P =B [P) + 3 [ [PY] -
- k>0
— [P~ pi| < |P" — By (B +%”

| P o | < max | P g [pO]] 4
max | P — pi| < max [Py — By [B] | +

(”)_ > < ‘ (’7)_ (n) ‘> -n
— P, <T§(>)<|Pk Pl _6,,) <P, (rpza[%( P By [P]| >

Thus, it is enough to show that,

Py | max
k>0

A -m |2 %
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The bound on variance

]P)\(Dl = D2 = k) — ]P)\(Dl = k)2
= ]P)\((Xl + /1,X2 + ll) = (kv k))
<PA((X1 4+ h, X2 + h) = (k, k))

It can happen only when /1 # h. If, 1 =0, then b =1 and X; = k and
when, ; = 1. then [, =0 and X, = kK — 1. Thus,

—PA((X1 + h, X2 + b) = (k, k))
(X 4+, Xo + k) # (k, k))

my o 1 A
Vara(P") < “PA(D1 = k) + = [PA(Xy = k) + PA(Xe = k — 1)]
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Proof of maximal coupling theorem

We start by defining the coupling that achieves the equality.
P(X =Y =x) =pcAgx

X — x. ¥V = :(PX_(PX/\qX))(qy_(Py/\CIy)) X
P(X=x,Y =y) 5 p — il X FY

First of all, observe that,

S (e~ (e £ 6) = 3@~ (B A a) = 2 3 Ipe — ax

X

]P()%#\/}): —]P()%:\A/):l pr/\qx = Z’px_ ax

X

This proves the first part of the theorem.
For the latter part,

P(X=Y =x)<P(X =x)=P(X =x) = px
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Proof of maximal coupling theorem

and also,

P(X =Y =x) < (px A dx)
—= P(X=Y)=) PX=Y=x)<> (pAax)

I
2,
>
RIS
\‘S)
I
—_

- ~ 1
-P(X = Y)zl_Z(Px/\qx):§Z|Px_qx|

X X

The coupling above attains this equality, which makes it the best coupling
possible, in the sense that it maximizes P(X = Y).
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Proof of poisson limit for binomial RVs

Let us define random variables J; ~ Poi(p;) for all i =1,2,... n and they
are independent. Moreover we write their p.m.fs as

pix =P(li = x) = pilix=1y + (1 = pi)L{x—0}

p).<

gix =P(Ji =x) = efp"xf'!

Let, (IA,,j,) be a coupling of /; and J; where (IA,,JA,) are independent for
different i. Now, for each pair /;,J;, the maximal coupling (/;, J;) described
above satisfies

1*p,' x=0
P(l; = ,‘:X):Pi,x/\qi,x: pie P x=1
0 x>2
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Proof of poisson limit for binomial RVs

Thus, we obtain,
P(li=J)=1-P(i #J) =1-(1—pi) — (pie ™) = pi(1 — e P) < p}

Now, let X =27 f:and ¥ = Py 1 Ji. Then X has the same
distribution as X = >_"_; /; and Y has the same distribution as

Y =37 ,Ji~ Poi(p1 + p2+ -+ pn). Finally, by Boole's Inequality, we
obtain

P(X;&V)SP(U{/ ;AJ}) <Z]P(I ;AJ) gzn:p,?
i=1

i=1

For the later part, we choose p; = A\/n and the result follows.
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