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One of the nicest features of quantum groups is its connections with various other
apparently diverse areas of mathematics. The theory of special functions is one such.
They are related to quantum groups exactly as their classical counterparts are to the
classical Lie groups. g¢-special functions appear as matrix entries of representations of
quantum groups and seem to play an important role in controlling the symmetry of
noncommutative spaces. This fact has been exploited by several people to give new
interpretations to ¢-functions, to prove new identities involving them, and to give new
and, in a sense more natural, proofs of identities already proven (see, for example, [2], [3],
[5], [6], [8]). In this article, we will prove a few identities that can be called g-analogues
of Graf’s identities involving classical Bessel functions. Some of these identities come in
handy while doing computations involving other quantum groups, like the double group
built over the quantum E(2) group.

We start with a very brief description of the quantum E(2) group in the first section.
In the next section, we introduce the g-Bessel function, which is, up to a slight change
in scale, essentially the g-analogue of Bessel function introduced by Exton ([1]). In
section 3, some calculations involving the comultiplication are presented that we need
subsequently. The (right) regular representation is introduced and its relation with the
right convolution operator is given in section 4. Using this and the computations in the
third section, we prove a whole class of identities in the last section.

We retain the notations used in [7].



1 Preliminaries

Let us first describe the Hopf-algebra of coordinate functions on E,(2). Let A be the

unital x-algebra generated by two elements v and n satisfying the following relations:
viv=vv*=1, n"n=mnn", vov* =gn. (1.1)

The comultiplication map u, the counit € and the antipode x are given on the generating

elements as follows:

wv)=vev, pun)=vean+nxv".

e(v)=1, €n)=0,

k(v) =v* k(v*)=v, k(n)=—¢ 'n, k(n*)=—¢n*.

To describe the group at the C*-algebra level, one also assumes that

on) CCY:={¢"2:2¢€ 8" ke z}u{0}. (1.2)

It is easy to see that the following list gives all the irreducible representations of the pair

(v,n) once we assume (1.2):

vl
T, { on Lyo(Z),

n+— zq
vz

€, on C,
n—0

Take v=¢® I, n = ¢ ® £* on Ly(Z) ® Lo(7Z), where £ : e}, — ex_1 and N : eg +— key,

ze St (1.3)

are operators on Ly(Z). The C*-algebra Cy(E,(2)) of ‘continuous functions vanishing at
infinity’” on E,(2) is the norm closure of all finite sums of the form Y, v* fx(n), where
fr € Cp(CY9). It is easy to check that v and n are affiliated to Co(F,4(2)), and moreover,

it has the following ‘universality property’.

Theorem 1.1 ([10]) If 7 is a representation of Cy(Eq(2)) on some Hilbert space KC,
then w(v) and w(n) satisfy the conditions (1.1) and (1.2), with 7(v) replacing v and
7(n) replacing n. Conversely, if V and i are two closed operators on a Hilbert space K
and satisfy (1.1) and (1.2), then there is a unique representation m of Co(E4(2)) such
that m(v) =V and m(n) = 0.

Moreover, in the above situation, if A is a C*-subalgebra of B(K), then ¥V and 0 are
affiliated to A if and only if m € mor(Co(E,(2)), A).



2 ¢-Bessel Functions

Let Fj, be the following function on C? introduced by Woronowicz in [10]:

2r . _ _
12, }igzé if 2€Cl—{—1,—q72, —¢%,.. .},
-1 if z € {-1,—¢q72,—¢7%,...}.

Fy(z) = (2.1)

This defines a bounded continuous function on CY. For a positive real ¢t and for ¢ # 0,
let us denote by (t), the number (1 —¢*)/(1—gq). Let n be a nonnegative integer. Define
the g-factorial (n),! by:
Wy (k) ifn> 1,
{ 1 if n=0.
One can now define the g-exponential function as follows:
© K

2 (k!

This function can be shown to have the following infinite product expansion for ¢ > 1:

exp,(z) =

exp,(z) = ﬁ (1 —q M- Q)w) :

k=1

from which it follows that 3
_ oxXpg2 (ﬁ)

Fy(z) = . 2.2
Q( ) equ—Z(ﬁ) ( )
Let us next define a family of functions Jy(-,-) on C? x Z as follows:
Jo(z, k) = / Fy(zu)u%du, € CLkecZ. (2.3)
S1

We call these g-analogs of Bessel functions. From equation (2.2), we find that for real

values of z, and for u € S*,

which is an analog of the function exp(3z(u~' — u)). Recall that the classical Bessel
function J(z, k) is the coefficient of t* in the expansion exp(32z(t —t1)).
Let us describe here another similarity with the classical Bessel functions. Let A,

denote the g¢-differential operator given by

Ayf(z) =



Define a function By(z,n) as follows:
By(w,n) = Jy(¢"*(1 = @)z,n), |z| < g ™*(1—q)7".
One can see that this function Bg(x,n) obeys the following ‘¢-differential equation’

g AL f (x) + 2 Do f () + (2% = (n)qq ") fgz) =0,
which is a g-analog of the classical Bessel differential equation.

Remark. There are several g-analogs of Bessel functions in the literature, the earliest
one dating back to Jackson. The ¢g-Bessel functions defined here are very closely related to
the ones studied by Exton (By(z,n) is, upto a constant factor, equal to Exton’s g-Bessel
function J(q;n,x); see p. 181, [1]), and seem to be the most natural. We have already

cited two ‘reasons’ above. See chapter 5, [8] for another quantum group-theoretic reason.
Let us list some properties of these functions.

Proposition 2.1 The functions Jy(-,-) obey the following identities:

1. Jy(z, k) = J,(Z,k). In particular, Jo(z, k) is real whenever z is real.

2. Jy(z,k) = (2/|2))kJ,(|2], k). More generally, Jy(z,k) = w*J, (2w, k) for any w € S*.
8. Jy(—z,k) = (=1)*J (2, k).

4- Zkezqu(zak"‘j) = 0j0-

5. Jo(q7" k) = Jo(q" "2 n+ k+1).

Proof: Proofs of 1, 2 and 3 are immediate. To prove 4, observe that for u € S!, z € C9,
Fy(zu) = Y2, Jo(z, k)u®, and w I Fy(2u) = Y, Jy(2,k + j)u*. Also observe that both,

as functions of u, are in Ly(S'); and |F,(zu)| = 1. Now compute their inner product
in Ly(SY). To prove 5, use (2.3) and the equality: F,(¢~"z) = 27" "1F,(¢""2z) for all
ze St m

3 The Comultiplication Map

Let {e;} be the canonical orthonormal basis for Ly(Z). Denote e; @ e; by €;5, e; ® € @ e,
by e;jx and so on.

Lemma 3.1 Let V be the unitary operator on Lo(Z)®* given on the basis elements by
Cijki — €ijitjikl- Let W = Fy(n~'v @ vn)V. Then u(a) = W(a ® I)W* for all
a € Co(Eq(2)).



Proof: For a € Cy(E,(2)), write v(a) = W(a ® I)W*. Then both p and v are represen-
tations of Cy(£,(2))
easy to see that p(v) = v(v) and p(n) = v(n). Hence by theorem 1.1, u = v. O

acting on the same space Ly(Z)®*. Using theorem 2.1 of [11], it is

Define an operator U on Lo(Z)®* by Ue; ki = ex—ijk - It is easy to see that U is
unitary, and n='v @ vn = U*(¢"T! @ £ ® £ ® £*)U. Combining this observation with
lemma 3.1, we find that for any a € Cy(E4(2)),

wa) =UF (" @@t ) UV(eo VU F((" T o @ 0 @ 0)U.
Hence

<€z‘jkl7 pla)erstu) =

<V*U*Fq(qN+1 QU R R €)U6i7j7k,l7 (CL ® I)V*U*Fq(qN+1 QR ® E)Uer,s,t,u>-

Now Fq(qN+1 R L* @ * @ L)Ue; ;1,1 can very easily be shown to have the following ex-

pression:

Fy(" ot ot @ OUe

= Z Jq(qk_H—l? n— j)ek—i,n,k—j+n,l+j—n-
n
Therefore
V*U*Fq(qN+1 QU RC® E)Uem-,k,l
= Z Jq(qk_iﬂ, n— j)V*ei—j+n,n,k—j—n,l+j—n

n
S A -
- Jq(q ! ;N — ])ei—j—i-n,n,k—i—n,l-‘rj—n'
n
From the above equation, we now get

<€ijk:17 pla)erstu)
> Ja(@ L m) Ty (@ m w = D {eivm jtms G tu—tim,stu—t4m)
= ift—r—s—u=k—i—j5—1I,
0 otherwise.
(3.1)



4 The Regular Representation

For a closed operator 7', let Vpr denote the partial isometry appearing in the polar de-
composition of T'. Let (b,T') be a pair of closed operators acting on some Hilbert space

‘H such that the following conditions hold:

i. T is self-adjoint,
ii. b is normal,
ili. 7T and |b| commute strongly,
iv. Vy*TVy =T+ 2I on (kerb)',
v. o(T,[b|) C %, where &, = {(r,¢*T"/?) : r,s € Z},
o(T, |b]) being the joint spectrum of T" and [b|.

(4.1)

It has been proved in [10] that if (b, T) is such a pair, then F,(¢"/?b ® vn)(I @ v)T®!
is a unitary representation of E,(2) acting on H, and conversely, given any unitary
representation w of E4(2) acting on a Hilbert space H, there is a pair (b, T") of operators
on H satisfying the requirements above such that w = F,(¢”/?b ® vn)(I @ v)T®!,

We call a pair (b, T) satisfying (4.1) irreducible if the Hilbert space H on which they
act does not have any nonzero proper closed subspace that is kept invariant by b, b*,and
T. Now, thanks to the following proposition, finding irreducible representations boils

down to finding irreducible copies of the pair (b, T).

Proposition 4.1 ([7]) Letw be a unitary representation of E4(2). Then w is irreducible
if and only if the associated pair (b,T') is irreducible.

Using this, it has been shown in [7] that the infinite dimensional irreducible unitaries are

indexed by %Z, and the matrix entries are given by

i)

_ { VT+qu(qm_s+1n7T _ 3) lf m & Z7 (42)

vr+5+1Jq(qm_s+%n, r—s) ifmez+;.
The following proposition gives the orthogonality relations between the matrix entries.

Proposition 4.2 ([7]) The matriz entries wi™
i w e Ly(h) Vr,seZ,¥melL

ii. (orthogonality relations) (wﬁ@n),wgz,% = Oy Oy O 271D

) satisfy the following:

iii. {q[m]_”w,(gl) i 7,8 € Z,m € $Z} form an orthonormal basis for La(h).



Denote q[m}*wa«Zn) by 57(%"). Define two operators band T on La(h) as follows:

bl = el

- r,s+12
Felm _ 256" if m € Z, (4.3)
" (2s + l)fg;n) ifmeZ+1i

b and T are then closed operators on Lo(h) and they satisfy (4.1). Therefore w(b, T') :=
Fq(qT/25 ®@vn)(I® V)T®I is a unitary representation of E,(2) acting on La(h). We shall
denote this representation by R. Notice that the restriction of R to the closed span of
{57(~Tsn) : s € Z} is equivalent to w(™)

Lemma 4.3 Let p be a bounded linear functional on Co(E4(2)). Then the map a —
(id ® p)p(a) defined on Co(E,4(2)) N La(h) extends uniquely to a bounded operator from
La(h) into itself.

Proof: Let us first prove the following inequality:
p1(((id @ p)e)*(id ® p)e) < (p1 @ pa)(c’c), ¢ € Co(Eq(2)) @ Co(Ey(2)). (4.4)

Take c =) a; ® b; € Co(F¢(2)) ®arg Co(F¢(2)). The matrix (p1(a;*a;))) is positive.
Hence for any real ¢, Y (b; — tp2(bi)1)* p1(ai*a;)(bj — tp2(b;)I) > 0. Applying pa2, we get

> pi(aia;)pa(bi*by) + 12 pa(bi)pa(by)pr(aitaz) — 26 pa(bi)pa(bs)pr(ai*as) > 0

for all real t. Therefore ) pa(b;i)p2(bj)p1(ai*a;) < > pi(ai*a;)p2(bi*b;) which means
(4.4) holds for ¢ € Cy(F¢(2)) ®arg Co(£4(2)). By continuity, the same thing holds for all
¢ € Co(Ey(2)) @ Co(Ey(2)).

Putting ¢ = p(a) in (4.4), we get the following:

pr((a % p2) (@ % p2)) < pr 5 pa(aa) Va € ColEy(2).
Now take p1 = hp,, po = p, where p, is as in [7]. This gives
hpe((a % )" (% p)) < hpy * p(a”a) = hpo(a * p).

Taking limit as r goes to infinity and using the invariance of the haar weight, we get

lla * p||3 < ||al|3, which proves the lemma. 0

Let us denote the operator in the forgoing lemma by R,. Observe that R is a unitary
element of M (By(La(h)) ® Co(E4(2))). Any continuous functional on Cy(E4(2)) extends

7



uniquely to a strictly continuous functional on M (Cy(E4(2))). Denoting by p such a
linear functional, proposition 8.3 of [4] tells us that the expression £, := (id® p)R makes
sense, and is a bounded operator on La(h). We will now prove that this R, is in fact the
right convolution operator R, described in the previous lemma.

It follows from 1.3 that any continuous functional p on Cy(E,(2)) is of the form

p(a) = <u177TU0 (a’)u2> + <U1’ Vo (a)w), (4'5)

where Uy and Vj are two unitary operators acting on the spaces ‘H and K respectively,
and uy,ug € Lo(Z) ® H, vi,v2 € K. Let us first show that if p = (v1, €y (-)v2), then
(id ® p)¥ is same as the operator R,. In this case, (id ® ey, )R = (I ® VO)T@’I. Therefore

(id® p)RET = (I (v1])((id @ ery)R) () @ v2)
(v1, \/'()281)2)&@?) if m e Z,
(o1, VEH o)™ ifmez 41,

On the other hand, since (id ® ey, )pu(v) = v®@ Vp, and (id ® ey, )pu(n) = n® V', we have,
for m € Z,

" (id @ p) (i)
"I () (1 © e )i (VU (@ = 9)) ) (9 [va)

Ry(&) = ¢
q

= "I @ ) (ve Vo) T, (" me V), r - s) (- ©[vs))
q
(01

m—r r+5J( m— S+11’1,T‘—8)<Ul,‘/0257)2>

VS ug)elm)

Similarly, for m € Z + %, R,( ﬁ;n)) = (v1, V} V2stly, >§r5 Thus #, = R, in this case.
Let {f;} be an orthonormal basis for the space H on which Uj acts. Denote, as usual,

e; @ f; by e;j on La(Z) @ H. Take p to be the functional

pla) = (v, mug(a)ess)-

Now, (id®@ 7y, )R = Fq(qT/2l~)®€qN @ Up)(I @@ Uy)T®1®!  Therefore, denoting (™) (T)
and 7(™)(b) by T(™ and b(™ respectively, we have

(€5 @ eqjr, ((id @ 7, )R)ET © ey5)
= O/ Oprr < €s'ilj'y F ( IT( )b(m) ® EqN ® UO)(I QLR UO)T(m)®I®IGSij>



y . . '_‘/_
5mm’5rr’5s,i7i’fs’Jq(qm+1+lisv i—i' — 2S)<ej’) Ué ’ 2sej>

B ifmeZ,
5mm’5r‘r’5$,i—i’—s’—lJq(qm—i_%_‘—i_sai —i' —2s— 1)<ej/’ Uéii/728716]'>
ifmezZ+1i.
That is,
Jq(qm+1+i_s,i - i/ - 28)<€j/, Ué_i/_256j>€1(ﬂzl_)i/_s
ifm e Z,
Ry(€1) = (m)

1, . ) i—i' —2s—1
Jq(qm+2+2 S,Z — i —9s — 1)<ej/, US ! y ej>€r7z‘—i’—s—1

ifmeZ+3.

On the other hand, observe that (id ® p)(w™) = ¢12(w™)p13(w™), where ¢1o and

¢13 are the morphisms

Zai@bi — Zai@)bi@I,
Zai®bi — Zai®l®bi,
from M (Bo(L2(Z)) @ Co(Ey(2))) to M(Bo(L2(Z)) @ Co(F4(2)) @ Co(Ey(2))). Hence, if
m € 7Z, then
(err, €57 % pe)
= qm_T <6k’l’i’j’7 (Zd X WUO)M(ng))Cklz’j>
= g <€Tk/l/i/j’> (id ® my, ) (id @ ) (w™ )eskm’>
= qur <67“k’l’i’j’7 (Zd Rid® 7TUQ)¢12(w(m))¢13(w(m))65kllj>

= "> (e, wMepp) <€pi’j’a (id ® 70, ) (W™ )esis >
p

= Y ewr e (euy (id ® m)wi ey

p
= Z<6k'lu§§?)€m)<€i'ju (5 @ 1) Jy (¢ g™ @ Up),p — s) ez’j>
p
= > ewnr €5 en)0pii—slej, U ej) Jo(¢™ 7%, p — 5)
p

= <€k’l’a§(nT_)i/_Sekl><€j’v U =25e) I, ("5 i — i — 2).
Similarly, for m € Z + %, one has
(ewr, 68T x pe) = <ek’l’>é-r,(«?_)i/_s_leklxej/, Ué_i/_23_16j>Jq(qm+%+i_5,i —i' —2s—1).
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Therefore i, = R,. Extending by linearity, the same conclusion holds for any p of the
form (u1, 7y, (-)uz), where u; and up are in the linear span of the e;;’s. Combining this
with our earlier observation, we find that 8, = R, for any p of the form (4.5), with u;
and uy coming from a dense subspace of Ly(Z) ® H. The set D of all such functionals is
dense in norm topology in the space of all continuous functionals on Cy(E,(2)). Hence

for any continuous linear functional p, we have R, = R,, and, in particular,
Ryo(a) =axp Vae Co(Ey(2)) N La(h).

We call R the right regular representation. From (4.3) it is immediate that in the
direct sum decomposition of R, all the infinite dimensional irreducibles appear, and each

one appears countably infinite number of times.

5 Identities Involving g-Bessel Functions

We shall now use the computations done in section 3 and the observations made in the
previous section to generate a class of identities involving the ¢-Bessel functions.

Let us take p to be the functional a — (ej1i j4j7,aei;) on Co(Eq(2)). Then

r s s—1+751
R,(v'Jy(¢°n,t)) = %p<w( T3 )

(3155

= q[TT-H]—s—i-l—’“T—f %p (5(5—14—’“7—’5))

(5341551

Lo T (s—1+75%) (s—14+I51)
= g Z<€P’wp ’ 6V;ﬂ>§[%“1,p2
p

r—t
= S {epiringes (s—1+75%) (s—14+557)
- <€p,z+z’,J+]’aw 2 e[%t],i,j w[%rt]m :

p

After simplification, this yields
Ry (v Ty 00,1)) = iy ol 5OV Tyla T 0t = 7). (5.1)
Hence for any u € Lo(h),

Rou = R,(3 ¢ (v yla"n, 1) u) v g (a'm, 1))

7,8,t

_ Z q2(sft71) <VTJq(qsn,t),u> Jq(qurS’j/)vtfi’Jq(qsfj’njt B j/)
t— ’: :z"’tJr 3!

= Z gt <Vt_i,_j/<]q(qsn7 t), U> Jq(qi+57j,)vt_i/ Jq(qs_j/na t—J),
st

10



so that

(err, Rpu epr)
— Z qQ(S—t—l)Jq(qi“rS’j/)Jq(qS—j +k7 t _ j/) <vt—i —j Jq(qsn7 t)’ u> 5k/7k‘—t+’i,5l/,l+t—j/'
s,t

(5.2)

Let us now compute the quantity (ex, Ry u ex;) in another way, using equation (3.1).
Take a u in La(h) N Co(E¢(2)). Then

(ewr, Rpuer) = (epr,u*peg)
= (ew vt jrjs (w)ek i)

= Z JQ(qi—H " +17 m)Jq(qi_k+17 m — j,)
m

<ek’+m,l’+m7 U ek—j’+m,l—j’+m>5i+i’—j—j’—k’—l’,z’—j—k—l-

(5.3)
Take ¥ =k +cand ' =1—c+4 — j'. Then from (5.2) and (5.3), we get
Z Jq (qi7k+1+i/76) m)Jq(qiikHJv m — j/)<€k+c+m,l—c+i’—j’+m, U ek—j’+m,l—j’+m>
m
— ZQQ(Siil+Cil)Jq(qs+i,j/)Jq(q57jl+k,i/ o j/ . C) <v,jlchq<an7il _ C),U> )
S
(5.4)

Taking various choices for the element u and the integers 7, j, ¢/, 7/, k, [ and ¢, one can
generate a whole lot of identities involving the g-Bessel functions. As an illustration, we

prove a few identities below.
Proposition 5.1 For any integers v, j, r and s, we have
> Jylg'm =) Jy(¢fym = 5)Jy(¢" " —m — 1)
m
= Jy(a" = s =2)Jy(¢" %5 —r 4+ 1) (5.5)

Proof: Take u = v~7'=¢J,(¢°n,i — ¢) in equation (5.4), use part 5 of proposition 2.1 and

make some change of variables to get the required identity. O

If we take i = j =r =1 and s = —1 in (5.5) and use part 5 of proposition 2.1, we

get the following.

> Jy(gm = 1) Jg(g,m + 1) Jo (™, 0) = J,(1,0)%. (5.6)

11



Proposition 5.2 For any integers a, b, i, j and k, we have
Z q2(s—a—1—&-j+k)Jq(qs—i-i7 b)Jq(qs+j, a— b)Jq(qS+j+k,a)
S
= Jo(q T k) (g k= D). (5.7)

Proof: Take u = v—7'~¢g(n), where g(¢%z) = I{k,j/ﬂ-}(d)zi'_c, d€Z,z€ St Now use

(5.4) and make some change of variables. O

The following identities can all be derived from (5.7) by taking appropriate choices
of the integers a, b, i, j and k.

Z q2(s_a_1)*]q(qs7 a)‘]q(qs—i—ia b)Jq(qS+ja a — b) = Jq(qi_j+a_b+la _j)‘]q(qi_j_b—i—lv _j - b)a
> dJo(@,0)J4(¢°,0) (¢, 0) = ¢*y(q" T =),
Z q2(5+j+k_1)Jq(qs+i, O)Jq(q5+j, O)Jq(q5+j+k, O) _ Jq(qi—j-l—l’ k)Q,
Z qZSJq(qSJriv O)Jq(qs+17 0)2 = Jq(qi') 0)27

Z QQSJq(quv 0)3 = Jyla 0)2-

Remark: g-analogues of Graf’s identities were first proved by Koelink in [2] using quan-
tum group theoretic, but more algebraic arguments. Later, he and Swarttouw gave an
analytical proof ([3]), but this time avoiding the use of quantum groups. The proof
presented here uses the quantum F(2) group, which is the natural setting for ¢-Bessel

functions, and is also analytic in nature.
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