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Abstract

In this paper we investigate the structure of strategy-proof and efficient social choice
functions in classical exchange economies. Using techniques developed by Myerson in
the context of auction-design, we show that in a very specific quasi-linear domain, every
efficient and strategy-proof social choice functions satisfying non-bossiness and a mild
continuity property, is dictatorial. The result holds for arbitrary numbers of players
but the two-person version does not require either the non-bossiness or continuity
assumptions. It also follows that the dictatorship conclusion holds on any superset of
this domain. We also provide a minimum consumption guarantee result in the spirit
of Serizawa and Weymark (2003).

1 INTRODUCTION

Allocating available resources amongst a given set of agents who have preferences defined over
these resources has been a well studied problem. A minimal and uncontroversial criterion
for such allocations is Pareto-efficiency. However, in order to allocate the resources in a
Pareto-efficient way manner, the mechanism designer needs to know the true preferences
of the agents concerned. If true preferences of the agents are private information then an
added requirement criterion for the allocation procedure is incentive-compatibility that is,
the allocation rule or social choice function must induce agents to reveal their preferences
truthfully. The most attractive incentive-compatibility requirement to impose on a social
choice function is strategy-proofness; if a social choice function is strategy-proof, then no
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agent can benefit by lying irrespective of her beliefs regarding the announcements of other
agents. Unfortunately, strategy-proofness is a stringent requirement. According to the well-
known Gibbard-Satterthwaite Theorem (Gibbard (1977) and Satterthwaite (1975)), a social
choice function defined over an unrestricted domain with a range of at least three alternatives,
is strategy-proof only if it is dictatorial. A dictatorial social choice function is a trivial social
choice function which always picks the best outcome for a given agent.

In many contexts, it is natural to assume that agent preferences are restricted. In such
cases the dictatorship result need not hold. A large literature has developed investigating the
structure of strategy-proof social choice functions in models such as single-peaked domains,
quasi-linear domains with monetary domains and so on. In this paper, we consider a familiar
restricted domain model that of a it classical exchange economy. In this model there is a fixed
amount of m goods, m > 2 which have to be distributed amongst n agents n > 2. Agents’s
preferences defined over bundles of m goods that are assumed to be strictly increasing,
continuous and strictly convexr. Although a large literature exists on this problem, there is
as yet no comprehensive characterization of strategy-proof and Pareto-efficient social choice
functions on this domain (see literature review below).

The main objective of our paper is to establish the equivalence of strategy-proofness
and Pareto-efficiency in the presence of certain mild regularity assumptions on the social
choice functions. Our methodological innovation is to consider a narrow class of quasi-linear
preferences and use the techniques developed in the context of auction design and show that
strategy-proofness and Pareto-efficiency in conjunction with non-bossiness and continuity
implies dictatorship. The dictatorship result then extends in a straight forward way to all
supersets of this domain including in particular to the domain of all classical preferences.
Our approach also allows us to provide relatively simple extensions of existing results in the
literature.

The classic paper on incentive-compatibility in exchange economies is Hurwicz (1972)
which shows that there does not exist strategy-proof, efficient and individually rational
SCFs when there are two-agents. A general characterization of strategy-proof and efficient
SCFs however remains an open question and has been the focus of considerable research.
Dasgupta et al. (1979) show that in the case of n = 2, every efficient and strategy-proof SCF
is dictatorial when the set of agent preferences is the set of all (strictly) convex and monotone.
Zhou (1991) extends this result to the case where preferences are classical, i.e. (strictly)
convex and monotone and continuous. There are several versions of this result (for n = 2)
on restricted domains, for example Schummer (1997) for linear preferences, Ju (2003) for
classical quasi-linear and CES and Hashimoto (2008) for Cobb-Douglas preferences. There
are significant difficulties involved in extending these results to the case of general n. Zhou
(1991) conjectures that efficient dictatorial SCFs in the case of n > 3 must be inversely
dictatorial. However Kato and Ohseto (2002) by means of an example have shown that this
conjecture is not true.



The only results that exist for general n for strategy-proof and Pareto-efficient social
choice functions are Serizawa (2006) and Serizawa and Weymark (2003). The former shows
that every strategy-proof and efficient SCF violates a minimum consumption guarantee or
MCG assumption. In particular, for every ¢ > 0 but arbitrarily small there exists a profile
and an agent whose allocation is less than € in terms of the Euclidean norm. Although this
result is illuminating it is far from being a characterization. In particular it says nothing
about the value of an efficient and strategy-proof SCF at an arbitrary profile.

Serizawa (2006) proves a dictatorship result by strengthening strategy-proofness to ef-
fective pairwise strategy-proofness. Effective pairwise strategy-proofness requires pairs of
agents not to have a “self-enforcing manipulation” in addition to strategy-proofness. A ma-
nipulation by a pair of agents is self-enforcing if it does not decrease the utility of either
agents in the pair, increases utility of at least one and neither of the agents has an incentive
to betray his partner. Note that effective pairwise strategy-proofness like notions such as
group strategy-proofness, requires coordination between agents. However if information is
private, it is not clear how this coordination actually takes place and the notion is therefore
somewhat problematic.

Two other papers that deal with the n > 2 agents case are Barbera and Jackson (1995)
and Satterthwaite and Sonnenschein (1981). Neither consider Pareto-efficiency. Barbera and Jackson
(1995) show that a strategy-proof, individually rational, anonymous and non-bossy SCF
must be a fixed-proportion trading rule. Satterthwaite and Sonnenschein (1981) show that
a strategy-proof, non-bossy, reqular and everywhere total SCF must be serially dictatorial.

We consider a domain of classical quasi-linear preferences of the following kind:

Ui (T, Tim; 0;) = 0{/Ta + ..+ /Tim—1} + Tim, 0; > 0.

We use methods in auction design developed by Myerson (1981) to characterize strategy-
proof social choice functions. We prove three main results. First, we provide an elemen-
tary proof the MCG result of the Serizawa and Weymark (2003). Second, we show that
in two-agent economies, every strategy-proof and Pareto-efficient social choice function, is
dictatorial. This result is independent of the existing two-person dictatorship results in the
literature because of the specificity of our domain. Finally we show that in the case of three
or more agents, strategy-proofness and Pareto-efficiency together with non-bossiness and
continuity, imply dictatorship. We believe that the n > 3 result is the first of its kind in
the literature. Note that continuity in this problem is defined in the usual Euclidean sense.
Note that all dictatorship results extend to all domains that include this domain.

Our paper is organized as follows. In Section 2 we describe our model. In Section 3 we
prove some critical results regarding strategy-proofness and Pareto-efficiency in our domain.
In Section 4 we prove the MCG result; in Section 5 we prove dictatorship results first, for
the two agents and then for the multi-agent case.



2 NOTATION AND DEFINITIONS

We consider an exchange economy with the set of agents I = {1,2,...,n} and the set of
goods M = {1,2,...,m}. We assume that n > 2 and m > 2. Let the fixed total endowment
of good j be denoted by €, and the total endowment vector to be Q = (4,9, ..., ).
We assume €2; > 0, for all j € M. The set of feasible allocations denoted by A is the set
A ={(x, .., Tim)|xi; >0, forall j € M and ¢ € I and Y ;c; 2 = for all j € M}.

A preference ordering for agent 7, R; is a complete, reflexive and transitive ordering of the
elements of R'. We say that R; is classical if it is (a) continuous, (b) strictly monotonic in
7, and (c) the upper contour sets are strictly convex in ®7", *. The asymmetric component
of R; will be denoted by P;. Let the set of classical orderings be denoted by D°. A preference
profile R is an n-tuple R = (Ry, Ra, ..., R,,) € [D°]". We shall let R_; denote the (n—1)-tuple
R;=(Ry,...,Ri_1,Ri11,...,u,) € DL,

An admissible domain D is a subset of D°. A Social Choice Function (SCF) is a map
F:[D]" — A. We will let F;(R;, R_;) denote the allocation to agent ¢ at the profile (R;, R_;)
under the SCF F.

We now introduce some important but standard definitions.

DEFINITION 1 A SCF F is Manipulable by agent i at profile R via R; € D if F(R;, R_;)P,F (R).
It is Strategy-Proof if it is not manipulable by any agent at any profile. Equivalently F

is strategy-proof if Fi(R))R;Fy(R;, R_;)) for all Ry, R; € D, for all R_; € [D]"* and for all

1€ 1.

In the usual strategic voting model, an agent’s preference ordering is private information
and F' represents the mechanism designer’s objectives. If F' is strategy-proof, all agent has
dominant-strategy incentives to reveal their private information truthfully.

DEFINITION 2 An allocation x € A is Pareto-Efficient at profile R if there does not exist
another allocation ¥’ € A such that x;R;x; for alli € I and x;P;x; for some j € I.

Let PE(R) denote the collection of Pareto-Efficient allocations at the profile R.

DEFINITION 3 A SCF F is Pareto-Efficient if F(R) € PE(R) for all R € [D]".

'For a preference ordering R; and a vector z € 7, the upper contour set of R; at z is denoted by
UC(R;,x) and is the set {z € R"|zR;x}. Similarly the lower contour set of R; at x is denoted by LC(R;, x)
and is the set {z € RT'[xR;z}. A preference ordering R; is continuous if UC(R;, x) and LC(R;, x) are both
closed for all z € R'. A preference ordering R; is strictly convex if UC(R;,x) is strictly convex for all
x € R7,. For z,z € N by x > z we mean x, > 2, for all k € M and zp, > 2z for some k. A preference
ordering is strictly monotonic in R, if x > z implies zF;z.



DEFINITION 4 A SCF F is Non-Bossy if, for all R;,R, €D, R_; € [D|"! andi € I,
[Fi(Ri, R_;) = Fy(R;, R_;)] = [F(Ri, R_;) = F(R, R_;)]

The non-bossiness axiom was introduced by Satterthwaite and Sonnenschein (1981). In
a non-bossy SCF, an agent who is unable to change her allocation by a unilateral deviation
from a preference profile, is also unable to change the allocation of any other agent by the
same deviation. The non-bossiness axiom is particularly useful in characterizing strategy-
proof SCFs in environments where agent can be indifferent across allocations. It has been
widely used in the literature .

An important and familiar SCF is dictatorship.

DEFINITION 5 A SCF F is Dictatorial if there exists an agent i such that for all R € [D]"

Fi(R) =9

The dictatorial SCF gives all resources to the same agent at all preference profiles. It is of
course, both strategy-proof and Pareto-efficient but ethically unsatisfactory. Serizawa and Weymark
(2003) introduce a condition that ensures that all agents receive a minimal bundle of goods.

In the definition below || - || denotes the Euclidean norm.

DEFINITION 6 A SCF F satisfies the Minimum Consumption Guarantee (MCG) az-
iom if there exists an € > 0 such that for all profiles R € [D]" and alli € I,

[F(R)][ = €

3 QUASI-LINEAR DOMAINS

Quasi-linear preferences are preference orderings R; that can be represented by utility func-

3. The use of quasi-linear preferences is

tions of the form w;(z) = vi(wi1, ..., Tim—1) + Tm
pervasive in economic theory. We note that quasi-linear preferences are classical.
In this paper, we restrict attention to a small sub-class of quasi-linear preferences. These

preferences are represented by utility functions of the following form:

wi(wi, i3 0;) = 0i{/ra + ...+ /Tim—1} T Ui (1)

2See for example S.Papai (2000), Svensson (1999), Barbera and Jackson (1995). For a review see Barbera
(2010)

3A preference ordering R; is represented by the utility function u; : R — R if, for all z,2" € R,
zRix" < ui(z) > u;i(z)




For notational convenience we denote the m™ good by y. We denote the set of preferences
above by D?. Note that all preferences from DY are represented by a parameter 6;. Hence
a preference profile in [D9]" can be represented by an n-tuple § = (0y,0s,...,6,). The
definitions stated in the preceding section are applicable for D? with the profiles being written
as 0. An allocation is denoted by {(x;, y;) }ier, where z; = 21, ..., i1 for all ¢ € I. The
set of Pareto-efficient allocations at profile § will now be denoted by PE(0).

All the results presented in this paper are first proved for the domain D? and then
extended to any domain that includes D?. In particular the results holds for D¢.

In the next two subsections, we present some critical results relating to Pareto-efficiency
and strategy-proofness of F' over the domain D9.

3.1 PARETO-EFFICIENCY IN DY

We make an observation regarding Pareto-Efficient allocations in DY.

ProrosiTION 1 If (2*(0),y*(0)) € PE() then it satisfies the following properties hold:
o If z};(¢) = 0 for some j € {1,...,m — 1} then x7;() =0 for all j € {1,...,m — 1}

jgj{((?) = g for all ' € {1,....m — 1}.

o If z};(0) > 0 for some j € {1,...,m — 1} then

The proof of the result is contained in the Appendix. According to it, every Pareto-
efficient allocation has the feature that every agent ¢ receives all goods from 1 through m —1
in fixed proportions independently of #;. This suggests a reduction of the problem from
an m-good to a two-good model. The utility of agent ¢ from a Pareto-efficient allocation
(x%,...,2% _1,y) in the m-good model is

wi((3y, - i1, i3 05)) = 0; [1 + Z Qﬂ Vi T Y

jeM\{1}

Now consider a two-good model with goods z; and y with endowments €2; and €2,
respectively. Since 0;[1+3can 13 \/gii] is a positive real number, it follows that the allocation
(27, y*) is Pareto-efficient in the two-good economy in the domain D? for the profile § where
0i = 0:[1 + Xjenn g1y \/gji] Now consider a SCF F is strategy-proof and Pareto-efficient in
the m-good economy. We can construct a two-good SCF F' from F' as follows: for every
m-~good profile 6,

[F(8) = (21, .+, 1,9)] = [F(0) = (1,9)]
where § is defined as above. By our earlier arguments, F is Pareto-efficient. It is easily

verified that F is strategy-proof. For every strategy-proof and Pareto-efficient SCF in the m-
good model, there is an “equivalent” (in the sense above) strategy-proof and Pareto-efficient

6



SCF in the two-good model. Henceforth, we restrict attention to the two-good model and
the results generalize in an obvious way to the m-good case.

In what follows, we consider two goods x and y and utility functions of the form w;(z;, y;; 0;) =

0;\/Ti + y;. For each profile 0 € R, {(27(0),y;(0))}ier € R represents an allocation in
PE(#). Without loss of generality we set total endowments of both the goods at 1. We note
that the domain we consider is “narrow” in a specific technical sense. In particular, it is a
single-crossing domain and therefore it does not admit concavification. We do not employ
concavification arguments used extensively in this literature (Serizawa and Weymark (2003),
Serizawa (2006), Zhou (1991), Hashimoto (2008), Barbera and Jackson (1995)). Thus when
0; is changed indifference curves can only intersect. The following proposition provides
necessary conditions for allocations to be Pareto-efficient in the two-good model described
above.

PRrOPOSITION 2 If (x*(0),y*(0)) € PE(0) then it satisfies the following conditions.

(P1) If x}(0) < % for some i € I then y;(0) = 0.
k

kel

(P2) If x;(0) > 7 for some i € I then y;(0) = 1.

3
9?+mink¢i

The proof of the Proposition is contained in the Appendix. It is well-known that in quasi-
linear domains that if 2* solves max,, ., > ;e 0iv/x, subject to the resource constraint on z,
then any allocation of good y together with x*, is a Pareto-efficient allocation. For instance,

2
(Zj"l ERREE Efif 9,3) solves maxy, .. > icr Gi\/fi subject to > ,c x; = 1. We say that agent
€ €

2

i is constrained at 0 if x;(0) < b 5z According to condition P1, a constrained agent must
kel "k

not get a positive amount of good y. According to P2, any agent ¢ whose x; exceeds a certain

bound, must get the entire amount of good y.

3.2 STRATEGY-PROOFNESS IN D¢

In this subsection, we prove some preliminary results regarding strategy-proof and Pareto-
efficient SCFs over the domain D?. The first two results characterize strategy-proofness in
this domain and are counterparts of the results in Myerson (1981) in the context of auction
design.

LEMMA 1 Consider a strategy-proof SCF, F : [D?™ — A. Then, for each i and for all 0;,0,
with 6, > 0; and for all 6_;,

where F(0) = (2(6),y(0)) and F((0;,0-)) = (x(6;,0-),y(0;,0-)).

7



Proof: By the strategy-proofness of F', we have the following: for all, 6;, ¢, and 6_;,

7

6;x;(6;, 94)% + i (0;,0—;) > 02,6, 94)% + y(6;,0_;) and

0/2;(0),0_)% + (0, 0_;) > 0l2:(6;,0_;)2 + y(6:,0_,).

Adding the two inequalities above, we obtain

Therefore, 0, > 6; implies xi(QQ,Q_Z»)% > xi(ﬁi,e_i)%, for all 6_; from which the Lemma
follows. |

LEMMA 2 Consider a strategy-proof SCF, F : D™ — A. Then, for each i and for all
91' € [(Zi, bl] C §R++ and 971',

0;
ui (F5(05,0-5);0;) = u;(Fi(as, 0-;); a;) +/ i(t;,0_;) 2 dt;.

Proof: Using strategy-proofness of F' it follows that for all 7 € I and for all §; € ®, .,

UZ(E(HZ, 0_1), 01) = max {QZIZ(Z, 6_1)1/2 + yz(z, 9_1)}

Z€§R++
= s \1/2 . )
zg[}z?}iz] {lez(z, 0_:)" +yi(z, 9,1)} .
Since u;(F;(6;,0-;);6;) is a maximum of a family of affine functions w;(F;(6;,0_;);6;) is
a convex function in 0; for all 6_;. Therefore u;(F;(6;,0_;);6;) is an absolutely continuous
function in [a;, b;]. Therefore, -u,;(F(6;,0_;);6;) = x;(6;,60_;)"/* almost everywhere. The
result follows by applying the Fundamental Theorem of Calculus. |

In the next proposition, we show that if F' is strategy-proof, then there cannot exist
a S C I, |S| > 2 and a neighborhood of profiles where F' picks allocations such that no
agent from S is constrained and agents not in S are allocated zero of both the goods in that
neighborhood. We let N (@) denote a open neighborhood of # with radius e.

PROPOSITION 3 Consider a strategy-proof SCF F : D™ — A. Then there does not exist
S C I, |S| > 2, and a neighborhood N.(0') such that, F(0) = (x(0),y(0)) satisfies the
following properties: for all 8 € N(6),



02
ZkeS 01%

douil0) =

i€S

Vie S

Proof: Suppose that the lemma is false, i.e. there exists S C I, |S| > 2 and a neighborhood

N(0') such that for all 0 € N.(0), x;(0) = 207392 for all i € S and Y ;e v:(0) = 1.
keSS "k

Applying Lemma 2, it follows that for each 6 € N.(0) and each i € S,

D=

9.

1 t742

wi(Fi(0:,0-:);6;) = ui(Fi(a;, 0-;); a;) +/ Z—QM
@ | peS\{i)

dt; 2)

2

Z » +y(0;,0_;) on the LHS and letting h;(6_;) =

kes

Substituting u;(F;(0;,0_;); 0;) with 6; [

N

+ y;i(a;, 0_;) on the RHS of Equation 2, we obtain,

a?
a; _
A

keS\i

1
2

2
i (6,6, / dt; 3
Z @]% + y ( + 02 + t2 ( )
kes G keS\{}

Now summing Equation 3 across i and noting that Y- y;(0) = 1 we obtain,
i€s

ol iy

icS €S
) o [ > 0i+t?]
keS\{i}

t;

rdt; = h(0 (4)

€S

Solving for the integrals in the LHS of Equation 4 and simplifying further, we get

2
Y Oital

keS\{i}

= Z hi(6-;). (5)

€S

(1—n) lZHEFJrHZ

1€S i€S

The LHS of Equation 5 is an infinitely differentiable function in %ﬂr Notice that it’s

—(2[8|=1)
2

|S|™ order cross-partial derivative is ¢(]]) (—=1)%" (H 9) (Z 93) where ¢(|5]) is

€S €S

9



a constant not equal to zero for any value of |S|. However, the |S|™ order cross-partial
derivative of the right hand side of vanishes at all #. We have a contradiction. [ ]

Proposition 3 rules out the existence of strategy-proof and Pareto-efficient SCFs and
S C I and a neighborhood that give all agents strictly positive amounts of both goods to all
agents is S and zero of both the goods to all agents outside S. We formalize this below.

DEFINITION 7 The SCF F : D" — A satisfies S-interiority for S C I, |S| > 2, if there
exists a neighborhood of profiles N (0") such that for all 6 € N.(0), we have x;(0),y;(0) > 0
for alli € S and (x;(0),y;(0)) = (0,0) for all i ¢ S, where F(0) = (x(0),y(0)).

PROPOSITION 4 Let F : [DY" — A be a strategy-proof and Pareto-efficient SCF. Then F
does not satisfy S-interiority for any S.

Proof: Let F be strategy-proof, Pareto-efficient. Suppose F' satisfies S-interiority, i.e. there
exists a neighborhood of profiles N.(6") such that for all 8 € N.(¢'), we have x;(0),y;(6) > 0
for all i € S where F(0) = (z(0),y(#)). According to P1 in Proposition 2, we must have
x;(0) = ggeg foralli € S and all # € N.(0"). But now we have a contradiction to Proposition

kesS

3. |

REMARK 1: Hurwicz and Walker (1990) prove a result (their Theorem 3) to our Proposition
4. They consider a more general class of quasi-linear utility functions.

4  MINIMUM CONSUMPTION GUARANTEES

In this section we provide a simple proof of a logically independent variant of the main
result of Serizawa and Weymark (2003). In particular we show that any strategy-proof and
Pareto-efficient SCF defined on a domain that is a superset of D? violates the MCG axiom.
Thus a strategy-proof and Pareto-efficient SCF defined on the domain of classical preferences
violates the MCG axiom.

THEOREM 1 Let D be an arbitrary domain such that D? C D. Let F : D™ — A be a strategy
proof and Pareto-efficient SCF. Then F' does not satisfy MCG.

Proof: It suffices to prove the result for a strategy-proof and Pareto-efficient SCF F' :
D™ — A. Let F be such a SCF. We first establish the following result.

2

LEMMA 3 Let 0 be a profile such that x;(0) < Zeieg, i.e agent i is constrained. Then
k

kel

yi(Q;, 0_;) < 6; whenever ¢, < 6,.

10



Proof: Suppose not, i.e. let for some 0, < 6;, y;(6;,0_;) > 6;. Now, by strategy-proofness
and the fact that y;(6;,0_;) = 0, we have

eiwi(eme—i)% > ‘91%’(91,94)% + yi(0;,0-:),

Hence
‘91‘[%(9@',9—@')% - xi(e;ae—i)%] = yi(e;ae—i)
Since 6; > 0,
. AN (6,60
i 6,0-)F — ,(6,0-)1] > 2000 (6)
Since x;(6;,0_;),7:(0;,0_;) < 1, Inequality 6 can be satisfied only if 2;(6;,0_;) = 1.
However z;(0) < % < 1 leading to a contradiction. |
k

kel

Returning to the proof of the Theorem, pick 0 < € < /2. We show existence of an an
agent i and a profile (6;,0_;) such that

[1(i(6;, 6-3), y:(6, 0-))]] < e.

Consider the open set O = Hévzl(O, %) By Proposition 3 we know that there is a
profile (0;,0_;) € O and an agent ¢ such that y;(6;,0_;) = 0 and x;(6;,0_;) < Zji 7 By
Lemma 3 and the choice of €, we have the following: for any 0; < 0;, yi(é?;) < 0; < % <
1. Applying P2 in Proposition 2, we infer that x;(6;,0_;) < ag%ﬂi;ie? for all 0 < 6;.
Observe that the RHS of the inequality above converges to zero and 6} converges to zero.
Hence, limy, o x;(6;,6_;) = 0. Therefore, there exists 9; < 6; such that .731-(9;, 0_;) < <% and

! V2
yl(ewg—z) < %
Hence,
\/(331‘(9;79—1'))2 + (vil0;,0-4))% < \/(\/5> + <\/§> =¢
1(2:(6;,6_), yi(6,0_))|| < e.
|

REMARK 2: Our result is different from its counterpart in Serizawa and Weymark (2003)
because of the differences in the domains considered. They use the homothetic prefer-
ence domain while we use a sub-domain of quasi-linear preferences. The arguments in

11



Serizawa and Weymark (2003) are geometric while ours are analytical. Moreover, we are
able to explicitly construct a set of profiles where minimum consumption guarantee fails.

5 DICTATORSHIP IN CLASSICAL EXCHANGE ECONOMIES

In this section, we prove dictatorship results. In Section 5.1, we show dictatorship in the
case of two agents. In Section 5.2 we extend the result to the case of more than two agents
with additional hypotheses on the social choice function.

5.1 THE n =2 CASE
Our main result in this subsection is the following.

THEOREM 2 Let D be an arbitrary domain with D! C D. Let F : D?* — A be a strategy-proof
and Pareto-efficient SCF. Then F' is dictatorial.

Proof: We first show that any strategy-proof and Pareto-efficient SCF F : [D9]?> — A is
dictatorial.

Let I = {i,7} and let F': [D?]? — A be a strategy-proof and Pareto-efficient SCF defined
over this society. We will show that either agent i or agent j is a dictator.

It follows from Proposition 3 that there exists a proﬁle say 0* € [D9]? and an agent, say
J such that j is constrained at 6%, i.e. z;(6%) < 0*§+0*2 and y;(6*) = 0. Suppose z;(0*) = 0.
We claim that in this case i is a dictator. To see this consider an arbitrary profile . By
strategy-proofness of F', F;(67,6;) = (0,0); otherwise j manipulates at 8* via §;. Again by
strategy-proofness of F, Fj(6;,6;) = (0,0); otherwise ¢ manipulates at (6;,6;) via 6. Hence
1 is a dictator.

Assume therefore that z;(6*) > 0. We know that x;(6*) > % and y;(0*) = 1. Now

consider 0; such that z;(6*) = eefr%' Note that 6; > 6. It follows from Lemma 1 that

xi(0;,05) > :(0"). Suppose z;(;, 0]) > ;(0*). In order to prevent i from manipulating F

at 0* via 6;, we must have yZ(QZ,HJ) < 1. Therefore xl(GZ,Qj) 91_2%29;2 and y;(6;, 6’;)
Since F(0;,07) is Pareto- efﬁcient at (6;,07), we have a contradiction to P2 in Proposition

2. Therefore x4(0;,07) = 5=ig= and y;(0;,05) = 1. In fact, we will assume without loss of

0; +9*
generality that z;(0*) = effT;Q and y;(0*) = 1.

Since z;(6*) > 0, we can pick z; such that 0 < z; < x](e*) Moreover, by the Intermediate
Value Theorem, we can find 0} such that Q’x](Q*)% = Q’x + 1. Clearly ¢ > 0%. Let 0; be
such that z; = 9'29+0’2 (Note that z; + z; = 1).

12



Let F(¢') = z. We shall argue all choices for z lead to contradiction.

/2

Case 1: Suppose z = ((z;,¥:), (z;,y;)) such that z; < (%fﬁ = z; and y; < 1. By our choice
i Vg

1 1
of 0%, we have 0}@(9*)% = 9;/%2 +1> a7 + yj.2Hence w; (F;(0%); 0%) > u; (F;(0'); 63) Now
choose 7 > 6 such that 9;20_1%9;,2 > x;(0%) = G;JT;Q. Note that 07 > 0; > 7. Now Lemma

1 implies that x;(0;,07) > x;(0*). If this inequality is strict, then j will manipulate at 6"

via 07 since y;(0*) = 0 by assumption. Hence x;(0;,07) = z;(0*). Now 0; > 07, so that
* * P *\ — 9;2 9;2

xi(0;,07) > x;(07,07) (Lemma 1). But z;(0;,07) = x;(0") = T T Now suppose

zi(0;,07) > x;(07,07). By P2 in Proposition 2, y;(6;, 0;-/) = 1. But then agent ¢ manipulates

Fat (07,07) via 0. Hence z(0;,07) = (0, 07) = 2;(0") and z;(0;, 07) = x;(07,0]) = x;(0").

Moreover strategy-proofness also implies y;(0;, 07) = y;(0;,07) = y;(0*) = 0.

Truth-telling at 0" gives player j (z;,y;). Lying gives her F}(6). Since u;(F;(0%);07) >
u;(F;(0'); 0;) by construction, j will manipulate.

Case 2: z = ((z4,v:), (zj,y;)) such that z,;(6*) > x; > z; and y; = 1.
Pick z; such that x;(#*) > &; > z;. Choose 9;-/ > ¢} such that «9;/%-(9*)% = 9”@? + 1.

Once again, the existence of 07 follows from the Intermediate Value Theorem. Now pick 6}
12
g It follows from earlier arguments involving Lemma 1 and Proposition
i 1Y

2 that F'(0") = z. Now observe that by considering §* as before, replacing 6’ by §” and z; by

0"

such that z; <

Z;, we can apply the arguments of Case 1 to conclude that F'(6") # 2. But this contradicts
our assumption that F(0) = z.

Case 3: z = ((z4,4), (xj,y;)) such that z; > z;(*) and y; = 1.
We claim that F(60;,07) = z. Since 05 < ¢, Lemma 1 implies that x;(0;,07) < x;(0").

(R
Suppose the inequality is strict. Since y;(0') = 1, agent will manipulate at (6}, 07) via ;.
Hence F(0;,0%) = z. Now observe that z;(0;,07) < x;(0%) while 0 = y;(0;,07) < y:(6*) = 1.
Hence agent 4 manipulates at (¢}, 07) via 0;.

Cases 1-3 exhaust all possibilities. Therefore F' is dictatorial.

Now let F' : D? — A be strategy-proof and Pareto-efficient SCF where D9 C D. We
know from our earlier arguments that F' restricted to the domain DY is dictatorial. Let i be
the dictator, i.e. for all § € [D?]?, we have F;(d) = (1,1). Pick an arbitrary profile R € D?.
If Fi(R;,0;) # (1,1), ¢ will manipulate F' at (R;,0;) via ;. If F;(R) # (0,0), agent j will
manipulate F' at (R;,0;) via R;. Therefore 7 is a dictator in F. [

5.2 THE n > 3 CASE

In this section we consider the case of more than two agents. This case is different from the
two agent case because strategy-proof and Pareto-efficient SCFs need not be dictatorial as

13



shown in Kato and Ohseto (2002). We have shown that every strategy-proof and Pareto-
efficient SCF for an arbitrary number of agents defined over a quasi-linear domain, must
satisfy a highly restrictive property: in every neighborhood of preference profiles, at least
one agent must receive a zero amount of good y. However when there are at least three, agents
the identity of the agent who does not receive good y, may depend on the announcements of
the other agents. This increases the possible complexity in the behavior of a strategy-proof
SCF very dramatically. However, by imposing certain familiar regularity assumptions on
SCFs, are able to recover the dictatorship result.

Observe that a SCF F : [DY)" — A is a map F : R, — R2". Therefore continuity of
F' can be defined in a standard way.

DEFINITION 8 Let D be an arbitrary domain such that D¢ C D. We say a SCF F : D" — A
is q-Continuous if the restriction of F' to [D?|" is continuous.

We have already introduced the non-bossiness axiom earlier. Our main result is the
following:

THEOREM 3 Let D be an arbitrary domain withD? C D. Let F' : D™ — A be a strategy-proof,
Pareto-efficient, non-bossy and q-continuous SCF. Then F is dictatorial.

Proof: Let F : [D?" — A be a strategy-proof, Pareto-efficient, non-bossy and continuous
SCF. We will show that F' is dictatorial. We will first establish two lemmas.

LEMMA 4 Let 0 be an arbitrary profile and let S = {j € I|y;(0) > 0}. Let 1 ¢ S be
such that x;(0) > 0. Then there ezists 0 and a neighborhood N(6},0_;) such that, for all
0 € N.(07,0_;), we have yi(0") > 0 for all k € S U {i}.

Proof: Let 0, i and S be as specified in the statement of the Lemma. By Proposition

62 . .
2 we know that 7;(0) < gz—i—p. Consider a decreasing sequence ; — 0 as r — oo.
Z+ming; 07 7

By Lemma 1, z;(07,0_;)) < x;(0;,0_;). Suppose z;(0!,6_;) = x;(6;,0_;) for all r. Clearly
(67)?

yi(07,0_;) = v;(0;,0_;) = 0, otherwise ¢ will manipulate. Observe that O 0 as
2
r — o0. Therefore, x;(07,60_;) > m while y;(07,6_;) = 0 for r large enough. This

contradicts P2 in Proposition 2. Hence x;(07,0_;) < x;(6;,6_;) for r large enough which
also implies y;(A7,60_;) > 0 for r large enough. Let 6; = inf, {0 : y;(67,6_;) = 0}. Since
Fi(éi, 0_;) = F;(0;,0_;), the non-bossiness of F' implies that F(éi, 0_;) = F(6;,0_;). By the
continuity of F, there exists 67 < ; and a neighborhood N,(0;,0_;) such that for all ¢ in
the neighborhood, y(6") > 0 for all k € S'U {i}. |

LEMMA 5 Let 0 be an arbitrary profile and let S = {j € I|y;(0) > 0}. Then there exists a

neighborhood N(0') and S" C I with S C S" such that for all 6 in the neighborhood, we have
'Tl(é>7y2(é> >0 for alli€ S and Yicg v:(0) = Xy yz(é) =1
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Proof: Let 0 be an arbitrary profile and let S = {j € I]y;(6) > 0}. Suppose > ;cq xi(0) = 1,
then the Lemma follows by the continuity of F'. Suppose there exists an i ¢ S and z;(6) > 0
but y;(6) = 0. Applying Lemma 4, it follows that there exists a profile §’ such that for all
6" in this neighborhood y,(6”) > 0 for all k € S U {i}. Now suppose there exists an agent
i" with ¢ ¢ S U {i} such that z;(0") > 0 and y (") = 0 for some " in this neighborhood.
Now applying Lemma 4 again, we can find another neighborhood such that for all profiles
6 in this neighborhood x(0),yx(6) > 0 for all k£ € S U {i,7'}. Proceeding in this way and
noting that the number of agents is finite the desired conclusion follows. |

We now show that F': [D9]" — A is dictatorial. In order to see this, suppose that there
exists a profile # and a set S with |S| > 2 such that y;(6) > 0 for all i € S. Then by Lemma
5, there exists a neighborhood and a set of agents S” with S C S” with x;(0), y;(0) > 0 for all
i€ S and Ycq 7i(0) = X ice vi(0) = 1. However, this implies that F' satisfies S’-interiority
contradicting Proposition 4. Therefore |S| = 1 for all profiles. By Pareto-efficiency this
implies that for all profiles 6 there exists an agent ¢ such that F;(#) = (1,1). A simple
argument using non-bossiness establishes that F' is dictatorial.

Now let F' : D™ — A be strategy-proof and Pareto-efficient SCF where D? C . We
know from our earlier arguments that F' restricted to the domain DY is dictatorial. Let ¢ be
the dictator, i.e. for all # € [D?", we have F;(#) = (1,1). Pick an arbitrary profile R € D".
If F;(R;,0_;) # (1,1), ¢ will manipulate F' at (R;,0_;) via 6;. Note also that for all j # i
strategy-proofness implies F'j(R;, R;,0; ;) = (0,0). By non-bossiness F;(R;, R;,6; ;) = (1,1).
By repeating this argument it follows that F;(R) = (1,1) so that i is the dictator in /. W

REMARK 3: Observe that g-continuity is a relatively mild condition because it imposes
continuity only on the quasi-linear sub-domain 9.

REMARK 4: An open question relates to the role that non-bossiness and g-continuity as-
sumptions play in our result. A reasonable conjecture is that strategy-proofness and Pareto-
efficiency imply the extreme-valuedness of F, i.e. at all profiles, there exists an agent who
receives the entire allocation of all goods.

6 CONCLUSION

In this paper, we have analyzed the structure of strategy-proof and Pareto-efficient social
choice functions in classical exchange economies. Our methodological contribution is to
focus on a small class of quasi-linear domains and use techniques developed in the context of
auction design. This approach yields sharper results on minimum consumption guarantees.
It also allows for a dictatorship characterization for arbitrary numbers of agents provided
that social choice functions satisfy mild regularity assumptions. These results immediately
extend to supersets of quasi-linear domains and therefore apply to the domain of all classical
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preferences. There are no existing results for strategy-proof and Pareto-efficient social choice
functions in the case of more than two agents and our results are therefore the first of their
kind.

7 APPENDIX

We provide a proof of Proposition 1 below. Proof: Let {z}(0),y:(0)}Y, be a Pareto-efficient
allocation. Fix an agent i. We first show that if x7;(f) = 0 for some j € {1,...,m —1}, then

x3;,(0) = 0 for all j € {1,...,m — 1}. Suppose this false, i.e. z};(¢) = 0 but z7;(¢) > 0 for

some j' € {1,...,m — 1}. We argue that this allocation is not Pareto-efficient. There must
exist an agent ' with an allocation (z7(0),y;(0)) and z7;(¢)) > 0. For agents ¢ and ¢, define

(ivi/) — * * (i,i/) J— * * . .
Q" = x5;(0) + x7;(0) > 0 and Q" = x7,(0) + x7,;,(0) > 0. Fix the the allocation of other

agents and other goods and consider the set of Pareto-efficient allocations in the Edgeworth
box of agents i and 7" with total endowments of 7 and j’ being Qgi’il) and Qg-f’i/) respectively.
In this box Pareto-efficient points lie on the diagonal, i.e. by fixing agent "’s utility level at
Oy [x:,iﬂ(@) + 2342(0)] agent i can be made better off than at x;;(0) = 0,27;,(0) > 0. Hence

i’ i’
the initial allocation cannot be Pareto-efficient.

To prove the Proposition consider the following optimization problem for agent ¢

-1
MGI{M’% N [07, ‘Tilj/Q + s

Jj=1

m—1
subject to |6y > le,f +yk| = up,V k€ N\ {i}, (P)
=1

Sy = Vie{l .. om—15Y y = Q.

iEN iEN
z;; >0 VieN, Vjie{l,...,m—1} and y; >0 Vi€ N.

If agent 7 is the only agent who obtains positive amounts of the first (m — 1) goods then
we are done. So let 7' C N (with |T'| > 1 and ¢ € T') be the set of agents who obtain positive
amount of the first (m — 1) goods. Since for any pair of agents in 7' the marginal rate of

substitution between any two goods j and j' (from the first (m — 1) goods) must be equal
(25,0012 (a5, (0)/2

we get o @O = (@ @) Hence
x*. fik/v 0 . .
(A) 29— T o all i € T\ ().
1] (]

(B) YXierxi;(0) =Q; forall j € {1,...,m—1}.
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z¥, ., (0)
b x;,k 0 + x;,k 0 3 *
S0 g 050 (2 EG) o o g
T * — o i =
./ze:T zi(0) -%:T 35(0) Q2 (0) Ly

We now prove Proposition 2.
Proof: We proceed in four steps.

Step 1: Consider a two agent economy with agents i and 7 and an arbitrary total endowment.
We prove the following result Fix a profile § € [D?]2. If y;(0) > 0 then z}(6) > 0.
Note that a Pareto-efficient allocation is a solution to the following optimization problem:

1

max 0,12 + y;
Zi,Yi

st 0;(Q — ;)% +Q, — y; > gyand

x; > 0andy; >0

where #; is a positive number. Now note that by strict monotonicity of the objective function
maximum would take place at allocations (x},y}) such that 6;(€2, — ah)? + Q, —yF = ;.
The constraint can be rewritten as, y; = Q, —u; +6;(2, — xi)%. This is a strictly decreasing
function of x;. Also the level sets of the objective function are strictly decreasing with
lim,, o Zgi = —o0. But the derivative of the function y; = Q, — u; + 6;(€2, — xi)% exists for
all z; < .. From this it can be argued that the level set of the objective function that meets

the constraint at x; = 0 must cut the constraint from below. Thus y(#) > 0 and z; () =0
cannot be a Pareto-efficient allocation. Hence the result follows.

Step 2: Consider the n-agent economy and suppose (z*(0),y*(0)) € PE(#). Fix an agent i.
If y7(0) > 0, then z}(0) > 0.

Suppose not, that is let a Pareto-efficient allocation be such that y;(6) > 0 and z}(6) = 0.
Let x#(0)* > 0. Let agent ¢ and ¢’ share Qgi’i/) and Qg’i/) of good x and good y respectively.
Fix the the allocation of other agents. The utility functions of agent i and i’ are now of the
form 0;7;(0)Y2 + y;(0) and Oy x4 (0)Y2 + 34 (0) respectively. However, from Step 1, we know
that Pareto-efficient allocations in the two-agent, two-good model are such that if () =0
then y; () = 0. Therefore by keeping agent i"’s utility level fixed at 0 (27 (0))"/2 -+ (0) agent
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1 can be made better off with a positive amount of good x. This contradicts our assumption
that (z*(0),y*(0)) is Pareto-efficient. This proves Step 2.

Step 3: If (z*(0),y*(#)) € PE(f) and for agent i € I, y;(6) > 0, then x}(6) > % where
k

kes
S ={kellx0) >0}
Let (x*(0),y*(0)) € PE(0) be such that all agents in the set S(C I) are allocated a positive
amount of good = and all agents in the set S’(C I) are allocated a positive amount of good
y. By Step 2, 8" C S. Let i € S". The Lagrangian for agent i’s optimization problem (P) is

L = wi(zs,y:;0;) + Z o[y, + ug (T, Yr; O)]
kel\{i}

+ D (B + Broys) + (1 =D @) +72(1 =D k)
kel kel kel
where ays’,Br18", Br2s’, 71 and 7, are all Lagrange multipliers. The first order conditions and
complementary slackness conditions are

oL 0;
((T'E,- = 23’;@1/2 +ﬁ7,1 -7 = 07 (7)
oL . (gk()ék . .
@_W+ﬁkl_71_o’ Vk € S\ {i}, (8)
oL
o; =1+0p—7=0, (9)
oL .
a—:ak—i—ﬁm—w:o, Vk e S\ {i}, (10)
Yk
oL _ .
ak@ = ay [~ + ug(zr, Y 0k)] =0, Vk € S\ {i}, (11)
icl icl
ﬁklxk - O»ﬁkﬂ/k - 07 Vk S -[7 (13)
ar >0, Vke S\ i}, (14)
B,>0, Viel, vje{l2} (15)
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From (13) and y;(#) > 0 it follows that §;, = 0 and hence using (9) we get 7, = 1. Since
72 =1 from (10) we get ax + Fra =1V k € S\ {i}. By (14) and (15) we obtain 0 < ay <1
V k€ S\ {i}. Since by assumption z; > 0 for all k € S, we have ;; = 0 for all k € S. Now
from (7) and (8) we have,

91' Oékek
W:2 1/2,Vk S\{Z}

By squaring both sides and simplifying we obtain,

0?  ai6?
= = ke S
o ATEEING:
Hence,
arf? ,
x(0) = ;(0) gzk,Vk‘ e S\ {i},
Now from (12) we obtain,
292
:(0) + 2:(0) S O‘g; ~ 1,
keS\{i} i
since, ap < 1, Vk € S\ {i},
6? 6?
: : 1
Z; (9) 92 + Z az92 — Z 602 ( 6)
keS\{i} keS

This proves Step 3.

Let (z*(0),y*(f)) be a Pareto-efficient allocation at 6. If 8" = {k € I | y;(0) > 0}
and S = {k € I | z;(0) > 0} then Step 2 implies S’ C S. Also Step 3 implies z}(0) >
Z 7 2 Z 92 for all i € S’. Therefore, yf(6) > 0 implies z}(0) > gi 7 which is equivalent

kes kel kel
to condition P1 of this Proposition.

2

Step 4: Let (z*(0),y*(0)) € PE(0). If x}(0) > Tt 07 for some i € I, then y(0) = 1.

Suppose not, i.e. x;(f) > —= and y; () < 1. Therefore there is at least one agent

91-2—"-mirilk7gl p
i'(# i) such that y(0) > 0. By Step 2, x};(6) > 0. Solving the optimization problem in Step
3 for agent i’, we obtain a; < 1. Suppose agent i’ is the only agent other than ¢ who obtains

2 2
a positive allocatlon of good . Then, z}(0) = 232102 < 92192 < 92+m16r"1k¢ . Note that if we
i 00 i k

allow more agents to obtain positive allocations of x, then the denominator in the fraction
292

% will increase. As a result, the allocation of agent 7 of good = will decrease further.
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.. . 6? .
Hence we have a contradiction to our assumption that x;(6) > Trming 07 This proves Step
7 7k

4 and condition P2 of the Proposition. |
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