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Abstract

In the developed countries, a majority of farm households receive at least as much income from
nonfarm sources as from the farm. Such part-time farms have survived inspite of lower returns than
full-time farms. This paper considers when lower returns to part-time farming could be compensated
by risk-reduction due to diversification of income sources. The paper uses a dynamic portfolio
choice model with labor income. The model and results could be applied in other contexts as well.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Farmers are in small numbers in the developed world. The economic process that reduced
the relative size of this sector is well studied. However, not all aspects of the structural
change are well understood. While farming is still a predominantly family business with
few hired managers, the involvement of the household has diminished. In the traditional
production structure, the family pooled its labor and shared its fruits. On the other hand,
farm households today receive a substantial part of their income from nonfarm sources such
as wage and salary jobs, nonfarm businesses and professional services.
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In US, for example, income from off-farm sources accounted for 46% of the total in-
come for farm households in 1986. In the same year, 55% of farms in a US Department
of Agriculture survey reported off-farm earnings in excess of farm income (Ahearn and
Lee, 1991). Some other studies documenting the importance of off-farm income are Fuller
(1991, for Canada), Huffman (1991, for Canada and US), Weiss (1999, for Austria), and
Rabinowicz (1992, for Sweden). If part-time farm households are defined as those whose
off-farm earnings are greater than their farm incomes, then these studies find that at least
50% of farms are part-timers. The picture does not change if part-time farm households are
defined on the basis of time spent in farming. In a study of off-farm employment in upper
Austria, Weiss (1997) estimates that at more than 50% of farms, the husband and wife work
less than 50% of their working time on the farm.

These findings are surprising because of the general presumption, confirmed by various
studies, that full-time farm operations are more efficient than part-time farms (Bollman,
1991; Cochrane, 1987; Fuller, 1991; Tweeten, 1991). Full-time operations have the advan-
tage of being able to use scale efficient technology and have lower costs of credit. This led
Cochrane to comment, “. . . most (part-time farms) are going to bite the dust. . . canni-
balized by their larger, aggressive, innovative neighbors”. Yet, there is little evidence that
this is happening. Instead, studies report the vanishing of the mid-sized farms as the size
structure of farms settles to a bi-modal distribution where farms are either large full-time
operations or small part-time activities (Weiss, 1999).

While off-farm employment has been viewed as a means of maintaining parity of incomes
between farm households and nonfarm households (Gardner, 1992), this is not an explana-
tion for part-time farming. The lower rates of return to part-time farmers should lead to their
exit. So how can off-farm income make part-time farming viable? In this paper, we pursue
an explanation that lower returns to part-time farming are compensated by risk-reduction
due to diversification of income sources.

Imagine a farm operator household where the spouse is employed in an off-farm job.
Suppose, for some reason, earnings from the off-farm job rise. What impact would this have
on the household’s choice of investments? In particular, would it ever lead to an increase
in farm investment? To understand when this might be true, we consider a portfolio choice
problem with labor income. The household receives a stochastic stream of labor income and
can invest in a risk-free asset or a risky portfolio consisting of a farm asset and a nonfarm
financial asset. The correlation structure between the three risky sources of revenue, i.e.
the farm asset, the nonfarm financial asset and labor income is unrestricted except for the
assumption that the three traded assets span labor income. We use a dynamic choice model
rather than a static one because it enables us to consider wealth effects of changing levels
of labor income.

In the finance literature, it is well known that labor income affects portfolio choice
because of its correlation with asset returns. This insight has been developed to explain
the relationship between portfolio choice and age structure (Jagannathan and Kocherlakota,
1996), the relationship between portfolio choice and labor supply flexibility (Bodie et al.,
1992), the valuation of nontraded income (Svensson and Werner, 1993) and the extent of
diversification between home and foreign assets (Baxter and Urban, 1997). The literature,
however, does not contain any analysis about how portfolio shares and holdings vary with
labor income, which is the central focus of this paper.
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While our paper is motivated by the example of part-time farming, our model is appli-
cable in other contexts where it is of interest to know whether labor income favors the
holding of one kind of asset over another. We offer two examples. Consider the design of
compensation schemes for managers in corporate settings. It is well known that one way to
counter agency problems is to tie executive compensation to the value of the firm by means
of stock options and performance contingent bonuses (Shleifer and Vishny, 1997). But
would managers voluntarily want to hold the stock of their company? And how would such
desired levels vary with labor income? It is important to answer these questions because if
the stock ownership plans are not consistent with investor optimality, they will be costly to
the company (which would have to price them low enough for manager investors to hold
them). Another context in which labor income matters is in deciding the extent of portfolio
diversification across domestic and foreign assets. If returns to human capital and domestic
assets are highly correlated then investors should hold a higher proportion of foreign assets
than would be predicted by a portfolio choice model without labor income. But how would
such diversification depend on the earnings from human capital? Should high-income in-
vestors hold more or less of the foreign asset? What determines these calculations? Our
paper sheds light on such questions.

2. A continuous time model of portfolio choice

A farm household has the choice of investing in a risk-free asset (yielding a rate of return
R), in a farm asset (yielding a rate of returnqf (t)) and in a nonfarm financial asset (yielding
a rate of returnqp(t)). The returns on the farm and the financial asset are risky and follow a
stationary Ito process:

qf (t) = af dt + sf dZf t (1)

qp(t) = ap dt + sp dZpt (2)

whereaf andap are the instantaneous expected rates of return on the farm and financial asset,
sf andsp the instantaneous standard deviations of the return on farm and financial asset,
respectively,Zf andZp the standard Wiener processes and dZf and dZp their increments with
instantaneous correlationKfp. If Et is the expectations operator at timet, then by definition,
Et [dZf t ] = Et [dZpt ] = 0,Et [dZf t ]2 = Et [dZpt ]2 = dt , andEt [dZf t dZpt ] = Kfp dt .

Since it will be convenient to use vector notation, write Eqs. (1) and (2) together as:

q = a dt + s dZ (3)

whereq is a 2× 1 vector of asset returns,a a 2× 1 vector of drift parameters,s a 2× 2
diagonal matrix with standard deviations on the diagonal and dZ is a 2× 1 vector of
increments of the Wiener processes associated with rates of return on the two assets. LetΣ

be a 2× 2 matrix representing the instantaneous covariance matrix of returns, i.e.Σ dt =
sEt(dZ dZ′)s. Thus, the diagonal terms on theΣ matrix ares2

f ands2
p while the off-diagonal

term issf spKfp. Let sfp denote the covariance between the returns on the farm asset and the
financial asset. Then by definition,sfp = sf spK fp. Σ is assumed to be positive definite.
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In addition to owning the financial asset and the farm asset, the farm household receives an
instantaneously certain flow of off-farm incomeV. This income rate changes stochastically
and continuously:

dV (t) = αV dt + σV dZvt (4)

whereα andσ are the mean and standard deviation of the growth rate in off-farm income over
the interval dt, and dZv is the increment of a Wiener process. Therefore,Et(dZv) = 0 and
Et(dZv)

2 = dt . Let the covariance structure between the processes dZ and dZv be given by
Kfv dt = Et [dZf t dZvt ] andKpv dt = Et [dZpt dZvt ]. Accordingly, ifΣqv is a 2×1 vector
containing the covariances between the risky assets and off-farm income, then,Σqv dt =
sEt(dZ dZv)σV . The elements ofΣqv vector are thereforeσsfKfvV andσspKpvV .

The farm household’s objective, subject to a budget constraint, is to maximize the dis-
counted lifetime expected utility given by:

Et

∫ ∞

t

exp(−δx)U(C(x))dx (5)

whereC is the rate of consumption,δ the rate of discount andU the utility function assumed
to be strictly concave inC. Letting W(t) be the household wealth at timet, the change in
wealth over the period dt is given as follows:

dW =W(t + dt) − W(t)

= −C(t)dt + [ωf (W(t) − C(t)dt)qf (t)] + [ωp(W(t) − C(t)dt)qp(t)]

+ [(1 − ωf − ωp)(W(t) − C(t)dt)R dt ] + [dV (t) + V dt ] (6)

whereωf andωp are the proportions of savings invested in the farm and financial asset,
respectively. Netting out consumption, Eq. (6) expresses the change in wealth as the sum
of: (a) the return on farm investment, (b) the return on financial investment, (c) the return
on the risk-free investment, and (d) labor income. In vector notation, Eq. (6) becomes:

dW = −C dt + (W − C dt)(R dt + Ω ′(q − 1R dt)) + dV + V dt (7)

where� is a 2×1 vector of portfolio allocations to the risky assets and1 is a 2×1 vector of
ones. Substituting forq and dV (from Eqs. (3) and (4)), the household’s budget constraint
over the period dt becomes:

dW = −C dt + (W − C dt)(R + Ω ′(a − R1)dt + Ω ′s dZ)

+ (1 + α)V dt + σV dZv (8)

The investor’s problem is to choose, given current levels of wealth and off-farm in-
come, the consumption and portfolio paths that maximize Eq. (5) subject to Eq. (8). Let
J(W, V, t) be the corresponding indirect utility function, i.e.,

J (W, V, t) = maxC,ΩEt

∫ ∞

t

exp(−δx)U(C(x))dx

which can be written as follows:
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J (W, V, t)= maxC,ΩEt

×
[∫ t+dt

t

exp(−δx)U(C(x))dx + J (W(t + dt), V (t + dt), t + dt)

]

(9)

By standard stochastic dynamic programming methods (Merton, 1971), we obtain the
Hamilton–Jacobi–Bellman equation as follows:1

0= maxC,Ω [exp(−δt)U(C(t)) + Jt (W, V, t)

+ Jw(W, V, t)[−C + W(R + Ω ′(a − R1)) + (1 + α)V ]

+ Jv(W, V, t)αV + 0.5Jww(W, V, t)[W2Ω ′ΣΩ + 2WΩ ′Σqv + σ 2V 2]

+ 0.5Jvv(W, V, t)σ 2V 2 + Jwv(W, V, t)[WΩ ′Σqv + σ 2V 2]] (10)

Define the functionI(W, V) ≡ exp(�t)J(W, V, t). The functionI is independent of timet.2

Restating Eq. (10) in terms ofI(W, V) and dividing the equation by exp(−�t), we get:

0= maxC,Ω [U(C(t)) − δI (W, V ) + Iw(W, V )

× [−C + W(R + Ω ′(a − R1)) + (1 + α)V ] + Iv(W, V )αV

+ 0.5Iww(W, V )[W2Ω ′ΣΩ + 2WΩ ′Σqv + σ 2V 2]

+ 0.5Ivv(W, V )σ 2V 2 + Iwv(W, V )[WΩ ′Σqv + σ 2V 2]] (11)

The first order conditions to this problem are:

Uc(C
∗) = Iw(W, V ) (12)

IwW(W,V )[W(a − R1)]

+ Iww(W, V )[W2ΣΩ∗ + WΣqv] + Iwv(W, V )[WΣqv] = 0 (13)

where consumption and portfolio allocations have been starred to indicate that they are at
optimal values. Substituting Eqs. (12) and (13) into Eq. (11), we get the following:

0=U(C∗) − δI + Iw(−C∗ + WR) − 0.5

(
I2
w

Iww

)
(a − R1)′Σ−1(a − R1)

+
[
IwV + (Iw + Iv)αV − Iw

(
1 + Iwv

Iww

)
(a − R1)′Σ−1Σqv

]

+ 0.5

[
(Iww + 2Iwv + Ivv)σ

2V 2 −
(
(Iww + Iwv)

2

Iww

)
Σ ′

qvΣ
−1Σqv

]
(14)

which is a partial differential equation inI. For a specific utility function, Eq. (14) can be
solved to obtain an explicit expression for the indirect utility function which could then be
used to obtain the optimal consumption rate and investments.

1 The appendix contains a derivation.
2 This can be seen by substituting the first line of Eq. (9) in the definition ofI(W, V). For a demonstration see

Ingersoll (1987, p. 274).
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3. Portfolio composition

From Eq. (13), the optimal investments can be derived as follows:

WΩ∗ =
(−Iw

Iww

)
t +

(
1 +

(
Iwv

Iww

))
h (15)

wheret = Σ−1(a −R1) andh = (−Σ−1Σqv). Eq. (15) decomposes optimal investments
into a tangency portfoliot and a hedge portfolioh; t is obtained as the point of tangency
of the borrowing–lending line with the mean–variance frontier andh is entirely due to
the riskiness of off-farm income. This portfolio has the property that its return provides the
maximum negative correlation with the change in off-farm income (Ingersoll, 1987, p. 282).
The hedge portfolio is scaled by(1+(Iwv/Iww))which reflects dual motivations for hedging.
The first component here is due to the fact that the change in wealth due to off-farm income
is risky. The second component of the scaling term arises because of hedging against the
state variable. Since we have assumed constant drift and diffusion parameters for asset
returns, the only state variable here is that which figures in the off-farm income process. By
assumption, the state variable that drives the drift and the standard deviation of the income
process is the level of income,V itself. Hence, the state variable hedge portfolio is the
same as the portfolio which hedges against off-farm income, i.e.h. However, since the state
variableV enters the indirect utility function, the state variable hedge portfolio is scaled by
(Iwv/Iww) reflecting aversion to state variable risk. Note that if there is no state variable in
the model such as when the income stream follows an arithmetic Brownian motion, then
there is no state variable hedge portfolio either and the hedge portfolio in Eq. (15) would
be scaled by 1.

If off-farm income is riskless or is uncorrelated with asset returns (Σqv = 0), the hedge
portfolios vanish leaving only the tangency portfolio. The resulting solution would not,
however, be equivalent to the solution in the absence of off-farm income, as off-farm income
would matter to the tangency portfolio through the wealth argument in the indirect utility
function. As we discuss later, a fuller characterization of the effects of off-farm income on
investments requires further assumptions on the utility function.

Consider now the effect of off-farm income on the composition of the risky portfolio. A
standard result in portfolio theory is that the investment in a risky asset as a proportion of
investments in all risky assets is independent of risk preferences. Hence, the identification
of the optimal risky portfolio with the ‘market’ portfolio consisting of all market assets.
Here we have the following result:

Proposition 1. If off-farm income is correlated with asset returns, the composition of risky
portfolio is not independent of risk preferences.

To see this defineω∗ = WΩ∗/W1′Ω∗ where the denominator is the total wealth invested
in risky assets. Using Eq. (15), we get the following:

ω∗ = (t/1′t) + (−h/1′t)(Iww + Iwv)/Iw

1 + (−1′h/1′t)(Iww + Iwv)/Iw



H. Andersson et al. / J. of Economic Behavior & Org. 50 (2003) 477–493 483

or

ω∗ = ω∗
c + e(Iww + Iwv)/Iw

1 + (1′e)(Iww + Iwv)/Iw
(16)

whereωc
∗ = t/1′t is the composition of the risky portfolio when off-farm income is

uncorrelated with asset returns ande = −h/1′t is adjustment to theω∗
c portfolio because

of off-farm income that is correlated with asset returns. Whileω∗
c is independent of risk

preferences, the same is not true ofω∗.
The implication of the aforementioned result is that farm households would want to

hold different proportions of the risky assets depending on the correlation of their off-farm
earnings with the returns on the risky assets. Can we say anything more? Letvf andvp be the
coefficients of variation of excess returns on the farm asset and financial asset respectively,
i.e. vf = sf /(af − R) and vp = sp/(ap − R). The impact of off-farm income on the
composition of risky portfolio is given by the following result:

Proposition 2. An increase in off-farm income increases (leaves unchanged, decreases)
the weight of the farm asset in the risky portfolio as vf Kfv is less than (equal to, greater
than) vpKpv provided the ratio Iwv/Iww is invariant to V.

A proof of this result is provided in Appendix A. According to this result, as income
increases, a farm household reduces the portfolio weight of theriskier asset where the
notion of riskiness is the asset’s coefficient of variation multiplied by the correlation of
that asset’s returns with off-farm income. Hence, it is possible that even though the farm
asset has a higher coefficient of variation than the financial asset, an increase in income
increases the allocation to the farm asset if the correlation of off-farm income with farm
return is much less than the correlation of off-farm income and return from financial assets.
The correlation structure of off-farm income with risky asset returns is therefore important
in the determination of portfolio weights. We see, therefore, that when individuals (who
might otherwise be identical in terms of preferences and asset returns) differ with respect
to off-farm income dynamics their optimal portfolios of risky assets necessarily differ.

4. The value of off-farm income

A sufficient condition for Proposition 2 is that the ratioIwv/Iww be invariant toV. Under
what conditions is this true? Suppose there exists a functionf(·):

I (W, V ) = f (W + bV) (17)

whereb is a parameter independent ofV. It follows that Iwv/Iww = b is invariant toV.
When is Eq. (17) true?

Proposition 3. If off-farm income is spanned by some linear combination of the risk-free
asset, the farm asset and the financial asset, then there exists a function f(·) and a parameter
b which is independent of risk preferences such that I (W, V ) = f (W + bV).
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For a proof of this result, we refer the reader to Svensson and Werner (1993).3 Spanning
means that there exist linear combinations of the traded assets that have the same risk
characteristics as off-farm income. Since it is the hedge portfolio that provides the maximum
negative correlation with off-farm income, spanning means that the hedge portfolio is a
perfect hedge. The sum of off-farm income and the return from the hedge portfolio would
therefore have zero variance. Mathematically, this condition holds when

ψ ≡ σ 2V 2 − Σ ′
qvΣ

−1Σqv = 0 (18)

whereψ is the variance of the change in off-farm conditional on the traded assets.
The implication of spanning is that although human capital cannot be traded, one can

construct a portfolio of traded assets, which generates the same return as the return on human
capital. The human capital can therefore be priced as the price of the equivalent portfolio
of traded assets;bV can therefore be interpreted as the capitalized value of a claim to the
household’s stream of off-farm income. It is independent of wealth and investor preferences
because even though a claim to off-farm income cannot be traded, it can still be valued as if
it were by adjusting the portfolio of traded assets (including the risk-free asset). This can be
shown formally by employing the method of contingent claims analysis (see for instance,
Bodie et al., 1992; Svensson and Werner, 1993).

It remains to be shown thatb is independent ofV. DefineΦqv ≡ V −1Σqv. By the
definition of Σqv, Φqv = sEt(dZ dZv)σ and is invariant toV. Note also thatΦqv is a
vector of covariances between the growth rate of off-farm income and the returns on the
risky assets.

Proposition 4. If off-farm income is spanned by the set of traded assets, the capitalized
value of off-farm income to the farm household is bV where b = (1+α+ θ)/(R− (α+ θ))

and θ = (a − R1)′(−Σ−1Φqv).

By Proposition 3, we know that, under spanning,b is independent of risk preferences.
Therefore, to derive the formula forb, we pick any utility function and solve for the indirect
utility function satisfying Eq. (14). Suppose preferences are described by a constant relative
risk aversion utility functionU(x) = xγ /γ, γ < 1. It can then be shown that under
spanning, Eq. (14) is satisfied by an indirect utility function of the formI (W, V ) = a(W +
bV)γ /γ whereb is given by the formula in Proposition 4 anda is a function of the parameters
of the utility function and the stochastic process of asset returns. Similarly, if the utility
function is of the constant absolute risk aversion type, i.e.U(x) = −exp(−ρx), then the
indirect utility function isI (W, V ) = −d exp(−ρR(W + bV)) whereb is as mentioned
before,R is the risk-free rate andd is a function of the parameters of the system. These
derivations are detailed in the appendix.

To understand the expression forb, suppose for a moment that the returns on risky assets
are uncorrelated with off-farm income. Then,b = (1 + α)/(R − α) which is the present
value of a future stream of income growing at rateα. In the general case, when asset returns

3 Svensson and Werner show this result for the case where income follows an arithmetic Brownian motion.
However, the result remains valid for more general Brownian motions. The specification of Brownian motion
matters only with respect to the expression forb and not to the result in Proposition 3.
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are correlated with income, farm households adjust their portfolios. The income hedge
portfolio is the adjustment andθ is the excess return on this portfolio. Hence, the present
value of a risky off-farm income stream is computed by considering the risk adjusted growth
rate to be (α + θ ).

What happens when traded assets do not span off-farm income? Could the ratio (Iwv/Iww)
still be invariant toV? In this case, the indirect utility functions are hard to characterize and
analytical solutions of Eq. (14) do not exist for most utility functions.

An exception is the quadratic utility functionU(x) = −(β − x)2/2 whereβ is an upper
bound to all feasible consumption levels. It can be shown that the corresponding indirect
utility function is of the formI (W, V ) = ((aW+bV+c)2/2)+gV2. Since(Iwv/Iww) = b/a,
Proposition 2 applies.

5. Wealth and portfolio rebalancing effects

Using Eq. (15) and Proposition 3, the total investments in risky assets, under the spanning
assumption, is given by the following:

1′WΩ∗ =
(

1

A(W + bV)

)
1′t − (1 + b)1′Σ−1ΦqvV

whereA(·) is the risk aversion of the indirect utility function. Differentiating with respect
to V, the following is obtained:

∂(1′WΩ∗)
∂V

= −
(
A′

A2

)
b1′t − (1 + b)1′Σ−1Φqv (19)

As long as risk aversion is decreasing in wealth, the first term is positive. Higher off-farm
income increases wealth, reduces risk aversion and thus leads to an increase in investments
in risky assets. The second term represents a portfolio rebalancing effect.4

As V increases, the farm household alters the hedge portfolio to reduce the risk associ-
ated with higher income. The sum of these portfolio adjustments depends on the relative
magnitude of correlations and standard deviations and its sign is in general, hard to pre-
dict. It is, however, more promising to look at the demands for individual assets. Since
our interest is in the demand for farm asset, the effect of off-farm income is given by the
following:

∂(Wω∗
f )

∂V
= −

(
A′

A2

)
btf −

(
1

sf

)
(1 + b)(Kfv − KfpKpv)σ (20)

wheretf is the first element of the vectort . Once again, the first term is the wealth effect
and leads to an increase in investment. The second term is the adjustment due to port-
folio rebalancing. Its sign is opposite to the sign of (K fv − K fpKpv) and thus depends
on correlations alone. It would thus seem that ifKfv is low enough (or high enough), the
portfolio rebalancing would be positive (or negative). The intuition is that ifKfv is low,

4 The terminology is borrowed from Bodie et al. (1992) who consider such portfolio adjustments in the case of
a single risky asset.
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the farm asset serves as a hedge to off-farm income and therefore an increase in off-farm
income is countered by increasing investments in the farm asset. How low shouldKfv be?
Clearly, it is enough if it is smaller than the product ofKfp andKpv. When would this be
true?

It can be shown that the spanning restriction in Eq. (18) is equivalent to the following
form:

K2
fv + K2

pv + K2
fp − 2KfvKpvKfp = 1 (21)

For given values ofKfp andKfv , Eq. (21) is a quadratic inKpv and therefore has two solutions.
Denotea = (K fv − K fpKpv). Consistent with the spanning restriction, there are then two
values ofa (of possibly opposite signs) corresponding to the two roots of Eq. (21). It is
therefore possible that even ifKfv is very small andKfp is very high, one of the values
of a could be positive if the corresponding solution forKpv from Eq. (21) is small. As
an instance of this, consider the case whenK fv = −0.8 andK fp = 0.9. Since the ratio
(Kfv /Kfp) is very small at−0.88, it would seem that such a configuration of parameters
would generate a negativea. However, the two values ofKpv consistent with spanning are
−0.46 and−0.98. Hencea is negative for the larger root and positive for the smaller root.
This example shows that a sufficient condition (onKfv ) that guarantees an unambiguous
sign fora would not be independent ofKfp. The next proposition derives such a sufficient
condition.

Proposition 5. If traded assets span off-farm income, the effect on the demand for the farm
asset from an increase in off-farm income decomposes into three parts:

1. a wealth effect which increases the demand for farm asset if risk aversion of the indirect
utility function is decreasing in wealth;

2. a portfolio rebalancing effect which increases(decreases) the demand for farm asset if
Kfv < (>) 0 and K2

fv > K2
fp for a given value of Kfp in the open interval (−1, 1);

3. a portfolio rebalancing effect which is zero whenever K2
fp = 1.

Part (a) of this proposition was noted earlier. The appendix contains a proof of parts (b) and
(c). Fig. 1 illustrates the sufficient conditions whenK fp = 0.1. Fig. 1 plots (K fv −K fpKpv)
againstKfv . Since there are two solutions forKpv corresponding to every value ofKfv , there
are two curves as well for (K fv −K fpKpv). The curve to the left corresponds to the smaller
root of Eq. (21). It can be seen that whenK fv < −0.1, then (K fv − K fpKpv) is negative
for both the solutions ofKpv. Similarly, no matter which solution we pick (K fv −K fpKpv)
is positive wheneverK fv > 0.1. It can also be seen that these conditions are not necessary.
In the interval (−0.1, 0.1), (K fv −K fpKpv) is negative for the larger root but is positive for
the smaller root of Eq. (21).

The literature on capital asset pricing models in agriculture provides information about
the empirical value ofKfp. Reviewing this literature, Bjornson (1995) concludes that farm
assets contribute little to systematic risk in a portfolio comprised of farm and financial
assets. For instance, from Barry’s study (1980), the correlation between the return to farm
asset and the return to a market portfolio (for US data) can be worked out to be 0.14. Since
the market portfolio includes the farm asset, theKfp implied by this figure can only be lower.
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Fig. 1. Portfolio rebalancing effect,K fp = 0.1.

Empirically, it seems therefore, that an increase in off-farm income increases (or decreases)
the holdings of farm assets whenever the correlation of off-farm income with farm return
is negative (positive).

6. Conclusions

Using a portfolio choice model with labor income, this paper examined the investment
decisions of part-time farmers. We showed that higher off-farm income would cause more
wealth to be allocated to the “less riskier” asset. The less risky asset is, however, not just
the one with a smaller variability of return. The riskiness of an asset also depends on
its correlation with off-farm income. In terms of total investments, we found that higher
off-farm income leads to two effects. First, there is a wealth effect that causes decreasing
risk-averse investors to purchase more of all risky assets. Secondly, when off-farm income
is correlated with asset returns, part of an investor’s portfolio is put together to counter
the risk from off-farm income. An increase in off-farm income therefore leads to a port-
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folio rebalancing effect as the portfolio is readjusted to achieve an optimal hedge against
off-farm income. The direction of portfolio rebalancing also depends on the correlation of
off-farm income with asset returns. If the correlation of the return to the farm asset with off-
farm income is low enough, portfolio rebalancing leads farm households to invest more in
the farm asset.

Empirical evidence indicates that the importance of off-farm income varies by region
as it is strongly affected by the structure of the local economy (Hearn et al., 1996). In
regions, where the rural economy is diversified, the correlation of off-farm income with
farm returns is likely to be low relative to the correlation of off-farm income with fi-
nancial asset returns. In these circumstances, access to off-farm income might enable
farm households to maintain asset portfolios that are concentrated in favor of the farm
asset. Even though part-time farms might earn lower returns than full-time farms, they
are compensated by lower risk. It is sometimes argued that since farm households face
borrowing constraints and since they cannot sell equity to outside investors, their hold-
ings of nonfarm financial assets tend to be small. If farm households cannot adequately
diversify investments, the risk-reduction advantages of part-time farming will be even
stronger.

One direction of future work would be to pursue these insights for agricultural asset
pricing models. In the standard capital asset pricing model, the average excess farm re-
turn (over the risk-free rate) is determined by the extent to which the riskiness of hold-
ing farm assets can be reduced by holding a diversified portfolio. Because optimal asset
holding also depends on off-farm income, the risk premium for holding farm assets, in
turn, also depends on the correlations of off-farm income with asset returns. It should be
possible thus to derive, estimate and test an asset pricing model where agricultural asset
prices and risk premiums are sensitive to off-farm income. Such analysis would allow us
to judge the quantitative significance of the risk-reduction advantages of off-farm income.
Another direction for empirical work would be to directly test the theoretical implications
of the model through econometric analysis of investments in farm and nonfarm assets
based on cross-sectional data of farm operations. Such analysis could shed light on the
extent to which wealth or portfolio rebalancing effects are significant in the agricultural
sector.

In this paper, we assumed labor supply to be inelastic. Relaxing this assumption does
not change any of the results as long as labor supply decisions do not affect asset returns.
This is typically the case for seasonal (i.e. in the farm off-season) and spouse labor sup-
ply. During the farm season, labor supply decisions by the farm operator will affect the
returns to the farm asset. Another direction of future work would be to extend our model
by endogenising labor supply. This would be valuable for two reasons. First, the trade-off
between farm asset returns and off-farm income will be important in explaining the bounds
on the size of part-time farms. Second, it would permit richer specifications of off-farm
labor supply. In the empirical literature on off-farm labor supply (Huffman, 1991; Sumner,
1982), the relation between off-farm wages and off-farm labor supply is modeled con-
ventionally as the outcome of income effects and substitution effects between work and
leisure. But if off-farm income matters to farm investment, this route affects labor supply
too. The ‘asset effect’ could therefore be addressed by integrating labor supply with asset
choice.
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Appendix A

A.1. Derivation of Eq. (10)

The indirect utility function satisfies the following:

J (W, V, t)= maxC,ΩEt

×
[∫ t+dt

t

exp(−δx)UC(x)dx + J (W(t + dt), V (t + dt), t + dt)

]

(A.1)

By an exact two-term Taylor expansion the integral can be expressed as follows:

Et

[∫ t+dt

t

exp(−δx)U(C(x))dx

]

= exp(−δt)U(C(t))dt − δ exp(−δt∗)Et (U(C(t∗))dt2 (A.2)

which is satisfied by somet∗ in the interval [t, t + dt ]. Let o(dt) denote terms which are of
order smaller than dt, i.e. terms in o(dt) will vanish as dt itself becomes very small. Then

Et

[∫ t+dt

t

exp(−δx)U(C(x))dx

]
= exp(−δt)U(C(t))dt + o(dt) (A.3)

By Taylor’s theorem, expandJ(·) to the following:

EtJ (W(t + dt), V (t + dt), t + dt)

= J (W, V, t) + Jt (W, V, t)dt + Jw(W, V, t)Et (dW) + Jv(W, V, t)Et (dV )

+ 0.5Jtt(W, V, t)dt2 + 0.5Jww(W, V, t)Et (dW)2 + 0.5Jvv(W, V, t)Et (dV )2

+ 0.5Jwt (W, V, t)Et (dW dt) + 0.5Jvt (W, V, t)Et (dV dt)

+ 0.5Jwv(W, V, t)Et (dW dV ) + A (A.4)

whereA includes terms of the formEt (dW)i (dV)j (dt)k wherei + k + j ≥ 3. To evaluate
this expression, use Eqs. (3), (4) and (8) to get

Et(dW) = −C dt + W(R + Ω ′(a − R1))dt + (1 + α)V dt + o(dt) (A.5)

Et(dW)2 = (W2Ω ′ΣΩ + 2WΩ ′Φqv + σ 2V 2)dt + o(dt) (A.6)

Et(dV ) = αV dt (A.7)

Et(dV )2 = σ 2V 2 dt + o(dt) (A.8)

Et(dW dV ) = VWΩ ′Σqv dt + σ 2V 2 dt + o(dt) (A.9)

dt2 ∼ o(dt), Et (dW dt) ∼ o(dt), Et (dV dt) ∼ o(dt), and

Et(A) ∼ o(dt) (A.10)
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Substitute Eqs. (A.5)–(A.10) in Eq. (A.4), and then use Eqs. (A.3) and (A.4) to derive
Eq. (A.1) as follows:

J (W, V, t)= maxC,Ω [exp(−δt)U(C(t))dt + J (W, V, t) + Jt (W, V, t)dt

+ Jw(W, V, t)[−C + W(R + Ω ′(a − R1)) + (1 + α)V ] dt

+ Jv(W, V, t)αV dt + 0.5Jww(W, V, t)[W2Ω ′ΣΩ + 2WΩ ′Σqv

+ σ 2V 2] dt + 0.5Jvv(W, V, t)σ 2V 2 dt

+ Jwv(W, V, t)[WΩ ′Σqv + σ 2V 2] dt + o(dt)] (A.11)

To obtain Eq. (10) of the text, subtractJ(W, V, t) from both sides of Eq. (A.11), divide by
dt and take limits as dt → 0.

A.2. Proof of Proposition 2

From Eq. (15) we have the following:

Wω∗
f (s

2
f s

2
p − s2

fp)=
(−Iw

Iww

)
[s2

p(af − R) − sfp(ap − R)]

−
(

1 + Iwv

Iww

)
[s2

pσfv − sfpσpv]

Wω∗
p(s

2
f s

2
p − s2

fp)= −Iw

Iww
[s2

f (ap − R) − sfp(af − R)] −
(

1 + Iwv

Iww

)
[s2

f σpv − sfpσfv ]

whereσ fv andσ pv are elements of the vectorΣqv. DenoteLf = (af − R)/sf andLp =
(ap − R)/sp. Divide both sides of both equations bys2

f s
2
p and use the definitions,sfp =

sf spKfp, σfv = σsfKfvV andσpv = σsvKpvV . Re-arranging terms the aforementioned
equations become

Wsfω
∗
f (1−K2

fp)+
(

1+ Iwv

Iww

)
(Kfv − KpvKfp)σV =

(−Iw

Iww

)
(Lf − KfpLp) (A.12)

Wspω
∗
p(1−K2

fp)+
(

1+ Iwv

Iww

)
(Kpv − KfvKfp)σV =

(−Iw

Iww

)
(Lp − KfpLf ) (A.13)

Denote the ratioIwv/Iww asb. Divide Eq. (A.12) by Eq. (A.13):

Wsfω
∗
f (1 − K2

fp) + (1 + b)(Kfv − KpvKfp)σV

Wspω∗
p(1 − K2

fp) + (1 + b)(Kpv − KfvKfp)σV
= Lf − LpKfp

Lp − LfKfp
(A.14)

Notice that the right-hand side of Eq. (A.14) does not depend on off-farm income or on the
parameters of its stochastic process. On the other hand, the left-hand side of Eq. (A.14) is a
function of the riskiness of off-farm income as well as the portfolio weights. LetΓ denote
the left-hand side of Eq. (A.14). Consider its derivative with respect toV when portfolio
weights are held fixed at their optimal values. Under the assumption that the ratiob is
invariant toV, we obtain the following expression:

∂Γ

∂V
= N

D
(A.15)
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whereN ≡ W(1 + b)σ (1 − K2
fp)[ω

∗
psp(Kfv − KpvKfp) − ω∗

f sf (Kpv − KfvKfp)] andD =
[Wspω

∗
p(1−K2

fp)+(1+b)(Kpv−KfvKfp)σV ]2. Since the denominator is positive,∂Γ/∂V

is of the same sign as the numerator of the expression in Eq. (A.15). SupposeN is positive
(negative). Then by Eq. (A.14), it is clear thatω∗

f /ω
∗
p must decrease (increase) in order to

maintain equality in that equation. Thus

∂(ω∗
f /ω

∗
p)

∂V
> (=, <) 0, asN < (=, >) 0 (A.16)

It is, however, difficult to interpretN in its present form as it contains the endogenous
variablesω∗

f andω∗
p. Eliminate them using Eqs. (A.12) and (A.13). Then we have the

following:

N = (1+b)σ

[[(−Iw

Iww

)
(Lp−LfKfp)−(1 + b)(Kpv − KfvKfp)σ

]
(Kfv − KpvKfp)

−
[(−Iw

Iww

)
(Lf − LpKfp) − (1 + b)(Kfv − KpvKfp)σ

]
(Kpv − KfvKfp)

]

which simplifies to

N = (1 + b)σ

[(−Iw

Iww

)
(1 − K2

fp)(LpKfv − LfKpv)

]
(A.17)

Since (1+ b), σ , (−Iw/Iww) and(1 − K2
fp) are positive quantities, and sinceLf = (1/vf )

andLp = (1/vp), we get from Eqs. (A.16) and (A.17)

∂(ω∗
f /ω

∗
p)/∂V > (=, <) 0 asvfKfv < (=, >) vpKpv

A.3. Proof of Proposition 4

When off-farm income is spanned,I (W, V ) = f (W + bV) where the constantb and the
functionf are to be determined. Note that

Iw = f ′, Iww = f ′′, Iv = bf′, Ivv = b2f ′′, and Iwv = bf ′′

Substituting in Eq. (14)

0=U(C∗) − δf + f ′(−C∗ + WR) − 0.5

(
(f ′)2

f ′′

)
(a − R1)′Σ−1(a − R1)

+ f ′[(1 + b)(αV − (a − R1)′Σ−1Σqv) + V ]

+ 0.5f ′′(1 + b2)(σ 2V 2 − Σ ′
qvΣ

−1Σqv)

By the spanning condition, the last term drops out. Denoteh = W + bV, add and subtract
bV and hence rewrite as follows:

0=
[
U(C∗) − δf − f ′C∗ + f ′hR − 0.5

(
(f ′)2

f ′′

)
(a − R1)′Σ−1(a − R1)

]
+ f ′[(1 + b)(α − (a − R1)′Σ−1Φqv) − bR + 1]V (A.18)
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We have a solution forI(W, V) if we chooseb such that the second term in brackets becomes
zero and we choose a functional formf such that the first term in brackets becomes zero.
Setting the second term to zero,b satisfies(1+ b)(α − (a −R1)′Σ−1Φqv)− bR + 1 = 0,
from which we obtainb = (1+ α − (a −R1)′Σ−1Φqv)/[R − (α − (a −R1)′Σ−1Φqv)].

The choice of the functional formf depends on the utility function. Suppose the utility
function isU(x) = xγ /γ . Guess the solution to bef = ahγ /γ . From Eq. (12), solve out
C∗ asC∗ = a1/(γ−1)h. Hence,U(C∗) = aγ/(γ−1)hγ /γ . Using these, the guess is veri-
fied if aγ/(γ−1)hγ /γ − δahγ /γ − ah(γ−1)a1/(γ−1)h+ ah(γ−1)Rh − 0.5(a2h2(γ−1)/a(γ −
1)h(γ−2))ξ = 0 where we have used the notationξ ≡ (a − R1)′Σ−1(a − R1). Dividing
by ahγ(

a1/(γ−1)

γ

)
−
(
δ

γ

)
− a1/(γ−1) + R − 0.5

(
ξ

γ − 1

)
= 0

which is satisfied if

a = γ

1 − γ

(
0.5

ξ

γ − 1
− R + δ

γ

)

A similar procedure will work for any other choice of utility function. For instance, if
U(x) = −exp(−ρx), guess the solution to bef = −d exp(−ρRh) whereh = W + bV; b
is, of course, determined to be the same as before andd is determined by setting the first
bracketed term in Eq. (A.18) to 0. Then it is straightforward to show

d =
(

1

R

)
exp

(
R − δ − 0.5ξ

R

)

A.4. Proof of Proposition 5

Part (b): Consider first the case whenKfp = 0. Leta = (K fv − K fpKpv). ThenKpv =
(Kfv − a)/Kfp. Substituting forKpv in Eq. (21) yields

K2
fv +

[
(Kfv − a)2

K2
fp

]
+ K2

fp − 2Kfv(Kfv − a) − 1 = 0

Multiplying through byK2
fp

K2
fvK

2
fp + K2

fv + a2 − 2aKfv + (K2
fp)

2 − 2K2
fvK

2
fp + 2aKfvK

2
fp − K2

fp = 0

Re-arranging terms yields

a2 + 2aKfv(K
2
fp − 1) + (1 − K2

fp)(K
2
fv − K2

fp) = 0

−a2 + 2aKfv(1 − K2
fp) = (1 − K2

fp)(K
2
fv − K2

fp)

The right-hand side of this equation is strictly positive, wheneverK2
fv > K2

fp andK2
fp < 1.

Since the left-hand side of this equation must also be positive, it follows that

a < (>) 0, if Kfv < (>) 0

Suppose nowKfp = 0. Multiplying a by 2Kfv we get 2Kfva = 2K2
fv − 2KfvKpvKfp.
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Using Eq. (21) and the assumptionK fp = 0, we have the following:

Kfva = K2
fv − (K2

pv + K2
fp − 1) = K2

fv − (K2
pv − 1) > 0

It follows that ifK fv < (>,=)0, a < (>,=)0.
Part (c): Consider first the case whenK fp = 1. This leadsa = (K fv − Kpv). By the

spanning condition (21), we have(Kfv −Kpv)
2 = 0. Hence,a = 0. Now consider the case

whenK fp = −1. This leadsa = (K fv + Kpv). By the spanning condition (21), we have
(Kfv + Kpv)

2 = 0. Hence,a = 0.
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