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Abstract

We consider a combinatorial auction model where preferences of agents over bun-
dles of objects and payments need not be quasilinear but dichotomous. An agent with
dichotomous preference partitions the set of bundles of objects as acceptable and un-
acceptable, and at the same payment level, she is indifferent between bundles in each
class but strictly prefers acceptable to unacceptable bundles. We show that there is no
Pareto efficient, dominant strategy incentive compatible (DSIC), individually rational
(IR) mechanism satisfying no subsidy if the domain of preferences includes all dichoto-
mous preferences. However, a generalization of the VCG mechanism is Pareto efficient,
DSIC, IR and satisfies no subsidy if the domain of preferences is the set of all posi-
tive income effect dichotomous preferences. We show tightness of this result: adding
any non-dichotomous preference (satisfying some natural properties) to the domain of

quasilinear dichotomous preferences brings back the impossibility result.
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1 INTRODUCTION

The Vickrey-Clarke-Groves (VCG) mechanism (Vickrey, 1961; Clarke, 1971; Groves, 1973)
occupies a central role in mechanism design theory (specially, with private values). It satisfies
two fundamental desiderata: it is dominant strategy incentive compatible (DSIC) and Pareto
efficient. We study a model of combinatorial auctions, where multiple objects are sold to
agents simultaneously, who may buy any bundle of objects. For such combinatorial auction
models, the VCG mechanism and its indirect implementations (like ascending price auctions)
have been popular. The VCG mechanism is also individually rational (IR) and satisfies no
subsidy (i.e., does not subsidize any agent) in these models.

Unfortunately, these desirable properties of the VCG mechanism critically rely on the fact
that agents have quasilinear preferences. While analytically convenient and a good approxi-
mation of actual preferences when payments involved are low, quasilinearity is a debatable
assumption in practice. For instance, consider an agent participating in a combinatorial auc-
tion for spectrum licenses, where agents often borrow from various investors at non-negligible
interest rates. Such borrowing naturally leads to a preference which is not quasilinear. Fur-
ther, income effects are ubiquitous in settings with non-negligible payments. For instance,
a bidder in a spectrum auction often needs to invest in telecom infrastrastructure to realize
the full value of spectrum. Higher payment in the auction will lead to less investments in
infrastructure, and hence, a lower value for the spectrum.

This has initiated a small literature in mechanism design theory (discussed later in this
section and again in Section 4), where the quasilinearity assumption is relaxed to allow any
classical preference of the agent over consumption bundles: (bundle of objects, payment)

pairs. ! The main research question addressed in this literature is the following:

In combinatorial auction models, if agents have classical preferences, is it possible
to construct a “desirable” mechanism: a mechanism which inherits the DSIC,

Pareto efficiency, IR, and no subsidy properties of the VCG mechanism?

1.1 Dichotomous preferences

This paper contributes to this literature by showing the salience of a particular class of

preferences, which we call dichotomous. If an agent has a dichotomous preference, she

! Classical preferences assume mild continuity and monotonicity (in money and bundles of objects) prop-

erties of preferences.



partitions the set of bundles of objects into “acceptable” and “unacceptable”. If the payments
for all the bundles of objects are the same, then an agent is indifferent between her acceptable
bundles of objects; she is also indifferent between unacceptable bundles of objects; but she
prefers every acceptable bundle to every unacceptable bundle.

Such preferences, though restrictive, are found in many settings of interest. For instance,
consider the recent “incentive auction” done by the US Government (Leyton-Brown et al.,
2017). It involved a “reverse auction” phase where the broadcast licenses from existing
broadcasters were bought; a “forward auction” phase where buyers bought broadcast licenses;
and a clearing phase. The auction resulted in billions of dollars in revenue for US treasury
(Leyton-Brown et al., 2017). The theoretical analysis of the reverse auction phase was
done by Milgrom and Segal (2019), where they assume quasilinear preferences with “single-
minded” bidders, a specific kind of dichotomous preference where the bidder has a unique
acceptable bundle (a broadcast band in this case). In these auctions, a broadcaster had some
feasible frequency bands in which it can operate. Any of those feasible frequency bands were
“acceptable” and it was indifferent between them (since any of these frequencies allowed the
broadcaster to realize its full value of broadcast). This resulted in dichotomous preferences
of agents. 2 Milgrom and Segal (2019) argue that the VCG mechanism is computationally
challenging in this setting and propose a simpler mechanism.

Just like the reverse auction in US incentive auction, the dichotomous preferences are nat-
ural in settings where a bidder is acquiring some resources, and finds any bundle acceptable

if it satisfies some requirements. For instance, consider the following examples.

e Consider a scheduling problem, where a certain set of jobs (say, flights at the take-off
slots of an airport) need to be scheduled on a server. There are certain intervals where
each job is available and can be processed and other intervals are not acceptable. For
instance, a supplier bidding to supply to a firm’s production schedule can do so only
on some fixed interval of dates. So, certain dates are acceptable to it and others are

not acceptable. A traveller is buying tickets between a pair of cities but find certain

2Quoting Milgrom and Segal (2017), “Milgrom and Segal (2015) (hereafter MS) offer a theoretical analysis
which assumes that all bidders are single-station owners who know their station values and are “single-
minded”, that is, willing to bid only for a single option. This assumption is reasonable for commercial UHF
broadcasters that view VHF bands as ill-suited for their operations and for non- profit broadcasters that are
willing to move for compensation to a particular VHF band but that view going off-air as incompatible with

their mission.”



dates acceptable for travel and realize value only on those dates.

e Consider a seller who is selling land to different buyers. The lands differ in size but are
homogeneous otherwise. Each buyer only demands a land of a fixed size. For instance,
suppose the Government is allocating land to firms to set up factories in a region, and
each firm needs a land of a fixed size to set up its factory. This means all the bundles

of land exceeding the size requirement are acceptable to a firm.

e Consider firms (data providers) buying paths on (data) networks (Babaioff et al., 2006)
- a firm is interested in sending data from node x to node y on a directed graph whose
edges are up for sale, and as long as a bundle of edges contain a path from z to vy, it

is acceptable to the firm.

In all the examples above, if the payment involved are high, we can expect income ef-
fects, which will mean that agents do not have quasilinear preferences. One may also consider
the dichotomous preference restriction as a behavioural assumption, where the agent does
not consider computing values for each of the exponential number of bundles but classifies
the bundles as acceptable and unacceptable. Hence, they are easy to elicit even in com-
binatorial auction setting. Even with quasilinear preferences, the dichotomous restriction
poses interesting combinatorial challenges for computing the VCG outcome. This has led
to a large literature in computer science for looking at approximately desirable VCG-style
mechanisms (Babaioff et al., 2005, 2006; Lehmann et al., 2002; Ledyard, 2007; Milgrom and
Segal, 2014). Also related is the literature in matching and social choice theory (models
without payments), where dichotomous preferences have been widely studied (Bogomolnaia
and Moulin, 2004; Bogomolnaia et al., 2005; Bade, 2015).

1.2 A summary of results

We show that if the domain of preferences contains all dichotomous classical preferences,
there is no desirable mechanism. The driving force for this impossibility result is the pres-
ence of negative income effect preferences in the domain. In the quasilinear domain, the
unique desirable mechanism is the VCG mechanism. But when objects are complements, it
is known that the VCG mechanism may have serious shortcomings (Ausubel and Milgrom,
2006; Rothkopf, 2007). One of these shortcomings is low payment by bidders. Dichotomous

preferences exhibit some form of complementarity across objects in an acceptable bundle.



If a domain is sufficiently rich, even with non-quasilinear preferences, there are profiles of
preferences where the outcome of any desirable mechanism must correspond to a VCG mech-
anism outcome, i.e., payments of agents are low. If preferences exhibit negative income effect,
then low payment creates low willingness to sell, and this in turn creates inefficiency.

However, we show that a natural generalization of the VCG mechanism to classical pref-
erences, which we call the generalized VCG (GVCG) mechanism, is desirable if the domain
contains only positive income effect dichotomous preferences. In other words, when normal
goods are sold, the GVCG mechanism is desirable. Further, the GVCG mechanism is the
unique desirable mechanism in any domain of positive income effect dichotomous preferences
if it contains the quasilinear dichotomous preferences. Further, this positive result is tight:
we get back impossibility in any domain containing quasilinear dichotomous preferences and
at least one more positive income effect non-dichotomous preference (satisfying some extra
reasonable conditions). As a corollary, we discover new type spaces where a desirable mech-
anism does not exist in the combinatorial auction model. The tightness result also hints
that classical preference domains that admit a desirable mechanism cannot contain the set
of dichotomous preferences.

We briefly connect our results to some relevant results from the literature. A detailed
literature survey is given in Section 4. As discussed earlier, classical preferences imply that
willingness to pay for a bundle of objects depends on the payment level. Thus, it is not clear
what the counterpart of “valuation” of a bundle of objects is in this setting. Our generalized
VCG is defined by treating the willingness to pay at zero payment as the “valuation” of a
bundle and then defining the VCG outcome with respect to these valuations. We are not
the first one to take this approach.

Saitoh and Serizawa (2008) was the first paper to define the generalized VCG mechanism
using this approach for the single object auction model. They show that the generalized
VCG mechanism is desirable in their model even if preferences have negative income effect.
This is in contrast to our model, where we get impossibility with negative income effect
preferences but the generalized VCG mechanism is desirable with positive income effect.

When we go from single object to multiple object combinatorial auctions, the generalized
VCG may fail to be DSIC. For instance, Demange and Gale (1985) consider a combinatorial
auction model where multiple heterogenous objects are sold but each agent demands at most
one object. In this model, the generalized VCG is no longer DSIC. However, Demange and

Gale (1985) propose a different mechanism (based on the idea of market-clearing prices),



which is desirable.

When agents can demand more than one object in a combinatorial auction model with
multiple heterogeneous objects, Kazumura and Serizawa (2016) show that a desirable mech-
anism may not exist - this result requires certain richness of the domain of preferences which
is violated by our dichotomous preference model. Similarly, Baisa (2016b) shows that in the
homogeneous objects sale case, if agents demand multiple units, then a desirable mechanism
may not exist—he requires slightly different axioms than our desirability axioms.?

These results point to a conjecture that when agents demand multiple objects in a com-
binatorial auction model, a desirable mechanism may not exist. Since ours is a combinatorial
auction model where agents can consume multiple objects, an impossibility result might not
seem surprising. However, dichotomous preferences are somewhat close to the single object
model preference. So, it is not clear which intuition dominates. Our impossibility result with
dichotomous preferences complement the earlier impossibility results, showing that the multi-
demand intuition goes through if we include all possible dichotomous preferences. However,
what is surprising is that we recover the desirability of the generalized VCG mechanism
with positive income effect dichotomous preferences. This shows that not all multi-demand

combinatorial auction models without quasilinearity are impossibility domains.

2 PRELIMINARIES

Let N = {1,...,n} be the set of agents and M be a set of m objects. Let B be the set
of all subsets of M. We will refer to elements in B as bundles (of objects). A seller (or a
planner) is selling/allocating bundles from B to agents in N using payments. We introduce

the notion of classical preferences and type spaces corresponding to them below.

2.1 Classical Preferences

Each agent has preference over possible outcomes, which are pairs of the form (A, t), where
A € B is a bundle and ¢ € R is the amount paid by the agent. Let Z = B x R denote the
set of all outcomes. A preference R; of agent i over Z is a complete transitive preference
relation with strict part denoted by P; and indifference part denoted by I;. This formulation

of preference is very general and can capture wealth effects. For instance, varying levels

3The impossibility result in Baisa (2016b) requires there to be at least three agents, and he shows the

existence of a desirable mechanism with two agents.



of transfers will correspond to varying levels of wealth and this can be captured by our
preference over Z.

We restrict attention to the following class of preferences.

DEFINITION 1 Preference R; of agent v over Z is classical if it satisfies

1. Monotonicity. for each A, A" € B with A’ C A and for each t,t' € R with t' > t, the
following hold: (i) (A,t) P; (A,t') and (ii) (A,t) R; (A’ 1).

2. Continuity. for each Z € Z, the upper contour set {Z' € Z :Z' R; Z} and the lower
contour set {Z' € Z:Z R; Z'} are closed.

3. Finiteness. for each t € R and for each A, A" € B, there exist t',t" € R such that
(A, t') R; (A)t) and (A,t) R; (A, 1").

Restricting attention to such classical preferences is standard in mechanism design literature
without quasilinearity (Demange and Gale, 1985; Baisa, 2016b; Morimoto and Serizawa,
2015). The monotonicity conditions mentioned above are quite natural. The continuity and
finiteness are technical conditions needed to ensure nice structure of the indifference vectors.
A quasilinear preference is always classical, where indifference vectors are “parallel”. Notice
that the monotonicity condition requires a free-disposal property: at a fixed payment level,
every bundle is weakly preferred to every other bundle which is a subset of it. All our results
continue to hold even if we relax this free-disposal property to require that at a fixed payment
level, every bundle be weakly preferred to the empty bundle only.

Given a classical preference R;, the willingness to pay (WP) of agent i at ¢ for bundle

A is defined as the unique solution x to the following equation:
(At +x) I; (0,t).

We denote this solution as W P(A, t; R;). The following fact is immediate from monotonicity,

continuity, and finiteness.

FAacT 1 For every classical preference R;, for every A € B and for everyt € R, WP(A,t; R;)

1S a unique non-negative real number.

For quasilinear preference, W P(A,t; R;) is independent of ¢ and represents the valuation for
bundle A.



Another way to represent a classical preference is by a collection of indifference vectors.
Fix a classical preference R;. Then, by definition, for every ¢ € R and for every A € B, agent

1 with classical preference R; will be indifferent between the following outcomes:
0,¢) I; (At + WP(A, t; Ry)).

Figure 1 shows a representation of classical preference for three objects {a,b,c}. The
horizontal lines correspond to payment levels for each of the bundles. Hence, these lines
are the set of all outcomes Z - the space between these eight lines have no meaning and
are kept only for ease of illustration. As we go to the right along any of these lines, the
outcomes become worse since the payment (payment made by the agent) increases. Figure
1 shows eight points, each corresponding to a unique bundle and a payment level for that
bundle. These points are joined to show that the agent is indifferent between these outcomes
for a classical preference. Classical preference implies that all the points to the left of this
indifference vector are better than these outcomes and all the points to the right of this
indifference vector are worse than these outcomes. Indeed, every classical preference can be

represented by a collection of an infinite number of such indifference vectors.

: {CL-, b7 C}
fWP({a.,C}»t%Rz)”/ {a,c}

3 / {b’ C}
i \ {a, b} bundles
} o)

{0}
An indifference vec- /v\
tor for R; ! {a}
. 0
t |

\

payment

Figure 1: Representation of classical preferences



2.2 Domains and mechanisms

A bundle allocation is an ordered sequence of objects (Ay,..., A,), where A; denotes the
bundle allocated to agent i, such that for each A;, A; € B, we have A; N A; = ) - note that
A; can be equal to () for any ¢ in an object allocation. Let X denote the set of all bundle
allocations.

An outcome profile ((Ay,t1), ..., (A, t,)) is a collection of n outcomes such that (A, ..., A,)
is the bundle allocation and t; denotes the payment made by agent 7. An outcome profile
((Ay,t1), ..., (An,tn)) is Pareto efficient at R = (Ry, ..., R,), if there does not exist an-
other outcome profile ((A%,t}),..., (A, t)) such that

n»’n

1. for each i € N, (AL t)) R; (A, t;),

17 71
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with one of the inequalities strictly satisfied. The first relation says that each agent i prefers
(A, ;) to (A, t;). The second relation requires that the seller is not spending money to make
everyone better off. Without the second relation, we can always improve any outcome profile
by subsidizing the agents.

A domain or type space is any subset of classical preferences. A typical domain of
preferences will be denoted by 7. A mechanism is a pair (f,p), where f : 7" — X and
p = (p1,...,pn) is a collection of payment rules with each p; : 7" — R. Here, f is the
bundle allocation rule and p; is the payment rule of agent i. We denote the bundle allocated

to agent ¢ at type profile R by f;(R) € B in the bundle allocation rule f.

We require the following properties from a mechanism, which we term desirable.

DEFINITION 2 (Desirable mechanisms) A mechanism (f,p) is desirable if

1. it is dominant strategy incentive compatible (DSIC): for all i € N, for all
R_; € T" ', and for all R;, R; € T, we have

<fi(R)7pi(R)> R; (fi(R;aR—i)api(R;>R—i)>-

4Qur efficiency definition says that the agents and the designer cannot improve using an outcome profile,

which may involve negative payments. Later, we impose no-subsidy as an axiom for our mechanism. The
way to think about this is that Pareto efficient improvements are outside the mechanism and may involve one
agent or the designer “buying” a bundle of objects from another agent by compensating (negative payment)
her.



2. it is Pareto efficient: ((fl(R),pl(R)), ce (fn(R),pn(R))> is Pareto efficient at R
for all R € T™.

3. it is individually rational (IR): for all R € T" and for alli € N,
(Fi(R).pi(R)) Ri (0,0)
4. satisfies no subsidy: for all R € T™ and for alli € N

pi(R) > 0.

We will explore domains where a desirable mechanism exists. DSIC, Pareto efficiency, and
IR are standard constraints in mechanism design. No subsidy is debatable. Our motivation
for considering it as desirable stems from the fact that most auction formats in practice and
the VCG mechanism satisfy it. It also discourages fake buyers from participating in the
mechanism.

2.3 A motivating example

In this section, we provide an example to give some intuition for one of our main results.
ExAMPLE 1

Consider a setting with three agents N = {1,2, 3}, and two objects M = {a,b}. We are
interested in a preference profile where agents 2 and 3 have identical preference: Ry = R3 =
Ry. In particular, all non-empty bundles have the same willingness to pay according to R

and satisfy

for t > —%. We are silent about the willingness to pay below —%, but it can be taken to be

0.5. We will only consider payments ¢ > —% for this example. At preference Ry, we have
({a,b},2+4t) Iy ({b},2+4¢t) Iy ({a},2+4t) I (0,¢),

for all t > —3. Hence, as t increases, bundle {a} (or {b} or {a,b}) will require more payment

to be indifferent to (0, ¢). We term this negative income effect.

10



{a} | {0} | {a,b}
WP(,0; Ry 0|0 39

WP 0 Ry =Ry) || 2 | 2 P

WP(,0;Rs =Ry) || 2 | 2 2

Table 1: A profiles of preferences with M = {a,b}, N = {1,2,3}.

Agent 1 has quasilinear preference with a value of 3.9 for bundle {a,b}; value zero (or,
arbitrarily close to zero) for bundle {a} and bundle {b}, and value of bundle ) is normalized
to zero. We denote this preference as R;. The willingness to pay at zero payment for these
preferences are shown in Table 1.

Suppose (f,p) is a desirable mechanism defined on a (rich enough) type space T con-
taining the preference profile R = (Ry, Ry = Ry, R3 = Ry). Notice that the value of {a,b}
for agent 1 is 3.9 but WP({a},0; Ry) + WP({b},0; R3) = 4. Hence, a consequence of Pareto
efficiency, individual rationality, and no subsidy is that fi(R) = ().> Then, without loss of
generality, agent 2 gets bundle {a} and agent 3 gets bundle {b} due to Pareto efficiency.

Next, we can pin down the payments of agents at R. Since agent 1 gets (), her payment
must be zero by IR and no subsidy. Now, pretend as if agents 2 and 3 have quasilinear
preference with valuations equal to their willingness to pay at zero payment (see Table 1).
Then, the VCG mechanism would charge them their externalities, which is equal to 1.9 for
both the agents. If the type space T is sufficiently rich (in a sense, we make precise later),
DSIC will still require that po(R) = p3(R) = 1.9 (a precise argument is given in the proof of
Theorem 1).

The negative income effect of Ry makes the Pareto improvement possible in this example.
The maximum payment we can extract from agent 1 is 3.9. Hence, to collect more payment
than the VCG outcome, we can pay a maximum of 0.1(= 3.9 — 3.8) to agents 2 and 3. If
the preference Ry was quasilinear, agents 2 and 3 would have required a compensation of
0.1 each to be indifferent between not getting any objects and the VCG outcome. Due to
negative income effect, agents 2 and 3 can be made to improve from their VCG outcome

by paying them much lower amounts. This in turn enables us to Pareto dominate the VCG

5This follows from the following reasoning. Individual rationality and no subsidy imply that agents who
are not allocated any object pay zero. Hence, any outcome where agent 1 is given both the objects can be

Pareto improved.

11



outcome.
To be precise, the following outcome vector Pareto dominates the outcome of the mech-
anism at R:
21 = ({a,0},3.9), 2z :=(0,-0.025), z3:=(0,—0.025).

To see why, note that (a) sum of payments in z is 3.85 > po(R) + p3(R) = 3.8; (b) agent
1 is indifferent between z; and (0,0); (c) agents 2 and 3 are also indifferent between their
outcomes in the mechanism and z since (), —0.025) Iy ({a}, 1.9) (because W P({a},t; Ry) =
2+ 3t for all £t > —0.5).

It is important to note that R; having high value on {a, b} and (almost) zero value on
all other bundles played a crucial role in determining payments of agents, and hence, in the
impossibility. Indeed, if agent 1 also had equal willingness to pay on some smaller bundle,
then the example will not work.® This motivates the class of preferences we study in the

next section. O

2.4 Dichotomous preferences

We turn our focus on a subset of classical preferences which we call dichotomous. The
dichotomous preferences can be described by: (a) a collection of bundles, which we call the
acceptable bundles, and (b) a willingness to pay function, which only depends on the payment

level. Formally, it is defined as follows.

DEFINITION 3 A classical preference R; of agent i is dichotomous if there exists a non-
empty set of bundles ) # S; C (B\ {0}) and a willingness to pay (WP) map w; : R — R, |
such that for everyt € R,

0 VAeB\S.

In this case, we refer to S; as the collection of acceptable bundles.

The interpretation of the dichotomous preference is that, given same price (payment) for all

the bundles, the agent is indifferent between the bundles in &;. Similarly, she is indifferent

6 If the willingness to pay of agent 1 is 3.9 on {a} or {b}, then her preference will satisfy the unit demand
property (for a formal definition, see Section 3.3). Preference Ry also satisfies the unit demand property. It
is known that if agents have unit demand preferences, a desirable mechanism exists, even if such preferences

have negative income effect (Demange and Gale, 1985).

12



between the bundles in B\ §;, but it strictly prefers a bundle in S; to a bundle outside
it. Hence, a dichotomous preference can be succinctly represented by a pair (w;, S;), where
w; :R—=R,, isa WP map and 0 # S; C (B\ {0}) is the set of acceptable bundles.

By our monotonicity requirement (free-disposal) of classical preference, for every S, T €

B, we have

[SgT,SeSi] N [TeSi].

Hence, a dichotomous preference can be described by w; and a minimal set of bundles S
such that
Si:={T €B:SCT for some S € S""}.

Figure 2 shows two indifference vectors of a dichotomous preference. The figure shows
that the bundles {a}, {a,c}, {a,b} and {a,b,c} are acceptable but others are not.

{a,b,c}
{a,c}

\ \ {b7 C}
{a,b} bundles

{c}
{b}
{a}

//@

paymen%

PN

(L) - w(t)

Two indifference vectors corresponding to a dichotomous
classical preference

Acceptable bundles: {a}, {a,b}, {a,c}, {a,b,c}.

Figure 2: A dichotomous preference

We will denote the domain of all dichotomous preferences as D, where each preference

13



in D for agent 7 is described by a w; map and a collection of minimal bundles S™". A
dichotomous domain is any subset of dichotomous preferences.

For some of our results, we will need a particular type of dichotomous preference.

DEFINITION 4 A dichotmous preference R; = (S, w;) is called a single-minded pref-

erence if |S™"| = 1.

An agent having a single-minded dichotomous preference has a unique bundle of objects
and all its supersets as acceptable bundles. Let D*"¢ denote the set of all single-minded
preferences. Single-minded preferences are well-studied in the algorithmic game theory lit-
erature (Lehmann et al., 2002; Babaioff et al., 2005, 2006). They were also central in the
recent analysis of US incentive auction (Milgrom and Segal, 2019). Our main negative result
will be for domains containing Ds™"9te,

Before concluding this section, we briefly discuss how dichotomous preferences are similar
to some other kinds of preferences in the literature. In the single object model, the prefer-
ences are clearly dichotomous, where there is no uncertainty about the acceptable bundles.
Similarly, consider the unit demand preferences studied in Demange and Gale (1985); Mori-
moto and Serizawa (2015). A preference R; is a unit demand preference if for every S € B
and every t € R, we have WP(S,t; R;) = max,es WP({a},t; R;). Now, suppose the objects
are homogeneous in the following sense: WP({a},t; R;) = WP({b},t; R;) for all a,b € M
and for all ¢ € R. It is clear that a unit demand preference R; over homogeneous objects is
a dichotomous preference, where S™" consists of singleton bundles. If the objects are not
homogeneous, the unit demand preferences are not dichotmous since the willingness to pay

of different objects may be different.

3 THE RESULTS
We describe our main results in this section.

3.1 An impossibility result

We start with our main negative result: if the domain consists of all single-minded prefer-
ences, then there is no desirable mechanism. This generalizes the intuition we demonstrated

in the example in Section 2.3.

14



THEOREM 1 (Impossibility) Suppose T D D59 (i.e., the domain contains all single-
minded preferences), n > 3, and m > 2. Then, no desirable mechanism can be defined on

T

The proof of this theorem and all other proofs are relegated to an appendix at the end.
The proof formalizes the sketch given in the example in Section 2.3. The main idea of the
proof is that if a desirable mechanism can be defined on D*"9¢ it has to define outcomes
at all single-minded preference profiles, which includes an n-agent and m-object version of
the preference profile discussed in Section 2.3. The challenge is to show that any desirable
mechanism at that profile must coincide with the outcome of a generalized VCG mechanism
(where agents pay their “externalities”). Once this is shown, the rest of the proof is similar
to the discussion in Section 2.3.

As discussed in the introduction, Theorem 1 adds to a small list of papers that have
established such negative results in other combinatorial auction problems. Notice that the
domain 7 may contain preferences that are not dichotomous or it may be equal to D, the
set of all dichotomous preferences.

The conditions m > 2 and n > 3 are both necessary: if m = 1, we know that a desirable
mechanism exists (Saitoh and Serizawa, 2008); if n = 2, the mechanism that we propose

next is desirable-see Proposition 1 and discussions after it.

DEFINITION 5 The generalized Vickrey-Clarke-Groves mechanism with loser’s pay-
ment t; (GVCG-ty), denoted as (f'9't pv9't) is defined as follows: for every profile of

preferences R,

veg,t . . .
fr0UE(R) € argmax Y W P(A; t1; Ry)

iEN
P (R) = 1+ max STWP(Ay, b1 Ry) — 3O WP (R), t1; Ry).
j#i j#i

We refer to the GVCG-0 mechanism as the GVCG mechanism.

The GVCG class of mechanisms is a natural generalization of the VCG mechanism to
our setting without quasilinearity. Note that the current definition does not use anything
about dichotomous preferences. It computes the “externality” of every agent with respect
to a reference transfer level t;. This transfer level ¢, corresponds to the payment by any

agent who does not win any non-empty bundle of objects in the mechanism (such an agent
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has zero externality). The additional term ¢; in the payment expression ensures that when
we use t; as the reference transfer level to compute externalities, we maintain incentive
compatibility in dichotomous domain. In the quasilinear domain, the reference transfer
level does not matter as the willingness to pay does not change with reference transfer:
WP(S,tr, R;)) = WP(S,0, R;) for each S, if R; is a quasilinear preference.

Theorem 1 implies that the GVCG mechanism is not desirable. Indeed, no GVCG mech-
anism can be DSIC in an arbitrary combinatorial auction domain without quasilinearity. For
instance, Morimoto and Serizawa (2015) show that there is a unique desirable mechanism
in the domain of “unit-demand” (where agents have demand for at most one object) pref-
erences, and it is not a GVCG mechanism. We show that the GVCG mechanism is DSIC,

individually rational, and satisfies no subsidy in any dichotomous preference domain.

PrOPOSITION 1 Consider the GVCG-ty, mechanism for some t;, € R, defined on an arbi-

trary dichotomous domain T C D. Then, the following are true.

1. The GVCG-t;, mechanism is DSIC.

2. The GVCG-t, mechanism is individually rational if t;, < 0.

3. The GVCG-t;, mechanism satisfies individual rationality and no subsidy if t;, = 0.
4. The GVCG-t;, mechanism is Pareto efficient if n = 2.

5. The GVCG-t;, mechanism is not Pareto efficient if n > 2,m > 1, and T D D™,

We explain below why the GVCG class of mechanisms are compatible with Pareto ef-
ficiency when n = 2 but not compatible when n > 2. For simplicity, we assume that

preferences of agents are single-minded, i.e., the domain is D*"9'¢. We consider various cases.

ONE OBJECT (m = 1). It is well known that the GVCG mechanism is Pareto efficient if
m = 1 (Saitoh and Serizawa, 2008). Note that for m = 1, every preference is single-minded.
The GVCG mechanism allocates the object to an agent k& with the highest WP at 0, i.e.,
wi(0) = max;en w;(0). All agents except agent k pay zero and agent k pays max; . w;(0).
This outcome is always Pareto efficient. The main reason for this is that there is only one
object, and any new outcome can only give this object to one agent (may be the same or

another agent). Take any such outcome z = (z1,..., z,) and assume for contradiction that
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it Pareto dominates the GVCG outcome. If agent k£ continues to get the object in z; also,
her payment cannot be more than max;, w;(0). Further, payments of other agents cannot
be more than zero. As a result, total payment cannot be more than max;, w;(0). Similarly,
if any other agent j # k receives the object in z, then her payment cannot be more than
w;(0) (else, she will prefer the GVCG outcome of getting nothing and paying zero). Further,
in this case, since agent k does not receive the object in z, her payment will be non-positive.
As a result, the total payment cannot be more than max;, w;(0). In fact, the total payment
in z in both the cases will be strictly less than the GVCG payments if any agent strictly

improves, which is a contradiction.

TWO AGENTS (n = 2) BUT ARBITRARY m. Since preferences of agents are single-minded, at
every preference profile the acceptable bundles of each agent 7 are supersets of some S; € B.
Since there are two agents, we have only two cases to consider: (i) S; NSy = 0 and (ii)
S1 N Sy # (. Intuitively, in the first case, the two agents are not competing against each
other. Pareto efficiency requires us to allocate each agent i € {1,2} her acceptable bundle
S;. The GVCG mechanism charges zero payment to the agents. Clearly, this cannot be
Pareto dominated. In the second case, the two agents compete against each other like the
single object case. This is because S; NSy # () means exactly one agent can be assigned an
acceptable bundle. In fact the allocation and payment in the GVCG mechanism for this case
mirrors the single object case: the agent with the higher WP at 0 gets her acceptable bundle
and pays the willingness to pay of the other agent. The fact that this outcome cannot be
Pareto dominated follows an argument similar to the m = 1 case. Summarizing, if there are
two agents, independent of the number of objects, the Pareto efficiency requirement is very
similar to the single object case. Hence, the GVCG mechanism remains compatible with

Pareto efficiency.

n > 2,m > 1. With more than two agents and more than one object, the Pareto efficiency
requirement is no longer like the single object case. It is trickier to figure out who gets the
object and the resulting externalities. For instance, take n = 3 and m = 2 with M = {a, b}.
Suppose the acceptable bundles of agents are as follows: 87" = {{a}}, Sy = {{b}}, and
Syin = {{a,b}}. Now, depending on the willingness to pay of agents, either agents 1 and
2 get {a} and {b} respectively or agent 3 gets both the objects. So, the set of possible

allocations are more and efficiency is tricky to figure out.
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3.2 Positive income effect and possibility

Proposition 1 and Theorem 1 point out that the GVCG is not Pareto efficient in the entire
dichotomous domain. A closer look at the proof of Theorem 1 (and Example 1) reveals that
the impossibility is driven by a particular kind of dichotomous preferences: the ones where
the willingness to pay of an agent increases with payment. We term such preferences negative
income effect.

A standard definition of positive income effect will say that as income rises, a preferred
bundle becomes “more preferred”. We do not model income explicitly, but our preferences
implicitly account for income. So, if payment decreases from ¢ to ¢/, the income level of the
agent increases implicitly. As a result, she is willing to pay more for his acceptable bundles
at ¢’ than at ¢. Thus, positive income effect captures a reasonable (and standard) restriction

on preferences of the agents.

DEFINITION 6 A dichotomous preference R; = (w;, S;) satisfies positive income effect if
for all t > t', we have w;(t) < w;(t).
A dichotomous domain of preferences T satisfies positive income effect if every preference

in T satisfies positive income effect.

As an illustration, the indifference vectors shown in Figure 2 cannot be part of a dichotomous
preference satisfying positive income effect - we see that ¢ > ¢ but w;(f) > w;(t). The
preference Ry in Example 1 also violated positive income effect. A quasilinear preference
(where w;(t) = w;(t') for all ¢,t') always satisfies positive income effect, and the GVCG
mechanism is known to be a desirable mechanism in this domain. We show below that the
GVCG mechanism is Pareto efficient if the domain contains preferences that satisfy positive
income effect. Before stating the result, let us reconsider Example 1 and see why the GVCG

mechanism becomes desirable with positive income effect.
EXAMPLE 2

We revisit Example 1 but with an important difference: the preferences of agents 2 and 3
now satisfy positive income effect. So, we have three agents N = {1,2,3} and two objects
M = {a,b}. As in Example 1, agent 1 has dichotomous quasilinear preference R; with
valuation 3.9 on the unique acceptable bundle {a,b}. All the bundles are acceptable bundles

for agents 2 and 3. But their preference is now R{, which satisfies positive income effect.
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However, similar to Example 1, we have w'(0) = 2. As a result, the GVCG outcome does
not change from Example 1 at this profile: agent 2 gets object a and agent 2 gets object b
with payments pi“ = 0,py”“ = p;¥ = 1.9. To Pareto dominate this outcome, we need to
give both the objects to agent 1.

P =19
w'(0) =2

L

0

payments ——»

Figure 3: Possibility with positive income effect

{a} | {b} | {a,b}
WP(-,0; Ry) 0| 0| 39
WP(,0;Ry=R)) || 2 | 2
WP(,0;Ry=Ry) || 2 | 2 | 2

Table 2: A profiles of preferences with M = {a,b}, N = {1,2,3}.

Now, the VCG outcome to agent 2 is ({a},1.9) and, by Table 2, ({a},2) I} (0,0). If
({a},1.9) I} (0,¢), then by positive income effect ¢ < —0.1. A pictorial description of the
indifference vectors of Rj, for these transfer amounts are shown in Figure 3. This means that
the total compensation required for agent 2 alone will be more than 0.1. Since agent 3 needs
to be compensated too and the total revenue collected in the VCG outcome is 3.8, we need
to charge more than 3.9 to agent 1 to Pareto dominate the VCG outcome. This is impossible

since the value of agent 1 for both the objects is only 3.9. O
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The intuition in this example generalizes. Our next result says that the impossibility
in Theorem 1 is overturned in any domain of dichotomous preferences satisfying positive

income effect.

THEOREM 2 (Possibility) The GVCG mechanism is desirable on any dichotomous domain

satisfying positive income effect.

Theorem 2 can be interpreted to be a generalization of the well-known result that the
VCG mechanism is desirable in the quasilinear domain. Indeed, we know that if the domain
of preferences is the set of all quasilinear preferences, then standard revenue equivalence
result (which holds in the quasilinear domain) implies that the VCG mechanism is the only
desirable mechanism. Though we do not have a revenue equivalence result, we show below
a similar uniqueness result of the GVCG mechanism. For this, we first remind ourselves the
definition of a quasilinear preference. A dichotomous preference (w;, S;) is quasilinear if
for every t, ¢ € R, we have w;(t) = w;(¥). We denote by D? the set of all dichotomous

quasilinear preferences. This leads to a characterization of the GVCG mechanism.

THEOREM 3 (Uniqueness) Suppose the domain of preferences T is a dichotomous domain
satisfying positive income effect and contains DL, Let (f,p) be a mechanism defined on

T™. Then, the following statements are equivalent.

1. (f,p) is a desirable mechanism.

2. (f,p) is the GVCG mechanism.

We reiterate that the GVCG is known to fail DSIC with non-quasilinear preferences
if agents demand multiple objects. So, Theorems 2 and 3 show that under dichotomous
classical preferences with positive income effect, we recover the desirability of the GVCG

mechanism.

3.3 Tightness of results

In this section, we investigate if the positive results in the previous sections continue to hold if
the domain includes (positive income effect) non-dichotomous preferences. In particular, we
investigate the consequences of adding a non-dichotomous preference satisfying (a) positive

income effect and (b) decreasing marginal willingness to pay. Both these conditions are
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natural properties to impose on preferences. Our results below can be summarized as follows:
if we take the set of all quasilinear dichotomous preferences and add any non-dichotomous
preference satisfying the above two conditions, then no desirable mechanism can exist in such
a type space. As corollaries, we uncover new type spaces where no desirable mechanism can
exist with non-quasilinear preferences, and establish the role of dichotomous preferences in
such type spaces. Before we formally state the result, we give an example to show why we

should expect such an impossibility result.

{a} | {0} | {a,b}
W P(-,0; Ry) 0] 01| 5
WP(,0;Ry=Ry) || 3 | 4 | 4
WP(,0;Rs=Ry) || 3 | 4| 4
W P(-,0; R,) 0| 4| 4

Table 3: Two profiles of preferences with M = {a,b}, N ={1,2,3}.

EXAMPLE 3

We consider an example with two object M := {a, b} and three agents N := {1,2,3}. We
will require the following preferences of the agents. The preference R, of agent 1 is quasilinear
and the corresponding values for bundles of objects is shown in Table 3. It is clear that R; is
a dichotomous preference with a unique acceptable bundle {a,b}. We have two preferences
of agent 2: Ry = Ry and R),. Preference Ry is not quasilinear, but it satisfies positive income
effect (decreasing prices by the same amount of two indifferent consumption bundles lead the
agents to strictly prefer the costlier object): ({b},4) Iy ({a},3) and ({b},2) Py ({a},1). This
is shown in Figure 4, where we show some indifference vectors of Ry. Note that the other
indifference vectors of Ry can be constructed such that it satisfies the unit demand property
and positive income effect. Preference R, is a quasilinear dichotomous preference with {b}
and {a, b} as acceptable bundles and value 4. Finally, preference R3 of agent 3 is also Ry.

We argue that the GVCG mechanism containing all quasilinear dichotomous preferences
and Ry is not DSIC. So, our domain is 7 = DL U {Ry}. We will look at two preference
profiles: (Ri, Ry, R3) and (Ry, R}, R3). At the preference profile (Ry, Ry, R3), agents 2 and
3 should get objects from {a,b} according to GVCG. Since they have identical preferences,
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{a, b}

{0} = f2"(Ry, Ry, Rs)

{a} = f3(Ry1, Ry, R3)

4
payment

\J

Figure 4: Positive income effect preference of agents 2 and 3.

we break the tie by giving object a to agent 2 and object b to agent 3: f“(Ry, Ry, R3) =
{a}, f(Ry, Ry, R3) = {b}.” The payment of agent 2 is py“ (R, Rg, R3) = 1.

Now, consider the preference profile (Ry, R, R3). Here, since agent 2 has only {b} and
{a,b} in her acceptable bundle, her GVCG outcome changes: f,“(R;, R, R3) = {b} and
Py Y (Ry, RS, R3) = 2. In other words, the externality of agent 2 changes from 1 at preference
profile (R, Ry, R3) to 2 at (Ry, R, R3).

If Ry was a quasilinear preference, then agent 2 would have been indifferent between
({a},1) and ({b},2). But since Ry = Ry satisfies positive income effect (see Figure 4),
({b},2) P, ({a},1). This shows that with positive income effect, agent 2 can manipulate in
the GVCG mechanism in this domain.

This is a general problem. We formalize this in Theorem 4. We show in the proof of
Theorem 4 that any desirable mechanism in such a domain must have the GVCG outcomes
at these profiles, and this will lead to manipulation by the agent having positive income
effect.

It is crucial that W P({a},0; Ry) < W P({b},0; Ry) for this manipulation to happen in this
example. If WP({a},0; Ry) = WP({b},0; Ry) = 4, then Ry can be a dichotomous preference

(i.e., besides the indifference vector shown in Table 3, we can construct other indifference

7 The example can be modified to work if the tie is broken by giving object b to agent 2 and object a to
agent 3.
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vectors such that it is a dichotomous preference). We know that the GVCG mechanism is
DSIC in such domains. Indeed, in that case, the extenality of agent 2 remains unchanged
across profiles (Ry, Ry, R3) and (R, Ry, R3). In other words, we have py”(Ry, Ry, R3) =
s 9(Ry, Ry, R3) = 1. So, no manipulation is possible by agent 2 across these two preference
profiles.®

We end this example by noting that the main driver for this impossibility result is in-
centive compatibility. On the other hand, Pareto efficiency was the main reason for the

impossibility in Example 1. O

We formalize the intuition in Example 3 now. We consider a preference where an agent
can demand multiple heterogeneous objects. We require that at least two objects are het-

erogeneous in the following sense.

DEFINITION 7 A preference R; satisfies heterogenous demand if there exists a,b € M,
WP({a},0; Ro) # WP({b},0; Ro).

Heterogeneous demand requires that for some pair of objects, the WP at 0 must be different
for them. If objects are not the same (i.e., not homogeneous), then we should expect this
condition to hold. We can provide an analogous tightness result if objects are homogeneous.’
Besides the heterogeneous demand, we will impose two natural conditions on preferences.

The first condition is a mild form of substitutability condition.

DEFINITION 8 A preference R; satisfies strict decreasing marginal WP if for every
a,be M,
WP({a},0; R;) + WP({b},0; R;) > WP({a,b},0; R;).

Strict decreasing marginal WP requires a minimal degree of submodularity: the marginal
increase in WP (at 0) by adding {a} to {b} is less than adding {a} to (. Notice that this
substitutability requirement is only for bundles of size two. Hence, larger bundles may exhibit

complementarity or substitutability. Because of free disposal, for every a,b € M, we have

WP({a,b},0; R;) > max(WP({a},0; R;), WP({b},0; R;)).

8This is true even if this preference does not satisfy positive income effect.
9The result is available on request.
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Hence, strict decreasing marginal WP implies that W P({a},0; R;) > 0 and W P({b},0; R;) >
0, i.e., each object is a good in a weak sense (getting an object is preferred to getting nothing
at payment 0).

We point out that unit demand preferences (studied in (Demange and Gale, 1985; Mori-
moto and Serizawa, 2015)) satisfy strict decreasing marginal WP. A preference R; is called

a unit demand preference if for every S,
WP(S,t; R;) = max WP({a},t; R;) V1 € R,.
ac

If R; is a unit demand preference and objects are goods, then it satisfies strict decreasing
marginal WP. To see this, call every object a € M a real good if WP({a},0; R;) > 0 at

every R;. If every object is a real good, then for every a,b € M, we see that
WP({a},0; R;) + WP({b},0; R;) > Ir%{a)g} WP({x},0; R;)) = WP({a,b},0; R;).
reqa,

Besides the strict decreasing marginal WP condition, we will also be requiring strict

positive income effect, but only for singleton bundles.

DEFINITION 9 A classical preference R; satisfies strict positive income effect if for every

a,b € M and for every t,t" with t' > t, the following holds for every § > 0:

(o} t) I (aht)] = [0}t = 0) P ({a},t - 9)].

This definition of strict positive income effect requires that if two objects are indifferent then
decreasing their prices by the same amount makes the higher priced (lower income) object
better. This is a generalization of the definition of positive income effect we had introduced
for dichotomous preferences in Definition 6, but only restricted to singleton bundles.!® This
means that for larger bundles, we do not require positive income effect to hold.

We are ready to state the main tightness result with heterogeneous objects.

THEOREM 4 Supposen > 4, m > 2. Let Ry be a heterogeneous demand preference satisfying
strict positive income effect and strict decreasing marginal WP. Consider any domain T

containing DL U {Ry}. Then, no desirable mechanism can be defined on T".

10An alternate definition along the lines of Definition 6 using willingness to pay map is also possible. It
will require decreasing differences of willingness to pay. Formally, a preference R; satisfies strict positive
income effect if for every t' > ¢ and for every a,b € M, we have WP({a},t'; R;) > WP({b},t'; R;) implies
WP({a},t'; R;)) — WP({b},t'; R;) < WP({a},t; R;) — WP({b},t; R;).
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We make a quick remark about the statement of Theorem 4.

REMARK 1. Though Theorem 4 requires n > 4, a careful look at its proof reveals that we
only need n > 4 if m > 2. If there are only two objects, the impossibility result in Theorem
4 holds with n > 3. This was shown in Example 3 also.

The basic idea of the proof of Theorem 4 is similar to Example 3. With more than two
object (m > 2), we will need at least four agents. The reason is slightly delicate. Notice that
Ry in the statement of Theorem 4 is an arbitrary preference. As in Example 3, the proof
ensures that three agents compete for two objects, say {a,b}, out of which two agents have
Ry as their preference. With more than two objects, we need a way to ensure that {a,b} are
allocated among these three agents. In the absence of a fourth agent, it is not possible to
ensure that the two agents having Ry preference are not assigned objects outside of {a,b}.
A fourth agent having arbitrarily large willingness to pay for the bundle M \ {a,b} ensures
that.

We do not know if the impossibility result holds for n = 2 or n = 3 when m > 2, but we

conjecture that it does not. O

Unlike the negative result in Theorem 1, Theorem 4 does not require the existence of
negative income effect dichotomous preferences. It just requires the presence of quasilinear
dichotomous preferences along with at least one heterogeneous demand preference satisfying
some reasonable conditions. This negative result parallels a result of Kazumura and Serizawa
(2016) who show that adding any multi-demand preference to a class of rich unit demand
preference gives rise to a similar impossibility. While they show impossibility with multiple
object demand preferences, our impossibility is driven by existence of dichotomous prefer-
ences. Their proof does not use any income effect of preferences whereas we do. This makes
their proof significantly more complicated than ours. As was explained in Example 3, our
proof exploits the fact that any desirable mechanism must coincide with the GVCG mech-
anism in the positive income effect dichotomous domain, and adding any strictly positive
income effect preference to the domain leads to manipulation.

We now spell out an exact implication of Theorem 4 in a corollary below. Let DT be
the set of all positive income effect dichotomous preferences (note that D%* C D) and U+
be the set of all heterogeneous unit demand preferences satisfying positive income effect (as

argued earlier, unit demand preferences satisfy strict decreasing marginal WP). Then, the
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following corollary is immediate from Theorem 4.
COROLLARY 1 Suppose T = DTUUT. Then, no desirable mechanism can be defined on T".

Theorem 3 shows that the GVCG mechanism is the unique desirable mechanism on DT.
Similarly, Demange and Gale (1985) have shown that a desirable mechanism exists in U™.
This mechanism is called the minimum Walrasian equilibrium price mechanism and collapses
to the VCG mechanism if preferences are quasilinear. Corollary 1 says that we lose these

possibility results if we consider the unions of these two type spaces.

4 RELATED LITERATURE

The quasilinearity assumption is at the heart of mechanism design literature with payments.
Our formulation of classical preferences was studied in the context of single object auction by
Saitoh and Serizawa (2008), who proposed the generalized VCG mechanism and axiomatized
it for that setting. Other such axiomatizations include Sakai (2008, 2013). As discussed,
Demange and Gale (1985) had shown that a mechanism different from the generalized VCG
mechanism is desirable when multiple heterogeneous objects are sold to agents with unit
demand. Characterizations of this mechanism have been given in Morimoto and Serizawa
(2015), Zhou and Serizawa (2018) and Kazumura et al. (2018). However, impossibility results
for the existence of a desirable mechanism were shown (a) by Kazumura and Serizawa (2016)
for multi-object auctions with multi-demand agents and (b) by Baisa (2016b) for multiple
homogeneous object model with multi-demand agents. Social choice problems with payments
are studied with particular form of non-quasilinear preferences in Ma et al. (2016, 2018).
These papers establish dictatorship results in this setting with non-quasilinear preferences.

Baisa (2016a) considers non-quasilinear preferences with randomization in a single object
auction environment. He proposes a randomized mechanism and establishes strategic prop-
erties of this mechanism. Dastidar (2015) considers a model where agents have same utility
function but models income explicitly to allow for different incomes. He considers equilib-
ria of standard auctions. Samuelson and Noldeke (2018) discuss an implementation duality
without quasilinear preferences and apply it to matching and adverse selection problems.
Kazumura et al. (2019) discuss monotonicity based characterization of DSIC mechanisms in
domains which admit non-quasilinear preferences.

The literature on auction design with budget constrained bidders models budget con-

straint such that if an agent has to pay more than budget, then his utility is minus infinity.
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This introduces non-quasilinear utility functions but it does not fit our model because of
the hard budget constraint. For the multi-unit auction with such budget-constrained agents,
Lavi and May (2012) establish that no desirable mechanism can exist - see an extension of
this result in Dobzinski et al. (2012). They prove this result by considering two bidders each
with publicly known budgets and two units. Their result shows an impossibility similar to
ours as long as the public budgets of the bidders are not equal. Their paper also allows
complementary preferences but not of the extreme form seen with dichotomous preferences.

For combinatorial auctions with a particular kind of dichotomous (called single-minded
agents) and quasilinear preferences, Le (2018) shows that these impossibilities with budget-
constrained agents can be overcome in a generic sense - he defines a “truncated” VCG mech-
anism and shows that it is desirable almost everywhere.

There is a literature in algorithmic mechanism design on combinatorial auctions with
quasilinear but “single-minded” preferences. Apart from practical significance, the problem is
of interest because computing a VCG outcome in this problem is computationally challenging
but various “approximately” desirable mechanisms can be constructed (Babaioff et al., 2005,
2006; Lehmann et al.,; 2002; Milgrom and Segal, 2019). Rastegari et al. (2011) show that
in this model, the revenue from the VCG mechanism (and any DSIC mechanism) may not
satisfy monotonicity, i.e., adding an agent may decrease revenue. Our paper adds to this

literature by illustrating the implications of non-quasilinear preferences.

A PROOFsS
A.1 Proof of Theorem 1
Proof: We start by providing two useful lemmas.

LEMMA 1 Suppose (f,p) is an individually rational mechanism satisfying no subsidy. Then
for every agent i € N and every R € T", we have p;(R) =0 if fi(R) ¢ S;.

Proof: Suppose R is a profile such that f;(R) ¢ S; for agent i. By individual rationality,
(fi(R),pi(R)) R; (0,0). But fi(R) ¢ S; implies that (0,pi(R)) I; (fi(R),p:i(R)) Ri (0,0).
Hence, p;(R) < 0. But no subsidy implies that p;(R) = 0. |

LEMMA 2 Suppose (f,p) is an individually rational mechanism satisfying no subsidy. Then
for every agent i € N and every R € T", we have 0 < p;(R) < WP(f;(R),0; R;).
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Proof: If fi(R) ¢ S;, then the claim follows from Lemma 1. Suppose f;(R) € S;. By
individual rationality, (f;(R),pi(R)) R; (0,0) I; (fi(R), WP(f;(R),0; R;)). This implies that
pi(R) < WP(fi(R),0; R;). No subsidy implies that p;(R) > 0. |

Consider any three non-empty bundles S, S}, So such that S = S; U S, and S; N Sy = 0.
Consider a profile of single-minded preferences R* € (Dsingle>n as follows. Since all the
agents have dichotomous preferences, to describe any agent i’s preference, we describe the
minimal acceptable bundles 8™ (i.e., the set of acceptable bundles S; are derived by taking
supersets of each element in S™") and the willingness to pay map w;. Preference R} of agent
1 is quasilinear:

S =[S}, wi(t) =39V teR.
Preference R} of agent 2 is:
Spin = {8} wa(t) = (2—t) — (2= 1) —8)s Vt € R.
Preference Rj; of agent 3 is:
Spin =[S ws(t) = (2—1t) — (2= 1) —8)s V¢t € R.

Note that a utility function representing such a preference is u*(S,t) = 8 + (2 —¢)® if S is
acceptable and u*(S,t) = (2 — t)% if S is not acceptable.

Preference R} of each agent ¢ ¢ {1,2,3} is quasilinear:
S =[S}, wi(t) =eVteER,

where € > 0 but very close to zero.
Assume for contradiction that there exists a DSIC, Pareto efficient, individually rational

mechanism (f, p) satisfying no subsidy. We now do the proof in several steps.

STEP 1. In this step, we show that at every preference profile R with R; = R for all
i ¢ {2,3}, we must have S ¢ fi(R) if i ¢ {1,2,3}. We know that S = {S} for all
i ¢ {2,3}. Assume for contradiction S C fi(R) for some k ¢ {1,2,3}. Then, S ¢ fi(R). By

Lemma 1, p;(R) = 0. Consider the following outcome:

Zy = (5,€), Zk = (0, pr(R) — €), Z; = (f;(R),p;(R)) V j & {1, k}.
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Since preferences of agent 1 and agent k are quasilinear (note that Ry = R} and Ry = R;)

and € is very close to zero, we have

Zl Pl (fl(R)7p1<R> - O)aZk Ik (fk(R)vpk(R))7Z] ]j (fJ(R)vp](R)) \V/] ¢ {17k}

Also, the sum of payments in the outcome vector Z = (Zi,...,2,) is > ,.ypi(R). This

contradicts Pareto efficiency of (f, p).

STEP 2. Fix a preference R, of agent 2 such that S = {S;} and @,(0) > 1.9. We show
that at preference profile R = (Ry, R*,), S ¢ fi(R). Suppose S C fi(R). Then, S; ¢ fo(R)
and Sy ¢ fg(R). By Lemma 1, pQ(}?) = 0,p3(f%) = 0. Consider a new outcome vector:

= (0,p1(R) = 3.9), Zo = (S1,1(0)), Zs = (S, w3(0)), Z; = (f;(R),p;(R) V j ¢ {1,2,3}.

By quasilinearity of R}, we get Z1 IT (f1(R ) (R )) By definition,

A

Zy I (0,0) Ip (fo(R),pa(R)).

Similarly, Zs I7 (f3(R), ps(R)). Further, the sum of payments in the outcome vector Z is
pi(R) = 3.9+ wa(0) + ws(0) + > pi(R) > pi(R)
j¢{1,2,3} jEN

where the inequality used the fact that p,(R) = ps(R) = 0 and 1,(0) > 1.9, ws(0) = 2. This

contradicts Pareto efficiency of (f, p).

STEP 3. Fix any quasilinear preference R, of agent 2 such that Sy = {S;} and s (t) =
1.9 — &, where ¢ € (0,1.9). We show that at preference profile R = (R,, R*,), we must have
S C fl(f%). If not, then by Step 1 and by Pareto efficiency, S; C fz(f%) and Sy C fd(f%)

Now, consider the following outcome Z’:
0 A
= (5,3.9), Zy = (0,pa(R) = (1L9=3)), 25 = (0,p5(R) —2),
= (F(R).p;(R) V 5 ¢ {1,2.3}.

Note that by Lemma 1, pl(R) = 0. Hence, using quasilinearity of Rl, we get ( fl(l%), pl(f%) =
0) It (S,3.9). Similarly, by quasilinearity of Ry, we get Zj Py (fo(R), p2(R)). Also, the sum

of payments in outcome Z’ is

3.9+ po(R) — (1 9—§)—|—p3 Ry =2+ > pi(R) = Zpi(ﬁ)+g>2pi(ﬁ’),

j¢{1,2,3} ieN ieN
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where we used the fact that pl(f%)
) - > Ry (Fs(8).pa(R)). For this, et + = py(R) — 2. By
Lemma 2, we have p3(R) < 2. By no subsidy, ps(R) > 0. So, 2 —t = 4 — p3(R) € [2,4].

Now, observe the following:

We now prove that (0, ps(

wl—=

t+ws(t)=2—((2—1t)*—8)
<2-((2-1)-2)
=2+t
= pS(R)a

where the inequality used the fact that (2—¢) > 2 and (2 —¢)* - 2% > ((2—1) — 2)3.
Using this, we now observe that (still using ¢ := pg(f%) — 2 below),

(0,p3(R) —2) I5 (fs(R),t +ws(t)) R (f3(R),ps(R)).

Hence, we get a contradiction to Pareto efficiency.

STEP 4. In this step, we show that at preference profile R*,
S1 C fa(R7), 82 C f3(R7),

and

p2(R) = ps3(R*) = 1.9.
Since w(0) = 2 in preference Rj, by Step 2, S € fi(R*). By Step 1, S € fi(R*) for all
i ¢ {1,2,3}. By Pareto efficiency, it must be

51 C fo(R"), 52 C f3(R").

Now, assume for contradiction po(R*) > 1.9. Fix a preference Ry of agent 2 such that
Srin = 8.} and pa(R*) > 5(0) > 1.9. By Step 2, S; C fo(Rs, R*,). By DSIC, po(R*) =
pa(Ry, R*,). Hence, py(Ry, R*,) > to(0). This is a contradiction to Lemma 2.

Finally, assume for contradiction po(R*) < 1.9. Then, consider any quasilinear preference
R, of agent 2 such that S = {S;} and py(R*) < 1(0) < 1.9. By Step 3, S1 € fa(Ra, R*,)
and by Lemma 1, po(Rs, R*,) = 0. But by reporting R;, agent 2 gets S; at a payment less
than w9(0). By quasilinearity of Ry and the fact that S; ¢ fg(Rz,R’iz), she prefers this
outcome to outcome (fo(Ry, R*,),0), which is a contradiction to DSIC.
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This concludes the proof that po(R*) = 1.9. A similar argument establishes (with Steps
2 and 3 applied to agent 3) that ps(R*) = 1.9.

STEP 5. We now complete the proof. By Step 4, we know that the outcome at preference

profile R* satisfies:
S & [i(RY),S1 C fo(R7), 8 C f3(R"),

pi(R*) =0, pa(R) = ps(R*) = 1.9.

Now, consider the following outcome: Z; = (f;(R*),p;(R*)) for all j ¢ {1,2,3} and
Z! = (8,3.9), Z, = ({0}, —0.05), Z5 = ({0}, —0.05).

Notice that the sum of payments in this outcome is ),y pi(R*). Agent 1 is indifferent
between Z] and (fi(R*),p1(R*)). For agents 2 and 3, verify that

(—0.05) + ws(—0.05) = (—0.05) + w;(—0.05) < 1.9.
Hence, for i € {2,3}, we have
70 = (0,-0.05) I} (fi(R"), wx(~0.05) — 0.05) B (f(R),1.9).

This contradicts Pareto efficiency. |

A.2 Proof of Proposition 1

Proof: Fix a dichotomous domain 7. For some t; € R, consider the GVCG-t;, mechanism

and denote it as (f,p) = (9", p?9'L). We prove the following claim first.

CLAIM 1 For every agent i € N and for every profile of preferences R € T, the following
hold:

(fi(R),pi(R)) R; (0,t1), (1)
pi(R) =tr if fi(R) & Si (2)

where S; is the acceptable set of bundles of agent i at R;.

31



Proof: The following inequalities follow straightforwardly.

max » WP(A;,t,;R;) > max Y WP(Aj, tr; Rj)

Aex Aex

JEN J#i
=Y WP(f;(R)t1; R )>maXZWP Aj tr; R;)
JEN J#
= WP(fi(R),tr; R;) +t, > maxZWP AjtLi Ry) =Y WP(fi(R),tr; Rj) + tr, = pi(R).
J#i G

But this implies that

(£(B).pu(B)) Be (£(R). WP(F(R) tus Bi) + 1) L (,t2)

where the second relation comes from the definition of W P.

Suppose f;(R) is not an acceptable bundle at R;, then (f;(R),p;(R)) I; (0, p;(R)). Then,
the relation (1) implies that t;, > p;(R). But by construction, p;(R) > t;. Hence, p;(R) = t,,
if fi(R) ¢ S;. [ |

Using Claim 1, we prove each assertion of the proposition.

PROOF OF (1). We prove that the GVCG-ty, is DSIC. Fix agent i € N, R_; € 7", and
Ri,R, €T. Let A= f(R;, R_;) and A’ = f(R}, R_;). We start with a simple lemma.

LEMMA 3 If A; and A, belong to the acceptable bundle set at R;, then

pi(Ri, R—;) < pi(R;, R—).
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Proof: Note that

pi(Ri,R_i) —pi(Rg,R_z) = maXZWP A],tL, ZWP A],tL,R )}
A % J#
— [max Y WP(A; tr; R;) = > WP(A} t; R;)]
A i J#i
=Y WP(A, t;Ry) =Y WP(A;, 1 R))
J#i JFi
=WP(Ajt; Ry) + > WP(A) t; R;)
J#i
— WP(Ai ty; Ry) — Y WP(Aj tr; Ry)
JF#i
=Y WP(A, t;Ry) =Y WP(A; 1 R))
JEN JEN
S 07

where the third equality follows from the fact that A;, A, belong to the acceptable bundle
set at R; and the last inequality follows from the fact that f(R) = A. |

Let S; be the acceptable bundle set of agent ¢ according to R;. We consider two cases.

CASE 1. A; € ;. If A; € §;, then Lemma 3 implies that

If Al ¢ S;, then Equation (2) implies that p;( R}, R_;) = t. But, then Inequality (1) implies
that
(As, pi(Ri, R—)) Ry (0,t1) I (A}, tz).
CASE 2. A; ¢ S;. By Equation 2, p;(R;, R_;) = t;. Now, note that since 4; ¢ S;, we have
WP(A;, tr; R;) = 0, and hence,
> WP(A; i Ry) = max y WP(A; 1 R)).

JEN AeX

This implies that
E WP(A tL, ) < E WP(A;,tr; R;) = max E W P( A],tL,R ),
, Aex
JEN JEN J#i
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where the first inequality followed from the definition of A. This implies that

WP(A} ty; R) <max Y WP(A;tp;Ry) — Y WP(A; tp; R)) = pi(R,, R_;) — 1.
Aex
J#i JFi

This further implies that
(Asspi(Rss R0)) 1 (0,t2) T (AL WP(AL ;R + 1) i (ALpi(RL R-)).

Hence, in both cases, we see that agent ¢ prefers his outcome (A;, p;(R;, R—_;)) in the
GVCG mechanism to the outcome obtained by reporting R;. This concludes the proof that
the GVCG-t, is strategy-proof.

PROOFS OF (2) AND (3). By Inequality (1), for every i € N and for every R, we have
(Fi(R). pi(R)) By (0,t1). 16t <0, we get that (fi(R), pi(R)) Ri (0,0), which is individual

ratlonahty (3) follows from (2).

PROOF OF (4). We now show that for n = 2, the GVCG-t;, mechanism (for any ¢, € R)
is Pareto efficient in any dichotomous domain. Let N = {1,2} and consider a preference
profile R = (Ry, Ry) with §; and Ss as the collection of acceptable bundles of agents 1 and
2 respectively. We consider two cases. As before, denote by (f,p) = (f, p*®'t).

CASE 1. There exists S; € S and Sy € S, such that S; NSy = (. Then, fi(R) € S; and
fa(R) € Sy and pi1(R) = po(R) = tr. Denote A7 := fi(R) and A} := fo(R). Assume for
contradiction that there is an outcome profile ((Ay, p1), (Aa, p2)) such that p; + py > 2tp,
(A1,p1) Ry (A5, tr), and (Ag, ps) Re (A3, t;) with strict inequality holding for one of them.
By the last two relations, it must be that p; < ¢, and p, < t;, with strict inequality hold-
ing whenever these relations are strict, which means that p; + ps < 2¢;,. But this means
p1 + po = 2ty since we assumed p; + py > 2t;. Hence, none of the relations can hold strict,

a contradiction.

CASE 2. For every S; € S; and for every Sy € Sy, we have S; NSy # (). Then, one of
the agents in {1,2} will be assigned an acceptable bundle in f. Let this agent be 1. Hence,
fi(R) € 81 and fo(R) = (). Further, p;(R) = wq(t1) + t1,, where wo(ty) is the willingness to
pay of agent 2 at t, and py(R) = tr.
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Denote A} := fi(R) and assume for contradiction that there is an outcome profile
((A1,p1), (A2, p2)) such that py + py > wa(ty) + 2tr, (A1, p1) Ry (A}, wa(tr) + tr), and
(A, p2) R (0,t7) with strict inequality holding for one of them. Consider the following
two subcases - by our assumption that for every S; € &; and for every Sy € S,, we have

S1 NSy # B, only the following two subcases may happen.

e CASE 2A. Suppose A; € §; and Ay ¢ Sy, Since (Ay,p1) Ry (A, wo(ty) + tr) and
(A, p2) Re (0,t1), we have p; < ws(ty) + tr and po < t;. Hence, we have p; + ps <
wg(tL) + 2tL

e CASE 2B. Suppose A; ¢ S; and Ay € S,. Inequality (1) implies (A, p1) Ry (A}, we(tr)+
tr) Ry (0,tr). Hence, p; < tr. Similarly, Inequality (1) for agent 2 implies that
po < wy(ty) + tr. Hence, again we have p; + py < wo(tr) + 2tr.

Both the cases imply that p; + pa < ws(tr) + 2t;, with strict inequality holding if

(A1, p1) P (ATaWZ(tL) +?5L) or (Az,p2) Py (0,t1).

But we are given that py +py > ws(tr) 42t or (A, p1) Py (A}, wa(tr)) or (Ag,p2) P (0,t1).

This is a contradiction.

PrROOF OF (5). We show the impossibility for N = {1,2,3} and M = {a,b}. The im-
possibility can be extended easily to the case when n > 3 and m > 2 by (i) considering
preference profiles where each agent ¢ has minimal acceptable bundle set S C {a,b} and
(ii) every agent i ¢ {1,2,3} has arbitrarily small willingness to pay (at every transfer level)
on acceptable bundles. This is similar as in the proof of Theorem 1.

Fix the GVCG-t;, mechanism for some ¢; € R and denote it as (f,p) = (fv9', pvoir).
Consider the following single-minded preference profile (R, Rz, R3) such that

Sy = {a}, 8" = {b}, 85" = {a, b}.
The WP values at transfer level ¢; are as follows:

WP({a},tr; Ri) = wi; WP({b},tr; Re) = wo; WP({a, b}, t1; Rs) = ws,
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such that wy; + wy > w3 > max(wy,wy). Further, we require R; and Ry to satisfy the

following;:
({a},wg — Wy + tL) 11 (@,tL — E) and({b},wg — W +tL) Ig (@,tL — E).

Such dichotomous preferences R;, Ry, R3 are possible to construct. Figure 5 illustrates the

some indifference vectors of Ry, Ry, and Rj.

. fa.b}
< — ®
e I
——— {a}
. P : 0
Ly — payment —
:<—>
?TP
< W3 >

Figure 5: A profile of dichotomous preferences for N = {1,2,3} and M = {a, b}.

Hence, the GVCG-t;, mechanism produces the following outcome:
fi(Ry, Ry, R3) = {a}, fa( Ry, Ro, R3) = {b}, fs(Ry, Ra, R3) = 0;
pi(B1, Ro, R3) = w3 — wa + 1y, pa(Ra, Ra, R3) = w3 — w1 +tr, ps(Ri, Ro, Rs) = 1.
Consider the following outcome profile
z1 = (0,tp —€); 20 := (0, tL —€); 23 :== ({a,b}, w3 + t1).

By construction (see Figure 5), each agent i € {1,2, 3} is indifferent between z; and (f;(R), p:(R)).
Total transfers in the outcome profile z is: w3 + 3t — 2¢. Total transfers in the GVCG-
t;, mechanism: 2ws — (w; + we) + 3t < ws + 3t — €, where the inequality follows since
w3 < wy + wo and € > 0 is arbitrarily close to zero. Hence, the GVCG-t;, mechanism is not
Pareto efficient. ]
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A.3 Proof of Theorem 2

Proof: By Proposition 1, the GVCG mechanism is DSIC, individually rational, and satisfies
no subsidy. Now, we prove Pareto efficiency. Let 7 be a dichotomous domain satisfying
positive income effect. Assume for contradiction that there exists a profile R € 7" such
that (f9(R),p"“(R)) is not Pareto efficient. As before, let (S;, w;) denote the dichotomous
preference R; of any agent i. Let f*“(R) = A and p*“(R) = (p1,...,pn). Then there exists,
an outcome profile ((A},p)),...,(A),p))) which Pareto dominates ((A1,p1), ..., (An,Pn))-

We consider various cases to derive relationship between p; and p) for each i € N.

CASE 1. Pick i € N such that A;, A, € S; or A;, A, ¢ S;. Dichotomous preference implies
that (AL p)) I; (Ai,p}). But (A}, pl) R; (A;,p;) implies that (A;,p;) R; (Ai,p;). Hence, we
get

p; > P, Vi such that A;, A € S; or A;, A, ¢ S;. (3)

CASE 2. Pick i € N such that A; ¢ S; but A, € S;. This implies that p; = 0 (by Lemma 1).
Hence, (A, p;) R; (Ai,pi) Ii (Ai,0) 1; (0,0) I; (A}, w;(0)). Thus,

w;(0) + p; > p; Vi such that A; ¢ S;, A, € S;. (4)

CASE 3. Pick i € N such that A; € S; but A, ¢ S;. Since A, ¢ S;, we can write
(A7, pp) 1 (0.9F) Ii (Ai,p; +wi(p;)). But (A}, p;) R; (A;,p;) implies that

pi > p; + w;(p}).

Also, (0,p}) I (AL, p.) R; (Ai,pi) Ri (0,0), where the last inequality is due to individual
rationality of the GVCG mechanism. Hence, p, < 0. But then, positive income effect implies
that w;(p}) > w;(0). This gives us

pi > P+ w;(0) Vi such that A; € S;, AL ¢ S;. (5)
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By summing over Inequalities 3, 4, and 5, we get

Sopi=d i+ > w0 = > wi(0).

iEN i€EN ’LAzGS“AILQSL ’LAL¢$L,A;€SZ
=2 r+ Y w0+ 3w 3 w0 - Y wi(0),
1EN zAZGSZ,A;\zS, i:Ai,AQESi ’i:Ai,A;ESl‘ ’LA1¢S“A;€SZ
= ZPZ + Z WP(4;,0; R;) — Z WP(A;,0; i)
1EN €N 1EN
> pls
iEN

where the inequality follows from the definition of the GVCG mechanism. Also, note that
the inequality above is strict if any of the Inequalities 3, 4, and 5 is strict. This contradicts
the fact that the outcome ((A1,p)),..., (AL, p),)) Pareto dominates ((A1,p1),..., (An,Dn))-
[

A.4 Proof of Theorem 3

Proof: Let (f,p) be a Pareto efficient, DSIC, IR mechanism satisfying no subsidy. The
proof proceeds in two steps. We assume without loss of generality that at every preference
profile R, if an agent i € N is assigned an acceptable bundle f;(R), then f;(R) is a minimal
acceptable bundle at R;, i.e., there does not exist another acceptable bundle S; C f;(R) at
R;. "' We now proceed with the proof in two Steps.

ALLOCATION 1S GVCG ALLOCATION. In this step, we argue that f must satisfy:
f(R) € arg 1}2}}({2 WP(A;,0;R)VY ReT
ieN
Assume for contradiction that for some R € 7", we have

> WP(fi(R),0;R;) < max > WP(A;,0; Ry).

1EN 1EN

"This is without loss of generality for the following reason. For every Pareto efficient, DSIC, IR mechanism
(f,p) satisfying no subsidy, we can construct another mechanism (f’,p’) such that: for all R and for all
i € N, fi(R) C f;(R) and f!(R) is a minimal acceptable bundle at R; whenever f;(R) is an acceptable bundle
at R; and f/(R) = f;(R) otherwise. Further, p’ = p. It is routine to verify that (f’,p’) is DSIC, IR, Pareto
efficient and satisfies no subsidy. Finally, by construction, if (f’,p’) is a generalized VCG mechanism, then

(f,p) is also a generalized VCG mechanism.
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Before proceeding with the rest of the proof, we fix a generalized VCG mechanism (f", p")

and introduce a notation. For every R’, denote by

Noi () i= {i € N [(f(R), () I} (0,0)] and [(fi(R),mi(R) P/ (0,0)]}.

We now construct a sequence of preference profiles, starting with preference profile R,
as follows. Let R? := R. Also, we will maintain a sequence of subsets of agents, which is
initialized as B? := (. We will denote the preference profile constructed in step t of the

sequence as R and the willingness to pay map at preference R} as w! for each i € N.

S1. If Noy (RY) \ B =0, then stop. Else, go to the next step.

S2. Choose k' € Ny (R')\ B* and consider R} to be a quasilinear dichotomous preference
with valuation wi{'(0) € (py(R'),wk:(0)) and a unique minimal acceptable bundle

fut(RY) - such a quasilinear preference exists because 7 D DL, Let Rj-“ = R} for all
j# k.
S3. Set B'™! := B'U{k'} and t :=t + 1. Repeat from Step S1.

Because of finiteness of number of agents, this process will terminate finitely in some
T < oo steps. We establish some claims about the preference profiles generated in this

procedure.
CLAIM 2 For everyt € {0,...,T — 1}, fie(R™Y) = fie(RY) and ppe (RY) = pre(RY).

Proof: Fix t and assume for contradiction fi:(R'™) # fie(R'). Since fie(R') is the unique
minimal acceptable bundle at Rfjl and f only assigns a minimal acceptable bundle whenever
it assigns acceptable bundles, it must be that fr:(R™!) is not an acceptable bundle at RZJ{I.
Then, by Lemma 1, we get pp(R'™*') = 0. Since wii'(0) > pp(R) and fr(R') is an

acceptable bundle at Rf;l, we get

(fut(R"), pie(R")) P];H (©,0) [;;;l-l(fkt(Rt—i-l),pkt(Rt—H))'

This contradicts DSIC. Finally, if fi:(R) = fre(R?), we must have pp: (R1) = ppe(R?) due
to DSIC since acceptable bundle at R is fi:(R') and fi:(R') is also an acceptable bundle
at RY,. |

The next claim establishes a useful inequality.
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CLAM 3 For every t € {0,...,T}, the following holds:

¢ .t (A 0 Pt
wk (0) + pee I8 Z WP;(4;,0; R}) < max Z W P;(A;,0; RY).
J#kt Jj#kt
Proof: Pick some t € {0,...,T} and suppose the above inequality does not hold. We
complete the proof in two steps.
STEP 1. In this step, we argue that f,;Y must be an acceptable bundle for agent k' at

preference R'. If this is not true, then we must have

> WP(f(RY),0; RY) = Y WP(f{“(R"),0; RY)
JeN J#kt
< max WP(A;,0; R)
k!
< wi (0 WP(A;,0; R
whe (0) + Aex,jﬁi’ht(m#zm (4;,0; R})

= WP(fu(R),0;R) + _ max Z WP(A;,0;R!),
J#kt
where the last inequality follows from our assumption that the claimed inequality does not
hold and the last equality follows from the fact that fi:(R') is an acceptable bundle of agent
k' at RL,. But, then the resulting inequality contradicts the definition of fv%.

STEP 2. We complete the proof in this step. Notice that the payment of agent k' in
(fve9 p¥9) is defined as follows.

P’ (R") = max WP(A;,0; R;) - Z Wp(ffcg(Rt)’O; RE)

AeX

Akt Akt
t 0 RtY veg ( pt .t
< wkt(())+A€X:£a>§kt(Rt);HWP(AJ,o, R ;WP( FI9(RY),0; RY)
J J
= tt P A ] t
Yk (O)_'—AGX:,L{ﬁa_};kt(Rt);ktW ( 3 0; R])
J
=Y WP(f{“(R"),0; R}) + WP(f*(R"), 0; R},)
JEN
ot 0 RtY — veg ( pt . pt
_ wkt(())+A€X7/¥Ezi>§kt(Rt);VWP(AJ,O, R ;VWP( FE9(RY,0; RY)
S UJZt (0),
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where the strict inequality followed from our assumption and the last equality follows from
the fact both fi:(R") and f,;(R") are acceptable bundles for agent k' at R}, (Step 1). But,
this implies that

(fer? (R, pp (R)) Pre (fi (R, whe(0)) Lo (9,0).
This is a contradiction to the fact that k' € Ny, (R"). This completes the proof. |

We now establish an important claim regarding an inequality satisfied by the sequence

of preferences generated.

CLAIM 4 For every t € {0,...,T},

D WP(f(R),0:R)) < 3 WP(f;(R"),0; ).

jEN jEN
Proof: The inequality holds for ¢ = 0 by assumption. We now use induction. Suppose the
inequality holds for ¢t € {0,...,7 — 1}. We show that it holds for 7. To see this, denote
k = k™'. By Claim 2, we know that f,(R™™') = fx(R"). Further, by definition, fi(R")
belongs to the acceptable bundle of k at R} and R} . Now, observe the following:

E WP(f;(R"),0; R}) = wg(0) + Z WP(f;(R7),0;R}) (follows from definition of k)
JEN J#H
< w(0) + ma E WP(A;,0; R}

1O AR A= (R )= (R7) j#k e i)

=w;(0) + max . Z WP(A;,0; ij—l)
#k

AeX: Ap=fr(R"~Y)=fy

(using the fact that RT = RT~" for all j # k)
T T—1 . pT—1 : :
< wi(0) —wy(0) + I}g)}({Z WP(A;,0; R7) (using Claim 3)
J7#k
< max WP(A;,0; R7) (using the fact that wy(0) < w]~'(0))
S
ik

= max WP(A;,0; RY)
J#k

<max » WP(A;,0;R}).

AeX “
JEN
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We now complete our claim that the allocation is the same as in a GVCG mechanism.
Let RT = R'. Let f*9(R') = A" and f(R') = A'. Partition the set of agents as follows.

Nyy = {i : WE(A™,0; R))
N, :={i: WP,(A!Y, 0; R}) >
N_, :={i: WP,(A], 0; R))

WPF(A,0; i)

WP(A,,0; R) > 0}
0, WP(A,,0;R) = 0}
0, W P(A,,0;R) > 0}

WP(A,,0; R)) = 0}.

Now, consider the following consumption bundle Z:

(A7, pi(R)) ifie Ny, UN__
Zi=1{ (A pi(R)—WP(A,0;R}) ifieN_,
(A7, WP(A,0; R})) ifi e N

Notice that for each i € Ny UN__, we have Z; = (A;, p;(R')) I} (A}, pi(R’)). For each i €
N, _, we know that W P(A;, 0; R,) = 0 - this implies that A} is not an acceptable bundle at R;.
Hence, for all i € N, _, we have Z; = (A}, WP(A!, 0; R))) I! (0,0) I/ (A}, p;(R')), where
the last relation follows from Lemma 1. Finally, for alli € N_,, WP;(A}?,0; R.) = 0 implies
that (A;9, p;(R’)) I/ (0,0). Then, for every i € N_, either we have (A}, p;(R')) I/ (0,0) or
we have ¢ € BT (i.e., R. is a quasilinear preference). In the first case, p;(R') = WP(A.,0; R})
implies

(A7, pi(R') = WP(A, 0, RBy)) 17 (A7, 0) 17 (0,0) I (A, pi(R)).

In the second case, quasilinearity of R; implies (A;, p;(R') — WP(AL 0; R))) I} (AL, p;(R)).
This completes the argument that Z; R, (A%, p;(R')) for every ¢ € N.

Now, observe the sum of payments across all agents in Z is:

pi(R') — WP(AL0; R) + WP(A) 0; R))
> > > ;

igNy ieN_4 €N, -
=S n(R) = Y WPALOR) + Y WP(AI,0; R)
iEN iEN_ €N,

(since A} is not acceptable, Lemma 1 implies p;(R) =0 for all i € N, _)
=S " pi(R) + Y WP(AX, 0;R) — Y WP(AL0;R))

1EN 1EN 1EN

> sz (R),
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where the last inequality follows from Claim 4.
Hence, Z Pareto dominates the outcome (f(R'),p(R’')), contradicting Pareto efficiency.
We now proceed to the next step to show that the payment in (f, p) must also coincide with

the generalized VCG outcome.

PAYMENT 18 GVCG PAYMENT. Fix a preference profile R. We now know that

f(R) € argmax Y WP(A;,0; Ry).
ieN
By Lemma 1, for every i € N, if fi(R) = f’“(R) is not acceptable for agent i, then
pi(R) = p;(R) = 0 - here, we assume, without loss of generality, that f(R') = f*“9(R’) for

all R'.'?> We now consider two cases.

CASE 1. Assume for contradiction that there exists ¢ € N such that f;(R) is an acceptable

bundle of agent ¢ and

pi(R) > max > [ WP(A;,0; k) ) = > _WP(f;(R),0; R;). (6)
J#i j#i
Now consider R with the set of acceptable bundles the same in R; and R, but W P(f;(R),0; R}) <
pi(R) but arbitrarily close to p;(R). Let A’ = f(R., R—;). We argue that A} is an acceptable
bundle (at R}). If not, then
max Y WP(A;,0;R)) > > WP(A;,0;R;) = WP(A,0; R}) + Y WP(A},0,R)),

AeXx
J# J# J#i

where we used the fact that A is not an acceptable bundle for i. But then, by construction

of R, and Inequality (6), we get
. R . . ! / !
WP(fi(R),0; Rj)+> _WP(f;(R),0; R;) > ggZWP(Aj,o,Rj) > WP(A],0;R)+Y _ WP(A;,0,R)),
J#i J#i JFi
which is a contradiction to our earlier step that f is the same allocation as in the GVCG

mechanism. Hence, A’ is an acceptable bundle at R. But, then p;(R) = p;(R;, R_;) by
DSIC (since f;(R) is also an acceptable bundle at R; and the set of acceptable bundles at R;

12Depending on how we break ties for choosing a maximum in the maximization of sum of willingness to
pay, we have a different generalized VCG mechanism. This assumption ensures that we pick the generalized

VCG mechanism that breaks the ties the same way as f.
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and R; are the same). Since WP(A,, 0; R.) < p;(R) = p;(R., R_;), we get a contradiction to

individual rationality.

CASE 2. Assume for contradiction that there exists ¢ € N such that f;(R) is an acceptable

bundle of agent ¢ and
pi(R) < pi**(R) = max 3 WP(A;,0; R)) %:WP fi(R),0; R;).
JFi YE=)

Pick R] such that the set of acceptable bundles at R, and R; are the same but W P(f;(R),0; R}) €
(p:(R), p;”(R)). Notice that if f;(R}, R_;) is not an acceptable bundle at R, then his pay-
ment is zero (Lemma 1). In that case, WP(f;(R),0; R;) > p;(R) implies that

(fZ(R)’pZ(R)) Pz/ (@,0) Iz, (fZ(R;7R—z)va(R;7R—z))a

contradicting DSIC. Hence, f;(R}, R_;) = f;“(R}, R_;) is an acceptable bundle at R;. This
implies that f;“(R., R_;) is an acceptable bundle at R;. Since the generalized VCG is DSIC,
we get that p;(R) = p;“(R;, R—;). But WP(f'“(R., R_;),0; R) < p;*(R) = p;(R., R_;)
is a contradiction to IR of the generalized VCG. This completes the proof. [

A.5 Proof of Theorem 4

Proof: Assume for contradiction that (f,p) is a desirable mechanism on 7". By hetero-
geneous demand, there exist objects a and b such that 0 < WP(a,0; Ry) < WP(b,0; Ry).

Consider a preference profile R € T™ as follows:

1. Agent 1 has quasilinear dichotomous preference with S = {{a,b}} and value w;(0)

that satisfies
P({a,b},0; Ro) <wi(0) < WP({a},0; Ro) + WP({b},0; Ro). (7)

2. R, = R, for all i € {2,3}.

3. If m > 2, agent 4 has quasilinear dichotomous preference with acceptable bundle
M\{a,b} and value very high. If m = 2, agent 4 has quasilinear dichotomous preference

with acceptable bundle M and value equals to €, which is very close to zero.
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4. For all i > 4, let R; be a quasilinear dichotomous preference with S = {M} and

value equals to €, which is very close to zero.

We begin by a useful claim.

CLAM 5 Pick k € {2,3} and x € {a,b}. Let R’ be a preference profile such that R, = R;
for all i # k. Suppose R}, is such that

WP({x},0; Ry) + WP({a, b} \ {2}, 0; Ro) > w1(0) > WP({a,b},0; Ry). (8)
Then, the following are true:
1. fi(R) =10
2. [o(R)U fs(R) = {a, b}
3. fo(R) # 0 and f5(R') # 0.

Proof: Tt is without loss of generality (due to Pareto efficiency) that f;(R') = 0 or
fi(R") € §™™ for all i who has dichotomous preference. Since ¢ is very close to zero, Pareto
efficiency implies that (a) if m =2, f;(R') = () for all 7 > 3; and (b) if m > 2, since agent 4
has very high value for M \ {a,b}, fi(R') = M \ {a,b} and f;(R') = () for all i > 4. Hence,
agents 1,2, and 3 will be allocated {a, b} at R'. Denote y = {a,b} \ {z} and ¢ = {2,3}\ {k}.

PROOF OF (1) AND (2). Assume for contradiction fi(R') # (). Pareto efficiency implies
that fi(R) = {a,b} and fo(R') = f3(R') = 0. Lemma 1 implies that po(R') = p3(R’') = 0.

Then, consider the following outcome:

2= (Lp(R) —w(0), 2= (e WPk 0:RY). 2= ({u} WP({y}.0:R)).

2= (fi(R’),pi(R/)> Vi>3.
By definition of willingness to pay, z; I; (0,0) = (fi(R’),pi(R’)> for all ¢ € {2,3}. Since
agent 1 has quasilinear preferences, she is also indifferent between z; and ({a, b}, p1 (R )) =

< fi(R), ;1 (R )) Thus, the difference in total payment between the outcome z and the
payment in (f,p) at R’ is

WP({z},0; Ry) + WP({y}, 0; By) —wi(0) = WP({x},0; Ry) + WP({y}, 0; Ro) — w1 (0) > 0,
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where the inequality follows from Inequality (8). This is a contradiction to Pareto efficiency

of (f,p). Hence, f1(R) = (. By Pareto efficiency, fo(R') U f3(R') = {a,b}.

PrROOF OF (3). Now, we show that fo(R') # 0 and f5(R) # 0. Suppose f3(R') =
(). Then, fo(R') = {a,b} and Lemma 1 implies that p3(R’) = 0. We first argue that
p2(R) = WP({a,b},0; R}). To see this, consider a quasilinear dichotomous preference R,
with acceptable bundle {a,b} and value equal to W P({a,b},0; R,). Notice that w;(0) >
WP({a,b},0; R)) - if k = 2, then this is true by Inequality (8) and if £ = 2, then R, = R, sat-
isfies wy (0) > WP({a, b}, 0; Ry) by Inequality (7). Since agents 1 and 2 have the same accept-
able bundle at (R,, R',) but wy(0) > WP({a,b},0; R}), this implies that (due to Pareto effi-
ciency), fo(Ra, R',) = 0 and pa(Ry, R.,) = 0 (Lemma 1). By DSIC, (0,0) R, ({a, b}, p2(R)).
This implies that W P({a, b}, 0; R}) < po(R'). IR of agent 2 at R implies W P({a, b},0; R}) =
p2(R).
Next, consider the following outcome

Z;c = ({I}7 WP({ZE},O, R;c)722 = ({y}v WP({y}a 0; R/Z)v Z; = (fz(R,>7pz(R/>) Vi ¢ {273}‘

By definition, for every agent i, z. I/ (f;(R'),p;(R')). The difference between the sum of
payments of agents in 2z’ and (f,p) at R is:

WP({z},0; &) + WP({y},0; B)) — po(R') = WP({x},0; B),) + WP({y}, 0; Ro) — WP({a,b},0; Ry)
> wy(0) — WP({a,b},0; R)

> 0,

where the first inequality follows from Inequality (8) and the second inequality follows from
Inequality (8) if £ = 2 and from Inequality (7) if £ = 2. This contradicts Pareto efficiency of
(f,p). A similar proof shows that fo(R’) # (). [

Now, pick any k € {2,3} and set R} = Ry in Claim 5. By Inequality (7), Inequality (8)
holds for Ry. As a result, we get that fo(R) # 0, f3(R) # 0, and fo(R) U f3(R) = {a,b}.
Hence, without loss of generality, assume that fo(R) = {a} and f3(R) = {b}.> We now

complete the proof in two steps.

13Since we have assumed W P({b},0; Ro) > W P({a},0; Ry), this may appear to be with loss of generality.
However, if we have fo(R) = {b} and f35(R) = {a}, then we will swap 2 and 3 in the entire argument following
this.
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STEP 1. We argue that po(R) = w1 (0)—W P({b},0; Ry) and p3(R) = w1(0)—W P({a},0; Ro).
Suppose pa(R) > wq(0) — WP({b},0; Ry). Then, consider the quasilinear dichotomous pref-
erence R§ such that the minimum acceptable bundle of agent 2 is {a} and his value v

satisfies
w1 (0) = WP({b},0; Ry) < v < pa(R). (9)
Now, note that by IR of agent 2 at R, we have
pa(R) < WP({a},0; Ry) < WP({a,b},0; Ry) < wy(0),

where the strict inequality followed from Inequality (7). Hence, v < wy(0) and w;(0) <
v+ WP({b},0; Ry) by Inequality (9). Hence, choosing k = 2, 2 = a and R} = RS, we
can apply Claim 5 to conclude that fo(RY, R_o) U f3(RS, R_s) = {a,b} and fo(RS, R_,) #
0, fs(RY,R_5) # 0. Since RY is a dichotomous preference with acceptable bundle {a},
Pareto efficiency implies that fo(RS) = {a} = fo(R). By DSIC, py(R) = pa(RS, R_,). But
Inequality (9) gives v < po(R) = pg(RzQ, R_,), and this contradicts individual rationality.
Next, suppose pa(R) < wy(0) — WP({b},0; Ry). Then, consider the quasilinear dichoto-
mous preference fig such that the minimal acceptable bundle of agent 2 is {a} and his value

0 satisfies
pg(R) <0< wl(O) — WP({b}, 0; Ro) (10)

Now, consider the preference profile R such that ]%2 = R? and ]%z = R; for all i # 2. We
first argue that fo(R) = 0. Suppose not, then by Pareto efficiency, fo(R) = {a}. By Pareto
efficiency, we have f3(R) = {b} and fi(R) = 0. By Lemma 1, p;(R) = 0. We argue that
p3(R) = WP({b},0; Ry). To see this, consider a profile R where R, = R; for all i # 3 and
Rg is a quasilinear dichotomous preferences with minimum acceptable bundle {b} and value
equal to W P({b},0; Rp) - notice that every agent in R’ has quasilinear preference. As a result,
Theorem 3 implies that the outcome of (f, p) at R’ must coincide with the GVCG mechanism.
But wy(0) > 04+ WP({b},0; Ry) implies that f1(R') = {a,b} and fo(R') = f3(R') = 0. Then,
DSIC implies that (incentive constraint of agent 3 from R’ to R) 0 > WP({b},0; Ry)—ps(R).
By individual rationality of agent 3 at R we get, ps(R) < WP({b},0; Ry), and combining
these we get ps3(R) = WP({b},0; Ry).

Now, consider the following allocation vector Z:
21 = <{a7 b}7 w1y (0)> ) 22 = <®7p2(R) - @> ) "2’3 = <®7 0>7
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gi= (). p(R) Vi >3,
By definition of wy(0), we get that 2, I (0,0). Also, since Ry is quasilinear with value 9, we
get (0, po(R) — 9) I, ({a}, p2(R)). For agent 3, notice that Rs = Ry and by the definition of
willingness to pay, we get (0,0) I ({b},WP({b},O; R0)>. For ¢ > 3, each agent i gets the
same outcome in Z and (f,p). Finally, the sum of payments of agents 1,2, and 3 (payments

of other agents remain unchanged) in 2 is

~ ~ A

wl(O) +p2(R) -0 > pg(R) +p3(R),

where the strict inequality follows from Inequality (10) and the fact that ps(R) = WP({b}, 0; Ry).
This contradicts the fact that (f, p) is Pareto efficient.

Hence, we must have fo(R) = ). By Lemma 1, we have py(R) = 0. But since v > py(R),
we get ({a},p2(R)) Py (0,0). Hence, (f2(R),p2(R)) Py (f2(R),p2(R)). This contradicts
DSIC.

An identical argument establishes that p3(R) = wq(0) — WP({a},0; Ry).

STEP 2. In this step, we show that agent 2 can manipulate at R, thus contradicting DSIC
and completing the proof. Consider a quasilinear dichotomous preference R? where the
minimum acceptable bundle of agent 2 is {b} (note that fo(R) = {a}) and his value o is
W P({b},0; Ry). Consider the preference profile R where Ry = RZQ and R; = R; for all i # 2.
Notice that if we let k =2, x = b, and R}, = RQQ, Inequality (8) holds, and hence, Claim 5
implies that fo(R) # 0 and f3(R) # 0 but fo(R) U f3(R) = {a,b}. Hence, Pareto efficiency
implies that fo(R) = {b} and f3(R) = {a}. Then, we can mimic the argument in Step 1 to

conclude that

p2(R) = wy(0) — WP({a},0; Ry).
Now, by the definition of willingness to pay,
({63, W P({b},0: Ro)) 1o ({a}, WP ({a},0; Ro))
and by our assumption, W P({b},0; Ry) > W P({a},0; Ry). By subtracting WP ({a},0; Ry)+
WP({b},0; Ry) — wy(0) (which is positive by Inequality (7)) from payments on both sides,

and using the fact that Ry satisfies strict positive income effect, we get

({0}, wi(0) = WP({a}, 0 Ro) ) Py ({a},wi(0) = WP({b},0; Fo) ).
Hence, (f2(R), p2(R)) Po (f2(R), p2(R)). This contradicts DSIC. |
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