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Econometrica, Vol. 59, No. 4 (July, 1991), 1175-1187

IMPLEMENTATION OF REDUCED FORM AUCTIONS:
A GEOMETRIC APPROACH

By Kim C. BORDER!

1. INTRODUCTION

AN AaucTioN 1S A MECHANIsSM for allocating a single indivisible object to one of several
competing bidders. The winner is the bidder who is awarded the object. The rules of the
auction specify two functions. The first is the probability with which a bidder wins, as a
function of everyone’s bids. The second is the payment each bidder makes to the seller,
as a function of all the bids and whether or not he wins. For instance, a first-price
auction awards the object to the highest bidder with probability one (providing there are
no tie bids), the winner pays his bid, and the losers pay nothing.

The bidders in an auction differ significantly. These differences are captured by the
bidder’s type. A type may be the bidder’s personal valuation of the object for sale, his
degree of risk aversion, or perhaps his information about the object. (Maskin and Riley
(1984) discuss a number of different economically meaningful examples of bidder types.)
From the viewpoint of the seller and the other bidders, each bidder’s type is a random
variable. In this analysis we confine attention to auctions in which the types are
independently and identically distributed according to a known probability distribution.
The Revelation Principle asserts that every auction is strategically equivalent to an
auction in which bidders bid by announcing their type and no bidder has any incentive to
lie. Such an auction is called an incentive compatible direct auction. We will confine our
attention to the probability functions for direct auctions, and let the incentive compatibil-
ity conditions restrict the payment functions.

Each bidder can compute the probability that he wins, conditional on his own type, by
averaging over the types of the other bidders. The function relating a bidder’s type to his
probability of winning is the reduced form of the auction. The literature on “optimal”
auctions usually addresses the problem of maximizing expected revenue for the seller.
For this purpose, all the relevant information about the probability function of an
auction is contained in its reduced form. It is the reduced form that determines each
bidder’s behavior and hence the seller’s expected revenue. In a symmetric auction each
bidder’s reduced form is identical, so that expected revenue is a functional defined on
reduced forms, which are functions of one variable, namely, types. This makes the
seller’s problem somewhat tractable. To design an auction, a seller must be able to
recognize a reduced form and recover the underlying auction.

Reduced forms satisfy an intuitive feasibility condition. Given a set of types, the
reduced form tells the probability that a bidder from this set of types wins. This
probability must be less than or equal to the probability that there exists a bidder from
the set. Matthews (1984) conjectured that if a function satisfies this feasibility condition
for all measurable sets, then it is a reduced form. Proposition 3.1 states that this is
indeed the case. Proposition 3.2 refines Proposition 3.1 by requiring feasibility on a
smaller family of sets. Maskin and Riley (1984, Theorem 7) gave a special case of
Proposition 3.2. They showed that if the types are continuously distributed on the unit
interval, then any increasing step function satisfying the feasibility condition on increas-
ing intervals is a reduced form. Matthews generalized their results to all increasing

1 thank John Ledyard for turning me on to this problem and Taesung Kim for his patience in
listening to many incorrect early versions. I am indebted to an anonymous referee whose perceptive
questions and comments contributed greatly to improving the paper.
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1176 KIM C. BORDER

functions. As Moore (1984) points out, their results are inadequate for the general study
of optimal auctions. Propositions 3.1 and 3.2 apply to general probability spaces and
arbitrary measurable functions.

These propositions are proved by giving a simple geometric description of the set of all
(implementable) reduced forms. A drawback of this approach is that it is not construc-
tive. That is, we know which functions are reduced forms, but not which auctions
generate them. When the set of types is finite, however, this geometric description
suggests a convenient computational technique (linear programming) for recovering the
auction underlying a reduced form. This technique can be used to construct approximate
implementations when the set of types is infinite.

The next section presents the notation necessary to make the results precise. The
following section states the propositions characterizing reduced forms. It is followed by
an example to illustrate the results. The fifth section provides the proofs and the final
section provides the linear program for approximating the underlying auction.

2. NOTATION AND BASIC DEFINITIONS

There is a measurable space (T, 97) of possible types of bidders, and the population
of N bidders is independently and identically distributed according to the probability
measure A on T. We will denote a generic element of T by ¢, and a generic element of
TN by p (for profile). To avoid some uninteresting cases, we explicitly make the
following assumption.

AssuMmpTION: Foreach t €T, {t}e I.

An auction is a measurable function g: TV — [0, 1]V satisfying for all profiles p € TV,

N
(21) Y a'(p) <l
i=1
The ith component, g‘(¢,, ..., ty), is the probability that bidder i wins when each bidder
j is of the type ¢;. Inequality (2.1) simply says that the probability that someone wins is
less than or equal to 1. It may well be strict, for instance if the seller sets a minimum bid.
Maskin and Riley (1984) show that in the i.i.d. case, a seller need only consider a
symmetric auction. That is, an auction q: TN — [0, 1]V satisfying, for all i =1,..., N, and
all pe TV,

(22)  4'(p)=4'(o'(p)),
where o’: TV —» TV interchanges the first and ith coordinates, i.e.,
O (e stny) = (tistyseeisti1stistigseaas N

Let 2, denote the set of all symmetric auctions.

The class of hierarchical auctions is particularly useful. Let A, A,,..., Ax be
pairwise disjoint nonempty subsets of T, and define the hierarchical auction generated by
Aq,..., A, denoted A, - g by

1
#{n:t,€A4}

ift,€4;andVnt, €4,V -~ UA;_,,

q,i41 cea e ty) =

0 otherwise.

That is, there is a hierarchy of types with types in A; at the top. If there is a bidder
whose type lies in A, all bidders with types in A, tie, that is, they all have an equal
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Ficure 1.—The hierarchical auction g, when N =2 and T =10, 1].

chance of winning. If no bidder’s type lies in A4;, then bidders in A4, tie, etc. Clearly,
hierarchical auctions are symmetric.

Figure 1 illustrates the hierarchical auction g4 4, for the case N 2 and T=10,1].
Note that each g* vanishes outside of o'((4, U A 2) X T), and that ¢! + 42 is equal to 1
on

r= U o'((A,VA) XT) = ((A,UAy) XT) U(T X (4,UAy)),

and gq! + g2 vanishes outside I'.
Given an auction, g, each bidder i can compute the probability, Q*(¢;), that he wins
when his type is ¢;, by

(2'3) Q'(t,)=fTN_lq'(t1, tN)d’\N 1(tlv z—lvtz+1”"’tn)'

Clearly Q': T — [0, 1]. Tonelli’s theorem implies that it is measurable.

When the auction g is symmetric, Q'(¢) is independent of i for all ¢ € T. In this case,
dropping the superscript i from Q, we say that Q is the reduced form of g and that g
implements Q. Thus, call Q implementable if there is some symmetric auction g which
satisfies (2.3) for each ¢,€T. Call the reduced form of a hierarchical auction a
hierarchical reduced form, and let Q,, .. 4 denote the reduced form of g4, ... 4. Let 2
denote the set of all reduced forms of symmetric auctions.
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1178 KIM C. BORDER

3. STATEMENT OF RESULTS

The following propositions characterizing 2 generalize the partial results of Maskin
and Riley (1984, Theorem 7) and Matthews (1984).

ProrositioN 3.1: Let Q: T—1[0,1] be measurable. Then Q is implementable by a
symmetric auction if and only if for each measurable set of types A € T, the following
inequality is satisfied:

1-A(A9)Y
3.1 t)da(t)y < —————.
@D femdn < —F

Furthermore, if T is a topological space and A is a regular Borel probability on T, then I
may be replaced by either the open subsets or the closed subsets of T.

Proposition 3.2 follows from Proposition 3.1 roughly because if condition (3.1) is
violated, it must be violated on a set where Q is large.

Prorosition 3.2: Let Q: T — [0,1] and for each o €0, 1], set
E,={t: Q(t) = a}.
Then Q is implementable if and only if for each a €[0,1]

LQM<

a

This proposition reduces the problem of deciding the implementability of a function to
checking a one parameter family of inequalities.

4. AN EXAMPLE

To illustrate the propositions, consider the case of two bidders with two -equally likely
types, i.e, N=2, T={1,2}, \{1D) =a({2h =1/2.

In this case, a symmetric auction is defined by the four numbers g(1, 1), ¢(1,2), q(2, 1),
and ¢(2,2), where q(i, j) is the probability that bidder 1 wins when his type is i and
bidder 2’s type is j. The symmetry conditions imply that g(1,1) < 1, ¢(2,2) < 3, and
q(1,2) +q(2,1) < 1. That is, the set 2, of symmetric auctions can be viewed as the set

[0,3] x [0,3] x4 cR?,

with generic element g =(g(1,1), ¢(2,2),¢(1,2), q(2,1)), where A ={(x;, x,): x; +x, <
1, x, > 0}.

”fhe set 2 of reduced forms is the image of 2, under the linear mapping g — Q
defined by the implementability conditions

(1) =3q(1,1) + 39(1,2)
and
0(2) = 39(2,1) +74(2,2).

The set 2 is plotted in Figure 2. Observe that 2 is bounded by lines (hyperplanes, if
you will) normal to (1, 0), (0, 1), and (1, 1). Further, if Q is nondecreasing, i.e., Q(2) > Q(1),
then Q lies in the region of .2 bounded by lines normal to (0,1) and (1, 1). The vectors
(1,0), (0,1), and (1, 1) may be interpreted as the indicator functions of the subsets {1}, {2},
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1 Q2 Increasing @’s

Q) b =Qmu

¢ (33 =Qun

G H=Quw

Q)
0 Qqy 1
FiGure 2.—2 for the case of two equiprobable types.

and {1,2} of T. The increasing sets are {2} and {1,2}. The extreme points of Q are the
hierarchical reduced forms corresponding to hierarchies of singletons. This last property
is no accident—Lemma 6.1 asserts that this is always true for the finite type case. (Figure
2 is a little misleading if the types are not equally likely. In that case, the axes must be
scaled by the probability of each type in order for the slopes to be correct.)

This example suggests that by embedding .2 in an appropriate vector space, for which
indicator functions define linear functionals, then Propositions 3.1 and 3.2 become
statements about the hyperplanes bounding 2. This is indeed the case when 2 is
embedded in L. (A).

5. PROOFS

We break the proof down into easily digestible lemmas. The first lemma states that the
probability that a bidder from set 4 wins, N[,QdA, does not exceed the probability that
there exists a bidder from A, 1 —A(A4)".

Let {f, g> denote [,f(¢)g(¢)dA(t), x4 denote the indicator function of A, and let

AN
4) N or .

LemMA 5.1: ForallA€ 9, all Q € 2,

{x4,0Q7 <B(A).

Proor: Let g be a symmetric auction implementing Q. Calculate [,QdA, by integrat-
ing any of the g"’s over the cylinder 0'(4 x TV~ 1). (See Figure 1 for the case N =2.) An
upper bound is given by integrating g’ over the cross shaped union of these N cylinders.
This bound is tight if ¢’ vanishes outside the cylinder o/( A4 X TN™1).
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1180 KIM C. BORDER
Formally,
G =[O0 dNn = [ | a'(p)dr"(p).

By symmetry condition (2.2),

1 N _ l N
q dA dA
'/;leN“ /‘(AXTN D]

< fd
U, 0 (AxTN"Y)

N

’

with equality if ¢ vanishes outside o(4 X TN ~1).
Summing over i yields

N
(1) NowQ=X [ a(p)d\(p)
j=170'(AXTN™]
N
(52) <z fU e ()N (2)
(5.3) =/ Ya'(p)dr"(p)

U, 0 (AxTN=)

(54) dA¥(p)

/
S~

U, 0 (AxXTN-1)
(5.5) =1-A(4)Y

Inequality (5 4) follows from (2.1) and holds with equality if ©g°=1 on the “cross”
Uo(A x TN-1). Equation (5.5) is an elementary probability calculation. Thus
(X @) < (1= MAIN)/N = B(A). Q.E.D.

Each (x4, - ) defines a function on 2, and according to Lemma 5.1, this function is
bounded above by B(A). We now show that, in fact, this bound is achieved by a
hierarchical reduced form.

LemMma 5.2: Let Q* be the reduced form of the hierarchical auction q 4, . For each
i=1,...,K,set Fi=4,U - * UAj; then for each j,

(xp», Q%) = B(F').

Furthermore Q* is a simple function which is constant on each A; and is zero on (F Kye,

Proor: The proof proceeds by straightforward calculation. Set
N . .
I= Uo'(F/x T,
i=1

i.e., the set of profiles in T% in whlch at least one bidder has a type in 4; U --- UA,.
Slmple calculations reveal that =¥ 4’ 4, - 4, vanishes outside of I'yx and is 1dentlcally 1
on I'. This can be seen recursively: I'; is the set of profiles for which some bidder has a
type in A;. If there is exactly one bidder, his g = 1; if there are two, then they each have

=1/2, etc., s0 Lq' =1 on I';. Now suppose no bidder has type in A4,, but some bidder
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REDUCED FORM AUCTIONS 1181

has type in A,; then his g‘ =1 if he is alone in A4,, etc. Thus Yg'=1on I,\TI}, etc. If
no bidder’s type lies in any A, then no one wins. Thus Xq’ vanishes outside of I'y. See

Figure 1 for an example. It follows that (5.2) and (5.4) hold with equality for F/ (see the
proof of Lemma 5.1) and so

<XF/’ Q*> =B(FI)

Clearly O* is constant on each A4, and vanishes outside their union. In particular, a
hierarchical reduced form is a simple function. Q.E.D.

Lemma 5.1 shows that each Q € .2 satisfies the inequalities (3.1). The next lemma
shows that if a simple function separates Q from 2, then Q violates (3.1) on some set of
types.

Lemma 5.3: Let Q: T — [0, 1] be measurable and suppose the simple function L*. i=19X 4,
separates Q from 2. That is, for all Q € 2,

L _ L
(5.6) < ZanAJ’Q>>< Za]XAJ’Q>'

J=1 j=1
Then for some measurable A C T, {x 4, Q) > B(A).

Proor: Without loss of generality, take the A,’s to be pairwise disjoint and numbered

sothat oy > a,> “* >ag>0>ag, ;> - > aL (Inequality (5.6) implies that at least
one a;>0, since Q>0 and 0€.2.) Let Q* be the reduced form of the hierarchical
auctlon generated by A, AK If for any k=1,...,K—1 we have <XA U U

0 — 0*) >0, then we are done since {x 4,0 ... uapQ* > B(A,U ---UA ) by Lemma
5.2. So suppose

(5.7) Xayu - 0ap@—0% <0

for all k=1,...,K - 1. To ease notation, let Q¥ =x,,,Q*) and 0= (X4, Q). Then
(5.6) implies

L
¥ «(2,-0r) 0.

j=1

Taking the j =1 term to the right and dividing by a; > 0 yields

(5-8) Z (Q, 0F)>(QF-01) >0,

where the second inequality follows from (5.7) for k=1. If K> 1, then a,>0, so
a;/a, > 1, and multiplying the left-hand side of (5.8) by «; /a, strengthens the inequal-
ity. Then, taking the j =2 term to the right yields

? (0-07)> (01 ~0) + (01 -0) >0,

where the second inequality follows from (5.7) for k = 2. Continue in this fashion until
arriving at

L
0> T L(0,-0r)>(0F -8+ +(0k—0x),
j=K+1 %K
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1182 KIM C. BORDER

where the first inequality follows from ay >0, a; <0 for j> K, and Q7 =0 for j > K.

Thus (x4, 0 - U4, 0> Xa,U U a Q%) =B(A; U -+ - UAy), completing the proof
of the lemma. Q.E.D.

To complete the proof of Proposition 3.1, we must show that if Q & 2, then it is
separated from 2 by a simple function. This will be accomplished using a separating
hyperplane argument, after establishing some topological preliminaries. The set 2 of
implementable functions is clearly convex. We want to embed it as a compact set in an
appropriate linear space whose dual contains the simple functions as a dense set.
Matthews (1984) embeds .2 in the space of measures on T, endowed with the topology
of weak convergence of measures. This is the wrong space for the separating hyperplane
argument. Instead, treat 2 as a subset of L (A), the set of A-essentially bounded
measurable functions on 7. Embed the set of symmetric auctions 2, in L (A")". For
brevity denote L,(AN)N by LY and L,(\) by L,.

Since L, is the dual of L, under the duality {f, g> = [7f(£)g(¢) dA(¢), topologize L.,
with its weak*, or o"(L,, L,), topology. Similarly give LY its o (LY, LY) topology.

Bear in mind that strictly speaking, an element of L, is not a measurable function, but
an equivalence class of measurable functions, where two functions are equivalent if they
differ only on a set of A-measure zero. This means that if we show that Q € 2CcL_, we
can only conclude that there is a reduced form agreeing with Q A-almost everywhere. To
show that Q is actually implementable requires an additional argument.

Equation (2.3) defines a function A: 2, — Q mapping each g to its reduced form.
The next lemma describes the main topological results.

LemmA 5.4:
(5.9 2, is o (LY, LY) compact.
(5100 A:2,- 2iso(LY,LY), 0(L., L,) continuous.
(511) Z2iso(L,,L,) compact.

Proor: Since 2, is a subset of the unit ball of LY under the norm given by
ligll=max,_, _ ylig'lls, by the Banach-Alaoglu theorem, for (5.9) we need only prove
that 2, is o(LY, LY) closed. Let g, be a net in 2, converging in the o(LL, LY)
topology to q. First we verify that g'(p) =q'(c'(p)). Observe that o': TN - TN is
measurable, o' = (0)71, and ANo o' = AV, Since each g, € 2,, for any f € LY, we have

[ J)ai(p) N (p) = [ F(p)al(e"(p)) dX"(p)

=fTNf(0'(7T))q3(7r)dAN(7r),

(The first equality follows from (2.2) and the second equality is just the transformation of
variables 7 = o'( p).) Taking limits on each side yields

[ FP)a(p)dx(p) = [ (o' (m))a' () dA¥ ().
Transforming variables on the right-hand side, we get
[ F()a(p)di(p) = [ f(p)a'(a'(p)) dA¥(p).

Since f is arbitrary, conclude that g' = g' - o*. Similar arguments show that 0 < ©¢' < 1,
and so g € 2,. This completes the proof of (5.9).
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To check continuity of A, let g, —>q in the a(LY, LY) topology. Let fe L, (A) and
define fe Li(AN) by f(t,,...,ty) =f(t,). Then

(Aa,, Y= [ F(p)al(p)dX"(p).

Since g, — g, the right-hand side converges to ffq d\N = (Agq, f). Since f is arbitrary,

Agq, — Aq in the o(L,, L,) topology, proving (5.10).
This shows that 2 is compact, since continuous images of compact sets are compact.
Q.E.D.

PrOOF OF ProposiTION 3.1: Lemma 5.1 shows that the condition (3.1) is necessary for
implementability. To see the converse, suppose Q & 2. Since 2 is o(L,, L;) compact
and convex, a separating hyperplane theorem implies that there exists a nonzero f€ L,
satisfying {f, Q) > max{{f, Q): Q € 2}. Since simple functions are norm dense in L,
we may take f to be simple. By Lemma 5.3 then, (x4, @) > B(A) for some A€ .Z,
violating the feasibility inequality (3.1).

If A is regular, then the indicator function x, can be replaced by the indicator of
either an open or closed set without disturbing the strictness of the inequality.

So far, since L, identifies functions differing only on sets of measure zero, all we have
proven is that if Q satisfies condition (3.1) for all 4 € , then there is a symmetric
auction g* whose reduced form Q* agrees with Q A-almost everywhere. The following
argument shows that we can modify g* on a set of A¥-measure zero to implement Q
itself.

First note that each hierarchical auction d is measurable, since singletons are
measurable by assumption. Let A* ={t: Q*(¢t) # Q(¢)}, the negligible set of problem
points. If ¢t € A*, then A({t}) = 0, and

(5.12) fTN_,q(lt)(”‘Z""”N)d)‘N_l(tz,..-,tN) =1,

since q(lt,= 1, except when ¢t occurs in {¢,,...,¢y}, which happens with probability
1-A{e)N-t=0.
Now define a new function 4': TV — [0, 1] by

. N-1
613)  dtety) = {Q(n) bt t) (s ) €A X (TNAD T,
0 otherwise.
This function 4! is measurable, and it follows from (5.12) that for every ¢t € A*,

(5.14) /TN_lq(l,,(t,tz,...,tN)daN-l(tz,...,tN)=Q(t).
Next define q': TV —[0,1] by

L 7 if {¢t,,...,tn} NA* =D,
(515) @'ty ty)=1{ 1 (e tn) f{l %

G (ty-enty) i {t,..,ty}NA*E D,
Then, forall te T,

(5.16) fTN—lql(t’ tareerty) AAN "1y, 1) = O(2).

To see this, first note that if ¢ &A%, then q'(¢,1,,...,ty) agrees with g*!(¢,t,,...,tx)
unless some t,,...,ty belongs to 4*, a AN~ Lmeasure zero event. Since g* implements
Q* and Q* agrees with Q outside A*, (5.16) is satisfied for ¢t &A*. If t €A4*, then
equation (5.14) implies (5.16).
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Finally, we show that setting g‘=gq' ¢ o’ yields a symmetric auction q: TV — [0,1]V
implementing Q. Clearly, g is symmetric, and by (5.16) it implements Q. It remains to
show that g satisfies the feasibility condition (2 1).

If {tl, LEin}NA* =, then by (5.15) TN q'(ty,....t8) = LN 1g*(ry,..., ty) <1,
since g* is a symmetric auction. If {¢;,.. tN} NA* # @ there are two cases. If more
than one of ¢,...,¢, belongs to A%, then by (5.13) and (5.15), q'(¢,...,t5) =0, and
hence each g‘(¢,,...,ty) =0. If exactly one of ¢,,...,t, belongs to 4%, say ¢, €A*, then
again by (5.13) and (5 15), q*(ty,...,t,)=0Q(t,) <1 and for i #k, g'(t,,.. tN) 0.
This shows that the modified auctlon q is feasible, and the proof is finally complete.

Q.E.D.

We prove Proposition 3.2 for simple functions in the next lemma. Then a limiting
argument proves the general case.

LemMA 5.5: Let Q: T — [0,1] be a simple function, Q = }:}i 12X 4,» Where the A}’s are
numbered so that a;>a,> -+ >ax>0, and the A;’s partition T. Set E, = U}‘=1Aj,
k=1,...,K.

If foreach k=1,...,K,

(517) [ Qdr<B(E,);
Ey
then Q is implementable.

Proor: Proposition 3.1, shows we need only prove that for any measurable A C T,
[4QdA < B(A). Define f:[0,11>[0,1] by f(x)=(1 — (1 —x)V)/N. Then f is a mono-
tone and concave, and B(A) = f(A(A4)). Define the continuous piecewise linear function
g: [0,11 > [0,1] by the conditions g(0)=0 and g has slope a; on (A(E,_,), A(E.)),
where we set E,= . Smce a;>a> - >ag, g is concave. Note that

g(M(Ey)) = ;1a,)‘(,4j) =j;EdeA,

so by the concavity of f and (5.17), g <f on [0, 1]. Let A C T be an arbitrary measurable
set of types and define the continuous piecewise linear function h: [0, A(A4)] — [0, 1] by
the conditions A(0) =0 and & has slope a, on (A(E,_; NA), A(E;, N A)). See Figure 3.
Then h <g on [0, A(A)). In particular, A(A(A)) < f(A(A)). But A(A(A)) is by construc-
tion TX_ @, A(A, N A), which is just [,QdA.

Thus [,0dA < f(A(A)) = B(A), proving the lemma. Q.E.D.

ProoF oF ProrosiTioN 3.2: Proposition 3.1 implies that the inequalities (3.1) are
necessary, so it suffices to prove sufficiency. Let Q: T — [0, 1] satisfy [y QdA < B(E,) for
each a €[0,1]. Construct a sequence of simple functions Q, converging umformly and
monotonely to Q from below, by setting Q,(1)=k/2" on {t: (k/2")<Q(t) <
(k+1)/2"). Then [g, ,,Q,dA < [g, ,,QdA <B(Ek ,2), Where the first inequality fol-
lows from Q, < Q and the second by hypothesis. By Lemma 5.5, Q,, is implementable.
The Lebesgue dominated convergence theorem implies that Q, converges in the
a(L,, L,) topology to Q. By Lemma 5.4, 2 is o(L,, L,)-closed, so Q is implementable.

Q.E.D.

6. CONSTRUCTING AN IMPLEMENTATION

Propositions 3.1 and 3.2 tell us when a function Q is implementable. They do not
however tell us_which auction implements it. A “practical” approach is to start by
approximating Q from below by a simple function, Q = X7.,a;x A (The proof of
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FiGure 3.—Proof of Lemma 5.5.

Proposition 3.2 describes how to do this.) Since Q < Q, Proposition 3.1 guarantees that
Q is implementable. R

Consider the finite type space T= {1,..., m} with probability measure )t defined by
AGY = A(4)). Note that if T is already ﬁmte this step is unnecessary. Let 2 denote the
reduced forms on T. Since Q=17 a;x,, is a reduced form, (ay,...,a,)ED. If §
implements (a;,...,a,,), then g=1X4x X4, implements Q. We have thus reduced the
problem of constructing an approximate implementation to the problem of constructing
an implementation on a finite set of types.

Note that if T has cardinality m, but A assigns probability zero to some types, then
L (X) is not isomorphic to R™, because in L, we identify functions differing only on sets
of measure zero. However, L is isomorphic to R"” C R™, where n is the number of types
with positive A-measure.

We now prove a lemma about the structure of 2 for finite sets of types. Recall that x
is an extreme point of a convex set C if x is not a proper convex combination of two
distinct points of C; that is, if there do not exist y,z€ C with y#z and 0 <a <1
satisfying x =ay + (1 — a)z. For finite T, 2 is the convex hull of its extreme points. (In
general, the Krein—-Milman theorem and Lemma 5.4 tell us that 2 is the o(L,, L)-
closure of the convex hull of its extreme points.)

Call a hierarchical auction g ... 4, singular if each A; is a singleton.

LemMA 6.1: Suppose the set of types T is finite. Then Q is an extreme point of 2C L, if
and only if Q is either the reduced form of a singular hierarchical auction or Q = 0.

Proor: Suppose first that Q is the reduced form of the singular hierarchical auction
Gy -y S€t F/={t;,..., 1} for each j=1,..., K. By Lemma 5.2, &} _; Q(t )A({1,}) =
B(F)) for j=1,...,K, and 0(t)=0 for teEFK Suppose that Q = aQ'+(1 - a)Q?
where Q1 Q%e 9 and 0 <a < 1. By Proposition 3.1, since Q! and Q? are reduced
forms, T _,0(t,)A(t,) <B(F/) for i=1,2 and j=1,..., K. This implies for j =1, that

Q' (tA({t)) = Q*(1)A({t)) = Q(tl)’\({tl}) =B({t,}).

Also, considering j =2,
' (t)A({t1)) + Q' (12)A({22}) = Q2 (1)A({11)) + Q% (1) A({22})
=B({t1,t,}),
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so it follows that

Q'(1)A({12}) = (1) A({12}) = Q(1)A({12}) =B({t1,12}) — B({1:}).

Continuing in this fashion yields

Q' (1)A(1) = Q*(1)A(r) = Q(1)A(2)
for all t € FX. But Q> 0, so for t & FX,

Q' (D)A(r) = Q*(1)A(1) = Q(¢) =0

Thus Q! =Q?=Q A-almost everywhere, i.e., Q'=0?=Q in L, so Q is an extreme
point of 2.

For the converse, let 2 denote the convex hull of the set of singular hierarchical
reduced forms and zero. Then 2 is compact and convex. Suppose Q >0 and Q z9.
Then Q can be strictly separated from 2 by some vector f€R™. Thatis, f-Q>f-Q’
for all Q" in 2. Note that f defines a simple function on T and that the same argument
used to prove Lemma 5.3 shows that Q & 2. This completes the proof of the lemma.

Q.E.D.

If T has cardinality K, then there are M =):,§=1( r’i )(m!) singular hierarchies.

Enumerate their reduced forms, Q,...,Q™. By Lemma 6.1, since Q € 2, it can be
written as a convex combination of 0 and Q,..., Q™. Given the representation Q =
YB,Q', if q' is the hierarchical auction implementing Q, then g = £8,q’ implements Q.
The problem is reduced to writing Q as a convex combination of hierarchical auctions
and 0, all viewed as points in R¥X. While I do not know a closed form solution to this
problem,? the following linear program is equivalent:
K
minimize . d;
Bd [T’

2 Chen (1986) offered a closed form construction to implement a simple reduced form. This
construction is flawed, as the following example shows. Let T =[0,1], A be Lebesgue measure (the
uniform distribution), and N=2. Let E; =[0,1/3] and E, =(1/3,1].

Define g to be the auction generated by the hierarchy EE,. That is,

1 ift;€E and t, €E,,
a'(t, 1) ={1/2 ift,t,€E ort),1,€EE,,
0 ift,€E,and t,€E;.

Its reduced form Q is given by

5/6 iftekE,,
Q(’)’{1/3 if t € E,.

By construction, Q is implementable and so satisfies (3.1). Using Chen’s notation, we set
E# =FE, and G =E,. Then his construction yields
1/2 ift;€E and t, €E,,
ql(t 6) = 3/2 iftl,t2eE1,
P2 1/5 ifty,t, €E,,
3/5 ift,€E,andt,€E;.

This is clearly not feasible. The error in the proof occurs in Chen’s equation (6) where the
computation | A)Qd/\ = a; is made. The correct computation is | AJQd/\ =a,A(4)).
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subject to

Mz

BQ +d =0,

~
It
—

Mz

~

<1,

B

v

0,
0.

™™
v

A feasible initial point is B8 =0 € RM, d = Q € RX. Each optimum satisfies d = 0, and
Q =M B,Q" Furthermore, many algorithms, including the simplex algorithm, compute
a basic solution, that is, a solution in which all but at most (K + 1) B8,’s are zero.> The
practicality of this method is limited, as M grows very rapidly with K.

Division of Humanities and Social Sciences, California Institute of Technology, Pasadena,
CA 91125, U.S.A.

Manuscript received February, 1989; final revision received June, 1990.
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