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1. Prove that every cycle of a bipartite graph has even number of edges. Also, prove that
if every cycle of an undirected graph has even number of edges then the graph must
be bipartite.

2. Show whether a matching exists or not in the bipartite graphs in Figure 1. In each
case, give explanation for your answer.
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Figure 1: Two Bipartite Graphs

3. Find a maximum matching and a minimum vertex cover of the graphs in Figure 1.
4. Prove Hall’s marriage theorem using Koénig’s theorem.

5. Consider any m x n matrix. Show that the maximum number of non-zero entries such
that no two entries are in the same line (i.e., same column or row) is equal to the
minimum number of lines that include all non-zero entries.
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10.

Let (N,T) be a tree of an undirected graph G = (N, F). Show the following:
> [2-d@)] =2,
ieN

where d(7) is the degree of vertex i in tree (N, 7).

Show that every tree which has a vertex of degree m > 2 has at least m vertices of
degree 1.

Suppose G is an undirected weighted connected graph. An edge is called a default
edge if it has the minimum weight over all edges in G. Show that a default edge
belongs to some minimum cost spanning tree of G.

Find a minimum cost spanning tree of the graph in Figure 2.

Figure 2: A connected graph with weights

Consider the following algorithm to find an MCST of any undirected graph G =
(N,E,w). Let E = {ey,...,er} be the set of k edges. We order the set of edges
such that w(e;) < w(ezy) < ... < wley).

The algorithm is iterative. In every iteration ¢, it maintains a set of edges E* such that
E' contains no cycles. It adds an edge e¢; € E'\ E' to E' such that E* U {e;} contains
no cycle and e; is a least weight edge satisfying this no cycle condition, i.e., for any
edge e, € E'\ E" such that E U {e,} has no cycles, we have that w(e;) < w(e,). The
algorithm terminates as soon as the number of edges in E! is n — 1, where n = #N is
the number of vertices in G. The output of the algorithm is (N, E*"), where t* is the
final iteration.

The algorithm is initialized by setting E* = {e}, the least weight edge. Show that the
algorithm produces an MCST.



