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1. Write the dual of the linear program (LP). How will the dual change when we impose
xo > 0. Write the complementary slackness conditions.

7 = max 2z + T
s.t. (LP)
201+ 315 < 3
r1+ 51y <1
201 + a1 =4
dri1+ 29 =5
x> 0.

Answer: There is a variable for every constraint: v, ys2,y3,y4. Since first two con-
straints are <, y; and ys are non-negative. Since last two are equality constraints, ys3
and y,4 are free. For the constraints in dual, since x; > 0, the corresponding constraint
is > and the other constraint (corresponding to x5) is equality. The dual of the linear
program (LP) is:

Z =min3y; + y2 + 4ys + Sya
s.t. (DLP)
21 +y2 +2ys +dys > 2
3y1 +oy2 +ys+ys =1
Y1,92 > 0
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If x5 > 0, the the second constraint will also be >. The CS conditions are:

U1 [3 — 21’1 — 31’2

21 2y1 + Yo + 2y3 + dys — 2
a[3y1 + 5y +ys +ya — 1

=0
yo[l — 21 — Bas] =0
=0
=0

. Write the dual of the linear program (LP-2).

Z =miny; — Yo + 3ys3
s.t. (LP-2)
Y1+3y2+ys <3
Y1+ Sy — 6yz > 1
yityatys=4
Y1,y2 = 0.

Answer: Since this is a minimization problem, we first write all the constraints in >
or = form.

Z =miny; — Yz + 3y3
St. (LP-2")
—Y1 —3Y2 —Ys = —3
Y1+ 5y2 — 6y > 1
Y1ty tys=4
Y1,92 = 0.

Then, the dual is written as before. Now, the objective function of the dual will be in
maximization form.

Z = max —3x; + xo + 4x3
s.t. (DLP-2)
—x1 + a9 +23 <1
=311 4+ dbre + 13 < —1

—I1 —61’2+l’3 =3
Ty, T2 Z 0. (1)



3. Consider the linear program (SP)

7 = machjxj
j=1
s.t. (SP)
Zajxj S b
j=1
Zlﬁ'jzo V]G{l,,n}

Assume that ¢; > 0 and a; > 0 for all j € {1,...,n}, and b > 0. Write the dual of
(SP). Prove Z = bmax;e(y,.. ) == using linear programming duality.

Answer: The dual of this problem is

Z = min by
s.t. (DSP)
ajy > c; Vie{l,...,n}
y > 0. (2)

The constraint of (DSP) can be rewritten as y > maxjeqi,..n} 2—; Since b > 0, value

of by is minimized by choosing y = max;e1,....n} Z—; Hence, Z = bmaxc(1,...n} 2—;

4. The uncapacitated facility location (UFL) problem is defined as follows. A set of
potential facility locations N = {1,...,n} is given. The set of all clients is denoted
by M = {1,...,m}. Every client needs to be served by exactly one facility. The
cost of opening a facility in location j € N is given by f;. The cost of serving client
i € M by facility j € N is given by ¢;;. A facility may serve any number of clients
(uncapcitated) but each client must be served by exactly one facility. The objective
is to serve all clients by minimizing the total cost of opening the facilities
and serving the clients. Note that you have to decide (a) which facilities to open
(b) which clients get served by which (opened) facility. Formulate the UFL problem
as an integer program.

Answer: There are two sets of variables: y; is the variable denoting if facility j € N
is opened or not and x;; is the variable denoting if facility j € /N serves client ¢ € M.
The first constraint is every client is served.

Zl’ij:]_ Vie M.

JEN



The second constraint is that a facility can serve only if it is opened.

:Eijﬁyj \V/ZGM,VJEN

The objective function is to minimize total cost.
min Z ijj + Z Z CijZTij-
JEN ieM jeN

Hence, the IP can be formulated as follows.

min Y fiy+ Y > ey

JEN €M jEN
8.t (UFL)
Y zy=1 VieM (3)
JEN
ri; <y, VieM, VjeN (4)
z;€{0,1} VieM,VjeN (5)
y; €{0,1}  Vje€N. (6)

. Consider the following integer program (IP): min Z?:l c;x; subject to %1’1 — %1’2 +
g!)ﬁ'g — 15—2554 + %555 = % for z; € Z, fori € {1,2,3,4,5}.

(a) Show that the problem (IP-1) min 23:1 cjx; subject to 2xy 4 2xo + $x3 + Sy +
%x5 = % +w for w € Z; and x; € Z; for all j € {1,2,3,4,5} is a relaxation of
(IP).
Answer: Since objective functions of both the problems are same, we only need
to show that every feasible solution of (IP) is also a feasible solution of (IP-1).
Let xq,..., x5 be a feasible solution of (IP). Then, we can write
7 2 5 5 19

ZIl — gl’g + 51’3 — EZL’4 + 61'5 =

8
3
3 1 1 7 1 2
<:>(le+§x2+§x3+ﬁx4+6x5)+(x1—x2+2x3—x4+3x5) :2+§.
Let w =2 — (x; — x9 + 223 — x4 + 325). Let w = %:El + %:)32 + %l’g + 1—72:)34 + %1’5.

We first argue that w > 0. Assume for contradiction w < 0. Since x1,..., x5 are
integers, then 2—(x1—xy+2x3—1x4+325) < —1. Hence xq —z9+2x3—124+325 > 3.

But 1 — 29 + 223 — x4 + 325 = % — w. Hence, w < —%. This is impossible since
x1,...,x5 > 0 implies that w > 0.

Now, since x1, . . ., x5 are integers w is also a non-negative integer. Hence z1, ..., x5, w €
Z is a feasible solution of (IP-1).

4



(b) Show that the problem min Z?:l cjz; subject to 3xy + 2wy + S15+ Sy + tus > 2
for x; € Ry for all j € {1,2,3,4,5} is a relaxation of (IP-1).
Answer: This follows from the fact that w > 0 in (IP-1).
6. Consider the constraints of an integer program (IP) with variables x1, ..., x,, and y.

Let Z be the set of non-negative integers.

x; <y Vie{l,...,m}
x; € Ly Vie{l,...,m}
y€{0,1}

Show that the LP relaxation of (IP) gives an optimal solution of (IP).

Answer: Consider the LP relaxation of this (IP). The constraint matrix is clearly TU
since in every row, either there are two variables or one variable, and whenever there
are two variables, the coefficients of these variables have opposite sign.



