END-TERM EXAMINATION
MATHEMATICAL PROGRAMMING WITH APPLICATIONS TO ECONOMICS
TOTAL SCORE: 60

1. Suppose G = (N, E, w) is a weighted strongly connected directed graph with w : £ —
R. Denote the shortest path from node i to node j in G as s(i, j). Show that G has a
potential if and only if s(7, j) 4+ s(j,7) > 0. (5 marks)

Answer: Suppose the graph has a potential. Take any two nodes 7 and j. Any cycle
involving 7 and j must have non-negative length. Take the shortest path from i to
j and the shortest path from j to 7. This defines a cycle involving ¢ and j. Hence,
s(i,7) + s(j,4) > 0. For the other side, if s(i,j) + s(j,7) > 0, the sum of any paths
from i to j and from j to ¢ will have length larger than s(i, 7) + s(4,4) by the definition
of shortest path. Hence, any cycle will have non-negative length. This implies that a
potential exists.

2. Let S = {(z1,22) € R? : 7y > 0,29 > w—ll} and T = {(z1,72) € R* : 75 = 0}. Can S
and T be strictly separated? Explain your answer. (5 marks)

Answer: Suppose S and T can be strictly separated. Then, there exists p1,p2,a € R
such that for all (z1,0) € T, pyz1 < v and for all (21, x2) € S p121 + P2z > . Choose
(z;1 > 0,0) € S and (Z;,=~) € T. Since pyz; < « for all (z1,0) € S, we can choose Z;

1

large enough so that p;z; + pgé < «. This violates the fact that p;z, + pz% > Q.

3. Consider the following dictionary which appears while solving a linear program using
the simplex method.

$3:3—21‘1+I‘4

$2:§+I‘1—2I‘4

z=10— 2&71 —41‘4.

e Write down the set of basic and non-basic variables in this dictionary. (2 marks)

Answer: The basic variables are z3 and x, and non-basic variables are x; and
ZTy.



Find the optimal solution of this linear program. (2 mark)

Answer: The optimal solution is 10 with 21 = 0,25 = %, r3 = 3, x4 = 0 since the

current dictionary has coefficients of non-basic variables negative in the objective
function row.

4. Let A = {ay,...,a,} and B = {by,...,b,} be two sets of positive integers, each

containing n positive integers. Suppose a; < as < ... < a, and by < by < ... < b,.

Consider the problem of associating with each ¢ = 1,...,n a distinct index j(7) such

that the sum Y ., a;b;(;) is maximized.

(a)

Formulate this problem as an assignment problem. (2 marks)

Answer: Define v;; = a;b; and let z;; be the variable denoting of integer a; is
associated with integer b;. Then, the formulation is (because of TU constraint
matrix, we do not need the binary constraints of variables)

n o n
max E E Vi Tij

i=1 j=1
s.t.

znjl'ij:l ijl,,n
i=1

injzl V2:1,,n
j=1

ZIZ'UZO Vz,jzl,,n

Write its dual and complementary slackness conditions. (343 marks)

Answer: The dual of this problem is

n n
min E m; + E Dj
i=1 j=1

s.t.
T + pj > vy = ab; Vi,j=1,...,n.

The CS condition is given as follows. Suppose x is a feasible solution to the primal
problem and (m, p) is a feasible solution to the dual problem. They are optimal if
and only if

xij[m—i—pj—aibj]:(] Vz,je{l,,n}



(c¢) Use linear programming duality theory to show that the optimal solution is to set
ji)y=dforalli=1,... n (7 marks)

Answer: First take a feasible solution of primal: x; = 1 for all i € {1,...,n}
and z;; =01if i # j for all i, j € {1,...,n}. We will then construct a dual feasible
solution. For this, we note that if we construct pi,...,p,, then m,..., 7, can

be obtained from it as m; = maxjec(i,. n}[a;b; — p;], and this will be dual feasible.
Now, consider the following p vector:

p1=0
pj =pj-1+a;(b; —bj1)  Vje{2,....n}.

Define by = by. The p vector can then be calculated as p; = Zizl aglbr — br_1].
We next verify that it satisfies CS conditions. By the definition of z, z;; = 1 if and
only if i = j. Hence, we need to show that m; = max;ci,. ny[aib; — p;| = a;b; — p;.
To show this, pick any j # i. We consider two cases.

Case 1: If ¢ > 7, then

pi—pi= Y aplby— b1
k=j+1

i

<aq Z (b — b—1]

k=j+1

= aibi — aibj.

Hence, a;b; — p; > a;b; — p;.

Case 2: If j > 1, then

J
pi—pi= Y aklby— bp_i]
k=it1
J

> a; Z (b — b—1]

k=i+1

= aibj — aZb,

Hence, a;b; — p; > a;b; — p;.

Thus, in both cases m; = maxjcq,. ny{aib; — pj] = aibi — p;. Hence, the CS
conditions are satisfied, which implies that z is an optimal solution.
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5. Consider the linear fractional program.

nin cx + 7y
1
zeR™ dx + 0
s.t. (FP)

Az <b

where A € R™" b € R™, and v, € R. Assume that the polyhedron P = {z € R":
Az < b} is bounded and dz + § > 0 for all x € P.

Show that the linear fractional program (FP) can be solved by solving the following
linear program (LFP). (10 marks)

yehrser YT
s.t. (LFP)
Ay —02<0
dy+dz=1

z > 0.

n

nd Z € R are an optimal solution of (LFP), then
is an optimal solution of (FP).

More precisely, suppose y € R
show that (a) Z > 0 and (b) T =

w2 Qo

Answer: First, we show that in any optimal solution of (LFP), z > 0. Assume for
contradiction that this is not true. Then, there exists a y € R™ which satisfies

Ay <0
dy =1.

Hence, y # 0. Moreover, for any A > 0, we have
A(y) <0.

Choose any x € P. Then, A(x + \y) < Az 4+ 0 = Az < b. Hence, if z € P, then
x + Ay € P. Since X\ can be chosen arbitrarily, this contradicts the fact that P is
bounded. Hence, in any optimal solution z > 0.

ISH 3

Now, consider an optimal solution (g, 2) of (LFP). Let £ = £. Hence, Az < b and
di +8 = £+ > 0. Hence 7 is a feasible solution of (FP). Suppose x is an optimal
solution of (FP). Define z = ﬁ and y = xz. Since dx + 6 > 0, we get z > 0. Since
Ax < b, we get Ay — bz < 0. Further dz + ¢ > 0 implies that dy + dz > 0. Let

dy + 6z = €. Define, y’ = ¥ and 2’ = Z. Note that z = ¥ = Z—: Further dy’ + 62 =1

€

wl
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and Ay’ — bz’ < 0. Hence, from every optimal solution x, we get a feasible solution
(v, 7). But ey +~2 = ;zi} < Zﬁ'g = ¢y + vz < ¢y + 77/, where the first inequality

is because 7 is feasible solution of (FP) but z is an optimal solution of (FP) and

the second inequality is because (g, Z) is an optimal solution of (LFP) but (¢/, 7) is a
feasible solution of (LFP). Hence, Z is an optimal solution of (FP).

. Consider an integer program (in standard maximization form) whose feasible region is
S. Figures 1(a) and 1(b) give you two instances where the feasible region is partitioned
into S1 and S2 in a branch and bound tree. The figures near each node reflect the
lower bound (written below a node) and the upper bound (written above a node). For
both Figures 1(a) and 1(b), answer the following.

(a) Update the lower and upper bounds of the original integer program. (4 marks)

Answer: For Figure 1(a), the new upper bound is 18 = max(11,18) and new
lower bound is 12 = max(—o00,12). For Figure 1(b), the new upper bound is
18 = max(18,16) and the new lower bound is 18 = max(18,12).

(b) Which of the nodes can be pruned and why? (6 marks)

Answer: In Figure 1(a), S; can be pruned by bound (the upper bound in S,
is 11, whereas the lower bound is 12). In Figure 1(b), S; can be pruned due to
optimality and Sy can be pruned due to bound (the upper bound in Sy is 16,
which is less than the lower bound of the problem - 18).

20 20

10 10
11 18 18 16
—infinity 12 18 12

Figure 1: How to do pruning



7. Consider the standard linear program (LP-I).

max > e
j=1
s.t. (LP-T)
Zaij:tjgbi VZE{L,TI’L}
j=1
[L’JEO V]E{l,,n}

Answer the following questions.

e Write the auxiliary linear programming problem of (LP-I) to start the first phase
of the simplex method. (5 marks)

Answer: The auxiliary LP is:

min xg

s.t.
Zaijl’j—ﬂfogbi Vze{l,,m}
j=1
;>0  Vje{0,1,... n}

e Show that the original LP (LP-I) has a feasible solution if and only if the auxil-
iary linear program has optimal value zero. (5 marks)

Answer: If the original LP has a feasible solution, setting zo = 0 along with that
feasible solution is feasible for auxiliary problem. This is the minimum value of
xo. Hence, it is optimal. Suppose the auxiliary problem has an optimal solution
with value zero. Then xq = 0. Hence, this feasible solution, with zy removed, is
clearly feasible for the original LP.



