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Abstract

The issue here is on anonymous collective decision making in large populations. Based on the
structure on linear orderings induced by the Kemeny distance we study frequency distribution, i.e.
(frequency) distributions. In case of a so called unimodal frequency distribution it appears that
many if not all reasonable and well-known decision rules yield the same outcome. We also show
some robustness conditions for Pairwise rule, Borda rule and Plurality rule.

1 Introduction

Real life voting problems deal with large electorates. There we can not consider individual preferences.
Hence putting technical conditions on the set of preferences seems unnatural. More realistic would
be to consider the frequency distribution of the preferences and impose conditions on the frequency
distributions as a whole. The cultural aspects of an electorate leading to coherency or disharmony among
the preferences of its voters are perhaps more easy to describe in terms of frequency distributions and
can empirically be tested in this way. We first restrict the frequency distribution in the unimodal class.
A set of conditions for (abstract) collective decision rules are found which is sufficient to guarantee that
the outcome is the modus at unimodal frequency distributions, where many well-known rules satisfy all
the conditions of this set, Then we try to broaden the class of frequency distribution. There we show that
Pairwise rule and Borda rule are still selecting one pivotal preference as their outcome. In multimodal
frequency distributions the problem of collective decision making is present: different reasonable collective
decision rules may lead to different outcomes.

2 Unimodal frequency distributions

Collective decision making is studied within the classical framework where a non-empty and finite set of
agents, say N = {1,2,3,...,n}, collectively orders the alternatives of a non-empty and finite set A from
best to worst. Let A consist of m alternatives. Although N is finite its cardinality n is assumed to be
large. The collective decision is assumed to be based on the individual preferences, which are formalized
here by linear orderings, i.e. complete antisymmetric and transitive relations on A. The set of these
linear orderings on A is denoted by L. A profile p (of individual preferences) assigns to every agent ¢
such a linear ordering p(i) in L. It therewith reflects a possible combination of individual preferences
at which such a collective decision is taken. Let LYV denote the set of all these profile that is the set of
all the combinations of individual preferences. To exclude discussions on resolving ties in the collective
orderings we allow the collective outcomes to be weak orderings, i.e. complete and transitive orderings
on A. The set of all these orderings is denoted by W. Linear orderings or more general relations on A
will also be denoted by the letter R. Let z and y be alternatives, as usual (z,y) € R means that at
preference (relation) R alternative x is weakly preferred to alternative y. Note that for linear orderings
R and different alternatives z and y because of antisymmetry (z,y) € R implies that (y,2) ¢ R. In
that case we say that x is strictly preferred to y.If R is a complete relation the notion that x is strictly
preferred to y can also be expressed by (y,z) ¢ R. For alternatives x and y let L, denote the set of
linear orderings R at which x is strictly preferred to y, that is (y,z) ¢ R. The collective decision is
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formalized by a preference rule! F a function that assigns to every profile p in LY a collective preference
F(p) in W.

A frequency distribution is formalized by a type of frequency distribution over the set of preferences.
Given a profile p of individual preferences of the agents and a preference R in L, then f(R,p) denotes
the number of agents with preference p(i) at profile p, that is

f(R,p) = [{i € N | p(i) = R},

where |S| denotes the cardinality of an arbitrary set S. The description of profiles by means of frequency
distributions and therewith essentially describing a type of frequency distribution, is based on a metric
space on L induced by the Kemeny distance function §. This distance function § is defined for two
preferences R' and R? in L as follows?

S(R', R?) = = |(R'A R%)],

N~

where A denotes the symmetric difference between sets, i.e. R'A R? = (R — R?)U (R? — R'). Kemeny
distance function calculates the number of discordant pairs or number of inversions 3 between two linear
orders.

A profile p is called unimodal if there exists a preference R*, the modus, such that for every two
preferences R' and R? in L

f(R p) > f(R? p) if and only if §(R*, R') < 6(R*, R?).

So, a profile p is unimodal if there is a preference R* in L with highest frequency such that frequencies
for all other preferences in L strictly decrease in their distance to this modus R*.

Preference rules will be discussed with respect to the following conditions.

Anonymity means that the preference rule is symmetric in its arguments. Anonymity guarantees
that agents’ preferences are equal important in determining the outcome. The outcome is based on how
many times a preference is announced at a certain profile instead of who announced that preference. Let
o on N be a permutation on N the set of agents. Let p be a profile in LY. Then profile* ¢ = po o is
defined for all agents 7 by

q(i) = p(o(i)).

Preference rule F' is anonymous if for all profiles p and all permutations o
F(p)=F(poo).

Neutrality means that the preference rule treats alternative in equal situations equally. Let x and y
be alternatives. Let 7., be the permutation on A such that 7,,(z) = vy, 7oy (y) = = and 7,4(z) = =z for
all alternatives z not equal to x and y. So, considering permutations on A as renames, 7., swaps the
names of x and y and leaves all other names unchanged. For a relation R on A let

Ty R = {(Tay(@), 72y (b)) : (a,0) € R}

So, in 7,y R the positions of x and y in R are swapped where all the positions of all the other alternatives
are left unchanged. Similarly for a profile p, 7,yp denotes the profile at which for each agent 7 the
positions of = and y in p(i) are swapped: Typ = (TwyD(1), TwyD(2), - . ., Tayp(i), . . ., Toyp(n)). Preference
rule F is neutral® if for all alternatives  and y, all profiles p and all permutations 7., on A

F(szp) = TryF(p)'

Monotonicity means that if in comparison of profiles p and ¢ the preference “x is preferred to y”
among the agents increases when going from p to ¢, then this preference at the outcomes should not

IPreference rules are usually known as Welfare Functions. As the model discussed here also applies to non-welfare issues
such as voting we rather use the term preference rule.

2Here we actually take half the Kemeny distance because between two linear orderings it is a multiple of two.

3Let x1,x2,...,Tm be a permutation of 1,2,...,m. Then z;, x; is called a discordant pair if, 7 < j but z; > x;.

4Note that we consider a profile to be a function from N to L.

5The neutrality notion defined here is equivalent to the usual one, because every permutation can be decomposed into
permutations where only two elements are swapped.



decrease. Preference rule F' is monotone if for all alternatives = and y , all non-empty subsets S of N
and all profiles p and ¢,

if (y,z) ¢ Flp),
p(j) = q(j) forallj €N —S,
(y,z) € p(i) for alli € S and
q(i) = Tayp(i) for allie S,
then (y,z) ¢ F(q).

Discrimination means that at a profile p where for two alternatives x and y every linear ordering R at
which z is strictly preferred to y strictly outnumber linear ordering 7., R at which y is strictly preferred
to x the preference rule cannot be indifferent between = and y. Preference rule F' discriminates if for all
profiles p and all different alternatives x and y

it f(R,p) > f(rayR,p) forall R €Ly, ,
then (z,y) ¢ F(p)or (y,z) ¢ F(p).

It is natural to go one step further and to impose that in those situations x should be strictly preferred
to y. This condition is referred to as positive discrimination.

3 Decisions in Unimodal frequency distributions

The following examples show that many well-known collective decision rules yield the modus at unimodal
profiles. A sufficient condition for this is positive discrimination as will be shown below in Theorem 1.
Let p be a unimodal profile with modus R.

Lemma 1. Let x and y be two different preferences and R*and R? be two linear orderings, such that
(z,y) € R'and (y,x) € R%. Then 6(R', 7,,R?) < 6(R', R?).

Proof. We can calculate number of discordant pairs (the distance) between R? and 7., R%. Notice that
between R? and TMR2 changes are due to only changing positions of z and y. Also the alternatives in
the set M = {a € A: (z,a),(a,y) € T,y R?} gets affected by their relative positions with respect to z and

y. Suppose M = {a € A:(z,a),(a,y) € R'}. Then number of discordant pairs between R? and 7, R? is
1+2|M M|
Hence, 6(R', R?) = 8(R", 7oy R?) + 1+ 2 ‘1\70 M‘ > §(RY, 7y R?). n

Lemma 2. Let z, y € A, with (y,z) ¢ R and let R € L,y. Then f(R,p) > f(1uyR,D).

Proof. By Lemma 1 it follows that §(R, R) < 0(R, TzyR) which easily yields the desired inequality by
the unimodality of p. |

Example 1. Pairwise Preference Rules

Pairwise preference rule depends on the pairwise majority comparisons. In general these comparisons
may yield cycles and rules therefore may differ in these situations: different pairwise rules break up cycles
in different ways.

If , however, at a certain profile pairwise majority comparison yields a complete strict and transitive
ordering from overall winner (the Condorcet winner) to overall looser (the Condorcet looser) then this is
the outcome of all these rules at that profile. We argue that at profile D pairwise majority comparisons
yield the modus R. Herewith we showed that all pairwise preference rules assign the modus at a unimodal
profile. Let (z,y) € R, with « # y. It is sufficient to show that

{ieN:(z,y) € p()} > {ie N: (y,2) € pi)}].

Lemma 2 yields that for all R € L,
f(R. D) > f(7ayR, D).



Because

{ie N:(z,y)€p@)} = Y f(R,p)and
R€ELyy

{ie N:(y,2) €p(i)}| = Y f(rayR:D)
RELqyy

the desired inequality follows.

Example 2. Score Preference Rules

At score preference rules agents assign scores si,S3,...,S, to the alternative and these are then
ordered according to their total scores. It is assumed that s, > s;,—1 > ... > s1 and that s, > s1. At
a preference p(i) agent ¢ would hand out score s,, to his best alternative, s,,—1 to his second best and
so on. So, his worst alternative receives score s;. Let r(z,p(i)) = [{y € A : (z,y) € p(i)}| be the rank of
alternative = at profile p(¢). Then of course the rank of the best alternative is equal to m the number of
alternatives and that of the worst alternative is equal to one. Agent ¢ divides the scores as follows

s(2,p(1)) = $r(@p(i))
and total score for alternative x at profile p is now
s(w,p) =Y s(@,p(i)).
ieN

Define the score preference rule Fy..e for alternatives x and y and an arbitrary profile p as follows

(z,y) € Fscore(p) if and only if s(x, p) > s(y,p)

In order to show that Fycore(p) = R let (z,y) € R, with z # y. It is sufficient to show that s(z,p) >
s(y,p). For numbers k and [ let LE, = {R € L, : s(z, R) = k and s(y, R) = [}. Then

S(J?,Z’)\) = Z Skf(Raﬁ)—’— Z Sl'f(va/)\)

Lk
ReLIk,

: f(Raﬁ) + s f(TM/Raﬁ)

|
£

Similarly
S(yaﬁ) = Z Sk * f(TryRaﬁ) + s1 - f(Rvi)\)

Therefore it is sufficient to show that for all numbers k and [, with k > [, and all R € LX,
Sk - f(Rvﬁ) + s;- f(szva/)\) Z Sk f(TryRaﬁ) + 57 f(Raﬁ)a

and that at least one of these inequalities is strict. The latter equality is equivalent to

(Sk - Sl) : (f(Rvﬁ) - f(TwyRaﬁ)) >0

Because k > [ we have that sx > s;, where by definition s,, > s;. Lemma 2 yields that f(R,p) —
f(mzyR,D) > 0. So, the weak inequality follows readily and the strict in case x is ordered best at R and
y is ordered worst.

Example 3. Coombs Preference Rule

At the Coombs preference rule alternatives are successively eliminated and then ordered reverse to
their elimination order. The elimination is based on the number of agents which consider the alternative
at hand worst. Let x be an alternative and p be a profile. Further, let B be a subset of A. Then
ws(z,B,p) = |{i € N : (b,x) € p(i) for all b € B}| equals the number of agents which order = worst
among B at profile p. Let

Co(p) = {acA:ws(a,A,p) > ws(z,A,p) for all z € A}



and A, = A-—Cy(p)
Next for all £ > 0 recursively define

Cr(p) = {a€ Ap:ws(a,Ag,p) > ws(z, A, p) for all © € Ay}
and Apy1 = Ax — Ci(p)
Note that there exists a number k, such that Ay is empty for all k larger than k, and Ay, is non-empty

for k£ smaller than or equal to k,. The Coombs preference rule Fizoomps is now defined for alternatives
and y and profile p as follows

(z,9) € Fooomps(p) if and only if y € Ay, implies x € Ay, for all k.

In order to show that Fooomss(P) = R let (z,y) € R, with 2 # y. It is sufficient to show that z ¢ Cy(p)
and y € Ck(p) for some k. For every subset B of A such that z and y are in B and every preference
R € L we have

if (byz) € Rforallbe B,
then R € Ly, and (b,y) € 7oy R for all b € B.

In view of Lemma 2 this yields that
ws(z, B,p) < ws(y, B, D).
Obviously this yields for all £ that

y € A implies x € A and
ify € Apandyé¢ Agyq, then x € Agyq.

But then = ¢ Ci(p) and y € Ci(p) for some k.

Example 4. Kemeny Like Preference Rule
The Kemeny rule determines its outcome on those linear orderings which are in total closest to all
the preferences in the profile. We will show that R is the only solution of the following minimization
problem
min (R, p(7)).

ReL
i€EN

Then consequently we have that the Kemeny preference rule assigns R to profile p. Here we will prove
a slightly stronger result that R is the only solution of

€N

where 0, (RY, R?) = h(§(R', R?)) for R, R? € L and a strictly increasing function h. Let (z,y) € R,
with @ # y, and R! and R? be two preferences such that R'A R? = {(z,v), (y,2)}, (z,y) € R! and
(y,z) € R% Note that for all R € Ly, 6(R, R') < §(R,R?) and therewith &, (R, RY) < 6,(R, R2).
Therefore in order to prove that R is the only solution of the above minimization problem it is sufficient

to prove that
Z (Sh( 9 p Z 6}1 ) p

i€EN i€EN
For k € {1,2}
Zéh 7]9 = Z 5h(Rk7R)f(Raﬁ)+ Z 6h(Rk7R)f(Raﬁ)
ieN RELy, RELy.
= Y Ou(R" R)- f(R,D) + 0n(R*, 7uyR) - f(7ayR, D).
REL,,
So,

Z 5h( ,p(i Z on(R ,p )) equals

ieN i€EN



Y (0n(R',R) = u(R? R)f (R, D) + (5n(R" Tay R) — 1 (R?, 7y R)) f (7 R, ).

RG]Lmy
Note that for R € Ly

(5(R1, R) - 6(TwyR17 TwyR) = 6(R27 T$"/R)
5(R,R) 8(Tuy R, 7oy R) = 6(R', 74y R).

This implies that R € Ly,
5n(RY, R) — 6,(R%, R) = 6n(R?, TuyR) — 61 (R, Ty R).

Therefore

Z5h( 7p Z5h 7p

1EN 1EN
= Y (On(R'R) = 6x(R* R))(f(R,D) — f(rayR,D))-
ReELyy

which yields by Lemma’s 2 and 1 that

Z5h( 7p Z5h 7p

1EN iEN
and
Z 5h( 7]9 Z 6}1 7p
i€EN iEN

4 Character of Choosing the Modus

Theorem 1. Let p be a unimodal profile with modus R*. Then F(p) = R* for a preference rule F from
LY to W in each of the following two cases:

1. F is positively discriminating;
2. F is anonymous, neutral, monotone and discriminating.

Proof. In order to prove the first alternative let F' be positively discriminating and let (z,y) € R* for
some different alternatives  and y. It is sufficient to prove that (x,y) € F(p) and (y,x) ¢ F(p). Let
R € L;y. As Lemma 1 implies that 6(R*, 7,y R) > §(R*, R), because p is unimodal it follows for all
R € Ly, that f(R,p) > f(TzyR,p). But then (z,y) € F(p) and (y,z) ¢ F(p) because F is positively
discriminating.

In order to prove the second alternative let F' be anonymous, neutral, monotone and discriminating.
Let (z,y) € R* for some different alternatives x and y. It is sufficient to prove that (z,y) € F(p) and
(y,z) ¢ F(p). Unimdularity implies for all R € L,y that f(R,p) > f(7.yR,p). By discrimination of F'
we have that (x,y) ¢ F(p) or (y,z) ¢ F(p). Suppose that (x,y) ¢ F(p). It is sufficient to prove that
this assumption yields a contradiction. So, as F(p) is a weak ordering, (y,z) € F(p) and (z,y) ¢ F(p).
Furthermore, neutrality implies (y, x) ¢ F(7zyp) and (z,y) € F(Tzyp). Now for all R € L,

J(Tay R, Toyp) = f(R,p) > f(Tay R, p) = f(R, Toyp).

This means that at profile 7,yp every R € L, is outnumbered by 7., R which is in L,,. Therefore we
can take a non-empty subset S of N such that for all R € Ly, f(R, (Tayp)|n-5) = f(TayR, (TayP)|N-5)
and for all ¢ € S we have (z,y) ¢ 7,,p(i). Consider profile ¢ such that ¢(j) = 7,,p(j) for all j € N—.S and
q(i) = Tay(Tayp(i)) = p(i) for all i € S. Monotonicity implies that (y,z) ¢ F(q). Hence (z,y) € F(q).
Now for all R € Ly,

f(R.q) = [f(R.qls)+ f(R,q|n-5)
f(R,pls) + (R, (Tzyp)|In-5)
= f(R,pls)+ f(TryRa (szp)|N—S)



f(R7p|S) + f(R7p|N*S)

= [(Rp)
As every R € L, outnumbers 7., R in p it follows for all R € L that f(R,q) = f(R,p). But then by
anonymity we have F(¢) = F(p), which cannot be because (x,y) € F(q) and (z,y) ¢ F(p). |

The following example shows that the necessary conditions spelled out in Theorem 1 case 2 are
logically independent.

Example 5. Let the dictatorial preference rule Fy;.:,; with dictator ¢ be defined for a profile p as follows
Ficti(p) = p(3).

So, this preference rule assigns the preference of agent ¢ independent of the preferences of all other agents.
Note that Fg;c,; is neutral, monotone and discriminating but of course not anonymous.

For a weak ordering R on A let the constant preference rule Fi,,st.r be defined for a profile p as
follows

Fconst,R(p) =R.

So, this preference rule assigns relation R independent of the preferences of the agents. Note that if R €
L, then Fionst,r is anonymous, monotone and discriminating, where if R = A x A, then Fionst, axa is
anonymous neutral and monotone.

Let the reverse transitive closure of pairwise majority preference rule F,3; be defined for a profile p
and a pair of alternatives x and y as follows (x,y) € Foqa(p) if and only if there are y = 29, z1,...,2, = @
such that for all 0 < j < k

{i e N:(z5,2j1) €p(i)} = {i € N : (2j-1,2) € p(i)}]-

It is straightforward to prove that F,gzq is neutral, anonymous and discriminating. It is clearly not
monotone.

5 Multimodal frequency distributions

It is clear that in large electorates relatively small distortions of the frequency requirements for unimodal
frequency distribution will have almost no effect on the outcomes as derived above. This will especially
hold if these perturbations in these frequencies involve preferences remote from the modus. Considerable
distortions, as we will see, defect these finding. Such distortions are modelled here with a special type
of multimodal frequency distribution: the superposition of different unimodal frequency distributions.

Let N; and Ny be two disjoint sets of agents. Let p' € LNt and p? € LN? such that p* is a unimodal
profile on N, with modus R* for k € {1,2}. Let N = N; U Ny and p € LV defined by p(i) = p*(4) if
i € N for k € {1,2}. In that case p is said to be a superposition of unimodal profiles p* and p?. It is
straight forward to see that on such superposed profiles different rules may yield different outcomes. On
the other hand the following theorem shows that positively discriminating preference rules agree on the
intersection of these two modi.

Theorem 2. Let N1 and No be two disjoint non-empty sets of agents, such that N = Ny U Ny. For
k € {1,2} and let p* be a unimodal profile on Ny with modus R*. Let p be the superposition of these two
unimodal profiles. Let F be a positively discriminating preference rule from LY to W.

Then (x,y) € F(p) and (y,x) ¢ F(p) for all (x,y) € R* N R?, such that x # y.

Proof. Let (z,y) € R* N R?, with z # y. It is sufficient to prove that (z,y) € F(p) and (y,z) ¢ F(p).
Because R'and R? are linear orderings it follows that (y,z) ¢ R! and (y,z) ¢ R? . Lemma 2 implies for
all R € L., that

f(Rapl) > f(TwyR,pl) and f(Rvpz) > f(TﬂiyR7p2)7

Therefore
f(R,p) = f(Rp")+ f(R,p?)
> f(Ta:yRapl) + f(TwyRap2)
= f(1yR,p).
Positive discrimination implies that (z,y) € F(p) and (y,z) ¢ F(p). [ ]



Note that this result generalizes to any arbitrary number of superposed unimodal profiles.

Although it is not difficult to find superposed unimodal profiles at which the standard problems of
Social Choice appear, such as for instance Condorcet cycles, investigating these further might be fruitful.
The following Theorem shows that at a superposition of two unimodal profiles intransitivity of pairwise
majority can only occur on pairs which are not in the intersection of the modi. An alternative z is said
to weakly beat an alternative y at a profile p if

{ie N:(z,y) epi)} = [{i € N: (y,2) € p(i)}].

Theorem 3. Let N1 and Ny be two disjoint non-empty sets of agents, such that N = Ny U Ny. For
k € {1,2} and let p* be a unimodal profile at Ni with modus R*. Let p be the superposition of these
two unimodal profiles. Let x, y be two different alternatives with (x,y) € R* N R?. Then there is no
alternative z such that z weakly beats x and y weakly beats z at p.

Proof. To the contrary assume that some alternative z weakly beats x and y weakly beats z. We will
deduce a contraction and are done. For different alternatives a, b and ¢ let Lype = Loy ML (ML ). Hence,
Lape consists of all linear orderings which order a strictly above b and b strictly above c¢. Consequently
in those orderings a is strictly ordered above ¢ . Furthermore, for k € {1, 2} let

abc Zpr

ReLgpe

Note that for k € {1,2}
|{7’ EN: (xay) € pk(z)}| = niyz + n];zy + n];ry

Therefore the assumption z weakly beats = yields

zry + nzyz + nyzr + nzzy + nzyr + nyzz > nzzy + n;yz + nyl;zz + nizy + nzyz + nzrz and
the assumption y weakly beats z yields

1 1 1 2 2 1 2 2 2

nyzw + ny$z + nwyz + nyz$ + nywz +n a:uz > nzua: + nzwy + na:zy + nzyw + nza:y + nwzy .

Adding and simplifying these latter two inequalities yields
nl  +nZ_ >nl  +n?
yzx yzx = "Yzzy TZY"

But as (z,y) € R N R? Lemma 2 implies for k € {1, 2}

nb= Y. FRP)> D frmRp) = D> f(RpY) =ny.,.

RELy .y RELz 2y RELy s

This however yields the contradiction

1 2 1 2
nyzz + nyzm < nrzy + nzzyv

which ends the proof. |

6 Relaxation of the Unimodal Assumption

In this section we assume that the frequency distribution has equal frequency at equal distances from
a particular linear order, say R € L. We also assume that linear orders that are close to R have higher
frequencies than the frequencies of the linear orders that are close to —R where —R denotes the inverse
linear order of R . Essentially we assume that, f(k) > f((’;) —k) for all k < 3 (2) So the frequency
of a linear order depends only on the distance from R. We show that under this assumption, Pairwise
majority rule and Borda rule choose R as the outcome.

We assume that R =1,2,3,...,mand —R=m,m—1,...,1.

e L(m) is the set of all permutations of R.

o Ly(m) = {R € L(m)|§(R, R) = k}.



e L (m)={ReL(m)i<je R}

o L9 (m) ={R eL(m)|i <j € Rand §(R, R) = k}.

o d(m, k) = [Li(m)|.

e Lj(m) = {R € L(m)|5(R, —R) = k}

o d'(m, k) = [Lj(m)].

. sz(m) ={R € Li(m)|(¢,j) € R}, i.e. i is on the left of j in R.

o d"i(m, k) = [L; (m)|

Before analysing different rules under relaxed assumptions we first present some required combina-

torial results.

6.1 Useful combinatorial results
In this subsection we prove all the required lemma.

Lemma 3.

d(m, k) = dim—1,k) +d(m,k—1) ifk<m-—1
TREV dm -1,k +dim —1,k—1) +...+dm—Lk—m+1) ifk>m

Proof. Let (x1z2...2m) € Li(m) be such a permutation. Now possible choices of x1 are 1,2,...,k +
l.(when £ < m — 1) For 7 = 1, (x2,...,%,) has k discordant pairs with (2,...,m). For 1 = 2,
(z2,...,Tm) has k — 1 discordant pairs with (1,3,4,...,m). Finally for 1 = k+ 1, (x2,...,2,) has 0
discordant pairs with (1,2,...,k,k+2,...,m). Hence,

dim,k)=dm—-1,k)+dm—-1,k—1)+...+dm—1,1)+d(m —1,0) =d(m — 1,k) + d(m, k — 1).
Now for k& > m, possible choices for z; are 1,2,..., m. Hence the recursive relation becomes,
dim,k) =dim—-1,k)+dm—-1,k—-1)+...+dm—-1,k—m+2)+dim—-1,k—m+1).
Thus we get the following formula

d(m, k) = dim —1,k) +d(m,k — 1) ifk<m-—1
TRZ A dm —1,k) +dim—1,k—1)+ ... +dm—1,k—m+1) ifk>m

Corollary 1. d(m,k —1) < d(m, k) for all k < (7).
Lemma 4.

d (m, k) = d(m-—1,k)+d(m,k—1) ifk<m-—1
’ dm-1,k)+dm-1,k-1)+...4+d(m—-1Lk—m+1) ifk>m

Proof. For this proof we start with a permutation (z12z2...%,) € L (m). A similar reasoning as the
previous proof leads to the result. |

Hence we get the same recursive relations. Now the initial values are also the same, viz.
d(1,0) =1 =d'(1,0) for all m.
d(1,1)=0=d/(1,1) for all & > 0.
d(m,k) = 0=d'(m,k) for any k <0 or k > (7).

So, d(m, k) = d'(m, k) for all m and for all k.

Corollary 2. Having k concordant pairs is the same as having (772"”) —k discordant pairs. Hence, d(m, k) =

d(m, (3) — k).



Remark 1. Note that from Lemma 3 and Lemma 4 it is clear that d(m,k) >
k< 3(%3) and d'(m,k) > d'(m,k + 1) for all k > (7). We also have that d(m, 5 ('

ke{l,2,.... (%)}
Lemma 5. d“/(m, k) = d’(m, (72n) — k)

d(m,k — 1) for all
)) > d(m, k) for all

Proof. For every preference R at distance k from R there is a preference —R at distance k from ~R.
Hence —R is at distance (7)) — k from R. So, d"i(m, k) = d7 (m, k). As &' (m, k) = d'"(m, () — k),
the result follows. |

Lemma 6. D% (m,k) =d"I(m,k) — d"'(m,k) >0 for all i < j, k < 3 (7).
Proof. We prove this by induction on m.

Step 1:(Base case)
For m = 2. Clearly D% (m,k) =1 for k = 0.

Step 2: (Inductive step)

Now we assume that

D% (n,k) > 0 for some n € N. (1)
We have to show that D% (n + 1,k) > 0. We break the proof in different cases.

Case 1. j <n+1.

Consider a permutation z1, 22, ..., Tp41 € LZ’j (n+1). Suppose x,+1-; = n+1. In this permutation
n+ 1 contributes in [ discordant pairs. So if we remove n+ 1 from the permutation we are left with
n numbers with k& — [ discordant pairs. [ can take values 1,2,...,n+ 1. Thus we get the following
recursive relation:

d™(n+1,k) = d" (n, k) +dI (n,k — 1) + ...+ d"(n,k —n).

With the same line of argument we have
' (n+1,k) = d”(n, k) + & (n,k — 1) + ... + & (n, k — n).

Hence, N N N N
D" (n+1,k)=D"(n,k)+ D" (n,k—1)+...+ D"(n,k —n). (2)

In case k < 5 (%), applying equation 1 we directly have D% (n +1,k) > 0.

Now consider, (%) < k < 2("#"). Since, 3("3") — (%) = 2. In RHS of equation 2 out of
n + 1 terms, we can have at most 2 terms with a k-argument more than 3 (3). But those terms
get cancelled out because of Di’j(n, (3) — k) = —D™(n,k) by Lemma 5. We are still left with

D% (n, k') for at least one k' < %(}) and thus RHS > 0.

Case 2. j=n+1andi> 1.

This case can be proved by similar arguments if we consider removing 1 from the permutations
instead of n + 1.

Case 3. i=1,5=n+1.

Now we need to show that DV 1(n + 1,k) > 0. Let y1,%2,...,Yns1 € ]LZ’J(n + 1) be such a
permutation. Suppose y;, = 1 and y;, ., = n+ 1. So, 1 contributes in /; — 1 discordant pairs and
n + 1 contributes in n + 1 — [, 1. So, if we remove 1 and n + 1 from y1,¥2,...,Yn+1 we are left
withk—(l1 —1)— (n+1—1,11) =k —n+1l,r1 — 1. Hence as long as l,+1 — I; remains the same
they will have the same effect after removing. Now possible choices for I; and l,,4+1 are anything
but maintaining I; < l,,4+1. Clearly 1 <l,4+1 — I3 < n. For l,41 — [ = t, possible values for [; are
1,...,n+1—t. So there are n+ 1 —t cases with [,,;1 —l; = t. Thus we have the following recursion
relation
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d"(n+1,k)=dn—1,k)+2dn—1,k—1)+...+nd(n— 1,k —n+1) (3)

Similar reasoning as above yields the following recursion relation

A n+1,k)=dn—1,k+1-2n)+2dn—1,k+2—-2n)+... +nd(n—1,k—n)  (4)

Subtracting Equation 4 from Equation 3 we have

D" (n+1,k)
= [dn—-1k)—dn—1,k+1-2n)]+2[dn—1,k—1)—d(n—1,k+ 2 — 2n)]

+...4+ndn—-1k—n+1)—dn—1k—n)]
Now by Remark 1 we have D% (n + 1 k) > 0 as long as k < 2(","). Now if k > 1(7) we
consider the extreme case with k = (" ) — 1. Even then we have to check only the first
) = 2(";) = n— 1 terms in the RHS of the above equation because rest of them are
positive directly by Remark 1. Now consider the extreme case when k = 1("3'). Notice that
din—1,k) =d(n-1, %(”;rl)) d(n Li(3)+n—3)andd(n—1,k—(2n—1)) =d(n—1,% (";rl)
2n—1))=d(n—1, %("51) +n—3—-(2n-1) =dn-1, %("71) (n —1)). From Remark 1 it

2 2
can be easily seen that d(n — 1,k) and d(n — 1,k — (2n — 1)) get cancelled out. Similarly all the

other terms with & > %("gl) get cancelled out. Again by remark 1 we are left with some positive
terms. This completes the proof.

|
Corollary 3. D" (m, k) = d"I(m, k) — d'(m,k) <0 for all i < j, k> (7).

Lemma 7. Let i,j,i,j" be such that i —j =i — j'. Then d"i(m, k) = d" ¥ (m, k) for all m and for all
ke{0,1,2,...,("}

Proof. We prove this by induction on m.

Step 1:(Base case)
For m = 3. We have to show that d*?(3,k) = d*3(3,k) for all k =0, 1,2, 3.

k=0 d"2(3,k) =1 = d*3(3,k)
k=1 d"2(3,k) = 1 = d*>3(3,k)
k=2 d2(3,k) =1 = d*>3(3,k)
k=3 d"2(3,k) = 0 = d*>3(3, k)

Step 2: (Inductive step) Here we assume that

d"(n, k) = d" (n, k) (5)
for some n and we have to show that d (n+1,k) = d” 7' (n+ 1, k). We break the proof in different
cases.

Case 4. j <n+1.

Consider a permutation z1, 22, ..., Tp41 € Lz’j (n+1). Suppose x,+1-; = n+1. In this permutation
n+ 1 contributes in [ discordant pairs. So if we remove n+ 1 from the permutation we are left with
n numbers with & — [ discordant pairs. [ can take values 1,2,...,n + 1. Thus we get the following

recursive relation:
d™(n+1,k) = d" (n,k) +d (n,k — 1)+ ...+ d"(n,k —n).
Now for all 7/ < n+ 1 from Equation 5 we have

A+ 1,k) =d" 7 (n, k) +d" 7 (n,k— 1)+ ... +d" 7 (n,k —n).

11



So for j < n+1 we have di(n+1,k) = d" 7' (n+1,k).

Now for j/ = n+1, i > 1(since, j < n+ 1). By similar arguments as above we can derive the
formula for d* " *! as follows, (if we consider removing 1 from the permutations instead of n + 1.)

A" 4 1,k) = d " (n k) + dF " ik — 1) + .+ dD T (0, k — n).
Thus in this case also we have d*7 (n+1, k) = d* "1 (n+1, k), where ¢’ is such that i—j = i’ — (n+1).
Case 5. i > 1.

This case is similar to the previous case the only difference being we start with removing 1 instead
of n+ 1.

Case 6. i=1,7=n+1.
In this case we do not have any i’ # i and j' # j satisfying ¢ — j = ' — j'.
Hence in all the above cases d*J (n + 1,k) = d" 7 (n + 1, k).
This completes the proof. |
Lemma 8. Let i,j,i',j" be such that j —i < j' —i'. Then d"i(m, k) < d"¥ (m, k) for all m and for all
k<3(3)
Proof. We prove this by induction on m.
Step 1:(Base case)
For m = 3. We have to show that d2(3,k) < d'3(3,k) and d*3(3,k) < d'3(3,k), for all k = 0, 1.
k=0 d"2(3,k) = 1 = d>*(3,k) and d*3(3, k) = 1.
k=1 d"2(3,k) = 1 = d>*(3,k) and d*3(3, k) = 2.

Step 2: (Inductive step) Here we assume that

di (n, k) < d"7 (n, k) (6)

for some n and we have to show that d*J(n+1,k) = d*7' (n+1, k). We break the proof in different
cases.

Case 7. j <n+1.

Consider a permutation z1, 22, ..., Tp41 € LZ’j (n+1). Suppose x,+1-; = n+1. In this permutation
n+ 1 contributes in [ discordant pairs. So if we remove n+ 1 from the permutation we are left with
n numbers with £ — [ discordant pairs. [ can take values 1,2,...,n 4+ 1. Thus we get the following
recursive relation:

d"(n+1,k) =d"(n, k) +d?(n,k —1)+ ... +d" (n,k —n).

Now for all 5/ < n+ 1 from Equation 6 we have

A (n+1,k) <d 7 (n k) +d" 7 (nk—1) +...+d"7 (n,k — n).

So for j/ < n+1 we have d*J(n+ 1,k) < d"' (n+ 1, k).

Now for 5/ =n+ 1,4 > 1(since, j < n+ 1). By similar arguments as above we can derive the
formula for d* "1 as follows, (if we consider removing 1 from the permutations instead of n + 1.)

A" (4 1,k) = d7 " (n k) + dT T (g k — 1) 4L+ dD T (k- n).

Thus in this case also we have d"7 (n41, k) < d" "t (n+1, k), where i is such that i—j = 7' — (n+1).

Case 8. i > 1.

This case is similar to the previous case the only difference being we start with removing 1 instead
of n+ 1.

12



Case 9. i=1,5=n+1.
In this case we do not have any i’ # i and j' # j satisfying ¢ — 7 < ' — 7.

Hence in all the above cases d™J (n + 1,k) = d" 7 (n + 1, k).
This completes the proof. |

Corollary 4.

1. Let 4, 4,7, j' be such that j—i < j'—4'. Then d%(m, k) > /" (m, k) for all m and for all k <

(SIS
—~
N

~—

2. Let4,7,i,j be such that j—i < j'—4'. Then d™I (m, k) > d*+3' (m, k) for all m and for all k >

(SIS
—~
N

~—

3. Let i,7,7,j' be such that j—i < j/—i’. Then d¥*(m, k) < d7"* (m, k) for all m and for all k >

N
—~
N

~—

Let dj(m, k) denote the number of permutations with exactly & discordant pairs and with 4 at the
jth position.

Lemma 9.

> r(di(m, k) — di(m, k) > 0
r=1

for all i < j and for all k < 3(7).
Proof. Tt is easy to see that >3 | (m — r)dL(m, k) = 3, d' (m, k). Now

m

Z(m —r)di(m, k) =Y (m—r)di(m, k)

= Y d"'(m.k)=> d'(m k)
1#1 l#7

= > (@ (m,k) — d(m, k) + Y (d(m, k) — d(m k) + Y (d (m, k) — dP (m, k)
I<i i<l<j >3

Now we show that, Lemma 6,7,8 and Corollaries 3,4 implies above three sums are all negative. By
Corollary 4 we have d*!(m, k) —d’!(m, k) > 0 for all | < i. By Lemma 8 we have d*!(m, k) —d’!(m, k) > 0
for all [ > j.

Suppose all the numbers between ¢ and j are like following ¢ < I3 < ls < ... <[y < j. By Lemma 7
dv' (m, k) = d'*J(m, k). By Lemma 6 d'*7(m, k) > d>'(m, k). Hence d*'*(m, k) > d%' (m, k). Similarly
dile (fm, k) > dhteei—v(m, k). Tt s clear to see Y5, (d(m, k) — dP!(m, k)) > 0. This completes tI:a
proof.

Corollary 5. In case (7;) is even, from Lemma 5 we have for k = %,

SO m k) = @ m, k) + Y (@ (k) — A (m, ) + (@ (m, ) — d (m, k)

I<i i<l<j >3

= Y (d"(m, k) —d" (m, k) + Y (d(m, k) — d (m, k) + Y (dY (m, k) — d(m, k)
<1 i<l<j 1>j

= Y di(mk)+ > d(m k) + > dY(m k) =Y d(m k) = Y dY (m,k) =Y d(m, k)
1< i<l<j 1>j 1< i<l<y I>j7

= d(m,k)—d(m,k)
Hence, Y- r(di(m, k) — di(m,k)) = 0.
Lemma 10.

dim —1,k—j+1) ifi=1

d(m — 1,k —i+1) ifj=1
zfldi—l( 1,]€—l+1)—|—

Eﬁmff'f“m di_y(m—1,k—1+1) ifi#1andj+#1

dj(m, k) =
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Proof. Let (122 ...2m) be such a permutation with k discordant pairs and with z; = i. Now possible
choices of z1 are 1,2,...,i—1,i+1,...,k+1.(when k <m—1) For z; = 1, (z2,..., %) has k discordant
pairs with (2,...,m). But for this (zo, ...,z ) permutation z; is playing the role of z;_; if we consider
(z1,-..,Tm—1), and also i plays the role of ¢ — 1 if we consider (1,...,m — 1) instead of (2,...,m). For
1 =2, (x2,...,&m) has k—1 discordant pairs with (1,3,4,...,m). Similarly x; plays the role of z;_; in
(z1,...,Tm—1) and also i plays the role of i — 1 in (1, 3,4, ..., m). The same thing goes on till z; =i —1.
After that when z1 = i+1, we again have x; playing the role of x;_; in (22, ..., zy,). But now ¢ plays the
role of 7 itself in (1,2,...,4,9+2,...,m). This goes on till 1 = k+ 1. Finally for 1 = k+1, (x2,...,Zm)
has 0 discordant pairs with (1,2,...,k,k+2,...,m), where x; plays the role of x;_1 and ¢ plays the role
of 7. Hence,

d;-(m,k)
= dim-Lk)+d\(m—Lk-1)+.. +d{(m—-1Lk—(i—1)+1)
+di  (m—1k—(i+1)+1)+...+d;_(m—1,0)

Now for k£ > m, possible choices for x; are 1,2,...,4 — 1,7+ 1,...,m. Hence the recursive relation
becomes,

d(m, k)
= dim—-1Lk)+d i(m—1Lk-1)+... +d j(m—1k—(i—1)+1)
+d5  (m—1Lk—(i+1)+1)+...+d;_(m—1,k—m+1)

For i = 1, number 1 being at position j contributes to j—1 discordant pairs. So, (z1,...,%;—1,Tj41,- - Tm)
has k — j + 1 discordant pairs with (2,...,m). Hence,

1 . .
dj(m,k) =d(m—1,k—j+1).
For j = 1, number ¢ contributes to ¢ — 1 discordant pairs. So,(zsa,..., ;) has k — i + 1 discordant
pairs with (1,...,4— 1,44+ 1,...,m). Hence,
di(m, k) =d(m—1,k—i+1).
Thus we get the following formula

dim—1,k—j+1) ifi=1
dim—1,k—i+1) ifj=1
Zrdii(m =1k —1+1)+

pn Ot g (m— 1Lk —1+1) ifi#landj#1

dj(m, k) =

Lemma 11. d(m —1,k—i+1) —d(m —1,k—j+1) >0 for all k < k"™ for all 1 <i < j < m, where

m—1 N
kgzjaz — "( 2 )+2(1+J) 1-| _ 1.

m—1
Proof. For all k,i such that k —i+1 < ( > ) it trivially holds because of Remark 1. Also

mazx - m—1 maz .
Ky —z+1=< ) )—(/ci,j —j+1).

m—1
i < j implies k" — 1+ 1 > k""" — j + 1, therefore K" —1+1 > % > ki — j+ 1. Hence for all

(22 <k <k, d(k—i+1)>d(k—j+1). This completes the proof. [ |

Since these combinatorial results are based on permutations of a set with m numbers, m acts like a
parameter in these notations. Sometimes we drop the parameter m without creating confusion. Here
i < j € R meaning that i is more preferred than j in preference R is the same as (i,j) € R, which
essentially means ¢ comes before j in permutation R.

Now we analyse behaviour of different rules under relaxed assumptions.
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6.2 Condorcet-like Rules

Pairwise preference rule depends on the pairwise majority comparisons. In general these comparisons
may yield cycles and rules therefore may differ in these situations: different pairwise rules break up
cycles in different ways. If , however, at a certain profile pairwise majority comparison yields a complete
strict and transitive ordering from overall winner (the Condorcet winner) to overall looser (the Condorcet
looser) then this is the outcome of all these rules at that profile.

For the next result we do not assume that frequencies at a particular distance from R are the same.
Rather we want to see what happens to the previous result if we assume that f(R) > f(R') where
(R, R) = k and 8(R, R') = (}) — k. Then,

Theorem 4. Suppose there is a preference R such that for all R and R" with 5(@, R) =k and 5(1%, R) =
('3) — k we have f(R) > f(R') for all k < £('y). And the distribution satisfies the following assumption

min R) + min R) > max R) + max R
R:ReLi,J‘(m,k)f( R:ReL,-,j(m’(v;),k)f( ) R;ReLj,i(m’(vg),k)f( ) R:ReLJ'«i(m,k)f( )

for all x,y € A and for all k < %(73) Then Pairwise majority rule selects R as the outcome.

Proof. Let i < j € R. The proof is similar to the last proof. So, we present the case when (”2"”) is odd. 6

> f(B) -~ f(iyR)

RelL#:d
(%)

=51 Y - Y Ry
k=0 R:RelLii(k) R:ReLi- (k)

HBIE! (%)
= { > - > @+ > { > fwr- ). [f(R}

k=0 R:ReLi:i (k) R:ReLisi (k) k=[L(7)] B:REL (k) R:ReLi:i (k)
HOIE ()
= DRI EED DD DR ACO)

k=0  R:ReLid(k) k=]
[

—~
—

= { > fwr- fRY+ Y {0 Y fRY— > (R}

k=0 R:ReL%J(k) R:ReLi ((})—k) k=0 R:ReLii((7})—k) R:ReLI* (k)

(]

min f(R) — Z max f(R)}

k=0 R:ReL%J(k) R:ReLii(('3)—k)

+ { Z min f(R) — Z max f(R)}

k=0 R:ReLi’f((g)—k) R:RelLd* (k)

= Y {d9(mk) min  f(R)-d(m, <m)—k) max  f(R)}

R:ReLii (k) 2 R:ReLii((7)—k)
[3(5)]-1

+ Z {d"I (m, (7;) — k) min f(R)—d”(m,k) max f(R)}
k

—o R:ReLii (('y)—k) R:RelL7 (k)
®In case () is even for k = 3(3) mmR:ReLivi(m,%(g)) FR) + minR:ReLivﬂ'(m,%(g)) R =
max )) f(R)+ maxR:ReLj,i(m,% (,;)) f(R). This implies f(R) is constant if §(R, R) = %(7;)

o ifm
R:R€LIi(m, % (77
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= Z {d"I(m,k) min  f(R)—d"(m,k) max f(R)}

o R:ReL™ (k) R:ReLii((77)—k)
HOIEI.
' k=0 fm ) R:ReL%i(rE?)*k) = di’;(k) RiRrgﬁ?i(k) fR)}
HOISI.
= 2 {d"(m. k)(, oin, =~ F(R) = peret e )f(R))}

+ d>m, k min R)— max R
S S e SO0}
We know that d7 (m, k) > d’*(m, k) forall k < £ (' ) and d™J (m, k) = d7*(m, (") —k). By assumption
we have f(R) > f(R') whenever §(R,R) = k and §(R, R') = (') — k. Hence the above expression is
positive and thus (z,y) € F. Since the result holds for any i < j € E, we can conclude that F(p) = R =

The condition in the above theorem means that the minimum support in favor of i < j at distance
k plus distance (’;) — k must be more than the maximum support in favor of j < i at distance k plus
distance (%) — k.

Corollary 6. Suppose we have a preference proﬁle D, such that there is a preference R such that f(k) >
f(( ) — k) for all distances k < 5 ( ) from R. Then pairwise magjority rule chooses R as the output.

Corollary 7. In general any distribution with mink<l(m) f(k) > Max; 1 (m) f(k) (where k is the distance
2\2 2\2

from R ) will select R as the output of pairwise magjority rule. As a special case, any distribution which has
unimodal frequencies till %("21) distance from the mode and after that all the frequencies have mazimum
value at most the minimum frequency from the unimodal part of the distribution, pairwise rule will choose
the mode.

Corollary 8. Pairwise rule applied on a preference profile gives a particular outpul. So if there is a
preference R such that flk) > f(( ) — k) for all distances k < ( ) from R then that R is unique.
Thus the distribution can be arranged in the above mentioned way in only one way.

6.3 Borda Rule

Now we are back at the case with constant frequencies at fixed distances. Let di(m, k) be the number
of preferences at distance k from R and with alternative i at rank r.

Lemma 12.

d:“(mv k) = d£n+1—r(ma <7;) - kl)

Proof. Any preference at distance k from R has the same but opposite ordered preference counterpart
at distance k from —R. So a preference at distance k from R which has alternative i at rank r, has a
counter preference in just the opposite order at distance £ from —R. So, in that preference alternative
i has rank m + 1 — r. Hence, d’.(m, k) = d’m“ +(m, k). Now we use the fact that d'},,,_,.(m, k) =

iy (m, ('y) — k), which concludes the proof. ]

Remark 2. From Lemma 9 we have

> r(di(m, k) — di(m, k) >0
r=1

for all i < j and for all k < £('3). As, Y/ | di(m, k) = d(m, k) = Y" | di(m, k), we have
> (m (m, k) > (m —r)di(m, k)
r=1 r=1

m

for all i < j and for all k < (7

). Thus Borda rule on Ly, selects R as the outcome for all k < 1 (.
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Theorem 5. Suppose there is a preference R such that flk) > f((’;) — k) for all distances k < %(’;)
from R. Then Borda rule picks R as the outcome.

Proof. The proof is similar to the proof for Pairwise rule. So, we present the case when (’g ) is odd. Let
us denote the Borda score of an alternative ¢ by BS(i). Then by definition

(%)

BS(i)= > (Y (m—r)di(m,k))f(k)
k=0 r=1
) m (%) m
= mY O _di(mk)f(k) =D O rdi(m, k) f(k)
k=0 r=1 k=0 r=1
(3) (%) m
= mY_dmk)f(k) =Y (O rdi(m,k))f(k)
k=0 k=0 r=1
Similarly we have
(3) (%) m
BS(j) =m > d(m,k)f(k) = > (O rdi(m,k))f(k)
k=0 k=0 r=1

Hence,

(ZL m
_ {Zr(dﬁ(m, ) di(m, k))} (k)

k=0 \r=1

From Corollary 5 we have, > | r(di(m, k) — di.(m,k)) = 0 for k = (") if (}) is even 7, we have

%(2")—1 m
_ {Zr(d{(m, ) - di(m,k»} £(k) +

r=1 r=1

(3) (o
{Z (i (m, k) = i (m, k))} 1)
=

From Lemma 12 we have that,

d:“(mv k) = din—i—l—r(ma <7;) - kl)

Thus, 8

_ {Zr(dﬁ(m, k) = di(m, k))} F) +
r=1

k=0

"In case (g”) is an odd number we can split the sums as 0 < k < [% (7;)] — 1 and (% (g”)] <k< (7;)
8 Changing indexes in the summation term: k' = (T;) —k and " = m + 1 — r. But we replace the notations by k and 7.
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> {Z<m+1—r><dz;(m, b~ d(m. k»}ﬂ(’;) 8
k r=1
%(7;)71 m ) ‘ m
- {eri(m,k) ~ dim, k))} - 1((7y) - 1)
@) (m | i
Hom 1) {Z(di(m,k)—di(m,k))}f(<2)—k)

MO (m . o
_ { r(dam,k)—di(m,k))}{f(’“>‘f((2)_k)}

r=1

MO (m . o
_ {er(m,m —di(m, k>>} ) ‘f((z) -V

k=0

applying Lemma 9, we have BS(i) — BS(j) > 0. Since the result holds for any i < j € E, we can conclude
that F(p) = R. |

Now we will check whether Borda rule provides a result similar to pairwise rule with non-constant
frequencies at fixed distance.

The proof is similar to the proof for Pairwise rule. So, we present the case when (7)) is odd. Let us
denote the Borda score of an alternative ¢ by BS(i). Then by definition

(%)
BS(i)= Y > f(k)
k=0 Re
(5) m () m
= my O dim k) (k) =Y (O rdi(m, k) f(k)
k=0 r=1 k=0 r=1
(3) (3) m
= mY_dm, k) f(k) =Y O rdi(m, k) f (k)
k=0 k=0 r=1
Similarly we have
) (3) m
BS(j) =mY _d(m,k)f(k) =Y (O rdi(m,k))f(k)
k=0 k=0 r=1

Hence,

BS(i) — BS(j)

() (
S {Zr(d{,(m, K) = di(m, k))} £k
k=0

r=1

From Corollary 5 we have, >, r(di(m, k) — d'.(m,k)) = 0 for k = (") if (') is even %, we have

BS(i) — BS(j)

9n case (7;) is an odd number we can split the sums as 0 < k < [% (ZL)] — 1 and (% (7;)] <k< (ZL)
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%(2")—1 m ] ) (73)
= {Zr(dg(m, k) — d,.(m, k))} f(k) +

r=1

{Z (i (m, k) = i (m, k))} 1)

=i (e =

From Lemma 12 we have that,

k) = dpam, (1) = )

Thus, 1°
BS(i) — BS(j)
%(7;)71 m
- {Zr(dz(m,k —di(m,k)) }f
k=0 r=1
.y {i( oo, (5) =0 = o () —k))}f(k)
k=3 (5)+1 V=
%(7;)_1 m
= Y D r(di(m, k) — di(m, k) }f
k=0 r=1

3(3) (m
3 {Z (m+1—7)( dﬂ(m,k)—dg(m,k))}f((@ — k)

k=0
TSI | "
- {Zr<d¢<m,k) ~dim, k))} - 1((7y) - 1)
k=0 r=1
() (m | .
Hom 1) {Z(dam,m - di(m,k))} HEL
k=0 \r=1
%(ZL)_l m m
- r(di(m. k) ~ cﬁ(mk))}{f() (™) - wy
k=0 {T—l <2)
13 .
Hon+ 1) Y (o) — dlm, )50y ) 1
k=0

r=1

B . "
_ {Zr<d¢<m,k> ~di(m, k>>} k) ‘f((2) -

applying Lemma 9 we have BS(i) — BS(j) > 0. Since the result holds for any i < j € R, we can conclude
that F(p) = R.

6.4 Plurality Rule

Plurality rule counts(plurality score) the number of times an alternative comes at the top of agent’s
preferences and ranks the alternatives in the decreasing order of their plurality scores. Let pl(i) denote
the plurality score for alternative i. So,

0
10Changing indexes in the summation term: k’ = ( —k and 7 = m+ 1 — r. But we replace the notations by k and 7.

T
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Theorem 6. Suppose there is a preference R such that flk) > f(k+1) for all k < k™ and f(k) <
f(E™a®) for all k > k™%, where k is the distance from R from R and k™% = [$(";")] +m — 2. Then

Plurality rule picks R as the outcome.

Proof. Let i < j. We need to show that pl(i) > pl(j). Now,

(%)
pI) = pl) = > {di(m. k) = di(m, k) } F(R).
k=0
By lemma 10 we have
(%)
pl(i) = pl(j) = Y {d(m — Lk —i+1)—d(m—1,k—j+1)} f(k).
k=0

Let 0 < Fk;; < k;J be two integers such that the following holds

m—1

ki,j—i—kl:( 5 )—(k;7j—j+1)

For any such (k; ;, ki ;) pair we have

m—1 .
kz‘,j+/€§7j:( 9 )+(l+])—2 (7)
L max i 1 satisfvi ; mazr _ (m2_1)+(i+j)_2_1 o
et k[ be the highest integer value of k; ; satisfying equation (7). Then k" = [*2——5———] =
m—1 . N
[M} — L. It is easy to see that k" = k70",
: L . . . : ("N +2
Since 3 < i+ j < 2m — 1, the minimum value of k;”j”, i.e. min k;”j” = kmm = [fw 1=
; TR
1/m-—1 P max max (m;1)+2m_2 1/m-—1
[5( 5 )].Slrmlarly, H%%in’j =k = [f]_l_ [5 ) T+m-—2.

Suppose f(k) > f(k+1) for all £ < k™ and f(k) < f(k™") for all k& > k™", Then for all i < j
we can break the sum as follows

> aon— (") = iv ) dom =1 (") = - ) faw

k=kmo®+1

Case 1. If (", ") + (i +j) — 2 is even
gmaw

— Z {dm —1,k—i+1)—dm—1,k—j+1)} f(k) +
k=0
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(%)
> {dm = 1,287 —k—j+ 1) —d(m — 1,2k —k —i+ 1)} f(k)
k=kpee 41

kyes
= > {dm—1,k—i+1)—dm—1,k—j+1)}f(k)+
k=0
ke
> {dm—1,k—j+1)—dim—1,k—i+1)} fFQE" — k)
k=0
ko

Z {d(m—l,k—i—l—1)—d(m—1,k‘—j—|—1)}{f(k)_f(Zk.ZLjaw_k)}
k=0

> 0

k) < f(k™e*) for all k > k™ and from

Because by assumptions f(k) > f(k+1) for all £ < k™ and f(
>0 forall k< k:”J‘””

Lemma 11 we have d(m — 1,k —i+1) —d(m — 1,k —j + 1)
Case 2. If (", ") + (i +j) — 2 is odd

max

— Z {dim —1,k—i+1) —dm—1,k—j+ 1)} f(k) +
k=0

(%)
Z {d(m — 1,2k —k —j+1) —d(m — 1,2k]"*" —k —i+ 1)} f(k)
k:k;f‘j““”+1

ks
= > {dm—1k—i+1)—dm—1k—j+1)}f(k)+
k=0
ki1
S A{dm—1,k—j+1)—dm—1,k—i+1)} fEY" — k)
k=0
k-1

= > Adm—1Lk—i+1)—dm—1,k—j+1)}{f(k)— fE" —k)} +
k=0

{dim — LE"™ —i+ 1) —d(m — 1L,E"" — j+ 1)} { F(R]P) — FKTF — k7))
> 0

Because by assumptions f(k) > f(k+1) for all &k < k™% and f(k) < f(k™*) for all k£ > k™ and from
Lemma 11 we have that d(m — 1,k —i+1) —d(m — 1,k —j+1) > 0 for all k < k]"*.

Hence we have shown that pl(i) > pl(j). [ |

21



6.5 Examples

In this subsection we show that conditions in Theorems 4,5,6 are not necessary. We consider a voting
scenario with three alternatives a,b and c. The preference distribution is given in the table below:

Preferences | abc acb cab cba beca bac

Frequencies | f(0) | f(1) | f(2) | FB) | f(2) | (1)

Table 1: Frequency distribution with three alternatives

Thus we have the following table showing Pairwise comparisons.

Alternative

Alternative “ b ¢
a - fO)+ f(1) + f(2) f(0)+2f(1)
b S+ f2)+ fB) - fO)+ M)+ f(2)
c 2f(2) + f(3) f)+ f(2)+ f3) -

Table 2: Pairwise comparison

Example 6. Suppose that the following conditions are satisfied
L f(0) > f(3),
2. f(2) > (1),
3. f(0) = f(3) > 2(f(2) = f(1)).

Condition 3 does not comply with the conditions in Theorems 4,5. But, from Table 2 it is clear that
Condorcet-like rules and Borda rule ranks the alternatives as a > b = ¢ as it was in the pivotal preference
abc.

Example 7. Suppose that the frequencies satisfy the following conditions:

L f(0) > f(2),
2. f(1) > F(3),
3. f(1) < f(2).

Condition 3 does not comply with the conditions in Theorems 6. But plurality rule ranks the alternatives
as a > b > c as it was in the pivotal preference abc.

7 Conclusion

8 References

e The Strategy of Social Choice-By H. Moulin.
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