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Abstract

Okun’s Law and the positive correlation of labor productivity with unemployment
are two important facts documented in the data. A necessary condition to match these
facts simultaneously is to model labor force participation. We develop a business cycle
model where the individual’s labor force participation choice is indivisible; to overcome
indivisibilities, individuals have access to lotteries over labor force participation. The
labor market is characterised by thick market search externalities that satisfy Okun’s
Law. The economy features two steady states: low and high unemployment. At the low
unemployment steady state, a novel mechanism of self-fulfilling fluctuations emerges.
Expectations of individuals about labor market conditions - through a search-based
labor market wedge - feed back into Okun’s Law, in turn validating those expectations.
The labor wedge allow us to capture features of the business cycle that existing theories
fail to match. The high unemployment steady state is characterised by a rat race for
jobs channel: high participation rates is associated with high real wages, low demand
for labor and high unemployment rates. Finally, on the policy side, if the economy
is at the low steady state, unemployment insurance (UI) - replacing a fraction of

market wages - is a powerful automatic stabiliser since it can counterbalances (belief-
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driven) fluctuations in the labor market wedge. Moreover, Ul polices are desirable in
terms of welfare since they move the equilibrium allocations closer to the constrained
optimum. However, if the economy is at the high unemployment steady state, Ul
policies exacerbate the rat race for jobs and move the equilibrium allocation away from

the constrained optimum.
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1 Introduction

To understand how unemployment evolves over the business cycle, Okun’s law (Okun, 1962)
has long been the first port of call, with its prediction of a positive (and greater than unity)
semi-elasticity of the output gap to changes in the unemployment rate. Recent estimates
confirm the robustness of this law, and find that each percentage point reduction in the
unemployment rate is associated with roughly 2% more output (Ball et al., 2013). For this
reason, the real business cycle (RBC) framework requires large total factor productivity
(TFP) shocks to match the comovement of employment and output, implying a strongly
procyclical real wage. Unfortunately, the empirical evidence in support of procyclical TFP
shocks as the main driver of unemployment fluctuations is very weak at best (see, for example:
Gali, 1999; Gordon, 2010; Hall, 2017). On the other hand, in the frictionless RBC model,
other types of disturbances that are believed to be important to explain the business cycle
phenomena, such as shocks to the relative price of investment, counterfactually generate
a negative conditional correlation between consumption and investment (a point famously
made by Barro and King, 1984). Thus, the frictionless RBC model fails to identify a plausible

source of business cycles, consistent with the correlation between unemployment and output.

In this paper we develop a business cycle model featuring a “three-states” labor market,
including employment, unemployment and non-participation. We show that, given the be-
havior of average labor productivity over the business cycle, including an endogenous partic-

ipation choices is essential for any theory of the business cycle to be consistent with Okun’s



law. To see this, consider the following representation of output

Y, = (APL), N,,

= (APL), IL; (1 — ), @

where APL = Y/N denotes average labor productivity (defined as the output/employment
ratio), N = II(1 —u) is employment, II is the number of participants in the labor force
and wu is the rate of unemployment. If we ignore participation choices and assume that IT is
constant, from (1) the semi-elasticity of labor productivity to changes in the unemployment

rate is given by
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where we made the approximation In (1 — u;) ~ —u;. Thus, given an Okun’s coefficient of
—2 (the estimate in Ball et al., 2013), this implies a semi-elasticity of labor productivity
to changes in the unemployment rate of —1 and, hence, a negative correlation between la-
bor productivity and unemployment over the business cycle. But, although average labor
productivity was procyclical until the 1980’s, it has become markedly countercyclical after
that (a fact well documented in e.g.: Gali and Van Rens, 2014; Hall, 2017), and the correla-
tion between unemployment and average labor productivity became positive (as illustrated
in Figure 1). Thus, based on equation (1), it follows that endogenous changes in labor force
participation over the business cycle are required to match simultaneously the Okun’s rela-
tionship and the negative correlation between unemployment and average labor productivity
and, in particular, that labor force participation must be procyclical. Notice that this finding

is entirely data driven and does not rely on any theoretical restrictions.

To model endogenous labor force participation, we abstract from the large family assumption
(Merz, 1995), as is commonly used in the literature. Instead, our approach is closer, but with
notable differences, to the RBC models of Hansen (1985) and Rogerson (1988) where the
labor supply decision is indivisible and individuals play lotteries over employment outcomes.
The primary choice of individuals in the labor market is to decide whether to participate
or not. Conditional on participation, individuals search for a job, in a frictional labor

market, by incurring a disutility cost; a job-finding probability describes the likelihood of
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Figure 1: labor productivity and unemployment

finding employment. Individuals that choose not to participate, do not search - and, hence,
do not incur a disutility cost - but are allowed to accumulate assets. We convexity the
choice of individuals by allowing them to play lotteries over labor force participation; also,
individuals have access to private insurance against the realisation of the lottery. Lotteries
over labor force participation allow us to construct a search-based labor market wedge: the
MRS between consumption and participation is equal to the real wage times the job-finding

probability.

The labor market is characterised by thick market search externalities akin to that in Dia-
mond’s (1982) “coconuts’ model”: the higher the number of individuals with a coconut in
the market, the easier it is to meet someone with a coconut and trade. Here, the probability
of a match between a firm and a worker is an increasing function of aggregate output and,
as a result, it is easier for job seekers to meet job opportunities when output is high. As we
will demonstrate, the more participants in the market, the easier it is for job seekers to meet

job opportunities.

An important assumption throughout the paper is that matches last only one period!. Also,

n a companion paper, Kokonas and Santos Monteiro (2017), we extend the current set up by allowing
long-lasting matches and jobs of different quality. However, departing from the big family assumption, as



since search for a job is not directed but random, equilibrium requires that the fraction of
participants with a job (employed individuals) is equal to the fraction of firms (recruiters)
that were able to form a match. This implies that the probability to form a match equal the

employment rate which, in turn, is consistent with Okun’s Law.

The economy features two steady state equilibria: low and high unemployment steady states.
The low unemployment steady state might be indeterminate with many paths converging to
it. The intuition for the possible indeterminacy is as follows. If individuals expect unemploy-
ment to be high, labor force participation and output are low, which in turn validates the
high unemployment expectations because of Okun’s law. We provide necessary conditions
for local indeterminacy, offering an intuitive explanation for the emergence of self-fulfilling
fluctuations. The crucial insight is that, for a given real wage, the existence of unemploy-
ment introduces a search-based wedge between the marginal utility of consumption and
the marginal utility of leisure. A necessary condition for indeterminacy requires sufficiently
higher elasticity of the wedge with respect to participation relative to the elasticity of real
wage with respect to participation. Thus, increasing returns to scale are not required for
indeterminacy and, contrary to other endogenous business cycle models, our model does not
imply a negative correlation between consumption and employment conditional on sunspot

shocks (overcoming the critique of Schmitt-Grohé, 2000).

On the other hand, the high unemployment steady state is determinate. The labor market is
characterise by a rat race for jobs. In particular, more participants in the labor market raise
unemployment and wages. As we will explain, firms face downward-sloping labor demands.
Hence, demand for labor decreases and since the number of participants in the market
increase, labor market clearing requires higher unemployment. In effect, the labor market
is “overcrowded” by market participants who search for a job, firms reduce hiring because
the real wage is too high and as a consequence, unemployment increases. Comparing our
mechanisms with the rat race model of Michaillat (2012), we do not assume exogenously
fixed real wages that are “too high” which imply rationing in the labor market; the rat race

for jobs channel arises endogenously due to multiplicity of steady states.

By assuming that the job finding rate is determined by the level of output, we hardwire

Okun’s law into our model, effectively treating the Okun’s relationship as a structural equa-

we do, it is far from trivial how to model job destruction and matches that last more than one period.
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Figure 2: Okun’s law before and after 1984

tion. We justify this approach with the impressive stability of the relationship between
unemployment and the output gap in the post-war US economy, despite the substantial
changes in the properties of the business cycle.? In particular, it is remarkable that average
labor productivity has shifted from being procyclical before the 1980’s to countercyclical
after that, but Okun’s relationship remained stable, with the estimated semi-elasticity of
output to changes in the unemployment rate still between —1.5 and —2, as illustrated in
Figure 2. The upshot of assuming that Okun’s law is structural, is that our model will
match successfully the relationship between unemployment and output, something which
we consider an essential feature of the business cycle, but that previous models featuring
endogenous labor force participation have struggled to achieve (see Veracierto, 2008, for an

important early attempt to embed a “three-states” labor market in an RBC framework).

The search based labor wedge allows us to capture two important features of business cy-
cles that previous endogenous business cycle models and the canonical RBC model failed

to capture. The first feature relates to the positive correlation between consumption and

2The stability of Okun’s relationship over time is carefully documented by Ball et al. (2013).



employment conditional on sunspot shocks and the second to the Barro-King criticism. The
labor wedge and, in particular, the higher elasticity of the wedge relative to the elasticity of
the real wage allows us to obtain a positive correlation between consumption and employment

conditional on sunspot shocks and overcome the Barro-King criticism.

We contribute to an important literature that includes unemployment in equilibrium business
cycle models. A prominent recent example is the paper by Christiano et al. (2016). Their
paper makes the important point that the classic RBC framework and the subsequent work
including search frictions a la Mortensen and Pissarides (1994) in RBC models, as in Andol-
fatto (1996), have problems matching the volatility of unemployment over the business cycle
because the real wage is too procyclical in these models. Because the existence of involun-
tary unemployment in our model introduces a cyclical wedge between the marginal utility of
consumption and the marginal utility of leisure, we are able to overcome this problem and

at the same time obtain a mildly countercyclical real wage.

Our paper also contributes to the important literature on automatic stabilizers, understood
broadly as features of the tax and transfer system that respond automatically to current
conditions in the economy, thereby lowering business cycle volatility. The stabilizing ef-
fect of automatic stabilizers, in particular unemployment insurance, is traditionally thought
to be most effective in environments featuring incomplete opportunities for private insur-
ance (McKay and Reis, 2016). For example, an unemployment insurance may dampen
fluctuations in disposable income and thus stabilize the business cycle in environments with
nominal rigidities and market incompleteness (Brown, 1955). Similarly, unemployment in-
surance may redistribute income across individuals that have different marginal propensity
to spend and, thus, contribute to aggregate demand stabilization when markets are incom-
plete (Blinder, 1975). Instead, we use the model developed in this paper to study the role
of unemployment insurance in a setting with perfect private insurance markets and, conse-
quently, no motivation for redistribution. Unemployment insurance is shown to make local
indeterminacy less likely and, therefore, is a powerful automatic stabilizer. This result res-
onates well with the empirical finding that raising the replacement ratio of unemployment

insurance lowers business cycle volatility (see, for example, Di Maggio and Kermani, 2016).

UI policies can be effective in our set-up if the economy is at the low unemployment steady

state since they can counteract (belief-driven) volatility in the labor wedge. For any given



arbitrary beliefs, Ul acts as a subsidy that pushes in the opposite direction of individual’s
beliefs. Moreover, Ul policies are desirable from an optimality standpoint since they bring

the equilibrium allocation closer to the constrained optimum.

However, Ul policies exacerbate the rat race for jobs if the economy is at the high unem-
ployment steady state. In particular, Ul increase participation in the labor market which in
turn, is associated with higher real wages, lower demand for labor and higher unemployment
rates. This result is in sharp contrast to the paper of Landais et al. (2010), where they

demonstrate that Ul policies alleviate the rat race channel.

The rest of the paper is organized as follows. Section 2 introduces the search externality
which is central to our model. Section 3 embeds this externality in a complete general
equilibrium model. Section 4 looks at the properties of the model in steady state. Section 5
looks at the low unemployment steady state dynamics and, in particular, derives necessary
conditions for multiplicity of equilibrium to arise, Section 6 analyses the rat race channel for

jobs and Section 7 studies the role of unemployment insurance.

2 Search Externalities and Okun’s Law

The purpose of this section is to establish a simple relationship between output and un-
employment, which is consistent with Okun (1962) formulation, and has sound theoretical
foundations. The theory that we propose is based on the search model of Diamond (1982),
which emphasizes the importance of search externalities. We define Y, to be aggregate out-
put (in deviation from a trend component which is defined in the following section). At the
start of date ¢, there is a continuum of individuals of mass m; € (0, 1) searching for work,
corresponding to the size of the labor force, and a continuum of recruiters in the unit inter-
val. Each recruiter posts a single vacancy (at zero cost), and each worker is matched with a

recruiter with probability

P (fg) — (1 + MZ—”)f . 2)
with ¢ > 0 and n > 0.

Thus as in Diamond (1982), there is a search externality, as workers are only able to sell

their output (labor) with a given probability, & € (0,1), which is an increasing function of



aggregate output. The choice of functional form for & is made for its tractability and is not
essential for our results, and the parameter n controls the output elasticity of the matching
probability. If a match is formed, an employed individual produces one unit of intermediate
output (labor services), which is sold by the recruiters to the the final good producers at
price wy. In the Appendix C we show that because recruiters are allowed to create vacancies
at zero cost and individuals have access to perfect insurance markets, employed workers earn

wy = wihy (where w,; denotes the “hourly” wage rate).

Since an individual whose search fails remains unemployed, we obtain the following relation-

ship between unemployment and output

~ N1
1—u = (1 + ,uY;_”) , (3)

where u; corresponds to the unemployment rate. Although, as we show in Section 4, the
natural rate of unemployment is generically indeterminate, we define u* to be it. Then, after
taking the log-linear approximation of equation (3), we obtain the gap formulation of Okun’s
Law, given by

u —u* = —6In (TQ/X) , (4)

with Y that denotes the steady state level of }7}, and where
O=n(1-u)(1+ ,qun)_l pY " (5)

is the gradient of the Okun’s relationship which, as is illustrated in Figure 1, has been
remarkably stable in post-war US data. Thus, we henceforth consider equation (4) as a
structural relationship, with fluctuations in involuntary unemployment driven by search
frictions in a way that is consistent with the empirical evidence on the comovement of

unemployment and the output gap.

3 Equilibrium Model

We consider an indivisible labor economy in which labor market adjustment occurs entirely

along the extensive margin and there are three possible labor market states: employment,



unemployment and non-participation. The formulation of the problem assumes that an
individual who is part of the labor force (either employed or unemployed) uses her endowment
of time instead of enjoying leisure. In particular, we consider the Hansen (1985) and Rogerson
(1988) economy, but with individuals playing lotteries over labor market participation. Thus,
the opportunity cost of employment is the same as that of unemployment, with the upshot
that any equilibrium with unemployment in this economy is not Pareto efficient. The problem

solved by the stand-in agent in the household sector is given by

maxV =5,y 6 [m () + ¥mIn (1 — ho) |, (6)

t=0

subject to the constraints

Ct+it = Tt (1—ut)wt+7“tkt, (7)
kt-ﬁ-l == ‘/;flt + (]_ - (S) kt, (8)

with ¢ > 0 and hy € (0, 1), and where V} is the level of investment-specific technology (follow-
ing the formulation in Fisher, 2006). In particular, the individual’s problem is as in Hansen
(1985) involving lotteries, but with lotteries played over the labor force participation/non-
participation outcomes, instead of over the employment/unemployment outcomes.?> Hence,

m; € [0, 1] denotes the probability of the individual being part of the labor force.

Since consumption and leisure are separable in the utility function and their are complete
insurance markets, individuals participating in the labor force (either employed or unem-
ployed) enjoy the same level of consumption as the individuals who do not participate,
denoted ¢; > 0. Individuals in the labor force are either employed or unemployed and the
unemployment rate is denoted u; € (0,1). The rental rate of capital is r, and is set com-
petitively, while w, is the wage rate and corresponds to the surplus generated by each job
match, as explained above. Finally, x; denotes investment and k;,, the end of period capital
stock holdings of the stand-in household.

3See Appendix A for details.
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The first-order conditions solving the stand-in household’s problem are given by

(1 — wg) wy

oct

% _ (1=0) (1/Vig1) + 7111 ’ (10)

Ct Ct+1

1=

(9)

with ¢ = —¢In (1 — hg) > 0. These conditions are standard, except for the presence of the

unemployment rate in (9).

Indeed, the distinct feature of this economy is the existence of involuntary unemployment.
In particular, in the neighborhood of the steady state, the rate of unemployment satisfies

Okun’s Law given by equation (4) and which we repeat here for convenience
u —u* = —01n <}~Q/X> ) (4"

Equation (4') is a structural feature of the economy and is, therefore, taken as given by
agents. Taken together with (6), it leads to coordination problems in trade similar to those
in Diamond (1982). In his framework, agents are randomly presented with production op-
portunities and, once they produce a fixed quantity of output, they must search for a buyer
and cannot undertake production if they have unsold output. Our framework offers similar
opportunities and constraints. In particular, individuals receive production opportunities
(in our case, the ability to search for work) with a given probability m; and, conditional on
participation, they must find a buyer for their fixed supply of labor hg, subject to the search

frictions described in Section 2.4

Final output is produced by competitive firms combining capital K; and intermediate output

(labor services) N, , through the following Cobb-Douglas technology
Y, = Z, K (AN)' (11)

with a € (0, 1), and where Z; is the transitory component of TFP and its logarithm follows

4In Diamond (1982), the arrival rate of production opportunities is exogenous and individuals must choose
if they pursue production if given the opportunity. Instead, in our model all individuals who participate
(receive a production opportunity) also search for work, but the probability of participation m; is chosen
endogenously. The opportunity cost of participation is hg units of leisure. This small difference in the protocol
does not change the fundamental coordination problem that emerges when there are search externalities.

11



a stationary autoregressive process; in turn, A; is the permanent component of technology

and its logarithm follows a random walk process with drift.

The equilibrium factor prices are given by

wy = (1= 0a)(Yi/Ny), (12)
re=a(Y;/K). (13)

We let II; denote the labor force participation rate and use capital letters to denote aggre-
gate variables. Then, the market clearing conditions are given by ¢; = 6}, Zt = Tt, Et = [?t,
m = I, Ny = II; (1 — u;), where the notation )?t denotes the stationary version of X, given
by (X;/€) with Q;, = AtVta/(lfa), except for K, which is defined as K¢/ (Vie19¢-1). Com-
bining the market clearing conditions with the efficiency conditions (9) and (10), production
function (11), the factor prices (12) and (13), and Okun’s equation (4'), yields the following

equilibrium conditions

6Ci = (1—a) (Yi/11,). (14)
é _ 3B, (1-9) Xt+1~+ CV?tH/KtH] 7 (15)

t Ciy1
Y, = 7 ()ctf?t>a [Ht (1 — ) ] o (16)
Co+1, =Y, (17)
Kipr =14+ (1-68) XK, (18)
Xy = (Viea/ Vi) (%1 /) (19)
w —u* = —61n (2@) , (20)

with In (X)) = (¢"+¢€)) /(@ —1) — (¢ + €}), and In (Z;) — pIn(Z;_1) = €}, and where €},
ef and € are, respectively, the transitory TFP shock, the permanent neutral technology
shock and the permanent investment-specific shock, and ¢g* and ¢g” are the growth rates of
A and V along the deterministic balanced growth path (BGP) equilibrium. Finally, the

net growth rate of output, consumption and investment along the deterministic BGP is
g=9"+g"a/(1-a).

12



4 Steady State

In what follows, we look at the properties of the steady state and next characterize the
equilibrium dynamics of the model in the neighborhood of its deterministic steady-state.
One interesting feature of this model economy is that it is only possible to define an unique
steady state up to a choice for the steady state unemployment rate (henceforth, the natural
rate). In turn, the natural rate u* may not be uniquely defined, depending on the form of
the function &?. Thus, if we do not specify a natural rate the model may exhibits many
steady state equilibria. For a given choice of the natural rate, the deterministic steady state
of this economy corresponds exactly to the steady state of the neoclassical growth model, as

shown in Appendix D.

A second curious feature of the steady state, is that the participation rate II, which is given
by equation (D.5), is independent of the natural unemployment rate. This result follows from
the fact that the preferences exhibit unit elasticity of substitution between consumption and
leisure: an increase in the natural unemployment rate lowers the opportunity cost of non-
participation (substitution effect), but this effect is exactly offset by the negative income

effect implied by the lower expected labor income.

Proposition 1 The economy may exhibit several steady state equilibria, indexed by the nat-
ural rate u* € (0,1), depending on the shape of the function &2. However, the steady state
participation rate 1 is independent of the natural rate. Finally, for a given natural rate, the

steady state of this economy corresponds exactly to that of the neoclassical growth model.

To show that the steady state equilibria are indexed by the natural unemployment rate, is

suffices to note that in steady state the capital-output ratio is independent of u*, given by

)= || 1)

In turn, as shown in Appendix D, the steady state capital stock is proportional to (1 — u*),
so that K = Z(1 —u*). The upshot, is that the steady state aggregate output is also

proportional to (1 — u*). Thus, we may write

(1—w") =AY, (22)

13



Figure 3: The natural rate of unemployment
1 3 1

1-u*
~.
1-u*

with A = = [W] a positive constant. All other variables of interest are proportional

to the capital-output ratio as in the standard neoclassical growth model. Thus, the steady
state is fully determined, conditional on the level of u*, the natural rate of unemployment.
However, the economy may exhibit a large number of natural unemployment rates and, hence,
steady state equilibria, depending on the form of the function &2. These equilibria are Pareto

ranked and, as in Diamond (1982), each steady state equilibrium is locally inefficient.

It turns out that with the functional form proposed for & in Section 2 there may be at most
two interior solutions for the natural rate u*. To see this, notice that equation (3) implies

the following in steady state

(1—w)=(1+py ™),

. (23)
w=pY (1 pY )
and from (23) it follows that the gradient of the Okun’s law is given by
—0=—n(l—u")u" (24)

14



Finally, combining (22) and (23), u* and Y are found. That there can be at most two natural
rate follows from the fact that (1 + ,qun)_l is an increasing function, bounded between
(0,1), and it is strictly concave if n € (0, 1), while it is first convex and then concave if n > 1.
Thus, setting n € (0, 1) guarantees the existence of a unique steady state equilibrium and,
if 7 > 1 there will be two steady states. The latter possibility is illustrated in the left-hand
side panel of Figure 3, and the former in the right-hand side panel.

5 Search Externalities and Local Indeterminacy

In what follows, we show that because of the existence of search externalities, there will be
parameter regions for which the low unemployment steady state is locally indeterminate. In
doing this analysis, we follow the method of Wen (2001) who obtains necessary and sufficient
conditions for local indeterminacy in RBC models. The local indeterminacy of the perfect-
foresight equilibrium implies the existence of stationary sunspot equilibria. In particular,
our focus in this section is to provide necessary conditions for local indeterminacy that offer

an intuitive explanation for the possible emergence of self-fulfilling fluctuations.
Consider the following proposition:

Proposition 2 A necessary condition for indeterminacy is
(B I) <&(1—u 1)+ & (w 1), (25)

where £ (R,11) denotes the elasticity of the gross rate of capital return to participation,
¢ (1 —u*,II) denotes the elasticity of the employment rate to participation, and & (w, 1) the

elasticity of wages to participation. Condition (25) imposes restrictions on n, that s,

nu*e(l—ﬁ(l—&)(l—&i, 1 ) (26)

11—« l—«

Proof. See Appendix F =

It is possible to give concrete economic intuitions for the necessary condition (26). In partic-

ular, in Appendix H, we show that in the neighborhood of the steady state the total elasticity

15



of output to changes in participation is given by

(27)

- dy 11 (1—a)
S(Y,H) Tdny [l—n(l—a)u*}‘

This elasticity is positive as long as nu* < 1/ (1 — «), which corresponds to the upper bound
in condition (26). Thus, a necessary condition for indeterminacy is that the elasticity of
output to changes in participation is positive, & (57, 1:[) > 0. If this condition is satisfied,
an increase in participation leads to an increase in output, which in turn may generate a
multiplier effect if search externalities are sufficiently strong. This is the case if the “effective
wage”, defined as (1 — u;) wy, increases sufficiently following a rise in participation. For this
to be the case, the participation elasticity of the “effective wage”, given by & (1 — u*, II) +
¢ (w,II), must exceed the participation elasticity of the return to capital, £ (R,II). The
“effective wage”, as we just defined, is the relevant measure of the return to labor in an
economy with involuntary unemployment because, conditional on labor market participation,

only the fraction (1 — u;) of labor market participants earns a wage.

The relevant elasticities are given by

§(B,10) = [1 — - fif_aigi*_ d ﬂ , (28)
- ID) = [1 f%f‘gw} , (29)

«
) = - | (30)
Thus, notice that when nu* < 1/(1 — «), the participation elasticity of the wage rate,
¢ (w, II), is negative. Indeed, as there are diminishing returns to labor, the slope of the equi-
librium wage-employment loci is negative. Moreover, labor supply in our model is standard
and, in particular, preferences feature a unit elasticity of substitution between consumption
and leisure. However, there may still be local indeterminacies if the search externalities are
sufficiently strong, so that the employment rate (1 — u*) increases sufficiently following a rise

in participation.®

5This is in contrast to the Benhabib and Farmer (1994) seminal model, that requires the slope of the
labor demand curve to be sufficiently steeper than that of the labor supply curve, to obtain a sufficiently
positive labor elasticity of wages.
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To see how self-fulfilling equilibria may emerge in our economy if search externalities are
sufficiently strong, consider the following argument. Suppose the economy is on a given
equilibrium path, and there is a shock to agents’ beliefs about the shadow price of capital.
For example, suppose agents believe that the shadow price of capital has declined and, thus,
increase consumption. From condition (14), the increase in consumption has to be associated
with an increase in the “effective wage rate”, (1 — u;) wy. If there are no search externalities
and, thus, the unemployment rate stays at its natural level, the participation rate must fall
to raise wages. This, in turn, implies a decline in output and in the capital stock, raising
the return to capital in the next period. This implies further declines in the shadow price of
capital to support the initial change in beliefs. But these dynamics would violate boundary

conditions and, thus, are not an equilibrium.

If, instead, search externalities are sufficiently strong, an increase in the “effective wage rate”
is possible without a decline in the participation rate, if the unemployment rate falls suffi-
ciently. Thus, consumption and participation may both increase. In turn, the increase in
participation raises output and further lower unemployment, allowing the return to capital
and investment to increase initially. However, the increase in the capital stock eventually
leads to a decline in the return to capital, which leads to an appreciation of the price of cap-
ital, and declines in consumption and participation, as the economy returns to its balanced
growth path.® Because it is the “effective wage” which matters in our economy, employment
and consumption may both increase, conditional on an extrinsic shock. Instead, in endoge-
nous business cycles models based on increasing return to scale a la Benhabib and Farmer
(1994), an extrinsic shock that raises consumption is associated with an increase in wages
and, hence, a decline in employment. This counterfactual prediction about the conditional
correlation of consumption and employment is singled out by Schmitt-Grohé (2000) as an im-
portant shortcoming of the canonical endogenous business cycle model. Search externalities

in the labor market, as proposed in this paper, overcomes this problem.

6We have shown that if search externalities are sufficiently large, for any initial equilibrium path it is
possible to construct an alternative equilibrium path supported by a change in beliefs (sunspots). Of course,
if at least two equilibria can be obtained, then the set of equilibria under indeterminacy is a continuum.
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5.1 Diagrammatic exposition

The preceding analysis provided necessary conditions offering an intuition behind the mech-
anism that generates self-fulfilling fluctuations. Next, we show that equilibrium can be
presented in a two-dimensional graph as intersection of two schedules: Okun’s Law and
equilibrium in the final producers sector. This graph can be used to analyse the effects of

both fundamental shocks and non-fundamental (sunspot) shocks.

From section 2, the log-linear form of Okun’s relation is given by

) 1
e lmﬁ(l — u*)

This relation describes the matching process between recruiters and labor market partici-

] (uy — u*).

pants; thus, it is as an equilibrium condition in the recruiters market and we denote it as

recruiters equilibrium and represent it with the RE locus in Figure 4.

In turn, recruiters sell labor to final good producers. The latter combine aggregate labor
services and capital services to produce output. The final producers equilibrium (FPE)

condition is given by

1—a 2t

. -« .
Ct+_a

yt:_m(ut_u)+kt_

which is obtained from combining the production function, the demand equations for labor
and capital services, and the intra-temporal first order condition of households - we have

shut down the effect of investment shocks to focus on transitory technology shocks.

The FPE and RE schedules are drawn in the (¢, u — u*)-space in Figure 4, holding consump-
tion and the productivity shock fixed (as the capital stock is predetermined). The following
Lemma compares the slopes of FPE and RE schedules:

Lemma 1 If the necessary condition for indeterminacy is satisfied, then the slope of the
FPFE schedule is steeper than the slope of the RE schedule.

Proof. The proof is straightforward. The slope of FPE is steeper than the slope of RE if
and only if

1 -« 1
> .
o nu*
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FPE

RE

Figure 4: FPE and RE schedules

The latter is always satisfied if nu* is restricted as in Proposition 2 m

Figure 4 is useful to understand the effects of sunspot shocks and, also, fundamental shocks.
Let us start with sunspot shocks. Following the argument of the previous section, suppose
households hold beliefs that justify higher consumption than the current equilibrium path
(suppose initially the economy is at the steady state, that is, FPE and RE intersect at zero).
The FPE schedule moves to the left since ¢ > 0. At the new intersection, output increases
and unemployment falls. Lower unemployment implies that the participation rate increases.
Moreover, households increase investment since the return on capital is higher. As more
capital is accumulated, the marginal product falls and dynamics are reversed back to the
steady state. Since consumption falls, the FPE schedule moves back to the right until it

crosses RE at zero.

The upshot of the previous analysis is that sunspot shocks, by changing consumption, change
the position of the FPE schedule relative to the RE schedule and affect the real allocation
of resources. The next experiment considers the effects of a transitory productivity shock.
Starting from the steady state, we uncover the following surprising result. A transitory
expansionary shocks to technology implies, on impact, a contraction of output, investment
and consumption, an increase of unemployment, and a decrease of participation. This result

is in sharp contrast with the benchmark RBC model (without search externalities), in which
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expansionary technology shocks generate a boom. However, it is consistent with the findings
in Gali (1999) and Basu et al. (2006), who found that aggregate technology shocks in the

U.S. economy lower employment, investment, and the real interest rate in the short run.

The intuition can be explained with the help of Figure 4. Consider a positive shock to
technology, so that ¢* > 0. Holding consumption fixed at the steady state, ¢ = 0, the FPE
schedule moves to the right. At the new point of intersection, and since the FPE is steeper
than the RE schedule, output falls and unemployment increases. Higher unemployment rates
lower participation by households since search in the labor market becomes less attractive.
In turn, the lower employment lowers consumption - through the intratemporal condition -

and also, lowers the marginal product of capital and investment.

5.2 Labor wedge and business cycles

Consider first the positive correlation between employment and consumption, conditional
on sunspot shocks, that most endogenous fluctuations models fail to match. From the
intratemporal and the necessary conditions we obtain that increases in participation imply
higher employment which, in turn, imply higher consumption. Thus, consumption and

employment are positively correlated.

Combining the intratemporal and the necessary conditions, we can overcome the Barro-King
criticism as well. Suppose an investment shocks hits the economy that makes investment
in capital an attractive option. On impact, the real wage falls and the return on capital
increases. If we were to shut down the search externalities, the intratemporal condition
would imply that consumption has to fall. Thus, consumption falls and capital investment
increases in the short-run. However, if search externalities are active, lower real wages
imply higher labor demand which increases the probability of matching which, in turn, and
through Okun’s Law, increases the employment rate. Taking into account the intratemporal
and necessary conditions, consumption increases. Thus, investment and consumption are

positively correlated conditional on an investment shock.
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6 Rat race for jobs

The left panel of figure 3 features the possibility of two steady state equilibria. The previous
section analysed the local dynamics around the low unemployment stated state - here, we
are assuming that 7 is greater than one and there exist two steady states. Although the low
steady state might be indeterminate, the high unemployment one is determinate. Consider
the following argument. Suppose participation increases, then the low steady state moves up
and to the right of figure 3 whereas the high steady state moves down and to the left - this is
an artefact of the S—shaped function. Higher participation rates increase unemployment at
the high steady state, which in turn imply that the elasticity of employment with respect to
participation, expression (29), is negative. This elasticity is negative if and only if nu*(1 —
«) > 1. The latter implies that the necessary condition is violated from above and hence,

the stated state is determinate.

Since nu*(1 — a)) > 1, the elasticity of employment with respect to participation is negative
and the elasticity of real wages with respect to participation, expression (30), is positive.
The rat race channel is as follows. High participation rates impose an upward pressure on
wages. Firms lower the demand for labor since they face downward sloping demands. Low
labor demand and more participants in the market looking for jobs imply that equilibrium in
the labor market is achieved only with higher rates of unemployment which, in turn, puts a
downward pressure on the job-finding probability. The labor market is overcrowd with many
participants looking for jobs, but high real wages, effectively, create a rationing mechanism

which results in high unemployment.

7 Policy

The point of this section is twofold. First, in section 6.1 we demonstrate how unemploy-
ment insurance (UI) policies can stabilise the economy by lowering or, even, eliminating the

likelihood of indeterminacy. Subsequently, we consider the issue of optimal policy.
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7.1 Fluctuations and automatic stabilisers

Suppose the government provides unemployment insurance (UI). In particular, it replaces
a fraction v of the wage income of households that participate in the labor market but are
unemployed. The government finances this policy by taxing all households with lump-sum

taxes T;. The period ¢ budget constraint of the stand-in agent modifies as”

¢+ iy = (1 — wp)wiho + ymugwiho + reky — 1, (31)

where v € [0,1] is the replacement ratio. A policy of v = 1 is defined as full replacement

policy. Moreover, the government follows a balance-budget policy, requiring
Tt = ’)/Utwthont. (32)

The equilibrium conditions for the economy with Ul are the same as those for the base-
line economy without Ul, except for the intra-temporal equilibrium condition (14) which is

replaced by
HI1,C, = lw} 1-a)Y,. (14')

1— u
Of course, the economy with v = 0 is identical to the baseline economy, since then (14)
and (14’) are the same. However, with a positive UI replacement ratio the mechanism which
could generate equilibrium indeterminacy in the baseline economy are weaker. In the baseline
economy individuals would participate less in the labor market when high unemployment was
expected and this could lead to self-fulfilling high unemployment. However, in an economy
with UI, expectations of high unemployment have a less detrimental effect on participation
as as unemployed workers still receives the government transfer. Thus, the self-fulfilling

multiplier effect is less salient.

More formally, we establish the following proposition:

7Although the economy already offers perfect private insurance opportunities, the introduction of the
government sponsored Ul program affects the budget constraint of the stand-in agent, as it does not have
to be purchased and, thus, crowds-out some of the private insurance. See Appendix B for details.
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Proposition 3 A necessary condition for indeterminacy is

gl

f(E,H)<(1—m

)¢ (1 — w1 + € (w, ). (33)

Condition (30) imposes restrictions on 1, that is,

1-B(l-a)(1-0X 1
1) (1= retn) T

(34)

Proof. See Appendix G =

There exist a unique replacement ratio® such that (31) collapses to a single point and, as a

result, the steady state is determinate. In particular,

. (1—uw)p( —a)(1 - )X
l—wp(l—a)(l—-0)X

and ~v* is less than one since 5(1 — a)(1 — §)X < 1 - the latter is a requirement for a
well-defined steady state. UI policies can eliminate belief-driven fluctuations in the labor

wedge.

It is important to contrast the previous policy with a policy of progressive income taxes.

Suppose the government taxes labor and capital income and pays lump-sum subsidies:

Tt}/;g = Tt.

Following Guo and Lansing (1998), consider the following tax function

YA
ey

where ¢ € (0,1], ¥ € ((a — 1)/, 1) and Y is SS level of output.

The following proposition applies.

8We can verify that steady state unemployment is a continuous function of + and it is locally unique.
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Proposition 4 A necessary condition for indeterminacy is

. <1—(1—0z)5(1—5)(1—¢) 1 )

1—a 11—«

(35)

Proof. See Appendix H. =

7.2 Optimality

The constrained optimal allocation is attained when a planner chooses feasible allocations
and internalises Okun’s Law to maximise discounted intertemporal utility. To understand
optimality, we demonstrate whether UI and progressive income taxation policies can “push”

the economy closer to the constrained best allocation.

Constrained optimality requires

max Z B (log(Cy) — ¢11,)

{CKm} £

s.t

Ci+ Ky = F(K, TLi(1 —wy)) + (1 — 0) Ky,
1 —wu =2 (F(K, (1 —w))),

where I is Cobb-Douglas but here we abstract from technological progress and & is given
by (2).

The first order conditions of the planner’s problem are

Y

¢Cy = (1 — w) [1+5(1—Ut,ﬂt)](1—a)m> (36)
&= (1= agE L+ €0~ wen Tl (37)

where (33) and (34) are the intratemporal and Euler equation respectively. The first order

conditions of the planner’s problem include a wedge which is measured by the elasticity of
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employment with respect to participation, that is,

n(l — a)uy

el = T A oy

(38)

To get a better understanding of the properties of the constrained optimum solution, we
substitute the competitive equilibrium allocations of both the low and high unemployment
steady states into (33), (34).

Let us start with the competitive equilibria at the low unemployment steady state. We are
interested in cases where the necessary condition for indeterminacy is satisfied and hence,
there might exist multiple paths to converge back the steady state. If the necessary condition
is satisfied - expression (23) -, then it follows that the elasticity of employment with respect
to participation, &, is positive. In turn, this implies that the competitive equilibrium solu-
tion is characterised by lower participation and lower investment relative to the constrained

optimum.

The intratemporal condition at the competitive solution implies that the marginal cost of
putting an additional individual in the labor force is lower than the marginal benefit of
the additional wage income. This implies under-participation at competitive equilibrium.
Similarly, the Euler equation implies that the marginal cost of sacrificing one unit of con-
sumption today is lower than the marginal benefit of an additional unit of consumption
tomorrow, which in turn, implies under-investment at competitive equilibrium. To decen-
tralise the constrained optimum solution, a government must subsidise labor and capital
income - and use lump-sum taxes to finance subsidies - in order to induce more participation

and higher investment.

From the previous argument, it should be clear that if the economy is at the low steady state
equilibrium, then a stabilisation policy of progressive income taxes is not desirable from an
optimality perspective. In that case, government policy moves the economy in the wrong

direction relative to the constrained optimum.

However, Ul policies are desirable not only in terms of stabilisation but also in terms of
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optimality. Intratemporal optimality under UI becomes

Uy Y,
1 —ut} (1-a) I (1 — uy)

6= (1) 149 (39)
Comparing (33) with (36), it is evident that U, effectively, subsidises labor income. This
policy moves the equilibrium allocations in the direction of the constrained optimum - how-
ever, it does not attain the constrained best. In particular, UI policies incentivise more
participation and higher investment, and through the Okun’s Law, the unemployment rate
falls. In effect, aggregate demand management policies, like UI, are the optimal policies if the

economy is stuck at the low unemployment steady state. This is consistent with Diamond
(1982).

Consider the high unemployment steady state. We have shown that in that case the steady
state is determinate since the unemployment rate is above the upper bound of the necessary
condition (23). It follows that the elasticity of employment with respect to participation
is negative. Substituting the competitive solution into (33), (34), we conclude that the
high unemployment steady state is characterised by over-participation and over-investment

relative to the constrained optimum.

At the high unemployment steady state, UI policies exacerbate the “rat race” phenomenon
that we described before. In particular, UI polices increase participation and since (1 —wu, IT)
is negative, the unemployment rate increases; since &, in absolute value, is greater than one,
higher participation and higher unemployment lower the total employment and create an
upward pressure on wages. Equivalently, when wages increase, firms lower the demand for
labor and with more participants in the labor market, unemployment has to increase to

restore equilibrium.
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Appendix

A Decentralized Equilibrium and the Lottery Mecha-

nism

This appendix explains in greater detail the institutional and market arrangements used
to support the competitive equilibrium. The set-up follows the that of Hansen (1985) and
also Andolfatto (1996), but extended to allow for three states s € {1,2,3} in the labor
market: corresponding to employment, unemployment and non-participation, respectively.
As in Andolfatto (1996), although individuals experience different employment histories, the
existence of perfect insurance markets guarantee that labor income (net of insurance premia)
will be independent of the employment history. Therefore, we may describe the problem of

the stand-in agent. This appendix shows this formally.

Individuals choose a probability of participation each period, and conditional on participa-
tion face a probability of unemployment u, taken as given. As in Andolfatto (1996), indi-
viduals who participate in the labor market are exogenously shuffled around the available
jobs regardless of employment history and, thus, u also corresponds to the unemployment
rate. Those who participate in the labor market (either in employment or unemployed)
give up hg € (0,1) units of time. Finally, individuals have access to competitive insurance
markets which implement complete markets allocations. In particular, at the start of each
period, individuals may purchase the quantity of insurance y, and ys, at price ps (7, u) and
ps (m,u), where yo and y3 are the units of consumption to be received in case of, respectively,

unemployment and non-participation.

The problem solved by the stand-in agent can be represented as follows

max V(k;u, K) =7(1 —u)[In(c;) + ¢ In (1 — ho) + BV (ky; o', K')]

,Cy, k!
+ mu[In(ey) + ¥ In (1 — hy) + BV (ky;u', K')] (A1)
+ (1 —m) [In(es) + BV (k5;u', K],
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subject to

a+ir=wu,K)+r(u, K)k—ps(m,u)ys — p3 (7, u) ys, (A.2)
cot+is =yo +r(u, K)k —py(m,u) ys — p3 (m,u) ys, (A.3)
c3+iz=ys +1(u, K)k —pa(m,u) y2 — p3 (7, u) ys, (A4)

k.= (1-0)k+is for s=1,2,3, (A.5)

where for simplicity, but without loss of generality, we consider a stationary economy with
G = 1 and without investment shocks, and where ¢, 75 and y, are the allocations chosen
contingent on the realization of state s € {1, 2,3}, that are employment, unemployment and

non-participation, respectively.

The insurance company maximizes expected profits, given by

© = pa (m,u) yo + p3 (7, u) Y3 — Tuys — (1 — 7)ys, (A.6)

and, with competitive insurance markets, we have that p, (m,u) = mwu, and ps(m,u) =
(1—m).

Turning again to the stand-in agent’s problem, we denote A\, As and A3 the multipliers
of (A.2), (A.3) and (A.4). The first order condition with respect to y, and ys are

Combining these two necessary conditions obtains

/\1 1—u /\2 m
AL == ) A9
/\2 u ’ )\3 <1—7T)u ( )

The first order conditions with respect to ¢, for s € {1,2,3}, are

(1 —u) = Mey, mu=Xaco, (1—7)=Ascs. (A.10)
Combining (A.9) and (A.10) yields ¢; = ¢2 = ¢3 = ¢. From the envelope condition, we have
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that 1/¢ = BdV (ks;u, K)/dks = p. Thus, this implies k. = &’ for all s € {1,2,3} and, given
(A.5), iy =i for all s € {1,2,3}. Finally, it follows from the budget constraints (A.2), (A.3)
and (A.4) that yo = y3 = w. Thus, the existence of perfect insurance markets guarantee

that labor income (net of insurance premia) will be independent of the employment history.

It follows that the stand-in agent’s problem can be equivalently written as follows

max V (k;u, K) = ma]g:ln (¢) +¢mIn(1—ho)+ BV (K;u', K'), (A.11)

Ct,Tt

withe+k —(1=90)k=7(1l —u)w+rk.

B Unemployment Insurance and the Lottery Mecha-

nism

In addition to private insurance markets, unemployed households also benefit from govern-
ment sponsored unemployment insurance. Specifically, the government replaces a fraction ~
of wage income of the individuals who are unemployed. The government finances this policy

by taxing everyone lump-sum, that is, subject to the following balanced-budget rule
T = muyw. (B.1)
Compared to Appendix A, the stationary individual problem modifies as

max V(k;u, K) = m(1 —u) [In(cy) + ¢ In (1 — hy) + BV (ky; o/, K')]

m,cy,k'
+ mu[In(ez) + ¥ 1In (1 — hy) + BV (ks ', K')] (B.2)
+ (1 =) [In(cs) + BV (kg; v, K')]
subject to
catir=wu,K)+r(u,K)k—py(m,u)ys — p3 (m,u)ys — T(m,u, K), (B.3)

co+ iy = yo +yw(u, K) +r (u, K) k — pa (m,u) y2 — p3 (m,u) y3 — T (7, u, K), (B.4)
cstig=ys+r(u,K)k—py(mu)ys —ps(m,u)ys — T(m,u, K),
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k,=(1-0)k+is, for s=1,2,3. (B.6)

Asin Appendix A, ¢y = o =c3 =c¢, K} =kl = ki =k, and i; =iy = i3 = i. Making use of
the above budget constraints, the upshot is yo = w(1 — «) and y3 = w. Thus, the previous

problem can be written as

max V (k;u, K) = maxIn (¢) + ¢mwln (1 — ho) + SV (K';u/, K'), (B.7)

Ct,Tt c,m,k’

withe+k —(1=0)k+T =7 (1 —u)w+ muyw + rk.

C Wage Determination

In this appendix we describe in greater detail the bargaining solution used to determine the

wage received by workers that are successfully matched with a recruiter.

Each recruiter is matched to a single employee who supplies hy units of labor. In turn, each
match produces one unit of the intermediate good (labor services), which is sold to final
good producers at price w. Let w denote the “hourly” wage received by the worker. We
assume the Nash bargaining protocol, implying the following bargaining problem solved by

each employer-employee pair
max H (u, K)* J (u, K)' ™ (C.1)

where H and J are the match surplus of, respectively, the employee and the employer, and

with y the employee’s bargaining power.

The match surplus earned by the worker is
H (u, K) = p(who — (e1 — ¢2) — y2) +In(c1) — In(ca), (C.2)

where, following the notation in Appendix A, ¢; and ¢ are the consumption levels contingent
on employment and unemployment, ¥, is the payment received by the private insurance in

case of unemployment and p is the marginal utility of wealth for the stand-in agent.
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Next, the match surplus earned by the recruiter is
T (u,K) = (= who) + pB' T (u, K, (C3)

where p is the probability that the match is pursued the following period and z’ denotes the

continuation value of variable z.

The solution to the Nash bargaining problem must satisfy the necessary condition

\J (u, K) (%) +(1—x)H (u, K) (g—g) — 0. (C.4)

We conjecture that an equilibrium solution to the bargaining problem of the is given by
why = w, no matter the bargaining power distribution, and proceed to verify this conjecture.
First, notice that, as shown in Appendix A, in equilibrium y, = w and ¢; = ¢3. Thus, if

why = w, we have that H (u, K) = 0, and condition (C.4) may be written as

W (w, K) <g_g) —0. (C.5)

In turn, if why = w the functional equation (C.3) becomes
T (u, K) = ppp' T (v, K7) , (C.6)

which has solution J (u, K') = 0 for all (u, K). This solution is an admissible equilibrium
solution, as it satisfies the free entry condition. In particular, since there are no costs of
creating a vacancy, firms must have zero capital value. Finally, notice that with J (u, K) =0
condition (C.5) is satisfied and the conjectured solution is an equilibrium solution. Thus,
although we allow for a bargaining protocol, the equilibrium outcome coincides with the
competitive equilibrium in which workers are paid their marginal product. This is the
upshot of two features of the economy: the zero cost of creating vacancies which forces the

capital value of a job to zero, and the perfect insurance markets.
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D Steady State

Let X denote the steady state of X. For a given natural rate of unemployment u* € (0, 1),

the following equations uniquely characterize the steady state of the model

X =exp (ag_vl —g“), (D.1)
EY) = | M] , (02)
/Ky = [Pz “””ﬂ, (D.3)
(I/K) = - (1-9)X, (D.4)

A=) Y/C)
II= _ 5 } : (D.5)
K =T(1—u*) (K/Y)"/0) xo/0-e), (D.6)

Thus, if we do not specify a natural rate the model exhibits a multiplicity of steady state
equilibria, for each possible u*. In turn, from (3) the natural rate of unemployment u* is

given by
x pY ™"

= - D-7
Y 1+ pYy ™™ (D.7)

This equation has a unique interior solution for € (0,1), and has at most two solutions.

E Log-linear Equilibrium Conditions

Let £ = In ()Af /X ) denote the variable X in log-deviation from steady state. The log-

linearized equilibrium conditions (around the deterministic steady state) are given by

e+ ¢ = Ui, (E.1)

By (et — &) = aB (Y/K) By (1 — e ) (E.2)
gjt:a(l%t—e?—1%@)%—(1—&)7@4—4, (E.3)
(1—u)n, =1 —u)7 — (ug — u”), (E.4)
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(C/K)er+ (I/K) i = Y/K) ., (E.5)
“ ) , (E.6)

l—«

bt = (LK) + (1—6) X (k e
Uy — u = —Gﬂt, (E?)

with the unemployment gap, (u — u*), included in levels instead of logs.

Thus, the deterministic version of the model in log-linear form can be written as

fea| _ (T Toz| [k | _ | e
G| Dot oo | & é

—~

E.8)

with

T — a(l-—a)B(Y/K)ol'y ]
P le——a)oc+tall—a)B/K)]
T :-O‘_(1_O‘)U+O‘<1_a)ﬁ(z/ﬁ)UF121
> a—(I—a)o+a(l—a)B(Y/K)

and where 0 = nu*. The eigenvalues of the matrix I" are

[ K1 ] B 1 [y 4+ Tog — \/(Fn + F22)2 — 4 (1179 — I'2lMy) (£9)

k2 'y + o + \/(Fn + F22)2 — 4 (T3 T9g — T'1ol9)

Indeterminacy arises if the real part of both eigenvalues are less than one in absolute value.
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F  Proof of Proposition 2

Following the approach of Wen (2001), consider the consumption of the stand-in household
at date t

¢ =(1-0)

00 J
Riky +wy (1 —wy) m + Z (H Rt_+1i) Wy (1 — upsj) 7Tt+j] ; (F.1)

j=1 \i=1

where R, = r;+ (1 — §) is the gross rate of return on capital. Making use of the intratemporal

condition (9) and the market clearing conditions, we obtain

Cy=(01-p) (F.2)

00 J
(R/G) Ky + ¢Cill, + 6y (H R;ﬂ-) G i

i=1

Jj=1

In turn, solving forward the aggregate Fuler equation yields

J
(H R;jj> G'Cpyj = FCh. (F.3)
1=1

Substituting the latter into the previous relationship, we obtain

-1

C, = (R/G) K, [Z B (1= ¢lly;) (F.4)

Finally, substituting for consumption using the intra-temporal first order condition and mar-

ket clearing conditions, yields

oR (Ut; Ht) —f(t

(1 — up)w (uy, I) (F.5)

GY B (1—¢lly,) =
7=0

-« oY
with R (uy, ;) = (1= 0) + « [%] ,and @ (ug, ) = (1 — a) [—g(l,%t)nt] :

We want to obtain necessary conditions for local indeterminacy. Thus, the next step is to

log-linearise the difference equation (F.5) around the steady state given the initial condition
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K, = K. The log-linear version of (F.5) is

—(11:—§)E¢ﬂ Zﬁjﬁtﬂ' = (E(&1) - (1 —w 1) — & (w, 1)) 7, (F.6)

=0
where £ (z,y) = ‘j—z (y/x) denotes the total elasticity.

The relevant elasticities are given by

¢(RID) = {1 — ’ 7(71(1__a(>)4§i*_ 5)ﬂ , (F.7)
(- 1D) = [1 71(;(] f)j);*] , (F.8)
et = - [ ] (F.9)

where (F.8), in particular, is obtained from the total differentiation of (3).

Starting from an equilibrium path, a small deviation of II; from this path will not violate (F.6)
if and only if the change in both sides of this equation caused by the change in II; are exactly
the same. Since the elasticity of the left-hand side of equation (F.6) is negative, a necessary

condition for local indeterminacy is that

and condition (F.10) is equivalent to

1—n(l—a)ur - '
This condition is satisfied if
L [1-B-a)(1-0X 1
nu e[ T—a ’1—04]' (F.12)
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G Proof of Proposition 3

To derive a necessary condition, we follow the logic of proposition 2. The consumption of
the stand-in household at date ¢

et = (1= 8) | Rk +w; (1 — wy) mp + ywymauy — Ty+

(G.1)

o0
E <H Rt+z> Werj (1= Upsj) Torj + VWi T Ui — Tivj)
j=1

Making use of the intratemporal condition and the market clearing conditions, we obtain

Cy = (1 - 8) | RiK; + ¢Cl; — T + i (ﬁ Rtji> (0Cy T — Tiyy) (G.2)
j=1 \i=1
Solving the Euler forward and substituting into (G.8), we obtain
Cy = (1 - B) |RK, + ¢C I, — T, + ¢C, 2; F,y,; - C, Z Ied Otﬂ Tl (G.3)
j
which simplifies to
Z (1 - ¢l y) + Z gilee _ Tl (G4)

CtJr] t

Next, substituting the government’s budget and the intratemporal condition, we obtain

Ut+j

- j . i 71 U ¢Rth
= O) + 3 o = . @5

Log-linearising (G.11), we obtain that the left hand side has a negative elasticity - we verify
this at the end. As a result, we need to determine the sign of the right hand side. Log-
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linearising the right hand side, we obtain

(5 (B.11) - (1 - #(1—7)) §(1— ', 1) —f(w,ﬂ)> i

A necessary condition for local indeterminacy is

€ - (1- {o=y ) €0 - v I~ € 1D <0

or, equivalently,

L pl-a)(1-0x 1
a—a)@—q:ﬁiﬁyl—a

nu* €

Finally, to complete the proof we need the following restrictions:

aKt+]‘ 8Ut aUt
>0, — <0, — <0.
76Ht Y

0Ky
>0
0K,

Oy j1 D OKi

(G.6)

(G.9)

From the Okun’s Law, it is straightforward to see that the last two restrictions of (G.9) are

satisfied. For the first two, combine the resource constraint and intratemporal condition, to

get

11—« 1
Ki,=Y . 11— 1+ — 1 + (1 =0 Kiriq.
s I 1( ¢Ht+j—1 < 7(1_Ut+j—1 ))) ( ) i

From (G.10), it is straightforward to see that the first two restrictions of (G.9) hold.

Log-linearising the left hand side of (G.5), we obtain

1—57“ [—gbﬂ(l— 711“)26”1&3

1— I+ ¢I1 e
VEWt Ouy + 8 Oupy1 0Ky + B2 Oupyo 0Ky o 0Ky
(1 —uw)? 4+ ~2(u*)? + 2yur(1 — u*) \ Om 0K Omy OKi19 0Ky Omy
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aUzt+2 aKt+2

BT 41 (8ut+l + + 3 Ouirs ORirs ORe + e ) +
(1 — U*)Q + '72(U*)2 + 2’}/’&*(1 — U*) 87Tt+1 8Kt+2 aﬁt+1 3Kt+3 8Kt+2 67'(',5_’_1
(G.11)
e (G.12)

H Proof of Proposition 4
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Additional Appendix (not for publication)

Log-linear Equilibrium Conditions (deterministic model)

Let 2 = In ()N( /X ) denote the variable X in log-deviation from steady state. The log-

linearized equilibrium conditions are given by

T + ¢ = Uy,
Ei (e — &) = aB (Y/K) E; (Qtﬂ - 72?t+1> ;
g = oy + (1 — o) g,
(1—u)n, =1 —u*)m — (ug — u”),
(C/E) &+ (I/K) i = (Y/E) g,
Feyr = (I/K) iy + (1 = 0) Xy,

N .
uy — u* = —0y;,

with the unemployment gap, (v — u*), included in levels instead of logs. From the intratem-

poral f.o.c.; the production function and the labor market clearing condition, we obtain
a(l—u)j=al—u)k—1—a)1—u)é—(1—a)(u —u),
and plugging the Okun relationship obtains
afy = aky — (1 —a)é + (1 — a) oy,

with ¢ = nu*. Solving for ¢, yields

e e re e it
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Next, we make use of the above equation to substitute for 3, and ;. in, respectively, the

resources constraint and the Euler equation, as follows

kpoq = g — (C/K) &+ (1 — 6) Xk,
{ Y/K +(1—5)4 ke — {(;—a)(X/K)HC/@] Gt

(1—a)o - 1l-a)c

=T lkt + 126

and
E, (ét+1 - ét) =af (Z/K) E, (@tﬂ - kt+1> )

:{aa—awmm](A ).

— (1 — a) o Uk?t+1 — Ctt1

Finally, combining the above equations we obtain

Ei(C41— &) = a(l—a)BY/K)

] (Uk?t+1 Etét+1>7

—(1-a)o
CTe(=@)BOYE)] (o
== e (1 — a) . :| <O‘F11]€t + UF12Ct - Etct+1> ’

1 aB/K)eTn 1. [a/(1—a)—o+af(¥/K)oTs
BeCn) = | 070" a) —o +ap (X/K)] ot { o/ (—a)—o+aBW/K) |
- Fgll;'t + Fggét.

Additional derivations and results

Consider the following total derivative

ay

E:u—a)f(au—u)‘anﬂ [1—u+Mﬂ],

dlIl
v [ (5 ]
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Next, from (3), we obtain

d(l—u) py 7! [dY
arn (1 +Y—n)2 di1 )’

o YUl ofdy
14+ Y m1+Y-n\dll)’
LAY\ o fay T |
_e(dn)y _9<dny)n.

Combining equations (H) and (H) yields

%g - {ﬁg f)e(zl_—u;)] ’

the total elasticity of output to changes in participation.
Making use of the above result, we obtain
dR ay 1
am ~ @ (d_H) K
[ 0—w R
l—u—0(1-a)

and, using the fact that R =1—0 4+ a(Y/K), yields

T [

Similarly, making use of the fact that w = (1 — «) (Y/II) / (1 — u), we obtain

- 5 )t o ]

:ﬁ[%%(l—u—@)—(l—uﬂ,
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which yields the total elasticity

dwll _dYIl-u-0
dllw dIY 1—u ’
(1-—a)(l—u—20)

= —1’
l—u—0(1-a)

:_L_Zggﬁl@}

dull  d(l—wu) 1II

dil v dil  1—u’

_ dY I 1
N dliY ) 1 —u’

- L—Z(—le_((;)—a)]'

Return to Capital (deterministic BGP)

Finally, notice that

As long as ¢g” > 0, the rental cost of capital r, = a(Y;/K;) and, hence, also the capital to
output ratio decline over time. However, the cost of investment in terms of the consumption
good also declines at the same rate. Thus, the net rate of return on capital p remains

constant over time, and satisfies the condition

t4p= -0 5t e .
. (Y/K) = {1//3— d _(M] :

In the calibration we set (1 + p)4 = 1.0516, to match an annual rate of return on capital of
5.16% reported by Gomme et al. (2011), and solve for the implied discount factor 5.

Proposition 5 Consider a baseline economy without Ul, and suppose the baseline economy
s parameterized such that there are multiple equilibrium paths converging to the same BGP
(local indeterminacy). It is always possible to transform the baseline economy by introducing

an Ul policy in order to guarantee a unique equilibrium path around the BGP. In particular,
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the full replacement Ul policy always guarantees uniqueness. Moreover, there exists a range

of replacement ratios v € (1, 1} for which there is a unique saddle path stable equilibrium.

Proof. First, we compute the new steady state with UI and then we verify the claim in

Proposition ?7. The new steady state modifies as

K/Y H.1
)= | ==z )
1— Y 1 —u(1l—
p (=@ O1-wi-y) i)
10) 1—u*
K=1(1-u" (K/X)l/(l_a) xo/(l—q) (H.3)
As in the model without UI, steady state unemployment is given by
-
U* = L_, (H4)
L4 pY ™"

The log-linear equilibrium conditions are identical to those for the economy without UI,
except for the intratemporal condition governing consumption and leisure choices, which is

now given by
Y (ug
G—Uﬂﬂ—UWl—wJ

Thus, the system of equilibrium conditions is still given by (E.8), with the only difference

— ). (HL.5)

Et‘i‘%t—yt‘f‘[

that the coefficient o is now given by

U:{ 9&—7)]'

1—wur(1—-7)

We now turn to Proposition ??. Consider a baseline economy without Ul, which is obtained
when 7 = 0, and let the parametrization of this economy be such that both eigenvalues x;
and ko (defined in Appendix E) are inside the unit circle. Thus, in the baseline economy
there is local indeterminacy of equilibrium around the BGP. Next, consider an otherwise

identical economy, but for which there is UI with full replacement ratio, so that v = 1. For
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v =1, we obtain ¢ = 0 and the eigenvalues k; and ko simplify as

k1 =T >1,

(H.6)
Ro = FQQ € (0, 1),

given (5/G) € (0,1). Therefore, the economy with full UI replacement ratio (7 = 1) must
be locally determinate (saddle path stable).

Finally, since the eigenvalues are continuous functions of ~, it follows that, in the neighbor-
hood of the economy with full UI replacement ratio, there exists a range of v € (1, 1} for

which the equilibrium is saddle path stable. m

Proposition 6 Suppose the steady state tax rate satisfies the following relation:

it 1-B(1-H)X 1
1+LT+ 1—7 IE<(1—Q)6(1—5)&<1 (H?)

l—-a—

Then, a necessary condition for indeterminacy s

v “ D £
5(E,E)—(1—m)5(1—1hﬂ) ¢ (w,1I) <0. (H.8)

Condition (81) imposes restrictions on 1, that is,

1 1-(1-a)Bl-0X 1
* — ; H.9
e l—aq_Irfewr  1-80-9x 1 ' 1—a |’ (H.9)
I+:%,7 I-z —w*
with
l—a u*
= H.10
LR p— ( )
Proof. Following a similar argument as with the proof of proposition 2, we obtain
— . SR (uy, 1) f(t
Gy B (1—09llyy) = — , H.11
jZO ( ) = Tt V(X — 1))@ (ug, 11, (H.11)
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l—«

with B (s, 1) = (1= 8) &+ (1 = m)or [ S8 @ (u, 1) = (1 - ) [ gt | and
7=yt gt = gt (1—;% - 1)'

We want to obtain necessary conditions for local indeterminacy. Thus, the next step is to

log-linearise the difference equation (I.1) around the steady state given the initial condition
K, = K. The log-linear version of (1) is

— (1 - p)oll G A N Y * N
W;ﬁ Tiyj = (5 (R, 1) — (1 - m) §(1—w 1) —é(wﬂ)) Ty
(H.12)
The relevant elasticities are given by
* o 77(1 B a) u*
5(1_’& 7H)_ {1—77(1—04)u*} >
«
£(w>ﬂ) = - |:1 _ 77<1 _ oz)u*] )
and & (R, II) is given by
o1—w) I

(R =

1 |: Y aTt @(1 —Ut)

_aia“_m) o ﬂ—l—(l—z)(l—a)a%—l—a%(l—z)(l—a)

R

= [-76(r 1~ w60 — ut )+ (1= D)1~ a)(1 +€(1 —w', ID)

omy 1 —u*

Y 1 ﬁ(l—&)u* 1
_1-80-9)X Ti n(l—a)ur N w 1
B 1—-7 |:_U*1—?7(1—04)u*+(1 —)(1 )1—77(1—04)u*] .

Following the same logic as in proposition 2, a necessary condition for indeterminacy is given
by

e - (1- o= ) €D g <0 (1
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Substituting into (1.3), we obtain

1-0-0)X[] 1 n(l—-a)u* 1
1—1 [151—7](1—04)1%+(1_I>(1_a>1—n(1_a)u*}_
L n(l—a)u* a
(1 R ﬁz) Gy e g ey (H.14)

or, equivalently,

1 L 1-B(1-0)x 1
1—(1-— 1—OHX —n(l —a)u* |1 — —1=2 =r— 0
1—77(1—a)u*[ (1=l =0 a1~ aju ( 1+27 -7  ‘u
(H.15)
If the steady state tax rate is bounded above, that is,
a 1
o —7r— < (1— 1-0)X <1 H.16
Lyt Ty < (@i -9 <L (1.16)
then (1.6) is satisfied if and only if
1 1—(1- 1-0HX 1
e € U_opi-onx 1|, (.17
11—« TP 1-p1-0)X _1 1 —«
=== -z Lur

(L.7) guarantees that (1.8) is a well-defined interval. m
Constant income taxes

Suppose the government collects income taxes and distribute subsidies:

7Y, =T;.

To derive a necessary condition, we follow the logic of proposition 2. The consumption of
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the stand-in household at date ¢

¢ =(1-0)

00 J
Rtkt + wy (1 — U,t) T + T;f + Z (H Rt_j’t) ('lUt_;,_j (1 — ut—i—j) Tgtj + TH_])

j=1 \i=1

(H.18)

Making use of the intratemporal condition and the market clearing conditions, we obtain

o J
Cr=(1-pB) |RE; + ¢CI,+ T, + > <H R;ﬂ) (6Crieys + Tryy) (H.19)
j=1 \i=1
Solving the Euler forward and substituting into (G.8), we obtain
Cy = (1= B) | RiE; + ¢CIL, + T, + 6C, Z iy + Gy Z 5 C Tyl (H20)
j=1 b+
which simplifies to
— Tiy; _ RK
7 (1 — ¢ll 1 = H.21
;m ;) ZB% G (H.21)

Next, substituting the government’s budget and the intratemporal condition, we obtain

= . = . T ORK,
;W (1= ¢llyy) — ;qusnﬂrj = = — : (H.22)

)(l—a) (1—u)(l—"1)w

Log-linearising H.22 we can show that the necessary condition coincides with the case where

there is no policy.
Constrained Optimum

Suppose a social planner can internalise the externalities arising from the Okun’s relation.

In particular, the planner solves the following problem:

max >~ (log(C,) — 011,
T =0
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s.t
Ct + Kt+1 S Kgﬂi_a(l — Ut)l_a + (]_ - (S)Kt,
1-— Ut = (1 + ,U/Y_n)_l.
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