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Abstract

This paper studies asymmetric auctions for a generalized class of
bidders’ utility functions. We characterize all Bayesian equilibria of
a first-price auction game under weaker assumptions. The necessary
conditions of an equilibrium are strict monotonicity, continuity and
pure strategy. Next, we establish a revenue ranking for the first-price
and second-price auction. Finally, the bidders’ preferences of the two
auction mechanisms are compared for different types of absolute risk
aversion.
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1 Introduction

We study asymmetric auctions without resale for a generalized class of bid-
ders’ utility functions. Two asymmetric bidders play an auction game with
incomplete information for an indivisible object. The probability distribu-
tions of their types are independently distributed and are common knowledge
among bidders and the seller. The bidders’ von-Neumann-Morgenstern util-
ity function is continuous, strictly increasing and concave on the real line.
The bidder with the highest bid wins the object and pays the amount ac-
cording to the underlying auction mechanism.

In auction literature, the key assumptions are (a) symmetric bidders,
(b) independent and private types, (c) risk neutrality, (d) no collusion, and
(e) the bidder with highest bid wins the object. Vickrey [16], Riley and
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Samuelson [15] and Myerson [13] study auction by considering assumptions
(a)-(e). Holt [4], Riley and Samuelson [15] and Maskin and Riley [11] relax
assumption (c¢). While Plum [14], Lebrun [6] and Maskin and Riley [10] relax
assumption (a). We relax assumptions (a) and (c¢) simultaneously and study
auctions with weaker assumptions.

Consider a risk neutral seller who conducts a first-price auction. Lebrun
[6] characterizes all Bayesian equilibria of a first-price auction with asym-
metric bidders having risk neutral preferences. He shows that no equilibrium
exists in non-increasing, discountinuous and mixed strategies. Maskin and
Riley [10] show that if one bidder is “strong” and the other is “weak”, the
weak bidder bids more aggressively and produces a “weaker bid distribution”
than the strong bidder. Lebrun [7] shows that if the distribution function of
a bidder changes “stochastically”, then the bidder will produce a “stronger
bid distribution”. We extend their results for a generalized class of bidders’
utility functions.

In Theorem 1 of this paper we characterize all Bayesian equilibria of a
first-price auction for a generalized class of bidders’ utility functions. The
presumption of a continuous and a monotone pure strategy equilibrium has
not been made while characterizing the equilibria. A priori, we just assume
that a mixed strategy equilibrium exists which may be discontinuous and
non-increasing. We show that the necessary conditions of an equilibrium are
continuity, monotonicity and pure strategy.

In section 3 and henceforth, we assume that one bidder is “strong” and the
other is “weak”. In Proposition 1 and 2, we show that the weak bidder bids
more aggressively and produces a weaker bid distribution than the strong
bidder. In Proposition 3, we show that the strong (resp. weak) bidder bids
more (resp. less) aggressively when playing against a strong (resp. weak)
bidder than against a (resp. strong) weak bidder. Moreover, the strong
(resp. weak) bidder produces a stronger (resp. weaker) bid distribution than
the weak (resp. strong) bidder when both are playing against a strong (resp.
weak) bidder. We also show a comparative result in Proposition 4.

An auction mechanism is “efficient” if the winner of the auction is the bid-
der with highest type. It is well known in the literature that, with symmetric
bidders and risk neutral or risk averse preferences, any auction mechanism
in which the bidder with the highest bid wins the auction is efficient. On the
contrary, this is not generally true with asymmetric bidders. In asymmetric
auctions, the winner of the object may not be the bidder with the highest
type. More often, the sole motive of an auction is to maximize the expected
revenue of the seller. Moreover, there is a trade-off between efficiency and
revenue. Myerson [13] and Riley and Samuelson [15] independently show
that revenue equivalence theorem holds if the assumptions (a)-(e) (as stated
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above) are satisfied. If any of the above condition is not satisfied, the rev-
enue equivalence theorem may fail to hold. It is worthwhile to note that
the revenue equivalence theorem does not rely on the payment structure.
This means if all the conditions are satisfied, then the theorem holds for all
types of auction mechanism such as first-price auction, second-price auction,
third-price auction, all-pay auction, etc. Holt [4], Riley and Samuelson [15]
and Maskin and Riley [11] show that, if the assumption of risk neutrality is
not satisfied, the revenue equivalence theorem fails to hold. More specifically,
they show that with risk averse bidders, the expected revenue generated from
a first-price auction is more than from a second-price auction. Maskin and
Riley [10] study revenue ranking by relaxing the assumption of symmetric
bidders. They show that, in general, the rankings of the revenues cannot be
established. Moreover, with the assumption of conditional stochastic domi-
nance and “shifted” or “stretched” distribution functions, the revenue from
a first-price auction exceeds that of a second-price auction. We extend the
result by Maskin and Riley [10] for a generalized class of bidders’ utility
functions.

In Proposition 5, we show that the revenue generated from a first-price
auction is more than from a second-price auction.

For symmetric bidders and different types of absolute risk aversion, the
bidders’ preferences for the two auction mechanisms has been compared by
Matthews [12]. He shows, with increasing (resp. decreasing) absolute risk
aversion, bidders prefer the first-price (resp. second-price) auction mecha-
nism, and with constant absolute risk aversion, the bidders are indifferent
between the two auction mechanisms. We compare the bidders’ preferences
over the two mechanisms when they are asymmetric. In Proposition 6, we
show, with increasing (resp. decreasing) absolute risk aversion, the weak
(resp. strong) bidder prefers first-price (resp. second-price) auction mech-
anism and, with constant absolute risk aversion, the weak (resp. strong)
bidder prefers first-price (resp. second-price) auction mechanism.

The outline of the paper is as follows. In section 2, we formalize the model
and characterize all Bayesian equilibria. In section 3, we study the bidding
behavior and other properties of equilibrium. In section 4, we compute the
general expression for seller’s expected revenue and show a revenue ranking
result. In section 5, we compare the bidders’ preferences for different types
of absolute risk aversion. We conclude the paper in section 6.



2 The model and characterization of equilib-

ria

Consider an indivisible object for sale. There are two asymmetric bidders
with risk neutral or risk averse preferences. Let N = {1,2} denote the set of
bidders. Let T; = [0, a;] C R be the type space of bidder i and t; € T; be his
type. Assume a; # a;.' Let T'=T; x T be the product type space. Nature
draws a type profile ¢t € T and privately informs ¢; to bidder i, i.e., bidder ¢
knows ¢; and not t; for every j # i. Let B; C &, be the action (or bidding)
space of bidder 7 and b; € B; be his bid. Let B = By x By be the product
action space. The von-Neumann-Morgenstern utility function for both the
bidders is v : f®; — R with v(0) =0, v/ > 0 and u” < 0.2

The structure of the game is as follows. The seller of the object conducts
a first-price auction. All the bidders submit their bids simultaneously in
a sealed envelope. The bidder with the highest bid is the winner of the
auction and pays his own bid. Whereas the loser of the auction does not pay
anything. In case of a tie, the seller chooses the winner by a fair lottery. All
the bidders are utility maximizers. Assume that the seller is risk neutral,
i.e., he maximizes the expected profits. For simplicity, the reservation utility
of the seller is assumed to be zero. The payoff function 7; : T; x B — R for
bidder ¢ is defined as

mi(ti, by, by) = |Z] 1EZ
u(0) i ¢ 7

where Z = {i| max; b;} and |Z| is the cardinality of Z.
Formally, a Bayesian game is defined as

I'= {N, (73, T, Nz’)a (Bu B;), Wi)ieN} (1)

N is the set of bidders, the triplet (T}, 7;, p;) is a measure space, the pair
(B;, B;) is a measurable space and ; is the payoff function. Assume that
the measure p; is absolutely continuous on [0, q;] for every i € N. The
probability measures on types are assumed to be independently distributed
are common knowledge among the bidders and the seller. Let F; be the

In auction literature, the distribution functions on type spaces like T; are known as
“stretched” distributions.

2 Alternatively, in a more general framework, u; = u(b,t;) such that u; is monotonic
and weakly supermodular. In our framework, the assumption of strictly increasing and
concave is equivalent to the assumption of monotonicity and weak supermodularity in a
more general framework.



distribution function of the type such that F;(0) = 0 and Fj(a;) = 1. Assume
that F; is twice continuously differentiable and strictly concave on (0, a;]. We
also assume that the distribution function has no mass point and the density
function DF; = f; is locally bounded away from zero, i.e., f; > 0.

We define the bidding strategy for the bidders. Let v; : T; x B; — R be a
transition function (or regular conditional distribution). Then, by definition
Ui, Ay) : T; — R is Ti-measurable function for every A; € B;; and v;(t;,.) :
T; — R is a probability measure for every t; € T;. The transition function
W;(t;, A;) is the probability that b; € A; given his type is t; € T;. Moreover,
given a type t;, ¥;(t;, A;) is the interim probability measure of the bid or the
behavioral strategy of bidder .

The strategy 1; is said to be pure if for every t; € T;, ¥;(t;, {b;}) = 1 for
some b; € T; and ¥;(t;, {b;}) = 0 for every b; € T; such that b, # b;. With
abuse of notation, if 1;(¢;,{b;}) = 1, we write ¥;(t;) = b;.

Let the space of transition functions ¢; be A(B;). Consider P; € T; and
Q:; € B;. Then, P, x (); is a measurable rectangle. Let the space of all
measurable rectangles be &;. T; ® B; is a product o-algebra and (T; X B;, T; ®
B;) is a product measurable space. A product measure ¢; : T; @ B; — R is
defined as

i( B x Q;) := /P. pi(dt )i (ti, Qi)
for every P, x Q; € T; @ B;. Note P, C T; and Q; C B;. The product measure
©i(P; x ;) is the probability that t; € P; and b; € Q;.
The measure f3; : B; — R defined as 3;(Q;) := p:(T;, Q;) for every Q; € B;
is the marginal of the measure ¢; on T;. It is interpreted as the ex-ante

probability measure of the bid or the mixed strategy of bidder ¢. So, the
triplet (B;, B;, 5;) is a measure space. Whereas the marginal of ¢; on B; is
1i(P;) = @i( Py, By).

The interim expected payoff U; : A(B;) x A(B;) x T; — R for bidder
1€ N is

Us(¥i, ¥, t:) = /B-XT-vawi(ti’dbi) ® @;(dt;, db;)m;(t;, bi, b;)

for every t; € T;.

Definition 1. A profile of functions (1;,v;) is a Bayesian equilibrium if for
everyi € N, t; € T; and ¢, € A(B;),

Ui(vi, 1, ti) > Us(3g, 5, ).

Suppose (15, 1;) is a Bayesian equilibrium. Let a correspondence ¥; :
T; = B; be defined as

Yi(ti) = {bi € Bi|Us(vi, ¥, t:) = Us(bi, ¥, 1) }

b}



Let the functions A; : T; — B; and €; : T; — B; be defined as

for every i € N. By the definition of a Bayesian equilibrium, U;(v;,;,t;)
is the maximum expected payoff generated by bidder ¢ given that bidder j
follows ;. Given a type t;, X;(¢;) is the set of all those bids which bidder 4
bids with positive probability. Furthermore, A;(¢;) and €;(¢;) are the infimum
and supremum of all those bids respectively. Thus, by the definition of a
mixed equilibrium, the sets A;(¢;) and €Q;(t;) are non-empty for every t; € T;
and 7 € N.

Consider a measure space (B;, B;, 3;). Let g; : B; — R be a B;-measurable
function. Then, j; is the ex-ante probability measure of the function g;. The
function g; is the bid made by bidder ¢. The co-domain of the function g;
represents the set of “effective” bids when i follows a mixed strategy ;.

Let {(B;, B, ¢¥i(t;,.))|t; € T;} be a family of measure spaces. Consider
a type t; and a measure space (B;, B;, ¥;(t;,.)). Let hi(t;) : B; — R be a
B;-measurable function. Let {h;(t;)|i € N} be the family of B;-measurable
functions. Then, ;(¢;,.) is the interim probability measure of the function
hi. The function h;(t;) is the bid made by bidder i. The co-domain of the
function g;(t;) represents the set of bids that bidder ¢ bids with positive
probability when the behavioral strategy v;(t;,.) is implemented.

We state the characterization of all Bayesian equilibria.

Theorem 1 (Characterization of equilibria). The profile of transition func-
tions (¢, ;) is a Bayesian equilibrium if and only if for every i € N, 1; is
pure, strictly increasing, continuous and solves the following pair of differen-
tial equations
Froy;'(b) _ u(vy'(b) —b)
DF; o' (b) — w/(y5'(b) —b)

with boundary conditions 1;(0) = 0 and ;(a;) = b such that b € R .

(2)

Proof. Appendix A |

The above theorem states that the necessary conditions of an equilibrium
are continuity, strict monotonicity and pure strategy. This means we presume
that an equilibrium may exists in mixed, discontinuous and non-decreasing
strategy. We then show that if an equilibrium exists, it has to be in pure,
continuous and strictly increasing strategy.

The proof of the above theorem is long and involved (The complete proof
is given in Appendix A). The structure of the “if” part of the theorem is as

6



follows. The idea is to show that the correspondence ¥; is a function. This
means that the functions A; and €; are identical. It then follows that A; or
Q); is indeed a pure strategy equilibrium.

To show Y; is a function requires some work. In Lemma A.1, we show
that U; (i, ¢;,t;) > 0 for every t; > 0 and ¢ € N. In Lemma A.2, we show
that A;(0) = ©;(0) = 0 for every i. In Lemma A.3, we show that Pr(i wins|t;)
is non-decreasing in ;. In Lemma A.4, we show that A;(¢;) > €;(¢;) such
that ¢, > t;. This means that the infimum of 3;(¢;) for a higher type ¢}
is at least as large as the supremum of ¥;(¢;) for a lower type ¢; (Recall
that for a given type t;, 3;(t;) is the set of all those bids that bidder i bids
with positive probability). We then show that A,(¢;) and €;(¢;) are non-
decreasing in t;. In Lemma A.5, we show that A;(¢;) > 0 and Q;(¢;) > 0
for every t; € T; — {0} and ¢ € N. In Lemma A.7, we show that A; is left
continuous and 2; is right continuous. As A; is left continuous, it follows if
A; is continuous, then A;(t;) = Q;(t;) for every ¢; € T; and ¢ € N. Similarly,
as §2; is right continuous, it follows if €; is continuous, then Q;(¢;) = A;(t;)
for every t; € T; and i € N. Therefore, to show ¥; is a function, we need to
show A; and 2; are indeed continuous. In Lemma A.8, we show that A;(t;)
and ;(t;) are strictly increasing in ¢;. In Lemma A.9, we show that A; and
(); are continuous. Hence, we conclude that ¥J; is a function.

We need to show that 1); is pure, strictly increasing and continuous. It
suffices to show that A; and €; are identical, strictly increasing and con-
tinuous. As ¥; is a function, it follows that 1; is pure. As A; and €); are
strictly increasing and continuous, it follows that 1; is strictly increasing and
continuous. Rest of the proof is routine.

The “only if” part of the proof requires to show that it is not profitable
for any bidder to deviate.

3 Properties of an equilibrium

In this section and henceforth, we assume that bidder 1 is a “weak” bidder
(w) and bidder 2 is a “strong” bidder (s). If the distribution function of
bidder ¢ “conditional stochastically dominates” that of bidder j, then we
say ¢ is strong and j is weak. So, the set of bidders can be re-written as
N = {s,w}. We assume a; > a, and the distribution function is twice
continuously differentiable and strictly concave on (0,a;]. We also assume
that the distribution function has no mass point and the density function
DF;, = f; is locally bounded away from zero, i.e., f; > 0. F; is said to
be first-order stochastically dominant to F} if F;(z) < F;(z) for every x €



R. Whereas F; is said to be conditional stochastically dominant® to Fj if
Fi(z)/F;(z) < Fi(y)/Fj(y) for every z,y € R such that x < y. It is easy
to check that conditional stochastic dominance implies first-order stochastic
dominance (in general, the converse is not true). We make the following
assumption on the distribution functions of the bidders:

Assumption 1. F; is conditional stochastically dominant to F,,.

The above assumption states that, given any two arbitrary types ¢; and
o such that ¢; < 1o, the relative probability of the strong bidder of getting a
type higher than ¢; is more than the relative probability of the strong bidder
of getting a type higher than ¢5. In other words, the relative distribution
function of the strong bidder is increasing in types.

In subsection 3.1, we study the bidding behavior when bidders are asym-
metric. In subsection 3.2, we compare the bidding behavior of symmetric
and asymmetric bidders. In subsection 3.3, we study comparative statics.

3.1 Bidding behavior of asymmetric bidders

Suppose (¢, 1;) is a Bayesian equilibrium. By Theorem 1, ¢; is pure, strictly
increasing and continuous; 1;(0) = 0; and there exists b € R, such that
Yi(a;) = b for every i € N. Let B = [0,b]. Note that T} and B are compact
and connected sets. Also, B; = B for every i € N. Since 1; is pure, from now
on we shall refer to the equilibrium bidding strategy as a measurable function
¥; - T; — B. As ; is strictly increasing and continuous, it follows that the
inverse exists and it is also strictly increasing and continuous. We shall
denote the equilibrium inverse bidding strategy by a measurable function
6, - B — T,. It is noteworthy that the measurable functions t; and 6; are
bijective.

Consider a bid b € B. Suppose bidder i with type ¢; bids b and bidder j
follows his equilibrium bidding strategy 1; with equilibrium inverse bidding
strategy ¢;. It is more convenient to work with inverse bidding strategies
rather than the bidding strategies. Bidder ¢ wins if and only if ¢; < 6;(b).
So, @ wins the auction with probability Fj o §;(b) and thereby incurs a payoff
of u(t; —b). While he loses the auction with probability 1 — Fj o 6;(b) and
payoff u(0) = 0. Hence, the expected payoff of bidder 7 is

Ui(b, ¢, ;) = Fj o 0;(b)u(t; — b) (3)

3In auction literature, the assumption of conditional stochastic dominance was first
used by Maskin and Riley [10]. In statistics literature, conditional stochastic dominance
is known as monotone probability ratio.



So, the maximization problem of bidder 7 is max;, U;(b, ¢;,t;). Differentiating
w.r.t. b, we get

DbUi(b, @ZJj,ti) = DF] o Qj(b)u(tl — b) — F’] o Qj(b)u/(tZ — b)

As bidder i follows ); in equilibrium, the first-order condition? can be written

- Fyo6(b) _ u(6,(b) —b)

4
The system of differential equations given by (4) along with the boundary
conditions

characterize the equilibrium inverse bidding strategies. Later in this subsec-
tion, we shall characterize the equilibrium bidding strategies.
(4) can be re-written as

_Fyo6,(b) u/(6,(b) ~ b)

DO0) = 7725,(0) wlbi(b) = b)

©)
nd '(6.(6) — b)
NCOED ")

(6) and (7) shall be used later. We compare the equilibrium bidding strategy
of the two bidders.

Dlog F; 0 6,(b) =

Proposition 1. Suppose the profile of measurable functions (v;,v;) is a
Bayesian equilibrium and Assumption 1 is satisfied. Then, 1, (t) > 14(t)
holds for every t € T, — {0}. (Equivalently, 0,,(b) < 04(b) holds for every
be B-{0}.)

Proof. Appendix B |

The above result states that the weak bidder bids more aggressively than
the strong bidder, i.e., for a given type the weak bidder bids more than the
strong bidder.

In the next result, we compare the equilibrium bid distributions.

Proposition 2. Suppose the profile of measurable functions (v;,v;) is a
Bayesian equilibrium and Assumption 1 is satisfied. Then,

F;004(b) < F, 00,(b)
holds for every b € B — {0, b}.

4As F; and u both are concave, the first-order condition is both necessary and sufficient.
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Proof. Appendix B |

It can be easily verified that at b € {0,b}, F, 0 0,(b) = F, 0 0,(b). The
above result states that, in equilibrium, weak bidder produces a more aggres-
sive bid distribution than the strong bidder. In other words, the equilibrium
probability of winning for the strong bidder is more than that for the weak
bidder.

We now characterize the equilibrium bidding strategy of the bidders. Sup-
pose (1;,1;) is a Bayesian equilibrium. Let (; : T; — T} be defined as

Gi(ti) = 0 0 i(t:) (8)

for every j € N. (;(t;) is interpreted as the type required by bidder j to bid
the same as bidder ¢ bids when his type is ¢;. It is noteworthy that (;(0) =0
and (j(a;) = aj. Moreover, it follows (s(t,) > t, and Fy o (s(t,) < Fiy(ty)
from Proposition 1 and 2 respectively. Differentiating (8) w.r.t. ¢; and using
(4), we have

o o Gi(t) fi(t:) u(Gs(t:) — s(ts)) ' (i — i(ts))
DGE) = 750 Bt w(6y() — wnlt) ults — () )

Similarly,
Dyy(t;) = fi(t:) U’/(Cj<t1) Yi(ti))
Fi(ts) w' (¢ (t:) — ¥i(ti))
for t; € T; — {0, a;} and for every ¢ € N.
The system of differential equations given by (9) and (10) along with the
boundary conditions

(10)

¢;(0) = 0 and (j(a;) = a; (11)
characterize the equilibrium bidding strategies. It is wothwhile to note that
the system of differential equations given by (4) along with the boundary
conditions given by (5) is equivalent to the system of differential equations
given by (9) and (10) along with the boundary conditions given by (11).
The characterization of equilibrium bidding strategies will be useful when we
derive the expression of the expected revenue for the seller in section 4.

3.2 Comparison of bidding behavior for symmetric and
asymmetric bidders

We say the bidders are symmetric if both the bidders are either weak or both
strong. The main goal of this subsection is to compare the bidding behavior
of symmetric and asymmetric bidders.
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Suppose both the bidders are either strong or both weak. Let the equi-
librium bidding strategies be (&, ) with inverse bidding strategies (A, Ax)
for k € N. Then, by Theorem 1, the following holds: (a) & is pure, strictly
increasing and continuous, (b) &,(0) = 0 and there exists b, € R, such that
&r(br) = ag, and (c) the following differential equation holds

Fk o) )\k(b) . u()\k(b)

DE, o M(b)  w/(O(D)

b)
b)

w(Ak(b) = 0) (12)

The above condition can be re-written as
B Fk o )\k<b) 1
fr 0 Ak (D) w(Ax(b) — )

The differential equation given by (12) along with the boundary conditions

DAx(b)

(13)

characterize the equilibrium inverse bidding strategies.

We now characterize the equilibrium bidding strategies. Let B, = [0, by].
Consider a representative bidder i with type ¢t who bids according to &(s).
Suppose the other bidder j bids according to his equilibrium bidding strategy.
Then, the expected payoff of bidder i is

Vie(&r(s), &k (t), 1) = Fr(thul(t — &(s))
Differentiating w.r.t. ¢, we get
DVi(&x(s), & (t), 1) = frl(s)u(t — & (s)=) Fi(s)u'(t — &k (s))DEx(s)
Since bidder i follows &(¢) in equilibrium, the first-order condition is

_ fi(®)
Fi(t)

D& (%) w(t — &(t)) (15)

The differential equation given by (15) along with the boundary conditions

characterize the equilibrium bidding strategies. It is noteworthy that the
differential equation given by (12) along with the boundary conditions given
by (14) is equivalent to the differential equation given by (15) along with the
boundary conditions given by (16).

We compare the equilibrium bidding strategy of weak symmetric bidders
and strong symmetric bidders.
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Corollary 1. Suppose the profiles of measurable functions (£, &w) and (&5, &s)
are a Bayesian equilibrium when both the bidders are weak and strong respec-
tively, and Assumption 1 is satisfied. Then,

(A) &u(t) < &(t) for every t € T, — {0} (Equivalently, \,(b) > Xs(b) for
every b € By — {0,by,}),

(B) Fy 0 \(b) < Fyy 0\ (b) for every b € By — {0,b,}.

Proof. Appendix B |

The above result states that bidders bid aggressively and produce a
weaker bid distribution when they are strong as compared to when they
are weak.

In the next result we compare the bidding behavior of symmetric and
asymmetric bidders.

Proposition 3. Suppose the profile of measurable functions (1y,1s) is a
Bayesian equilibrium when one bidder is weak and the other is strong. Sup-
pose the profiles of measurable functions (&, &) and (&s,&s) are a Bayesian
equilibrium when both the bidders are weak and strong respectively. If As-
sumption 1 is satisfied, then

(A) Ys(t) < &(t) for everyt € Ty—{0} (Equivalently, 85(b) > \s(b) for every
be Bs - {0765})7

(B) ¥(t) > &u(t) for every t € T, — {0} (Equivalently, 0,,(b) < Ay (b) for
every b € B — {0,b}),

(C) Fyy00,(b) > Fy 0 A (b) for every b € B, — {0, b},

(D) F, 00,(b) < Fy 0 A\y(b) for every b € B — {0,b}.

Proof. Appendix B |

The above result states that the strong (resp. weak) bidder bids more
(resp. less) aggressively when playing against a strong (resp. weak) bidder
than a (resp. strong) weak bidder. Moreover, the strong (resp. weak) bidder
produces a weaker (resp. stronger) bid distribution than the weak (resp.
strong) bidder when both are playing against a strong (resp. weak) bidder.

3.3 Comparative statics

Consider a bidder j. Suppose the distribution function of j changes to FJ such
that £ ; is conditional stochastically dominant to F;. Furthermore, FJ satisfies
all the assumptions satisfied by Fj. As before, when distribution functions
are (F}, Fj), the equilibrium bidding strategies and equilibrium inverse bid-
ding strategies are denoted by (¢;,v;) and (6;,6;) respectively. When the
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distribution functions are (F;, E; i), let the equilibrium bidding strategies and
the equilibrium inverse bidding strategies be denoted by (wj, w]) and (9“ 0, )
respectively. From Theorem 1, 1;(0) = 15;(0) = 0 and there exists b such
that ¢i(a;) = ;(0) =

When distribution functlons are (Fj, F;), the expected payoff of 7 is given
by (3) with first-order condition given by (4). The expected payoff of j and
the first-order condition is analogous to (3) and (4) respectively.

When distribution functions are (F; ﬁj), the expected payoff of bidder i
is

Us(by s ts) = £ 0 0;(b)u(t; = b)
and the expected payoff of bidder j is
Uj(b,dhisty) = F, 0 0;(b)ult; — b)

The first-order conditions for ¢ and j are

;' = (17)

and

(18)

respectively.
We compare the bidding behavior due to a change in the distribution
function of one bidder.

Proposition 4. Suppose the profiles of measurable functions (¢;,1;) and
(¢, ;) are a Bayesian equilibrium when the distribution functions are (F;, Fj)

and (F;, Fj) respectively such that ﬁj conditional stochastically dominates F}.
Then,

(A) i(t;) > i(t;) for every t; € T; — {0},
(B) FJ 0 0;(b) < Fj 0 0;(b) for every b € B —{0}.
Proof. Appendix B |

The above result states that due to a change in the distribution function
of bidder j, (a) bidder i bids more aggressively than before, and (b) bidder
J produces a weaker bid distribution than before.

When the distribution functions are (£}, F}), the interim expected payoff
functions of 7 and j are

z( s ¢27¢]) maXF o 0; (b>u(tl - b)
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and
Uj(ts, i, 5) = max F o 6,(b)ut; — b)

respectively. When the distribution functions are (E,ﬁ}), the interim ex-
pected payoff functions of i and j are

and A o R
0t ,) = max Fy o Ou(b)ut; —b)

respectively.
In the next result, we compare the expected payoff of the bidders due to
a change in the distribution function of one bidder.

Corollary 2. Suppose the profiles of measurable functions (1;,1;) and (zﬂz, 1ZA)J)
are a Bayesian equilibrium when the distribution functions are (F;, F;) and

(Fl,ﬁj) respectively such that ]5] conditional stochastically dominates Fj.
Then, Ul(tm wia w]) < Ul(t’u wiu w]) and Uj(tja wh ’l/}j> < Uj(tja wia %) fO'I” every
tzEE—{O} andtj 67}—{0}

Proof. Appendix B |

The above corollary states that due to a change in the distribution func-
tion of one bidder, both the bidders are worse-off .

4 Revenue ranking

In this section, we compare the seller’s expected revenue in a first-price auc-
tion and a second-price auction. We make the following assumption on the
density functions of the types:

Assumption 2. F; = pF, for 0 < p < 1 and f,(ty) > fs(ts) for every
tw € [0,a,] and ts € [ay, ag

Suppose (14, 1;) is a Bayesian equilibrium of I'. Consider b € B and the
weak bidder. Given b, the expected revenue of the seller is b times the winning
probability of the weak bidder, i.e., bF;060,(b). Summing this expression over
the bidding space B, we get the ex-ante expected revenue of the seller as

b
P, = / Fy 00, (db)bF, o 6(b)
0

14



Integrating by-parts, we get

P, = /OB{(1 — Fy 0 0,(b))D(bE, 0 6,(b))}db

Using (4), we get

_ u(9w<b> - b)
D(bF} 0 05(b)) = DO(b) f5 0 0(b) (b + uww(b)—b)>

Using the above equation in the expression of P,,, we get
b (0, (b) — b)
pw = / 1— Fw w s s ————=|D s
; {( 0 0,(0))f 09<b><b+u’(0w(b)—b) 0s(D) pdb

Recall that (;(t;), given by (8), is the type required by bidder j to match
bidder i’s bid with type ;. So, (s 0 0,(b) = 05060, 00,,(b) = 0,(b). Using
this in the expression of P,,, we get

(tw — ¢w (tw>>
(tw - ¢w (tw))

Integrating by-parts, we get the ex-ante expected revenue from the weak
bidder

Po= [ {0 ) (vl + ) Gt o,

Po= [T <s<t>>D{<1 R (ww@f) ' W) }dt (19)

We now compute the ex-ante expected revenue for the seller generated by
the strong bidder. Applying symmetry to (19), we have

P, = /Ob {(1 —F,06(b) (b + WD& 0 Qw(b)> }db

We know (s 0 6,,(b) = 05(b). So, the expression for ex-ante expected revenue
from the strong bidder is

O L e

The expressions given by (19) and (20) are the general expressions of ex-ante
expected revenue of the seller in a first-price auction generated from the weak
and strong bidder respectively. Since, these expressions will be quite useful,
we state them in the following lemma.
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Lemma 1. Suppose the profile of measurable functions (1;, ;) is a Bayesian
equilibrium of I'. Then, the expressions for ex-ante expected revenue of the
seller in a first-price auction generated by the weak and strong bidder are
given by (19) and (20) respectively.

The ex-ante expected revenue of the seller in a first-price auction is

P:Pw+Ps
:A%a_aoquM@<qu_Mﬁ»_U@_MN»>
(21)

w(Gs(t) = Yu(t))  w'(t—0s(t))

u(t = Pu(t))

We now compute the expression of ex-ante expected revenue for the seller
in a second-price auction. Recall that, it is a weakly dominant strategy to
bid its own type in a second-price auction. Consider the weak bidder with
type t,,. Given t,, the expected revenue of the seller is the probability that
the type of strong bidder is less than ¢, times ¢, i.e., [* F5(dts)ts. Summing
this expression over the type space of the weak bidder, we get the ex-ante
expected revenue of the seller as

Qu=[" [ Flat) R,
Integrating by-parts, we have
Qu= [ (1= Pultu)tudty
Integrating by-parts again, we have
Qu= [ (1= F(t))D(t(1 = Fu(t))dts (22)

Applying symmetry, the ex-ante revenue of the seller generated from the
strong bidder is

Qo= [ (1= Fultw)tudta (23)
0
The ex-ante expected revenue of the seller in a second-price auction is
Q = Qw + Qs
(24)

_ /0“”(1 ~Fy(0)(1 — Fy(t))dt
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Therefore, the general expression of the seller’s expected revenue generated
from a second-price auction is given by (24).°

The difference between the seller’s ex-ante expected revenue generated
from a first-price auction and a second-price auction is

P=Q = ["{(1 = o DLW (G vu (b)) + (1 = o G(1)

(25)
(1= Fult)DY (a(t).1) — (1 — Fu(®))(1 — Fi(1))}d
where
CulGlt) —ul®)  ult— (1))
W0 0w (D:0) = e B =)~ (= (@)
and,

A e KO
Y(Wult) ) = vult) + 25— @)

Note that as v’ > 0 and «” < 0, it follows D;Y (¢,,(t),t) > 1. (25) can be
re-written as

P—@:Awu—ﬂommWKNM%wwu—&wﬁlﬁgm
DY (u(t) ) 1 - Fy(t) } "
W(G(t), u(t) t) (1= Foo G6)W (1), du(t) 1)

> [0 RGO . w000 - R} {50
_ FOCS(>_Fs(t)
ey RTAO eI
( Fyo(s(t) — Fi(t) }dt

> [ WG v l). )0 - m”%”“‘w«ﬁmmwm

The last inequality follows from the fact that (s(t) > ¢ (Proposition 1) and
Fso0(s(t) < F,(t) (Proposition 2).
We state the revenue ranking result.

Proposition 5. Suppose (1;,1;) is a Bayesian equilibrium of I' and As-
sumptions 1 and 2 are satisfied. Then, the ex-ante expected revenue of the
seller generated from a first-price auction is more than from a second-price
auction.

5The expression for the expected revenue in a second-price auction is same as in the
linear utilities framework as computed by Maskin and Riley [10]. This is because, in a
second-price auction with generalized utility functions, it is still a dominant strategy to
bid your own type.
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Proof. Appendix B |

The above result states that for the generalized class of utility functions,
the expected revenue generated from a first-price auction is more than from
a second-price auction.

5 Different types of risk aversion

We compare the bidders’ preferences of first-price auction and second-price
auction under different types of absolute risk aversion, i.e., increasing ab-
solute risk aversion, constant absolute risk aversion and decreasing absolute
risk aversion. In this section, we assume that the von-Neumann-Morgenstern
utility is strictly increasing and strictly concave. Furthermore, we assume
that the reserve price of r € R, is exogeneously given.

The Arrow-Pratt measure of absolute risk aversion is defined as R(z) =
—u"(x)/u/(x) for every x € R. The utility function v has increasing absolute
risk aversion if DR(x) > 0, has constant absolute risk aversion if DR(z) = 0,
and has decreasing absulute risk aversion if DR(x) < 0.

Suppose (1;,1;) is a Bayesian equilibrium of a first-price auction. Recall
that the equilibrium bidding strategy 1; with inverse bidding strategy 6; are
strictly increasing and continuous. Suppose bidder j follows his equilibrium
bidding strategy. The maximization problem of bidder i is

Vi(t;) = mgthj o6;(b)u(t; —b)
Suppose b* solves the above maximization problem. Then,
b* € arg ml?ij o 6;(b)u(t; —b)
So, the value function can be re-written as
Vi(ti) = F; 0 0;(b")u(t; — b") (26)
Using Envelope theorem, we have
DVi(t;) = Fj o 0;(b")u/(t; — b7) (27)

Recall that, in a second-price auction, it is a dominant strategy to bid
your own type. Let the equilibrium bidding strategy and equilibrium inverse
bidding strategy be denoted by n; and v; respectively. Note that n;(t;) = t;
and v;(b) = b. Suppose (n;,n;) be a Bayesian equilibrium of a second-price
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auction. Suppose bidder j follows his equilibrium bidding strategy. The
maximization problem of bidder 7 is

b
Kilts) = max Fyovy(b) [ Fy(dty)u(t: — t;)
0
As n(t;) = t;, we have
b
ti € arg mIE)%X Fj o vy (b)/ F}(dt])U(tl — t])
0
So, the value function can be re-written as

Ki(t) = Fy(t) [ Fy(dey)ults — 1) (28)

Using Envelope theorem, we have
t;
DEG(t:) = Fy(ts) [ Fyldt;'(t — 1) (29)
0

Consider z,y € R,. It can be proved that with increasing (resp. de-
creasing) absolute risk aversion, u(xz —y) = Eg(u(z — ¢)) implies v/'(x —y) >
(resp. <)E;(v/(z — 7)) and with constant absolute risk aversion, u(z —y) =
Ey(u(e — §)) implies o/(z — y) = Byl (z — ).

We state the following result.

Proposition 6. Suppose (¢;,1;) is a Bayesian equilibrium of a first-price
auction and Assumption 1 is satisfied. Suppose (n;,n;) is a Bayesian equilib-
rium of a second-price auction. Then,

(A) With increasing (resp. decreasing) absolute risk aversion, the weak (resp.
strong) bidder prefers a first-price (resp. second-price) auction over a second-
price (resp. first-price) auction.

(B) With constant absolute risk aversion, the weak (resp. strong) bidders
prefers first-price (resp. second-price) auction over (resp. first-price) second-
price auction.

Proof. Appendix B ]

The above result holds for ¢; > r for every ¢ € N. It states that the weak
bidder prefers first-price auction over second-price auction under increas-
ing and constant absolute risk aversion. Whereas the strong bidder prefers
second-price auction over first-price auction under constant and decreasing
absolute risk aversion.

5The proof of the above result can be found in Lemma 1 of Maskin and Riley [9].
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6 Conclusion

We have characterized all Bayesian equilibria in a first-price auction under
weaker assumptions. The presumption of a continuous and a monotone pure
strategy equilibrium has not been made while characterizing the equilibria.
We have shown that the necessary conditions for an equilibrium are continu-
ity, strict monotonicity and pure strategy.

By considering one weak and one strong bidder, we have shown that the
weak bidder bids more aggressively and produces a weaker bid distribution
than the strong bidder. Next, we have compared the bidding behavior of
symmetric and asymmetric bidders and shown that the strong (resp. weak)
bidder bids more (resp. less) aggressively when playing against a strong (resp.
weak) bidder than against a (resp. strong) weak bidder. Moreover, the strong
(resp. weak) bidder produces a weaker (resp. stronger) bid distribution than
the weak (resp. strong) bidder when both are playing against a strong (resp.
weak) bidder.

We have computed the general expression for seller’s expected revenue
and established a revenue ranking for the first-price and second-price auc-
tion. The revenue from a first-price auction is more than from a second-price
auction when one bidder is weak and the other is strong.

Finally, we have shown that with increasing (resp. decreasing) absolute
risk aversion, the weak (resp. strong) bidder prefers first-price (resp. second-
price) auction and; with constant absolute risk aversion, the weak (resp.
strong) bidder prefers first-price (resp. second-price) auction.

A Appendix: Proof of Theorem 1

Lemma A.1. Suppose the profile of transition functions (y;, ;) is a Bayesian
equilibrium. Then, U;(¢;,v;,t;) > 0 and Pr(i wins|t;) > 0 for every t; €
T, — {0} andi € N.

Proof. Consider any ¢ with ¢; > 0 such that U;(¢;,;,t;) = 0. Then,

Pr(i wins|t;,b;) = 0. This implies Pr(b; > ;) = 1. As Pr(t; < t;) > 0, it
follows Uj;(#;,;,t;) < 0 which is a contradiction. Hence, U;(¢;, ¥;,t;) > 0
for every t; € T, — {0}. As U;(¢i,v;,t;) > 0, it follows Pr(i wins|t;) > 0 for
every t; € T, — {0} and i € N. |

Lemma A.2. Suppose the profile of transition functions (1, 1;) is a Bayesian

equilibrium. Then, A;(0) = ;(0) = 0 and there exists b such that A;(a;) =
Q;(a;) = b for every i € N.

20



Proof. Let g. = inf{g;} and g = max{gi,gj}. We show g, = 0 for every
i € N. We show by contradiction. Suppose g > 0. Without loss of generality,
assume g = g.. Then, for t; € (0, g), Pr(i wins|t;) > 0 and U;(¢, 5, ;) <0
which contradicts Lemma A.1. Hence, g, = 0 for every i € N. As g. =0, is
follows A;(0) = ©;(0) = 0 for every i € N

Let g; = sup{g;} and § = max{g;,g;}. We show there exists b such

that g; = b. We show by contradiction. Suppose g; # g;. Without loss of
generality, suppose § = g; > b. Then, Pr(i wins|t; = a;,b; = g) = 1. This
implies there exists € > 0 such that U;(g — €,v;, a;) > Ui(g,v;, a;), which is
a cntradiction to Definition 1. Hence, g; = b for every i € N. |

Lemma A.3. Suppose the profile of transition functions (y;, ;) is a Bayesian
equilibrium. Then, Pr(i wins|t;) is non-decreasing in t;.

Proof. Consider t;,t, € T; such that t; > ¢;. Then, by the definition of a
Bayesian equilibrium, it follows

Ui(Yi(ts, ), ), t;) = /wi ti,db;) ® @;(dt;, db;)m;(t;, bi, b;) >
U(Wi(th, ), ts) = [ il db) @ (A, byt bis by)

As u(.) is strictly increasing and concave, it follows u(t; — b;) > u(t, — b;) —

u(t; —t;). This implies m;(t;, b;, bj) > m(t;7 b, b;) — Iu(t’ ) such that I; =

and m;(t;, b, by) > mi(t, b, b;) — Liu(t; —t;), it follows that

/¢l(tz, dbl) & (pj(dtj, db; )Wz(tl, bw b > /'[bZ t/ db ® QOJ(dt db)ﬂ}J(t;, bz‘, b])
) [ it dbi) @ y(dt;, db)

This implies

Ui(i(ti, ), ¥y, t) = Us(u(t, ), 5, 8) — ult] — t;) Pr(i wins|t;)
Interchanging the roles of ¢; and ¢}, we get

Ui(¥ilti, ), vy, 1) = Us(dhi(ts, ), ¥, ta) + ulti — ta) Pr(i wins|t;)
The above two inequalities imply Pr(i wins|t}) > Pr(: wins|t;). |

Lemma A.4. Suppose the profile of transition functions (y;, ;) is a Bayesian
equilibrium. Then, A;(t;) and Q;(t;) are non-decreasing in t; for every t; € T;
and i € N.
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Proof. We show A;(t}) > €Q;(t;) such that ¢; > t;. We show by contradiction.
Suppose there exists some ¢ such that Q;(¢;) > A;(t;). Consider two sequences
(bp)22; and (b)), such that b, | Q;(¢;) and b/, 1T A;(¢}) for every n € N. By

n=1
Definition 1, we have

Ui(bn, 1y, t;) = Pr(i wins|b, )u(t;—by,) > Pr(i wins|b,)u(t;—b],) = U;(b,,, ¢;,t;)
and,
Ui (bl s, t;) = Pr(i wins|t;)u(t; — b)) > Pr(i wins|t;)u(t; —b,) = Ui(by, ¢, ;)
Adding the above two inequalities, we get
Pr(i wins|b) ){u(t; — b)) —u(t; — b))} > Pr(i wins|b,){u(t; — b,) —u(t; —b,)}
Asu(t, — b)) —u(t; = b,) < wu(t,—0b,) —u(t; — by,), it follows Pr(i wins|b/,) >
Pr(1 wins|b,). As b, > b, it follows from Lemma A.3 that Pr(i winsb,) >
Pr(i wins|b!,). As Pr(i wins|b),) > Pr(i wins|b,) and Pr(i wins|b,) >
Pr(i wins|b),)), it follows Pr(i wins|b,) = Pr(i wins|b)). As U;(by, 9, t;) >
U; (b, 4, t;), it follows w(t; — b,) > u(t; — b)), which is a contradiction.
Hence, Az<t;) Z Qz(tz)

We show that A;(t;) and Q;(t;) are non-decreasing in ¢;. As Q;(t}) >
Q;(t) > Q,(t;) for every t;,t. € T; such that t; > t;;i € N. [ ]

Lemma A.5. Suppose the profile of transition functions (y;, ;) is a Bayesian
equilibrium. Then, A;(t;) > 0 and Q;(t;) > 0 for every t; € T; — {0} and
1€ N.

Proof. We show by contradiction. Suppose A;(t;) = 0 for some i € N.
Consider a sequence (b,)>2; such that b, T A;(¢;) for every n € N. Then,
Ui(by, ¥, t;) = u(t; — b,) Pr(i wins|b,) for every n € N. As lim,,_,

Ui(by, ¥, t;) > 0, it follows that lim,,_, Pr(¢ wins|t;,b,) > 0. As A;(t;) =0,
it follows from Lemma A.4 that A;(¢}) = 0 for every ¢, € (0,¢;). As Q;(t)) <
Ai(t;) (from Lemma A.4), it follows Q;(¢;) = 0. As lim,,_,o, Pr(¢ wins|t;, b,) >
0, it follows that there is a strictly positive probability of a tie. This implies
Ui(e, ¥, t;) > U;(0,9;,t;) for a small enough € > 0 and for every ¢; € (0,t;),
which is a contradiction. Hence, A;(¢;) > 0 and €;(¢;) > 0 for every t; €
T, — {0} and i € N. |

Lemma A.6. Suppose the profile of transition functions (v, ;) is a Bayesian
equilibrium.  Then, 5;({b}) = 0 and Pr(i wins|b;) is continuous in every
biGBi and 1 € N.
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Proof. Suppose ¢;(T;,{b}) > 0 for some i € {s,w} and for every b > 0. We
show that for every € > 0, ¢;(1}, (b — €,b]) > 0. We show by contradiction.
Suppose there exists a € > 0 such that ¢;(7}, (b—e, b]) = 0. As ;(T;, {b}) > 0,
it follows U; (¢, ¥;]ti, b) > 0. As ¢;(1}, (b — €,b]) = 0, it follows that there
exists some €' such that U;(V',v;,t;) > U;(b, ¢, t;) for every b’ € (b—e+¢€,b),
which is a contradiction. Hence, for every € > 0, ¢,(1j, (b —€,b]) > 0.
Suppose ¢;(T;, (b — €,b]) > 0 for some ¢ € N,b > 0 and for every € > 0.
We show ¢;(T;, (b—e¢,b]) = 0. We show by contradiction. Suppose ¢;(1}, (b—
€,b]) > 0. Consider a set W, € B(A;) such that Pr(h;(t;) € (b —¢€,b]) >0
for every € > 0 and t; € W,. Then, ¢ > € implies W, C W/. We show there
exists a € > 0 such that € < b and t; > € + b for every t; € W,. We show
by contradiction. Suppose, for every W,, such that n € N, there exists some
tin € W, such that t;, < n+b. It can be verified that t;, > n — b for every
tin € W, and n € N. As Uz(¢z>¢]7tz) = UZ(¢Z7¢j7tl|hZ(tl) S (b — E,b]), it
follows U; (¢, ¢, tin) < u(2n). Asn —b <t;, <n+b, n approaches to zero
implies t;, approaches b. Then, lim,_,o U;(¢;, ¥;|ti) < lim,_0u(2n). This
implies U;(1;,v;,b) = 0, which is a contradiction, as U;(¢;,;,t;) > 0 for
every t; > 0. Hence, such a € exists. Consider ¢ > 0 and § > 0 such that

€ < € and 5 o (0.5) 4055, 0 (B}
~ _ io(0,0) +0.0p;0
5<€—U1<U(€) ! ﬁjo(O,b]] )

As € — 0, it follows such a § exists. Then,

Ui(i, ¥jlts, 9i(ti) € (b—€,b]) < ulti — (b—¢€))(B;0(0,b) +0.53; o {b})
<u(t; — (b+0))B; 0 (0,0]
= Ui(i, ¥j]ti, b+ 0)

which is a contradiction. Hence, ¢;(T}, (b —€,b]) = 0.

We show f;({b}) = 0 for every b > 0 and ¢ € N. Suppose 5;({b}) > 0
for some i € N. Then, ¢;(T;, (b —€,b]) > 0 for every ¢ > 0. This implies
©i(T;,{b}) = 0, which is a contradiction. Hence, 5;({b}) = 0 for every b > 0
and ¢ € N.

We show Pr(i wins|b;) is continuous in every b; € B;. We know Pr(i wins|
b;) = B;0(0,b;]. As Bj o {b;} =0 (from Lemma A.2) for every b;, it follows
that 3; o (0,b;] is continuous in every b;. Hence, Pr(i wins|b;) is continuous
in every b; € B;. [ |

Lemma A.7. Suppose the profile of transition functions (y;, ;) is a Bayesian
equilibrium. Then, N;(t;) is left continuous and ;(t;) is right continuous.

Proof. We show A;(t;) = limy 4o, Q;(t)) and Q;(t;) = limy |, A;(t)) for ev-
ery t; € (0,a;]. As € is non-decreasing in ;, it follows limyqy, Q4(t]) =
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supy o, $4(t;). Then, limyy, Qi(¢}) < Ai(t;). Consider a sequence (¢:,)52,
such that tin T t; and lnmHOO i(tin) = SUPy <, Q;(t;) for every n € N. Then,
Ui(Q(tin), V), tin) = u(tin — Qi(tin)) Pr(i Wlns]Q( n)) for every n € N. As
n — oo, we get U; (1, ¢, t ) u(ti—supy o, (7)) Pr(i wins| supy o, Q4(t})).
Then, A;(t;) = infsupy ., Q(t;). This implies A;(t;) < supy, Ql(t;) As
Ai(t;) > supy o, Qi(t7) and A;(t (ti) < supy o, (1), it follows Al(tz) = SUpy
Q;(t}) for evezry t. € (0,a;]. Hence, A;(t ) = limyq¢, Q4(t;). Similarly, it can be
shown €;(t;) = limy |, Ay(t;) for every t; € (0,a;]. As A; is left continuous,
it follows if A; is continuous, then A;(t;) = €;(t;) for every t; € T;. As Q; is
right continuous, it follows if €; is continuous, then A;(¢;) = Q;(t;) for every

Lemma A.8. Suppose the profile of transition functions (¢;,;) is a Bayesian
equilibrium. Then, A;(t;) and Q;(t;) are strictly increasing in t; for every
1€ N.

Proof. We show by contradiction. Suppose A; and §2; are not strictly in-
creasing. From Lemma A.4, A;(¢;) and Q;(t;) are non-decreasing in ¢;. Sup-
pose Q;(t;) = c for all t; € W; C T;. Then, A;(t;) = Q;(t;) for every t; € W;.
But, 5; o {Ai(t;))} = 0 for some t; € W;, which contradicts Lemma A.6.
Therefore, A;(t;) and Q;(¢;) are strictly increasing in ¢; for every ¢; € T; and
1€ N. [ |

Lemma A.9. Suppose the profile of transition functions (;, ;) is a Bayesian
equilibrium. Then, A;(t;) and Q;(t;) are continuous for every t; € T; and
1€ N.

Proof. We show that A; is right continuous. We show by contradiction.
Suppose A; is not right continuous at some t; € T;. Then, for small enough
€ > 0, Pr(b; € (Ai(t;), Ai(t; + €)) = 0. This implies Pr(b; € (A;(t:), Ai(t; +
€)) = 0. As Pr(b; € (Ai(t:),Ni(ti + €)) = 0, it follows U;(A;(t;), ¥, t) >
U;(£(t;), v, t;), which is a contradiction. Hence, A; is right continuous at ¢;.
Therefore, A;(t;) is continuous for every ¢; € T; and i € N. As A;(t;) = Qi(t;)
if A; is continuous, it follows that €2; is continuous in every t; € T; and
1€ N. |

Proof of Theorem 1. Suppose the profile of transition functions (¢;,,)
is a Bayesian equilibrium. From Lemma A.9, it follows A;(t;) = Q;(t;) for
every t; € T, and i € N. As ¥, is a function (Lemma A.9) and, A; and Q; are
continuous, it follows that 1); is pure and continuous. As A; and §2; are strictly
increasing (Lemma A.8), it follows 1); is strictly increasing. From Lemmas
A.2 and A.9, it follows 1/;(0) = 0 and there exists b such that ;(a;) = b for
every 1 € N.
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As 1); is pure, strictly increasing and continuous, it follows the inverse of
; exists and is strictly increasing and continuous. Suppose bidder j follows
his equilibrium strategy. Then, the maximization problem of bidder 7 is
max, Fj o 5 (b)u(t; — b). The first-order condition implies (3).

Conversely, suppose ¥;(0) = 0, 1;(a;) = b and the system of differential
equations given by (3) are satisfied for every i € N. Suppose bidder j follows
1;. We show that the best response for bidder 7 is ;. Suppose bidder ¢ with
type t; bids b. The expected utility of bidder i is U;(t;, b) = Fjoth; * (b)u(t;—b).
Using the monotonic transformation V;(t;,b) = logU;(t;,b), the expected
utility of bidder i is V(¢;,b) = log Fj o
psi; H(b) 4+ logu(t; — b). The first-order derivative is

DFjo06;(b) ' (t;—b)

DyVi(ti,b) = Fyot;'(b)  u(t; —b)

The expected utility of bidder ¢ gets maximized when Dy(t;,b) = 0, that

is,

Fjot;'(b) _ u(yi'(b) —b)

DFjoq;'(b) /(¢ ' (b) —b)
Suppose bidder i over-bids by bidding ¥’ such that 1; *(b') > t;. As ;7 (V) >
t;, it follows u'(t; — b') Ju(t; — b') > o' (¥ (V') — V') Ju(yp;H(B') — ). Then,

n_ DEjot(t) /(i —V)
Db’v;(tiab) = FJ 01/1;1(6,) - ult; — b’)
DFjod; ' (V) w/'(¢;'(V) = V)
Fjopy'(t)  u(yy'(¥) —b)

=0

So, it is not profitable for bidder i to over-bid. Suppose, on the other hand,
bidder ¢ under-bids by bidding " such that 6;(b') < ¢;. Then,

N DFjo @/Jj_l(b/) uw'(t; =)
Db’Vi(tiab) - F}O¢;1<b,) - w ti—b/)
DFjo; (V)  w/(g'(v) = V)
Fyogy () u(y;'(v) =b)
=0

So, it is not profitable for bidder ¢ to under-bid. Hence, it is optimal for
bidder i to choose 6;(b') = t;. Therefore, v is a Bayesian equilibrium. [
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B Appendix: Proofs of Proposition 1-6 and
Corollary 1-2

Proof of Proposition 1. We prove by contradiction. Suppose 0,,(b) £
0,(b) for every b € [0,b]. As 0,(b) < 64(b) (by assumption), it follows that
there exists some € > 0 such that 0,(b — €) < 0,(b — €). As 0,(b) & 0,(b) for
every b € [0,0] and 0,(b) < 04(b), it follows that there exists some b* such
that 0,,(b*) = 0,(b*) and 6,,(b) < ,(b) for every b € (b*,b]. At b = b*, from
(4), we have

Fy00,(b) F;004(b)

DF,00,(b) DF,o00,(b)

Equivalently,
F;004(b) _ Fy00,(b)

fs 0 05(b) fuw 0 0(D)
From the assumption of conditional stochastic dominance, at b = b*, it follows
that D@, (b) > D#4(b). Then, there exists a 6 > 0 such that 6,,(b* + ) >
0s(b* + 0), which is a contradiction. Hence, no such b* exists. Therefore,

0.,(b) < 04(b) for every b € [0, b]. |

Do, (b) Do, (b)

Proof of Proposition 2. From Proposition 1, we know that 6,,(b) < 6,(b).
As v’ > 0 and v” < 0, we have u(0,,(b) —b) < u(0s(b) —0b) and u'(6,,(b) —b) >
u'(05(b) — b). From (1.2), it follows that

Fs004(b) Fy00,(b)
DF;004b) DF, 00,(b)

As F,00,(b) = F, 00,(b) = 1 and D(F, 0 §,(b)/F,, 0 6,(b)) > 0, it follows
that (Fs 0 0,(b)/Fy 0 0w(b)) < 1. Therefore, Fy 0 0,(b) < F,, 0 6,,(b) for every
be (0,b). |

This implies

Proof of Corollary 1. (A) Suppose &(t) < &,(t) for every T,,—{0}. Then,
by (15), it follows D&, (t) > D&, (t). This implies there exists € > 0 such that
Es(t+€) > &,(t + €), which is a contradiction. Hence, &,(t) < &(t) for every
t e T, —{0}.

(B) As Ay (b) > A (b) for every b € (0,b,), it follows from (12)

FuoXu(b) _ FyoA(b)
DF, 0 Ay(b) ~ DF, 0 A, (b)
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This implies
F,0X(D)
Fyy 0 Ay(D)

As F, 0 M\ (by) = Fyy 0 Ay(by) = 1, it follows F, 0 Ay(b) < F, 0 Ay (b). u

>0

Proof of Proposition 3. We prove (A) and (C). The proof of (B) and (D)
are analogous to (A) and (C) respectively.

(A) As D?6,(0) > D?X,(0) (Lemma C.1), it follows that there exists € > 0
such that 05(b) > A\s(b) for every b € (0,¢€). It suffices to show if 65(b) = As(b)
implies Dfs > DA4(b), then 6,(b) > A (b) for every b > 0. Suppose 6,(b) =
As(b). Then, from (6), (13) and Proposition 1, it follows Dfs(b) > DA, (b).
Hence, 05(b) > A\s(b).

(C) As 04(b) > A\4(b), from (4) and (12), it follows

Fpobu(b)  FyoA(D)
DF, 0 0,(b) ~ DF, 0 \,(b)

This implies
Fy 0 X(D)
F,, 00,(b)

As F,, 00,(b) = Fy 0 \(bs) = 1, it follows F,, o 0,(b) > Fy 0 \(b). u

>0

Proof of Proposition 4. Suppose 6;(c) < 6;(c) and 6;(c) < 6;(c) for every
¢ € (0,min{b,b}). We show that there exists e > 0 such that 6;(b) < 6;(b)
and

Fro0y(t) _ Fod(c)

Fio8;(b) ~ Fjob;(c)
for every b € [¢ — €,¢). As 6;(c) < 6;(c), it follows Fj 0 6;(b) < Fj o 6;(c) for
every b < c¢. Dividing both sides by F 0, ;(b), we get

= m(c) (30)

Fjo0;(b)  Fjob;c)
Fjo@j(b) J

Case 1: 0;(c) < 8;(c) and 6;(c) < ;(c)
It is straightforward to see that there exists € > 0 such that 6;(b) < 6;(b) and

Fj00;(b) <Fj0éj(0)
Fjo0;(b)  Fjob;(c)

= 7(c)
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for every b € [¢ — €, ¢).

Case 2: 0;(¢) = 0;(c) and 0;(c) < 8;(c)
From (4), D#;(c) is strictly decreasing in 6;(c). This implies D#;(c) > Dé;(c).
Then, there exists e > 0 such that 6;(b) < ;(b) and

for every b € [c — ¢, ¢).

Case 3: 0;(¢) < 0;(c) and 0,(c) = 0;(c)
It is straightforward to see that there exists e > 0 such that 6;(b) < ;(b) and

Fiot;(b) _ F 0 ,(c)
@o@w) Ej06;(c)

= 7(c)

for every b € [c — ¢, ¢).

Case 4: 0;(c) = 0;(c) and 0,(c) = 0;(c)

From (6), Db;(c) = Df;(c) and the assumption of conditional stochastic dom-
inance, it follows D#;(c) > D;(c). From (7), D?log F; o 6;(c) is strictly de-
creasing in D#,(c). This implies D?log F; o 8;(c) < D2log F 0 §;(c). So, there
exists € > 0 such that 6;(b) < 0;(b) and

}jj ° HAj(b) < }jj ° HA](C) = 7(c)
Fjo8;(b)  Fjob(c)
for every b € [c — €, ¢).

Define ¥ = inf{g € [0,¢ — € | 6;(b) < 6;(b) and F; 0 6;(b) < n(c)Fj o
0,(b) for every b € (g,c)}. We show ¢ = 0. We show by contradiction.
Suppose ¥ > 0. Then, either 6;(9) = 6;(9) or Fj 0 6;(9) = 7(c)F; 0 B;(c). As
0;(b) < 0;(b) for every b € [0, ¢), it follows from (4) and (17) that

Fjo0,(b) E; 00,(b)
DFjo0;(b) ~ DEjo0;(b)

This implies D log F} o 6;(b) > Dlog(n(c)F}; 0 6;(b)). Then, as ¥ < ¢ — e, it
follows log(Fjo8;(c—¢)) —log F; 06;(10 )>10 (w(c)Fjob;(c—e)) —log(m(c) Fjo
0,(9)). Rearranging the terms, we get log(m(c)F} o 6;(9)) — log F; 0 6;(9) >
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log(m(¢)F; o B;(c — €)) — log(F; o 8;(c — €)). From the definition of ¥, it
follows that log(m(c)F} o 8;(c — €)) — log(Fj o 8;(¢ — €)) > 0. This implies
log(7(c)F}; 0 8;(9)) — log Fj 0 8;(9) > 0. Taking exponential both sides, we
get w(c)Fj 0 0,(9) > Fj o 6;(0). So, 6;(9) = 6;(1) must be the case. As
Fj06;(0) < n(c)Fy 0 ;(9) and ¥ < ¢, it follows from the assumption of
conditional stochastic dominance that

Fj00;(0) _ Fjobi(c) _ Fjob;(V)

Fyof;(9)  Fjobi(c) ~ Fyob;()
This implies Fj o 6;(0) < F; o 6;(0), or equivalently 6;(9) < 6,(9). As
0;(9) = 0;(9) and 6;(9) < 6;(0), it follows from (6) that D@;(d)) > D8(1).
This implies that there exists & > 0 such that 6;(9 + 8) > 6;(9 + 6), which
is a contradiction. Hence, ¥ = 0. Therefore, 6;(b) < 6;(b) and F; o 6;(b) <
m(c)E; 0 8,(b) for every b € (0,c¢).

We show that 6;(c) < 6;(c) and 6;(c) < 8;(c) cannot hold simultaneously.
We show by contradiction. Suppose there exists ¢ € (0, b) such that 6;(c) <
f;(c) and 6;(c) < 8;(c). As 6;(c) < 8;(c) and 6;(c) < 8,(c), it follows that
0;(b) < 6;(b) and F; 0 6;(b) < m(c)F; o 8;(b) for every b € (0,c). Taking the
limits b | 0, we have Fj(0) < m(c)Ej(0). As Fj/Fj is strictly increasing, it
follows F;(0) > m(c)E;(0), which is a contradiction. Therefore, 6;(c) < 8;(c)
and 6;(c) < 6;(c) cannot hold simultaneously.

We show that b > b. We show by contradiction. Suppose b < b. Then,
0;(b) < 0:(b) and ,(b) < 0,(b), a contradiction. Hence, b > b.

We show 0;(b) > 0;(b) for every b € [0,0]. We show by contradiction.
Suppose 0;(b) # 0;(b) for every b € [0,b]. As 0;(b) > 0;(b), it follows that
there exists € > 0 such that 6;(b — €) > 6;(b — €). As 0;(b) # 6;(b) for every
b € [0,b] and 0;(b) > 0;(b), it follows that there b* such that 6;(b*) = 6;(b*) and
0;(b) > B;(b) for every b € (b*,0]. As 6;(b*) = 6;(b*) implies 6,(b*) > 8;(b*),
at b = b*, it follows from (4) and (17) that

Fjo0;(b) _ Fjo0;(b)
DE;00;(b)  DF;o6;(b)

Equivalently, at b = b*,
ﬁ’zoé{(b) (b) = F;00;(b)
DFE; o ;(b) DFj 0 0;(b)
From the assumption of conditional stochastic dominance, at b = b*, Déj(b) >

D;(b). Then, there exists § > 0 such that 6;(b* + &) > 6,(b* +§), which is a
contradiction. Hence, 6;(b) > 0;(b) for every b € [0, b)].

DO (b)
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We show Fj o 8,(b) < Fj o 8;(b) for every b € (0,b). We will use the
fact that 6;(b) > 0;(b) for every b € [0,0]. As o/ > 0 and v’ < 0, we have
w(8;(b) — b) > u(0;(b) — b) and ' (6;(b) — b) < u'(6;(b) — b). As 6;(b) > 0;(b),
it follows from (4) and (17) that

A

Fjo0;(b)

50 0,(b)

é 5(b)

This implies

Fjo0;(b)
D(Fjoexb)) -0

As Fj00,(b) =1 = F;08;(b), it follows F; 0 8,(b) < F; 0 6,(b).

Proof of Corollary 2. As Fj 0 8,(b) < Fj o0 0,(b) for every b € (0,b), i
follows that Uj(tj,@@i,@/;j) < Uj(tj,¢i, ;). As 0:(b) < 0;(b) for every b € (0, b)
it follows that Uj(t;, ¥y, ¥;) < Ui(ti, ¥3, 05).

Proof of Propostion 5. We show that

Fso0((t) — Fi(t)
0
WG, Vuld)st) —
As (5(t) > t, v > 0 and v” < 0, it follows W ((s(t), Yw(t),t) > (s(t) — t. Tt
suffices to show
Fs o ((t) — Fi(t) -
Cs(t) —1 o

> t, it follows from the mean value theorem that there exists a

)
, Cs(t)] such that

fw(t> -

fw(t) -

Fy 0 () — Fi(?)
C8<t) _t

It suffices to show f,(t) > f(). Suppose f > a,,. Then, f,(t) > f.(t) follows
from Assumption 2. Suppose f < a,,. Then,

£ fu(®
F(t)  Fu(t) ~ Fu()

= /(D)

The first inequality follows from Assumption 1. The second inequality follows
from the fact that F is concave. As { < (,(t), it follows from Proposition 2
F,(t) < F, 0(,(t) < Fy(t). Hence f,(t) > f.(f). Therefore P > Q. |
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Proof of Proposition 6. We prove for increasing absolute risk aversion.
Consider the weak bidder. Remark that V,(r) = 0 = K,(r). We show
Viw(tw) > Ky(ty) for every t,, > r. It suffices to show if Vi, (t,) = Ky (tw),
then DV,,(t,) > DK, (t,) for every t,, > r.

Suppose Vy,(ty,) = Ky(ty). Then, from (27) and (29), DV,,(t,,) > DKy, (ty).
Hence, the weak bidder prefers first-price auction over second-price auction.
A similar proof holds for constant and decreasing absolute risk aversion. W

C Appendix: Some results

Lemma C.1. Suppose the profile of measurable functions (1, 1s) is a Bayesian
equilibrium when one bidder is weak and the other is strong. Suppose the pro-
files of measurable functions (§,,&w) and (&s,&s) are a Bayesian equilibrium
when both the bidders are weak and strong respectively. If Assumption 1 is

satisfied, then D?0,(0) > D*X4(0) and D?0,,(0) < D)\, (0).

Proof. Let "
Then,
0 1y = FO g SO R0 .
Z s 2£i(0) f+0) ~ fu(0)
And,
fio0;(b)
yi 0 0;(b) = Qz‘(b)m
Using (4), we have
DO (b)y; © 0:(b) = — ( Qj(i[gl)’)_ 3 (32)
Similarly, i
DA(B)y: 0 Aib) = Aigé) >_ 3 (33)
Taking the limit of b at 0, we have
D0,,(0) = DO(0) = DA, (0) = Ap(0) =1 + w’l(O) (34)

Taking logarithms both sides of (32) and differentiating w.r.t. b, we have

D20;(b) 1/, 0 6,(b) CDO(b)  w(6;(b) — b)

D6.0) "y, " = 0w wiem) —p PP Y
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Using (32) and solving, we have

w'(0)
w(0) +1

D*6:(0) + w'(0)D6;(0) = —"”'5325 1 %85 B <5<(o(;)>

Using analogy, we have

w'(0)
w(0) +1

Solving the above two equations, we get

oSG o8] o
and

T N B
Similarly,

2y oy (@'(0)+1)% fi(0)
R e T E () o

Comparing the above equations, we get the desired results. |
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