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Abstract

In this paper we introduce the notion of group contributions in TU games and propose
a new value which we call the k-lateral value. The Shapley like values implicitly assume
that players are independent in deciding to leave or join a coalition. However, in many
real life situations players are bound by the decisions taken by their peers. This leads
to the idea of group contributions where we consider the marginality of groups upto a
certain size. We show that group contributions can play an important role in determining
players’ shares in the total resource they generate. The proposed value considers both
egalitarianism and marginalism and thus is a member of the class of solidarity values. We

provide two characterizations of our value.
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1 Introduction

Most of the values in TU games revolve around the notion of marginalism or egalitarianism
or both, depending upon the problem domains. In this paper we introduce the idea of group
contributions of players and propose a new value— the k-lateral value— that is attributed to
both marginalism and egalitarianism. We provide two axiomatic characterizations of this

value and compare it to other values of TU games in the literature.

*Department of Mathematics, Dibrugarh University, Dibrugarh, Assam-786004, India; Email: surajit-

bor@yahoo.com
"Department of Mathematics, Dibrugarh  University, Dibrugarh, Assam-786004, India;

Email:dhrubajit@gmail.com

tDepartment of Mathematics, Dibrugarh University, Dibrugarh, Assam-786004, India; Email: loyimee-
gogoi@gmail.com

SEconomics Group, Queen’s Management School, Queen’s University, Belfast, UK;Email: ra-

jnish.kumar@qub.ac.uk



Perhaps the most widely used allocation rule to share the joint costs or the joint surplus
in smaller coalitions is the Equal division rule. This rule seems prevalent even when there are
obvious differences in the individual contributions by the members in a coalition. Examples
include the profit sharing of law firms where the member lawyers of the firm get equal shares
of the profit irrespective of how they differ in their abilities in various dimensions. Another
example is that of sharing the resources in a family. In deciding the family laws, e.g., the
Hindu Undivided Family (HUF) inheritance law, the equality principle is the main underlying
idea. All the siblings in an HUF, which can include up to several generations, have equal
inheritance rights on the property of the family. Their rights do not depend on their individual
contributions in the family wealth. An interesting example discussed in [11] is that of the
sharing of the profits by the salmon fishermen in the Pacific Northwest. There are fishing
groups who share the information on the whereabouts of the hunts within the group. It is
a common knowledge within the group about who is good at finding the schools of Salmon,
but there is no provision of side payments. Many times the coalitions of limited size tend
to be formed amongst homogeneous agents who are similar in some attributes viz., their
abilities (see e.g., [11]). In other words, there is an ordering of the agents based on, say, their
productivity. Coalitions are formed as intervals' on that ordering. However, when there are
complementarities among the agents, which is inherently the case in characteristic function
form TU games, such orderings cannot be made.

Therefore, in our paper we propose a value for TU games which considers all the pos-
sible coalitions of certain size as equally probable. We focus on the new notion of group
contributions of players within a coalition. Group contributions of players within a coalition
must be considered when players are unable to take independent decisions to join or leave a
coalition alone. There could be no way to identify who is responsible the most and who is the
least among the contributors. Thus it is reasonable to split such group contributions equally
amongst the members of the coalitions and to add it to the payoff to each player along with
the shares from her own individual contributions. In some other situations, it so happens
that adding the shares from the group contributions to a player’s payoffs brings about her
solidarity to her peers and integrity to the organization. Such gestures are important in or-
ganizations having employees of almost similar capacities and efficiencies. Our value includes
both individual marginal contributions of the players which is standard in all Shapley like
solutions and the equal shares from their group contributions.

The implicit idea of group contributions is, however, not new in the literature of TU
games. Grabisch [12] proposed a model where the players in a coalition interact with each
other to form groups based on the similar interests. Alternatively, in TU games with coalition
structures (see for example [1, 13, 15, 19] etc.) the grand coalition is partitioned into groups
or union structures. The value is then computed in two stages: first, among the groups of the

coalition structure and next, among the coalition members. All such models however, assume

!By an interval we mean a subset of the agents who are consecutive in the ordering.



that the coalition structure is given endogeneously and therefore the group sizes are also fixed
a priori. In our proposed model, we allow all possible coalition structures where the group
sizes can vary over a range of possible values. Motivated by the original Shapley’s rule of
counting and also the procedure proposed by Owen[19] and Kamijo [16], we allow the players
to enter a room following an order to form the grand coalition and find their contributions in
groups. The size of such groups ranges from 1 to some pre-defined index k.2

Next we count the number of the group contributions so obtained. Our value then divides
these contributions equally among the group members from all possible formations of groups
and all possible orders of entrance. It follows that under the present framework, the Shapley
value considers the contributions of all groups of size 1 and therefore, our value recovers the
Shapley value under the special case k = 1. Consequently the interactions among the players
responsible for generating group contributions of group size 1 can be termed as the individual
interactions. Thus, the Shapley value builds on this notion of individual interactions. A
k > 1 signifies the maximum allowable level of group interactions within a coalition: call it
the k-lateral interaction. We call our value the k-lateral value to highlight this interaction.
It is worth noting that when k = n, the k-lateral value is the average of the Shapley value
and the Equal Division. This is indeed the a-Egalitarian Shapley value for o = % introduced
by Joosten [14] and latter discussed in details by van den Brink et al. [26]. Thus our value
takes the Shapley value on one extreme (k = 1) and the %—Egalitarian Shapley value (k = n)
on the other extreme.

Recall that the Shapley value is characterized by efficiency, symmetry, linearity and the
null player property. The difference among the Shapley like values is commonly explained
from the viewpoint of who obtains a zero payoff, see [16, 25, 21]. In [24], the null player
axiom, where players with zero productivity get zero payoff is replaced by the nullifying
player axiom. According to this axiom, players having the property that their inclusion in
a coalition makes the coalition non-productive, get zero payoff. The nullifying player axiom
leads to the characterization of the Equal division. Similarly in the characterization of the
solidarity value in [18], the null player axiom is replaced by the A-null player axiom where
players show solidarity to the non-productive players in the game by sharing some of their
marginal contributions. Alternative characterizations of the Shapley and solidarity values
that follow similar arguments can be found in [2, 6, 23] etc.

In our characterizations, we consider two types of null players, we call them the k-null
players of type I and type II or simply the k' and k%-null players. Both these k-null players
contribute nothing in groups on an average and our value awards them zero payoffs. The
axioms on these two types of k-null players are less extreme than both the null player and
the nullifying player. Consequently, our value is less marginalistic than the Shapley value and
also less egalitarian than the Equal Division.

The rest of the paper proceeds as follows. In Section 2 we present the preliminary concepts

2In section 3 we give a more formal definition.



pertaining to the development of the paper. Section 3 describes a procedure to compute the
k-lateral value followed by its characterization using some standard axioms in Section 4.

Section 5 details an example and finally Section6 concludes.

2 Preliminaries

Let N C N be a finite set of players and v : 2 — R with v(()) = 0 a characteristic function.
A pair (N,v) is a cooperative game with transferable utility, or simply, a TU-game. Subsets
of N are called coalitions. Thus for S € 2V, v(S) denotes the worth generated by the players
in S under some binding agreement. With some abuse of notations we denote the singleton
sets without braces. Thus we write SU1% for SU{i}, S\ for S\ {i} etc. The size (cardinality)
of coalition S is denoted by the corresponding lower case letter s. Let G(N) denote the class
of all TU games with player set N. G(IN) forms a vector space of dimension 2" — 1 under the
standard addition and scalar multiplication of set functions. If no ambiguity about N arises,
we denote the TU game (N, v) simply by v.

The increase or decrease in worth when player i € S C N leaves coalition S is called the
marginal contribution of player ¢ in the coalition S which is denoted by m}(S) and is given
by

mi(S) =v(S) —v(S\ ). (2.1)

%

The unanimity games up : 2V — R, T C N is defined as follows.

ur(S) = (2.2)

0 otherwise

{ 1 ifTCS

The class of unanimity games is a basis for the linear space G(N).

A value on G(N) is a function that assigns a single payoff vector ®(v) = (®;(v));en € R"
to every game v € G(N). Different values have been proposed in the literature since the
introduction of the Shapley value (see, e.g., [2, 5, 6, 7, 17]). Here we mention briefly about
the Shapley value, the Equal Division and the a-egalitarian Shapley value as they are closely
related to our proposed value. Recall Shapley’s interpretation of the Shapley value from
Section 1 (also see [4]) that says that suppose the “grand coalition” N = {1,2,...,n} forms
in a way such that the players enter the coalition one by one. This order of entrance can be
expressed by a permutation 7 : N — N of the players. Let the collection of all permutations
on N be denoted by II(N). For every m € II(N), let P(m,i) = {j € N|n(j) < w(i)} be
the set of players that enter before player i in the order m. The Shapley value [22] is the
solution %" : G(N) — R™ that assigns to every player i her expected marginal contribution
in P(m,1) Ui, given that every order of entrance m has equal probability of % to occur and is

given by,



<th(v):i, Y Ww(P(mi) Vi) = v(P(mi))] (2.3)

" TEell(N)

After simplifications Eq.(2.3) becomes,

s—D!(n—s)! .
o= 3 BT R g) ye (2.4
SCN :ieS
ety =Y W[U(S Ui) —u(S)], YveG(N). (2.5)
SCN ’

The Equal division rule is a solution ®*? : G(N) — R™ that distributes the worth v(N) of
the grand coalition equally among all players in any games, i.e.,

PEP (v) = @, Vv € G(N). (2.6)

For a € [0,1], the a-egalitarian Shapley value ®*~F% due to [14] is a convex combination of
®ED and 5" which has the following form.

D0 E9(v) = a®FP(v) + (1 — a) @7 (v), Vv € G(N). (2.7)

It follows from Eq.(2.7), that the parameter o in ®*~F9 determines the amount of solidarity
that is shown among the players in sharing the wealth.

For the game v € G(N), a player i« € N is called a null player if for every coalition
S C N, we have v(S) = v(S \ 7). A player i € N is called a nullifying player if v(S) = 0
for all coalitions S such that ¢ € S. There has been a number of characterizations of the
Shapley value, the Equal division rule and the a-egalitarian Shapley value in the literature
(see, e.g., [7, 8,9, 10, 29, 30]). Following four axioms are standard to characterize the Shapley

value.

Axiom 1. Efficiency (Eff): A value ® : G(N) — R" is efficient if for each game v € G(N) :

> ®i(v) = v(N)

iEN
Axiom 2. Null Player (NP): A value ® : G(N) — R" satisfies the null player axiom if for
every game v € G(N) it holds that ®;(v) = 0 for every null player i € N.

Axiom 3. Symmetry (Sym): A value ® : G(N) — R” satisfies Symmetry if for i, j € N such
that v(SUi) =v(SUJ) for all S C N\ {3, j}, then ®;(v) = ®;(v).

Axiom 4. Linearity (Lin): A value ® : G(N) — R" is linear if for all games u,w € G(N)
every pair of a, 8 € R and every player ¢ € N:

P;(au + fw) = a®;(u) + SP;(w).



Replacing the null player axiom NP by the axiom of nullifying player namely, the nullifying
player gets zero payoff, the Equal division rule can be characterized [24]. The axiom of null
player in a productive environment (NPE) states that for all v € G(N) and i € N such that
i is a null player in v and v(IN) > 0 then ®;(v) > 0. The NPE along with Eff, Sym and Lin
characterize the a-egalitarian Shapley value [7].

A value that satisfies Eff, Sym and Lin is called an ESL value [21]. We will use the

following proposition from [21] for characterization of our k-lateral value at a latter stage.

Proposition 1. (Proposition 2 in [21], pp 184) A value ®F5L on G(N) is an ESL value if
and only if there exists a unique collection of real constants B = {bs : s € {0,1,2,3,....,n}}
with by = 0 and b, = 1 such that for every v € G(N),

orst = 3 S u(s Ui - b)) (28)

n!
SCN\¢

or equivalently,
dE5L () = &7 (Bo) (2.9)

where (Bv)(S) = bsv(S) for each coalition of size s.

3 The k-lateral value

In this section we introduce our new value for TU Cooperative games : the k-lateral value. As
mentioned in Section 1, our approach resembles with Shapley’s [22] approach where the players
are allowed to enter into a coalition prescribed by a particular order assuming that all possible
orders of entrance have equal probabilities. Motivated by the procedure of counting adopted
originally by Shapley[22], Owen [19] and Kamijo [16], we compute the group contributions of
the players over all orders of entrance into forming the grand coalition, and allow each member
in this group to receive equal shares from their group contributions. Let N = {1,2,3,...,n}
be given. In Shapley’s procedure, the marginal contributions of each player are computed
immediately after she joins the other players who have entered before her. In Owen’s and
Kamijo’s procedure, the players join a coalition one by one following an order but their
contributions are computed from the components of the fixed coalition structure. In our
counting process also, the players are allowed to enter according to the same order 7 one by
one but we wait till they form groups of a particular size. Let ) = Sp C S1 C So C S3 C
... © Spm_1 C Sy = N be one such sequence of coalition formation. Fix a k: 1 < k < n, such
that & is the maximum allowable size of these groups i.e., [S;\ Sj—1| <k for 1 <j <m. The
group contribution of S; \ Sj_1, for 1 < j < m is given by v(S;) — v(Sj—1). Thus the equal
share of each player ¢ € S\ S;—1 from this group contribution denoted by A} (S;) is given by

v(S;) —v(S;-1)

AY(S.) —
Z( ]) |SJ—S]_1|

, Vi€ Sj \ Sj—l (31)



Note that in particular, when |S; \ Sj—1] < 1 then we have m = n and obtain the standard
marginal contributions of the individual players given in Eq.(2.1) i.e., m}(S;) = AY(S;). Now
each sequence of coalitions of the form ) = Sy € S1 C Sy C S3C ... C Syppe1 C Sy = N
with |S; \ Sj—1] < k for 1 < j < m where the players follow a particular order 7 (say) of
entrance gives rise to a sequence of pairwise disjoint groups C™ = {CT,C7,...,Cr} of N
such that §; = Uf;zlcf, 1 < j < m (equivalently CT = S; \ Sj—1) with max]’; ¢} < k.
Let us call such a C™ = {CT,C7,...,CI} a partition of N prescribed by 7. Conversely,
given a partition C' = {C1,Cy, ..., Cp, } prescribed by an order m, there is always a sequence
f =8 CS C8 C 8 C .. C8n1 CSy=NwithS; =U_C,1<j<m.
Define by index(C™) = max;L; ¢7 the index of a partition C™ prescribed by an order m.

Let II(N,k) = {C™ = {C1,Cy,...,Cp} | m € II(IN) p be the set of all partitions on N

with index(C) < k prescribed by each partition = € II(N). It follows that for each C' =
{C1,Cy,...,Cp} € TI(N, k), there exists

(a) a unique order m¢ such that if C; = {i1,d2,...,i,} for 1 < i < m then 7c(i;) =
Z;;ll cp+jforall<j<eg.

(b) a unique sequence ¢ = {cy,cg,...,cy} of positive integers containing at most n terms
such that Z;n:1 ¢p = n. Thus the members of the sequence ¢ represents the cardinalities

of the groups of players within N.

Conversely for a permutation 7 on N and a sequence {cj,ca,...,cy} of positive numbers
which sums upto n determines a unique partition C' = {C4,Cy,...,Cy,} on N such that
Ci={r Y it cg+ 1), m (i g+ e)} for L<i<m.

Let B(n,k) be the set of all finite sequences {c1,ca,...,cy} of positive integers with
Z?;l cgc=nand 1 < ¢ <k forl<i<m. Itisobvious that 1 < m < n. Clearly there is
a bijection II(N, k) <> II(N) x B(n, k) such that C < (7w¢,c). Let a(n, k) = |B(n,k)|. Thus
a(n, k) denotes the number of partitions with index(C') < k that can form with n players.
This idea can be easily extended to any arbitrary coalition S C N and we can define a(s, k)
exactly in the same manner. Now, observe that |II(N, k)| = [II(N)|«(n, k) = nla(n, k). For
each C € II(N, k) and ¢ € N, there exists some p with 1 < p < m such that i € C,. Define
the following set.

P(C,i) ={j € N :mc(j) < min 7c(r)}.

Following Eq.(3.1), the equal share of player ¢ from her group contribution in P(C,i) U C,
when she is in C), € C € II(N, k) is given by,

1
AP UGy) = (P UG — P (32)
P
We call AY(P(C,i) U C)) the group contribution of 7 from C), with respect to C' to make it

short. Now we define the k-lateral value as follows.



Definition 1. The k-lateral value ®* : G(N) — R™ is a value that assigns to every player
i € N her average group contributions from each member C), with respect to all the partitions

C € II(N, k), following all possible orders of entrance with the assumption that occurrence of

1
each order of entrance has equal probability —————. Formally we have,
[TI(N, k)|
1

() = —r AY(P(C,i)UC, 3.3
z(v) n'a(n,k) Z z( ( 1Z) ZU) ( )

CEII(N k)

CpeCiieC,

Remark 1. Note that the contributions of the groups within a coalition described in Eq.(3.3)
include the individual contributions of the player given by Eq.(2.1). This addresses the
marginal prospects of ®*(v). Adding equal shares from the group contributions to the final
payoff of a player prescribed by ®* gives an egalitarian flavour to the solution. Thus ®*
brings a kind of solidarity into the model.

For our convenience, we take «(0,k) = 1. Following standard derivations of af(s,k) for
different combinations of the parameters s and k are important for the rest of the paper. The

proofs of these results have been relegated to the appendix.
Proposition 2. For S C N, the quantity «(s, k) satisfies the following.

(a) For s>k >1,

S
s—=r

a(s. k)= {4 x5

r=1

O 4
(b) For k=1and all s > 1, a(s, k) = 1.
(c) For s <k, a(s, k) =251,

(d) For s > k, we have
k

> a(s—tk) =a(s, k) (3.5)

t=1
(e) For s <k, Y i ja(s—tk)=a(sk).

Example 1. Let us take an example to illustrate the computational procedure of the k-lateral
value described above. Take N = {1,2,3,4} and k = 2. In view of Proposition 2, we have
a(4,2) = 5. Therefore there will be 5 different sequences of positive integers 1 and 2 (since
k = 2 here) for each order. They are : ¢! = {1,1,1,1}, 2 = {1,2,1}, ¢ = {1,1,2}, ¢* =
{2,1,1} and ¢® = {2,2}. There will be n! = 4! = 24 orders in which the players enter the room
and form groups within coalitions. Consider in particular, the order given by m = {1,2,3,4}.
Then the pair (71, ¢!) uniquely determines the partition C} = {{1},{2}, {3}, {4}}. Similarly
we get the other partitions with respect to the pairs (m,c?), (m1,¢%), (71,c¢*) and (71,c°)

as 07%1 = {{l}a{273}7{4}}7 07?;1 = {{1}7{2}7{3a4}}7 C}rl = {{172}7{3}a{4}} and C?rl =

8



{{1,2},{3,4}} respectively. In Table 1, we identify the worths of the coalitions required for

computing the group contributions with regard to each of the four partitions prescribed by

order 7.
S;/Ci 0 ({1213 {4 {1, 2} {1, 3}{1, 4}H{2, 3}{2, 4}[{3,4}[{1,2, 3} [{1,2,4}{1,3,4}{2,3,4}| N
CL w@(1)] x | x| x p(1,2)) x | x | x | x | x [©(1,2,3) x X X |v(N)
m C2Z w@(1)] x | x| x| x X X x X X v(1,2,3) X v(N)
G2 w@(1)] x | x| x (1,2)] x X X X X X X X X  [u(N)
CLil@| x | x| x|xp@2) x | x | x | x | x pl,2,3)] x X x  w(N)
Cl @) x [ x| x|xPpl2) x | x | x | x | x X X X X |v(N)

Table 1: Coalitional worths required for the group contributions according to m

Table 2 refers to the shares from each of the group contributions made by the players

prescribed by the partition 7y. Shares due to other orders can be obtained in a similar way.

1 2 3 4
CL | v(1) —v(0) v(1,2) — v(1) v(1,2,3) —v(1,2) v(1,2,3,4) —v(1,2,3)
m | C2, | v(1) —v(D) $v(1,2,3) — v(1)] 1v(1,2,3) — v(1)] v(1,2,3,4) —v(1,2,3)
C2 | v(1) —v(0) v(1,2) — (1) 1v(1,2,3,4) —v(1,2)] | $[v(1,2,3,4) — v(1,2)]
Ci | 3v(1,2) — v(0)] 1v(1,2) — v(0)] v(1,2,3) —v(1,2) v(1,2,3,4) —v(1,2,3)
Ci | 3v(1,2,3,4) —v(3,4)] | 2[v(1,2,3,4) —v(3,4)] | 3[v(1,2,3,4) — v(1,2)] | 5[v(1,2,3,4) —v(1,2)]

Table 2: Share of group contributions from C’;"rl, 1€ N.

Recall that in the computation of the Shapley value, each order 7w gives one set of marginal
contributions of the players when they form the grand coalition according to 7. Here we have
5 (= a(n, k)) sets of alternative group contributions.

After using standard rules of combinatorics and Proposition 2, an equivalent expression
of Eq.(3.3) is obtained as follows.

() = Z Z (t—1Dln—s)(s—t)a(s —t, k)a(n — s, k) (0(S) — v(S\ T)}

nla(n, k
SCN:ie€S TCS:ieT ( ’ )
1<t<k

(3.6)

Remark 2. Note that using the standard rules mentioned in Proposition 2 and following the
counting procedure described above we observe the following.

Given T' C N such that t < k, the probability of forming a coalition S such that T C S is
(n—s)l(s —t)ltla(n — s, k)a(s — t, k)
nla(n, k)
v(S)—v(S\T)
e

given by . The average group contribution of player i

from T is therefore given by Now the expectation E;(v) of the average group

contributions of ¢ € N over all the coalitions S and all T'C S such that i € T, 1 <t < k is



given by

n—s)l(s —O)(t)an—s,k)a(s—t, k) [v(S) —v(S\T
Ew= Y % (n—5)!(s — £)!(¢)!a( Jo( ){() (S\ )}

nla(n, k) t

SCN:#GeSTCS : €T
1<i<k

_ Z Z (n—s)l(s =)t — Dla(n — s,k)a(s—t,k){v(s) v(S\T)},

! k

noln

SCN:€STCS : €T (n, k)
1<t<k

It follows from Eq.(3.6) that E;(v) = ®F(v). Thus ®* is the expectation of the average group

contributions of player ¢ due to game v.

4 Characterization

In this section, we follow the standard Shapley procedure to characterize our k-lateral value.
First we show that the value satisfies Eff, Sym and Lin. We define two types of null players and
accordingly define two alternative axioms on these null players, namely (kN P; and kN P;).
They replace the standard null player axiom NP of the Shapley value. We show that our
value satisfies both these two null player axioms. For the converse part, i.e., to show that a
value that satisfies Eff, Sym, Lin and kN P; or kN P, must be the k-lateral value, we adopt
the following procedure. Due to Lin it is sufficient to define a basis for the class of games.
Due to Symmetry, the k-lateral value gives equal shares to the members of the coalition on
which the basis is defined and all the other players outside this coalition get zero payoffs
following either of kN P; or kN P». It is then not hard to show that the k-lateral value is the

unique value satisfying the aforementioned axioms.
Proposition 3. The k-lateral value ®* with k > 1 satisfies Eff, Sym and Lin.

Proof. We have from Eq.(3.6) the following.

() = Z Z (t—1N(n—s)(s—t)a(s —t, k)a(n — s, k) {U(S) B U(S\T)}

! k

n.an

SCN:eS TCS :ieT < ’ )
I<t<k

(4.1)
Rewrite Eq. (4.1) as follows.

() Z Z (t — 1)!)(n—s—t)!7gf£(cr7fsk—;— t,k)a(n —s—t,k) (0(SUT)—0(S)}
SCN:EN\S Tg]l\l<\£9<:kieT ’ ’

Therefore,

10



St =3y ¥ SR omel s bRl = )~ u(s\ 1

i=1 SCN €S TCS :i€T
1<t<k

B Z Z Z (t—1)!)(n—s—t)!(s)!a(s,k)a(n—s—t,k:){v(SUT)_U(S)}

' , nla(n, k)
SCN ieN\STCN\S : i€T
1<t<k

The coefficient of v(N) in Eq. (4.2) is

(t—Dln—n)(n—t)!an—1tk) n-1 1
Z Z nla(n, k) <t—1> :%:V nla(n, k) Z a(n—tk)

ieN 1<t<k 1<t<k

1
- Z nla(n, k)oz(n, k) =1

1EN

Suppose that S C N. Then the coefficient of v(S) in Eq.(4.2) is given by,

t—Dln—s)(s—Oa(s—t,k)a(n —s,k) (s—1
DS (t—1)!(n — s)!(s — t)la( Jo( )( )

nla(n, k) t—1

€S TCS :ieT
1<t<k

(t—1)(n—s—t)(s)a(s,k)a(n—s—t,k) fn—s—1
a Z Z nla(n, k) < t—1 )

iEN\S TCN\S : ieT
1<t<k

n—s)(s—Dla(s —t,k)a(n — s,k
RS (n—s)!(s — 1)l Jo( )

nla(n, k)

1€S 1<t<min{k,s}

n—s—DI(s)a(s, k)a(n—s—1t,k
S > ( )!(s)!a(s, k)a( )

nla(n, k)

1€N\S 1<t<min{k,n—s}

—Z (n—9)!(s— la(n — s, k) Z als —t,k)

nla(n, k) .
€S 1<t<min{k,s}

B Z (n—s—1D(s)a(s, k) Z a(n—s—t,k)

ieEN\S ?”L'OL ’)’L k) 1<t<min{k,n—s}
B (n—3s)(s— Dla(n — s, k) o k) — (n s—l)'(s)!a(s,kz)a -
zeZS nla(n, k) als, k) ie;\g nla(n, k) ( k)
_ (n=s)(s—1a(n —s,k) (n—s—1)(s)la(s, k)
=s T ) a(s, k) —(n—s) T, k) a(n — s, k)
_ (n—s)!(s)la(n — s, k) (n— s)!(s)la(s, k)
N nla(n, k) a(s,k) = (n —s) nla(n, k) a(n=sk)
—0
It follows that Y"1 | ®%(v) = v(N). O
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The proof for showing that the k-lateral value is Lin and Sym goes exactly in the same
way as that in the standard Shapley value characterization [22] and therefore it is omitted.

In view of Proposition 3, ®* is an ESL value. Therefore by Proposition 1, there exists a
unique collection of real constants B = {bs : s € {0,1,2,3,...,n}} with by = 0 and b, = 1
such that for every v € G(N),

HEOESY M{bs+1v(3 Ui) — bsv(S)} (4.3)

n!
SCN\i

Proposition 4. The k-lateral value ®F with k > 1 is in the form Eq. (4.3) with the sequence
a(n — s, k)a(s, k)

for

a(n, k)

of non negative real numbers B = {bs : s € 0,1,2,...,n} where by =

s>1 and by = 0.

Proof. Rearranging the terms in Eq.(3.6) we obtain

() = Z Z (n—s)!(s—t)!(t—1)!a(n—s,k)a(s—t,k){v(s)_U(S\T)}

nla(n, k
SCN:#eSTCS : ieT (n, k)
I<t<k

s—1\(n—3s)!(s =t —-Dlan—sk)a(s—1tk
S >y ( >( )!(s — )t — 1)la( Jo( )U(S)

t—1 nla(n, k
SCN:ieS 1<t<min{k,s} (n, k)

_ oy y ool Dtz s el bR gy gy (g

! k

n:on

SCN:#eSTCS :ie€T ( ! )
1<t<k

Let P=T\4, Q= (S\T)Ui. Thenie @, Q\i=S\T. Therefore T'C (N\Q)Ui =
T\iC N\Q = PCN\Q. Again
T=PU:1
S=QUTUi=QUT=QUPUi=QUP
QNP={S\TYui}n(T\i)=10
N\S=N\(QUP)

Therefore p=t—1,s =q¢+p,n—s=n—q—p,s —t =q— 1. We have from Eq.(4.4) and

12



Proposition 2(d) and (e),

F(v) = Z Z (n—s)(s — Dla(n —s,k)a(s —t, k)v(S)

! k
n.a(n
SCN:€S 1<t<min{k,s} (n, k)

_ Z Z (n*qu)!(q*1)!p!a(n*qu,/€)0¢(q*1,k)U(Q\i)

nla(n, k)

QCN:4€Q PCN\Q
0<p<min{k—1,n—s}

Z (n—s)(s — la(n —s,k) Z a(s —t, k)v(9)

nla(n, k
SCN:ieS (n, k) 1<t<min{k,s}

. > (n—q> (n—g=plg = Vpa(n—g=p.Rjalg=Lk) o\

|
QCN:eQ 0<p<min{k—1,n—q} p n.a(n, k)

_ (n—s)!(S—1)!a(n—3’k)a<svk>v
: Sc;es nla(n, k) ()
- > 3 (n=9lla = Dlatn =g —pRalg = 1K)\

nla(n, k)

QCN:ieQ 0<p<min{k—1,n—q}

_ Z (n—s)!(s—1)!a(n—3,l<:)a(s,k)v<s)

nla(n, k)

SCN:eS

- Z (n_q)'(q—l)'a(q_Lk) Z Oé(n_q_pa k)U(Q\Z)

QCN:#5eQ nla(n, k) 1<p+1<min{k,n—q+1}
B (n—s)!(s — Dla(n — s, k)a(s, k)v
B Sg%;‘es nla(n, k) (%)
n—q)l(¢g—Dalg—1,k)a(n—qg+ 1,k .
QCN:EeQ
(n—3s)!(s—= D! [a(n—s,k)a(s, k) an—s+1,k)a(s—1,k) ,
SC%@S‘ n! { a(n, k) v($) - a(n, k) v(S\ Z)}

(4.5)

Let by = W for s > 1and bp = 0. Then B = {bs : s €0, 1,2,...,n} is a real sequence

of non negative real numbers with by = 0, b, = 1 and the result follows. 1

Remark 3. Eq.(4.5) provides an alternative representation of ®. For k = n, a(s,n) = 2571

where 1 < s < n and «(0,n) = 1. Let by = a(n — s, k)a(s, k)
a(n, k)

for 1 < s < n. Therefore

13



1
bs = 3 for k=n,1<s<nandb, =1. Take by = 0. Then the n-lateral value becomes,

o= 3 O i) s\

SCN:ieS n!
B (n—s)l(s=1!f1 B lv ; v(N) B v(N \ 7)
- X [3) - Jotsi b+ {100 oD
B (n—9)!(s—1)! lv B 11} ; o(N)  v(N\9) v(N)
Sg%es n! {2 (%) 2 (S )}+{ 2n 2n }+ 2n

5 > L B s o)+ )

n!
SCN:ieS

1
— 3 {ore) +orr )]
1

Therefore " = §{<I>Sh + ®FPY. Tt follows that when k = n, the value ®" divides the half of
the worth of the grand coalition v(N) equally among the players and the other half is divided
among the players as par the Shapley value. This is indeed the a-egalitarian Shapley value
first proposed by Joosten [14] and latter discussed in details by van den Brink et al., [26],
1

Remark 4. In view of Remark 3, we explore now, for any k € {1,2,...,n} if there exists a
constant ay, € [0, 1] such that a®" + (1 —ay)®FPP = ®F. Note that for S C N, dFP (bg) = 0.
Therefore oy, ®7"(bg) = ®¥(bg) for all i € N and S C N. For any non empty subset S C N

we have,

— Dl(n—3s)!
S —(S ) ('n 5) ifie S
7" (bs) = sl(n g 1)!
—————~ otherwise
n!
e (s = Dl(n — s)la(s, K)a(n — ,k)
s—1Dl(n—s)la(s, k)a(n — s, e
B (h) — o k) ifreS
i\08) = sl(n —s—1)la(s, k)a(n — s) ,
— laln, k) otherwise

a(s,k)a(n — s)
a(n, k)
Therefore oy, cannot be a constant for n > 3. It follows that ®* is not a convex combination

It follows that oy = which depends on the size s of coalition S for n > 3.

of the Shapley value and the Equal division rule for 1 < £ < n and n > 3.

4.1 Two types of null-players

Recall that in our counting process, we allowed the players to enter one by one following a

particular order but waited till a group of size no more than k had formed. We computed the
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contribution of this group which is then divided equally among the players. In this way we
allowed the players to finally form the grand coalition. Based on the counting of the groups
formed henceforth, we define two types of null players and their respective null player axioms

as follows.

The k-null-player of Type-I

Let S be a coalition with i € S. Consider the partition, C' = {C1,Cs, ..., Cp—1,Cp, Cpt1, ..., Cpy }
of N with index(C) < k such that S = U§:1Cj' It follows that there is an order m¢ of N such
that the players in C' enter according to m¢. Consider the subset Cg = {C1,Cy, ..., Cp_1,Cp}
of C. Cg is a partition of S prescribed by 7. The number of such partitions of S prescribed
by any order is a(s, k). The total number of partitions of N prescribed by any order in which
S is the union of first p members, 1 < p < s is therefore given by «(s, k)a(n — s, k). Then
following Eq.(3.2), the total group contribution of all the players in the group C), when player
i enters S = U§:1Cj in the last i.e., m7¢(s) = ¢ with respect to C'is given by ¢, A7 (P(C,i)UCy).

Now define the k-lateral group contribution Mi(s’k)(v) of player ¢ from the coalition S, by
the average of the total group contributions of all the players in the group C, when player i
enters S = U§:1Cj in the last i.e., m¢(s) = @ with respect to all C' € II(N, k).

Formally we have,

(S,k) 1 3 v ,
M. = AY(P
i) (s — Dla(s,k)a(n — s, k) epAi (P(C, ) U Cp)
CETI(N, k):
S:uf;:qu,Trc(s):i

oy <s—t>!a<s—t7k><t-”‘{vm—v<S\T)}

—_1\!
TCS:HET (S 1)'a(8’ k)
1<t<k

Definition 2. Given v € G(N), a player i € N is called a k-null player of type I or a k'-null
player in short, if her k-lateral group contributions Mi(s’k)(v) = 0 for all coalitions S such
that 7 € S.

Observe that when k = 1, the 1'-null player is the standard null player characterizing the
Shapley value. Further we note that the k'-null player and her group members with respect
to each partition, on an average makes no contribution to the corresponding coalition. Thus
the k'-null player not only contributes nothing of her own on an average but also she forces
her group members to keep their average contributions zero. Therefore, it is justified to award
her zero payoff under the k-lateral value. In the following, We have the k'-null player axiom
or the kKN P in short.

Axiom 5. k!'-Null Player (kNPy): For v € G(N) and for any k'-null player i € N of v,
®k(v) = 0.

15



Proposition 5. The k-lateral value ®*, k > 1 satisfies kN P;.

Proof. The proof is immediate from Eq.(3.6). O

The k-null player of Type-II

Recall that every sequence of positive integers ¢ = {c1,...,cp} with 1 <p<sand 0 < ¢, <k
and the order 7 determine a partition Cg = {CT,...,C]} so that S = UI;:lCJ’-T. Then a(s, k)
is the number of such partitions of S according to the particular order 7. The total number
of partitions of N prescribed by 7 in which S is the union of first p members, 1 < p < s is

therefore given by a(s, k)a(n — s, k). Thus the probability that S is chosen from N with this
a(s,k)a(n—s,k)
a(n,k)

take the value v(S) > 0 when S is formed such that for some p with 1 < p < s, S is the union

property prescribed by a particular order 7 is given by . Let a random variable
of first p members of the partitions of index < k, prescribed by 7 and v(S) = 0 otherwise.
Then the expectation that the random variable takes v(S) when S is chosen from N according
to the above rule is given by WU(S ). Let us call it the expected k-lateral worth of
S. Now fix an ¢ from N. Find those S’s of N in which 7(s) =i, i.e., i is the last member to

enter in S. Then the expected k-lateral worth of S'\ 7 is found to be a(sfl’lg?(z)fsﬂ’k)v(sv).

n?

Based on this formulation, we now define the k-null player of type II or in short the k2-null

player and the corresponding k2-null player axiom or kN Ps in short.

Definition 3. Given v € G(N), a player i € N is said to be a k-null player of type II or a
k2-null player in short of v if for all coalitions S such that i € S, the expected k-lateral worths
of S and S\ i are identical. Thus formally, i € N is a k2-null player if for each S C N,

a(s,k)a(n — s, k) B a(s—l,k)a(n—s+1,k)v ;

«

It follows from Eq.(4.6) that for k = 1, the 12-null player becomes the null player. When
k > 1, the k-null player contributes nothing to the coalitions on an average when both her
individual (groups of size 1) and group contributions are measured. Therefore, it is justified to
award the k?-null player zero payoff under the k-lateral value. We have the following k%-null
player axiom or the kN P; in short.

Axiom 6. k2-Null Player (kNP): For v € G(N) and for any k%-null player i € N of v,
®k(v) = 0.

Proposition 6. The k-lateral value ®F, k > 1 satisfies kN Ps.

Proof. Immediately follows from the definition. O
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Remark 5. Define a new game v on N as follows: v = WU(S’) for all S € N. Call
it the associate game of v with respect to group contributions. Then we have ®¥(v) = ®2"(v)
for all ¢ € N. Therefore the k-lateral value over the game v is the Shapley value over its
associate game ©. Furthermore, player i is a k%-null player of game v if and only if 4 is a null

player of v.

Remark 6. It is interesting to note that the two types of null players defined above are neither
equivalent nor they imply each other. Take for example, a game v on N = {1, 2, 3} as follows.
o({1}) = 0, v({2}) = v({3}) = 2, v({1.2}) = v({1,3}) = 1, v({2.3}) = 2 and v({1,2,3}) = 2.
Here player 1 is a 2'-null player of v but not a 22-null player of v. Consider another game w on
N ={1,2,3} as follows. w(1) =0, w(2) = w(3) = w({1,2}) = w({1,3}) =1, w({2,3}) =3
and w({1,2,3}) = 4. Here, player 1 is a 22-null player of w but not a 2'-null player of w.

The Characterization Theorem

In this section, we prove a couple of characterization theorems for the k-lateral value using
the axioms Eff, Lin, Sym and either of kNP, or kNP». In view of propositions 3 and 5,
the characterization only requires to show that if a value satisfies Eff, Lin, Sym and either
of kNP, or kNP, it must be given by Eq.(3.3) or equivalently Eq.(3.6). Both the proofs
are constructive and we start with the introduction of a couple of new bases for the class
G(N) of games. Every v € G(N) is then expressed as a linear combination of these bases.
Therefore, following Lin it will suffice to obtain the expression of the k-lateral value for these
bases. Let us start with the axioms Eff, Lin, Sym or ESL in short and the axiom kN P;. To
complete the proofs following propositions are needed. For a non empty coalition T' C N,
define Dy : 2V — R such that
f(s,t), f T CS
Dr(S) = 1, ifT=S8 (4.7)
0, otherwise

where the value f(s,t) of the function f : N x N — R be so obtained that each i ¢ T is a

k'-null player. Thus under this assumption, we must have Mi(s’k)(DT) =0 for all S C N,
1 € S and for each non empty coalition i ¢ T'C N. Therefore,

oo m U(fiﬁ?i{ 1) (D (S) — De(s\ M)} = 0 (4.8)
M o

Eq.(4.8) implies,
Z (m—1)!(s—m)!a(s—m,k){DT(S)}

MCS e (s — Dla(s, k)
1<m<k

— (m —1)!(s —m)la(s — m, k)
- MQSZ:Z'GM (s — Dla(s, k) {Dr(S\ M)}
1<m<k
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It follows that,

5 (m1)!(sm)!a(sm,k)<sl>DT(S)

S (s — Dla(s, k) m—1

_ (m—l)!(s—m)!a(s_myk)
_MQSZ:ieM (s — Dla(s, k) Dp(S\ M)
1<m<k

Thus we have,

De(s)= 3 mm il E ps
g |

fls.b) = Z (m—1)!(s—m)!a(s—m,k)DT<S\M)

MCS\T : icM (s — Dla(s, k)
1<m<k
_ (mfl)!(s—m)!a(sfm’k) s—1t—1
= Z (3—1)!04(37]4) ( m—1 >f(8—m,t)

1<m<min{k,s—t}

B als —m,k) (Sn_f:ll)f(s —m,t)
R R o s £

1<m<min{k,s—t}

Using the above recursive relation of f(s,t) with f(s,s) =1 for all 1 < s < n, we can find
all the values of f(s,t). It is easy to show that D so defined is a TU game. The proofs of
Propositions 7 and 8 presented in the following are kept in the Appendix.

Proposition 7. The set of games {Dp : T C N, T # ()} is a basis for G(N) and every player
i ¢ T is a k'-null player.

Proposition 8. For an ESL value ® having kNP, and T C N, ®(Dr) is uniquely determined

by
f(n,t)
®;(Dr) = t

, ifieT (4.9)
0, otherwise

Theorem 1. The k-lateral value ® is the unique value that satisfies Eff, Lin, Sym and
ENP;.

Proof. Since {Dr : T C N,T # 0} is a basis for G(N) therefore any game v € G(N) can
be expressed uniquely as v = ), N0 VP DT where 47 € R T C N. Since ®* is linear
therefore ®¥(v) = D TCNT£0 74.®%(Dr). By Proposition (8), ®¥(D7) is uniquely determined
by Eq.(7.3). This completes the proof. O
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For the second characterization, we define the k-unanimity game denoted by Wp : 2V — R
for each non empty coalition 7" C N in explicit form as follows.
—t, k)a(t, k
aln —tRaltk) e g
Wr(S)=q aln—sk)als, k) (4.10)
0, otherwise

Note that Wr is identical with the unanimity game for k = 1. For T'= S, Wp(T) = 1.
Remark 7. For T' # (), the game Wy possesses the following properties.
(a) Wp(T)=1for T C N.

(b) Wr(S)=0for T ¢ S.
an—s+1,k)a(s—1,k)
a(n — s, k)a(s, k)
Proposition 9. For an ESL value ® having kNP, andT C N, ®(Wr) is uniquely determined

by

(¢) Wr(S) = Wr(S\ i) for T C S\ .

a(n —t,k)a(t, k) ifieT
o, (Wr) = ta(n, k) ’ (4.11)
0, otherwise

The proof of Proposition 9 is kept in the Appendix.

Theorem 2. The k-lateral value ®F is the unique value that satisfies Eff, Lin, Sym and
kN P;.

Proof. Consider the set {Wrp|T C N,T # (}. By similar procedure as in Prop. 7, the set
{Wr|T C N,T # 0} forms a basis of G(N). Any game v € G(NN) can be expressed uniquely
_.a(n—sk)a(s, k) .
as v = D pcnorgp Ve Wr where of. = ZSCT:S#Q(—l)t s a(n =t k)t k) v(S). Using the
expression of v we derive the following.
—t,k)a(t, k)
'UW ) )
Z rWr(S Z VT nfs,ka(s, k)

)
TCN:T#0 TCS:T#0 )
(
(

=TCSZT¢@§§R_S:,€§Z S T N
SR = Tt

© 5 S e

- Z LS e

-+ 52 {3 e ()G

RCS:R#£D ™ t=r:s#r
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Since Y07, (=1)"""(;Z)) = 0 therefore Y- n.psg ¥ Wr(S) = v(S).
Since ®* is linear therefore ®¥(v) = D TCNTAD 72.®F(Wr). By Proposition (9), ®(Wr)
is uniquely determined by Eq.(4.11). Therefore ®¥(v) is unique and determined by

B(y) — yan—tk)a(t k)
(I)i( ) Tc%;eT ! ta(n, k)

O

Remark 8. Note that in the proof of Theorem 1, the basis Dy is obtained recursively while in
Theorem 2, the basis Wy is expressed in a closed form to illustrate the procedure of obtaining
the k-lateral value in an explicit way, however to show only the existence and uniqueness,

such explicit forms are seemingly redundant.
4.2 Logical Independence
Logical independence of the axioms of Theorem 1 can be illustrated by the following examples.

(a) The value 8* : G(N) — R given by

1 s—=Hl(t—Dla(s—1t,k
m“):WZ 2 : ()8<—1)!L(8(,k) ){U(S)_U(S\T)}

SCN TCS:ieT
(ieS  1<t<k,

for all ¢ € N satisfies kNP, Lin and Sym but does not satisfy Eff.

(b) The value v* : G(N) — R given by

1 a(n — s, k)a(s, k) _an—s+Lk)a(s—1,k) ,
oH) = g 2 [ R Den by ) =By s g )
1 1€S

for all ¢ € N satisfies kN P,, Lin and Sym but does not satisfy Eff.

(c) The equal division rule ®¥P satisfies Eff, Sym and Lin but it does neither satisfy kN Py
nor kN Ps.

=k . N - k(N _ @k(v) Thio\ _ %k@)
(d) Thevalue ®* : G(N) — R™ given by ®7(v) = ——_1——v(N) [ or ®7(v) = < —~v(N)
2 jen Bj () 2 jen 5 (V)
for all i € N satisfies kNP, (or kNP,), Eff and Sym but does not satisfy Lin if

ZjeN 5]’?(71) #0 (Or ZjGN ’YJI?(U) #0 )
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(e) Consider the basis {Dp : T C N,T # ()} of the games defined by the Eq. (7.3) for the
class G(N). Suppose that i = minjer j. Let 8 be a value such that §;(Dr) = Dp(N)
and B;(Dr) = 0 for j € N,j # i. Extend § linearly for all games in G(NN). [ satisfies
kN Py, Lin and Eff but does not satisfy Sym.

(f) Consider the basis {Wp : T C N,T # (0} of the games defined by the Eq. (4.10) for the
class G(IV). Suppose that i = minjer j. Let v be a value such that v;(Wr) = Wp(N)
and vj(Wr) = 0 for j € N,j # i. Extend ~ linearly for all games in G(NN). v satisfies
kN Py, Lin and Eff but does not satisfy Sym.

5 Examples

Let us take a numerical example to highlight the k-lateral interactions in a TU game and
how they influence the k-lateral value for different choices of k. Take N = {1,2,3,4} and
v € G(N) as follows. v(S) = 0if {1,2} € S, v(1,2) = 2, v(1,2,3) = 4, v(1,2,4) = 6 and
v(1,2,3,4) = 8. The k-lateral value ®*(v) for different choices of k including the Shapley

value where k = 1 are given below.

1

dr(v) = (3.0,3.0,0.6,1.4) = & ()
P3(v) = (2.6,2.6,1.2,1.6)

®3(v) = (2.57,2.57,1.24,1.62)
diw) = (2.5,2.5,1.33,1.67)

Observe that this is a special example where all the players are individually non-productive.
Also neither player 1 nor 2 alone can have a non-zero contribution to a coalition. They are
productive only when they are together in a coalition. Thus in this stylized example, we want
to see how and why the marginal productivities of player 1 and 2 can be compensated by
solidarity towards 3 and 4. The Shapley value considers the individual and unilateral contri-
butions of 1 and 2, even though they are dependent on each other in generating the worth of
the grand coalition. Such dependence among players in deciding to join or leave a coalition is
not explicitly seen in Shapley formulations. Thus under the Shapley value their productivity
is the highest. However, when we consider players’ group contributions, with an increase of
the size of the groups, sharing is more egalitarian. Therefore, more solidarity for player 3 and

4 is ensured as the group contributions are shared equally among all the players.

21



6 Conclusion

This paper proposes a new value for TU games — the k-lateral value — that considers group
contributions of players within a coalition. All the Shapley like marginalistic values implicitly
assume that players individually and independently decide to join or leave a coalition of their
own. However, there are instances where players within a coalition are influenced by each
other on making such decisions and finally they make collective decisions. Since a marginalistic
value awards payoffs to the players based on their own contributions, their reliance on the
others in generating the worth should be given due consideration. This led us to define
the notion of group contributions. Our value computes the average of all such individual
and group contributions of the players. By an example we have explained the difference
between the Shapley value and the k-lateral values for different levels of interactions. The
characterization of the new value is done using standard axioms of Efficiency, Symmetry, and
Linearity along with two new axioms: the k-null player axioms of type I and type II. Similar
formulations can be put forward to other Shapley like values which we keep for our future

studies.

Acknowledgement

The work is supported by UKIERI [184-15/2017(IC)].

References

[1] Aumann, R., and Dreze, J (1974) Cooperative games with coalition structures. Interna-
tional Journal of Game Theory, 3, 217-237.

[2] Beal, S., Rémilla, and Solal, P (2017) Axiomatization and implementation of a class of

solidarity values for TU games. Theory and Decisions, 83, 61-94.

[3] Borkotokey, S., Sarangi, S. and Kumar, R (2015) A solution concept for network games :
The role of multilateral interactions. Furopean Journal of Operational Research, 243(3)
912-920.

[4] Branzei, R., Dimitrov, D. and Tijs, S (2008) Models in Cooperative Game Theory: Crisp,
Fuzzy and Multichoice Games. Springer, Berlin Heidelberg.

[5] Calvo, E (2008) Random marginal and random removal values. International Journal of
Game Theory, 37(4) 533-563.

[6] Casajus, A. and Huettner, F (2014) On a class of solidarity values. FEuropean Journal of
Operational Research, 236, 583-591.

22



[16]

Casajus A, Huettner F (2013) Null players, solidarity and the egalitarian Shapley values.
J Math Econ, 49, 58-61.

Chun, Y (1991) On the symmetric and weighted Shapley values. International Journal
of Game Theory, 20, 183-190.

Dubey, P (1975) On the uniqueness of the Shapley value. International Journal of Game
Theory, 4(3) 131-139.

Dubey, P (1982) The Shapley value as aircraft landing fees-revisited. Management Sci-
ence, 28(8) 869-874.

Farrell, J. and Scotchmer, S (1998) Partnerships, The Quarterly Journal of Economics
103 (2) 279-297.

Grabisch, M (2009) An Axiomatic Approach to the Concept of Interaction among Players
in Cooperative Games. International Journal of Game Theory, 28(04) 547-565.

Hamiache, G (2012) A Matrix Approach to TU Games with Coalition and Communica-
tion Structures. Social Choice and Welfare, 38, 85. https://doi.org/10.1007/s00355-010-
0519-9.

Joosten, R (1996) Dynamics, equilibria and values dissertation. Maastricht University.

Kamijo, Y (2009) A two-step Shapley value in a cooperative game with a coalition
structure. International Journal of Game Theory, 11(02) 207-214.

Kamijo, Y., Kongo, T (2012) Whose deletion does not affect your payoff? The difference
between the Shapley value, the egalitarian value, the solidarity value, and the Banzhaf

value. Furopean Journal of Operational Research, 216 638646.

Malawski, M. (2013) Procedural values for cooperative games. International Journal of
Game Theory, 42(1) 305-324.

Nowak, A. S. and Radzik, T (1994) A solidarity value for n-person transferable utility
games, International Journal of Game Theory, 23(1) 43-48.

Owen, G (1977) Values of games with a priori unions, in Essays in Mathematical Eco-
nomics and Game Theory, ed. by R. Henn, and O. Moeschlin, 76-88. Springer-Verlag,

Berlin.

Potters, J., Poos, R., Tijs, S. and Muto, S (1989) Clan games. Games and Economic
Behavior, 1, 275-293.

23



[21]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

Radzik, T., Driessen, T (2016) Modeling values for TU-games using generalized versions
of consistency, standardness, and the null player property. Math Meth Oper Res, 83,
179-205.

Shapley, L (1953) A value for n-person games, in Kuhn, H. and Tucker, A'W. (eds.),
Contribution to the Theory of games II, Princeton, New Jersey, Princeton University
Press, 307-317.

van den Brink, R (2001) An axiomatization of the Shapley value using a fairness property.
International Journal of Game Theory, 30, 309-319.

van den Brink, R (2007) Null or nullifying players: The difference between the Shapley

value and equal division solutions. Journal of Economic Theory, 136, 767-775.

van den Brink, R., Funaki, Y (2015) Implementation and axiomatization of discounted
Shapley values. Social Choice and Welfare, 2 (45) 329-344.

van den Brink, R., Funaki, Y. Ju, Y (2013) Reconciling marginalism with egalitarian-
ism: consistency, monotonicity, and implementation of egalitarian Shapley values. Social
Choice and Welfare, 40, 693-714.

van den Brink, R. and Pintér, M (2015) On Axiomatizations of the Shapley Value for

Assignment Games. Journal of Mathematical Economics, 60, 110-114.

van den Brink, R., Levinsky, R. and Zeleny, M (2015) On proper Shapley values for
monotone TU-games. International Journal of Game Theory, 44, 449-471.

Weber, R (1988) Probabilistic values for games, in Roth A.E. (ed), The Shapley value:
essays in honor of Lloyd Shapley, Cambridge University Press.

Young, H (1985) Monotonic solutions of cooperative games. International Journal of
Game Theory, 14(2) 65-72.

Appendix

Proof of Proposition 2.

(a) By definition of B(n, k),

B(s, k) ={(z1,22,cc,xr) i1+ 22+ ... +xp =5,1<z; <k, 1 <i<r<s}

Therefore

S
a(s, k) = Z H(x1, o, .cyxyp) ix1 + 22+ o+, =8,1<2; <k, 1<i<r} (7.1)
r=1
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(b)

()

(d)

The number of positive integer solutions of 1 +xo + ...+, = s is (ij) Suppose that

© be the least number of variables with x; > k. In this case, the number of positive
solutions of 1 4+ @2 + ... + z, = s is (}) (sjf_k;l)
Therefore the number of solutions of 1 + 2o+ ...+ 2, = swith 1 < z; <k, 1 <i<ris

2]

Go) e ()L
Thus .
als. k) =Y {2 + =L i) 5 )

r=1

O

For k = 1 and r = s, the only solution of 1 + 2 + ... + x, = s is (1,1,1,...,1). For

) ) ?

r < s, there is no solution in 1 + x2 + ... + 2, = s with kK = 1. The result follows. [

By (a),

S
a(s, k) = Z{(ml,xg,...,mr) 1tz t o, =51<x;<kl1<i<r}
r=1

Since x1 + 2 + ... + x, = s therefore each z; < sforall 1 <r <s.
Since s < k, therefore for all ¢ € {1,2,..., s} we must have z; < k .
It follows that,

S
a(s, k) :Z{(acl,xg,...,xr):xl—i—xz—l—...—i—m:s,l <z <k1 Sigr}

r=1

S
:Z{(azl,xg,...,xr):xl +xo+ ... +x, =51 §z’§7’}
r=1

()

— 25—1

Following Eq.(7.1) we have,
S
a(s, k) = Z{(ml,xg, o Tp) x4 xy=5,1<x; <k 1<i<r}
r=1

Therefore,

k s—i

Za(sft,k) = ZZ[(xl,xz,...,mT) it et ta,=s—10,1<z;<k1<i<r]
t=1 i=1 r=1

(7.2)
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Since s > k, we must have r > 2. Then

B

a(s, k) = {(xl,xz,...,x,,):xl +xo+ ..tz =51<xz <k1 Sigr}

r=2

»

{(xl,xg,...,xT)::L’l—l—xz—i—...—i—xr,l =s—x,1<z;<k,1 Sigr}

ﬁ
||
I\

[
Mm
] =

{(a:l,xg,...,m,«,l):xl +ro+ .. tax,=5—u.,1<x;<k,1 Siﬁr}
1

Zr

w3
||
- N

I
M)~

{(xl,xz,...,mT):a;l—i—azz—f—...—i—xrzs—t,lgxigk‘,lgigr}

ﬁ
Il
—
o+
Il
&~ =

®
|

I
M=

{(wl,xg,...,xT):x1+x2+...+xrzs—t,1§xi§k,lgigr}

o~
Il

—
Il

—

T

Note that, if r > s then the equation x; + z2 + ... + x, = s has no solution. Therefore,

k s—t
ZZ{ (21, X2, ...y ):wl—i-xg—i—...—f—xT:s—i,lSxigk,lgigr}
t=1r=1

k
Zoz (s —t, k)
t=1

O
(e) Observe that a(0,k) =1 when k > 0 and for 1 < s < k, a(s, k) = 2°~%. Therefore,
Y als—tk)= > 271 4a(0,k)
1<t<s 1<t<s—1
= > 241
0<t<s—-2
=21 -1+1
— 25—1
= a(s, k)
O

Proof of Proposition 7

By definition of D7, each i € N \ T is a k'-null player in the games Dr as the recursive
relation is designed to achieve this objective.

Finally, we show that the set of games {Dr} for all T C N, T # () form a basis of G(NNV). Let
d = 2" — 1. Since the class of unanimity games {ug|S C N,S # ()} makes a basis for the
vector space G(N), therefore the dimension of G(NN) is d. Let Sy, So, ..., Sq be a fixed sequence

26



containing all non empty subsets of N such that n = s1 < s9 < ... <sy=1. Let A= [aij}
be the d x d matrix defined by a;; = Dg,(5;),4,7 =1,2,3,...,d. Then a;; = Dg,(S;) = 1. For
i > 7, s; > s;. Then either s; = s; or s; > sj. Suppose that s; = s;. Since S; # S therefore
S; € S;. Let s; > sj. Then S; € S;. It follows that a;; = 0 for ¢ > j. Thus A = [a;]
is an upper triangular matrix with diagonal entries 1 meaning det(A) = 1. Therefore, the
set {Dg, 11 =1,2,...,d} is comprised of d independent vectors in G(NN). Since any linearly
independent set containing d vectors form a basis of G(NN) therefore {Dg,|i = 1,2,3,...,d}
forms a basis of G(N). O

Proof of Proposition 8

By Eff, we have ) ;. n ®i(D7) = Dp(N) = f(n,t).

By Proposition 7, i € N \ T is a k'-null player in the game Dr. Since ® satisfies kN P
therefore ®;(Dr) = 0 for ¢ € N \ T. Further, any two players i,j € T" are symmetric which
implies ®;(Dr) = ®;(Dr). Thus we have,

f(T;’t), ifieT

®;(Dr) = (7.3)

0, otherwise

This completes the proof. O

Proof of Proposition 9

aln—t, k)a(t, k
By Eff, we have ),y ®;(Wr) = Wp(N) = ( aln L)( )
Forie€ N\T,ifSCN\ithenTCS = T CS\i. T ¢S, igTthenT ¢ S\ 5.
Therefore Wp(S) = Wp(S\i)=0for T ¢ S,i ¢ T. For T C S,i ¢ T, by Remark [7], we have

— 1,k -1,k

Wrp(S) = a(na(z—k s: k;zg, ) d )WT(S \ 7). Therefore i € N \ T is a k-null player of type
IT in the k-unanimity game Wrp. Since ® satisfies kNP5 therefore ®;(W7) =0 fori € N\ T.
Any two players i,j € T are symmetric therefore ®;(Wr) = ®;(Wr) for all 4,j € T. Thus

a(n —t,k)a(t, k)
(I)l(WT) = ta(n, ]f)
0, otherwise

JifieT
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