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Abstract

The linear electoral volatility measure introduced in an influential article by
Pedersen (1979), is not always responsive to certain changes of party system like
increase or decrease in the number of parties, and/or relative strength of competing
parties. This is against the hypothesis formulated in the same article. We address
this issue by introducing a class of strictly concave additive separable electoral
volatility measures. We axiomatically characterize this class following a set of
independent axioms. We also show that this class of electoral volatility measures
can be used in comparing any two arbitrary party systems. Finally, we discuss
two sets of quasi orderings, following which a binary relation on electoral volatility
ordering can be formulated. We also extend both the quasi approaches in the
context of electoral volatility orderings for party systems, with different number of

political parties.

Key words: Pedersen’s Measure; Electoral Volatility; Party System Sta-
bility; Axioms.
JEL Code: C43, D72

* Corresponding author. Email id: sandip.isi.08Q@gmail.com
Acknowledgment: We are grateful to Gogol Mitra Thakur, Tanmoy Das and the participants
of IJABS conference at Xavier University Bhubaneswar, for helpful comments and suggestions.
The usual disclatmer applies.



1 Introduction

Political scientists have long been interested in understanding party system (in)stability.
A stable party system is considered as a hallmark of a matured democracy (Verba and
Almond, 1963; Putnam et al., 1994; Inglehart, 1997; Przeworski et al., 2000). An unstable
party system can lead to the implementation of short-term objective centric policies, open
doors to unconventional candidates and political parties, expose the national security
system to both internal and external threats, and weaken the fundamental institutions
of democracy. Tdka (1997) argues that electoral volatility is the single most important
indicator of presence or absence of party system stabilization. Pedersen (1979) defines
electoral volatility as the change of relative strength of political party from one election

to other. In order to measure electoral volatility he introduced the following measure:!

n
Z |U0i - U1i|

EVM = 1# (1)

where n is the number of parties, and for any party i vy; and vy; denotes the vote
shares at time 0 and 1, respectively.

In order to measure electoral volatility, one of the main arguments put forward by
Pedersen (1979) is that: “electoral volatility would increase if there is a change in the
number of parties, and in the relative distribution of electoral strength among the compet-

2 However, the linearity imposed on the functional

ing parties” (Pedersen, 1979, pp 3).
form of the electoral volatility index fails to capture this phenomena. We use a numerical
example with vote shares of parties to demonstrate this. Let’s consider three vote distri-
bution of parties V5 = (0.3, 0.3, 0.4), V; = (0.3, 0.3, 0.2, 0.2), and V5 = (0.3, 0.3, 0.2,

0.1, 0.1), where V4 being the outcome of initial election and V; and V; are two possible

outcomes in next election.® It is quite straightforward to figure out that the number of

!Though the functional form 1 proposed in Pedersen (1979) is used to measure electoral volatility in
the literature, in earlier studies similar measures were proposed and applied to study other features of
party system closely related to party system (in)stability. Przeworski and Sprague (1971) and Przeworski
(1975) have used the functional form 1, but to study the impacts of changes in voting behavior of relevant
voters on party system institutionalization between elections. Ascher and Tarrow (1975) define volatility
as the net change within the party system resulting from individual voters switching parties, but they
measure it as the sum of the net gains and losses between all the elections analyzed, divided by the
number of electoral intervals (i.e., number of elections under consideration minus one).

2A more detailed and formal discussion on this is available in section 4 of the paper (Pedersen, 1979,
pp 12-17).

3Throughout the paper, we express vote distributions among competing parties in vectors. All parties
vote shares add to 1, and the number of parties with positive vote shares determine the type of party



political parties has increased from 3 to 4 from Vj to V4. On the other hand, considering
Vo as the initial election and V5 as the final election the number of political parties has
increased from 3 to 5. In fact it is also quite straightforward to figure out that change of
relative strength of political parties is quite different from V; to V; and Vj to V5. From
this example it is easy to figure out that Pederson’s volatility measure is not responsive
to these changes and eventually the degree of volatility from Vj to V; and from V; to V5
both are equal to 0.2.

So far we have surveyed, no paper addresses the methodological issues of electoral
volatility measurement discussed in the previous paragraph. As the first step towards
this direction, we propose a class of strictly concave additive separable volatility measure
that addresses all the issues related to measurement of electoral volatility discussed above.
Furthermore, we also axiomatically characterize this class of electoral volatility measures.*
The main axiom that is violated by EV M(-) is Vote transfer sensitivity (VTS). This
axiom justifies the rationality of moving from a linear to a strictly concave functional
form. If we relax this axiom, and consider only weakly concave volatility measures, then
Pederson’s measure also becomes a member of the extended class introduced in this paper.

We also do not find any paper that discusses the theoretical issues related to the
comparisons of party systems with different number of parties. Nevertheless, empirical
papers on electoral volatility even in the recent decades Bischoff (2013) do compare elec-
toral volatility with different number of parties. We introduce an axiom named “Strong
Proportional Increments” following which one can evaluate the volatility ordering of party
systems with different number of political parties. The philosophy of this axiom is very
much similar to the well known replication invariance used in welfare ordering of income
(or related metrics of welfare) with different population sizes. We show that the proposed
class of measure along with the Pedersen (1979) measure, can be used in comparing of
any arbitrary party systems.

We also address electoral volatility ordering following a quasi approach.” We establish

system. Measuring volatility requires outcomes of two elections and all parties with positive vote shares
in both the elections are considered for this. If a party is present only in one election, its other election’s
vote share is 0 and we interpret this as the party had a pseudo presence in the election.

4 Axiomatic characterization is quite common in economics. Sen (1976) was the first to characterize
the well known Sen’s Poverty measure.

5Many seminal contributions exists in the literature on axiomatic social choice and welfare following
quasi ordering approaches. For example, the equivalence between Lorenz dominance and S concave social
welfare functions by Atkinson (1970); Dasgupta et al. (1973). Partial orderings of poverty with respect to
poverty measures has been formulated initially by Atkinson (1987). This approach of poverty orderings



equivalence between some ranking conditions of distributions following a class of electoral
volatility measure. We also extend both these quasi approaches in the context of party
systems with different number of political parties.

In section 2 we discuss some prelimary issues related to electoral volatility measure.
In section 3 we introduce the axioms and present the characterization result. In section
4 we present the results associated with the quasi ordering approaches. The final section

presents our concluding remarks.

2 Preliminaries

Let in a society there are n (n > 1) political parties. Let P = {1,2,..,n} denotes the set
of political parties. We denote the initial and final elections by 0 and 1, respectively. Let
Vi = {(v, vi2, ..., v4) € RY|Vi € P, vy; > 0 and ivti = 1} denotes the vector of vote
shares at time point t, where t € {0,1}. V" denoteZSZ i;he set of all vote share vectors. The
ordered pair (Vj, V) denotes a party system. The set of all party system is denoted by:
T ={Vox Vi | Vo, Vi € V"}. We now define two types of transfer that we use throughout

this paper.

Definition 1. V-Transfer: For any (Vy, Vi) € ", by V-transfer we mean a transfer
of vote from some distinct party i and j, there exists a transfer of votes from i to party j
from the initial to final election such that vi; = vo; — €, v1; = voj + € and vy, = vor, where
ke {P\i,j}.

Definition 2. VT-Transfer: For any (Vy, V1) € T*, by VT-transfer we mean a transfer
of vote between some distinct parties i, j and [. Party i losses (gains) some votes in the
wnitial election which is divided between party 7 and [ in the final election, such that
v = Vo — €, V1j = Ug; + €1, Uy = Vg + €2 and v, = vor where k € {P\i, 5,1} and

€ =¢€1 1+ €.

We now define replicated party systems which is useful in the comparison of two party

systems with different number of political parties.

Definition 3. Replicated Party Systems: For any (Vo, Vi) € T a party system is
said to be replicated k times which is denoted by (ViF, V) € T, whereVs € {0,1}: VF =

(1e5t, 152, ., 1,50 and 1, = (1,1, .., D).

was further extended by Foster and Shorrocks (1988a,b).

4



Electoral volatility following Pedersen (1979) is the change in the electoral strength
among competing political parties. Furthermore, following the author an electoral volatil-
ity measure can also be considered as a function as net change of electoral strength across

political parties. Formally:

Definition 4. Electoral Volatility Measure: For any (Vy, Vi) € " an electoral
volatility measure is defined as follows: E(Vy, V1) : D" — R, where D" = (dy,ds, .., d,),

and dz = |U0i — U1i|v 1€ P.

Let €& denotes the set of all electoral volatility measures that is defined in 4. Through-
out this paper we restrict our attention only on the class of electoral volatility measure
in €. The main result of this paper is on characterizing the following class of electoral

volatility measures which is a subset of €.

Definition 5. For any (Vy, V1) € V™ by Generalized Electoral Volatility Measure we mean

the following class of measures which is a subset of €.

Z |v1; — voi|®
GEV (Vy,V;) = =

2anlfa
where a is the degree of number of parties aversion parameter.

Note that if @ = 1 then GEV() corresponds to the original Pedersen (1979) measure

defined in equation 1.

3 Main Results

We introduce the following axioms, which we believe any Electoral Volatility Measure

must satisfy. We assume that EV() is a member of €.

Axiom 1. Increased Volatility (IV): For any (Vo, V1) € ", the electoral volatility

measure EV (Vy, Vi) must be strictly increasing in its arguments.
Axiom 2. Zero Volatility (ZV): EV (Vy, V1) = 0 if and only if vy; = vy;Vi € P.
Axiom 3. Maximum Volatility (MV): EV(V,, V1) < 1.

Axiom 4. Additive Separability (AS): E(Vo,Vi) = Y f(|vi — voi|) where f -
i=1
(0,1]" — R.



Axiom 5. Proportional Increments (PI): Let (VF,VF), (VI VE), (VFE,VE) and
(VE VEY € T be the k fold replicated party systems (following Definition 3) of (Vo, V1),
(Va,V3), (Vi, Vs), and (Vg,V7) € T, respectively. Following this axiom EV (Vy, Vi) —
EV(Va,Va) £ BV (Vi Va)=EV (V. Vi) <= EV(Vi,VI)=EV(V} V) 2 EV(VE V) -
EV(VE, VE).

Axiom 6. Vote Transfer Sensitivity (VTS): Let (Vo, V1), (Va,V3) € T such that
Do1 = (do11,do2, -, dorn) and Dog = (dasi, dasa, ..., dasn), where doy; = |vo; — v1;| and
dogi = |vo; — v3i|. There exists some distinct {a,b} € P such that dy, = €, do1p = € and
do; = 0 Vi € {P|i # a,b}. For some distinct {l,j,k} € P such that dag = €, dos; = €1,
das = €9 and dog; = OVi € {P|i # 1, j,k}, where € = €1 + 5. Then following this axiom:
EV(Va,V3) > EV(Vy, V).

IV states that any measure of electoral volatility must be strictly increasing in its
arguments. Thus if there is a transfer of vote from one political party to other, then
higher the volume of transfer, higher is the electoral volatility. To cite an example consider
the following two party systems (Vy, V1), (Va, V3) € %3, where Vo = (0.1,0.4,0.5), V; =
(0.1,0.3,0.6), V2 = (0.1,0.7,0.2) and V5 = (0.1,0.5,0.4). We can say that V; is obtained
from V{ by a vote transfer of 0.1 from party 2 to 3. On the other hand V3 is obtained from
V, by a vote transfer of 0.2 from party 2 to 3. Following IV, the party system (V5, V3)
must exhibit higher volatility.

ZV, guarantees that the lower bound of electoral volatility function must be 0. Fur-
thermore, this value is achieved only when the initial and final vote share vectors are
identical. Another implication of this axiom is that the underlying measure will never
exhibit degree of volatility which is negative. MV ensures that the maximum level of
volatility is 1.

AS ensures that the contribution of political parties are additive separable. This also
implies that except for the zero sum game set up there is no interdependence between
political parties. Also note that another inbuilt assumption hidden in this axiom is Party
anonymity. The fact that the same function f() attached to all political parties also
implies that except for the vote shares nothing else will matter in the electoral volatility
ordering.

In order to illustrate PI, consider four sets of party systems such that difference in

electoral volatility form the first two sets is equal to that of third and fourth. Now
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suppose that each political party is replicated &k times, such that their vote shares (both
for initial and final election) is also is divided by k. Following this axiom if electoral
volatility difference for the first two party systems is same as that of third and fourth,
then replicated profiles will also exhibit similar patterns. In the next section we use a
stronger version of this axiom, that enables us to compare volatility of two party systems
with different number of parties.

VTS is the main axiom in our analysis. VTS ensures the necessity of departing
from a linear to a strictly concave function. This axiom is applicable in the context of
comparison between two independent party systems, with same set of political parties.
In order to illustrate VTS, consider the following two party systems: 3, = (Vp, V;) € T
and Py = (Vo, Vo) € T, where Vg = (vor, Vo2, Vo3, Vo), Vi = (Vo1, Vo2 — €, Vo3 + €, Vps) and
Vo = (o1, Vo2 — €, Vo3 + €3, Vo4 +€4), Where € = e3+¢4. In Py, party 2 losses vote share € and
that goes to party 3. In By, party 2 losses vote share € which is divided in between party
3 and 4. Following VTS, volatility in 3 is less than 5. Our main logic here is that in 3,
the vote share changes effects only 3 political parties, whereas 4 in the second case. Thus
though the volume of transfer is same, ¥, must exhibit higher volatility than ;. Some
redistribution might be such that it changes the number of parties in a party system.
For an illustration consider the following three vote share vectors: A;=(0.3,0.2,0.5,0,0),
A1=(0.3,0.2,0.3,0.2,0) and A3=(0.3,0.2,0.5,0.1,0.1). Any measure that satisfies VTS will
exhibit higher volatility in the party system (Ag, As) compared to that of (Ag, A;). Here
the number of parties with non-zero votes in at least one election is 1 in the party
system is (Ag, A1) and (Ap, As), is 1 and 2, respectively. Following Pedearson’s hypothesis
(Hypothesis 2, pp ) this must lead to an increase volatility. However, Pedearson’s original
measure violates this axiom. Thus in this context following equation 1: EV M (Ag, A;) =
EVM (A, Ay) =0.2.

Another problem of Pedearson’s measure is non-unique boundary points. To cite an
example consider: By=(1,0,0,0), B;=(0,1,0,0), B2=(0,0.3,0.4,0.3) etc. It can be observed
that EVM(By, By) = EVM(By, By) = 1. Both the party systems attains maximum
volatility. VTS also ensures a unique upper bound, follows from the well known Jensen’s

inequality. We address this issue in Lemma 1 and Corollary 1.

Lemma 1. For all Vo,V € V", and Va € (0,1) > |ves — v]* < 2°n!~,
i=1



n n n

P’I”OOfI Define dz = |UOi _U1i|‘ Now Z dz S Z Vi + V13 = 2. Given « € (0, 1) -
i=1 i=1 i=1

dy is a strictly concave function. Hence by Jensen’s inequality:

5" < (;d)a (3)

n n
Since > d; <2 = > d* <2*n'~*. Q.E.D.

i=1 i=1
The next result is on characterizing a unique point at which GEV attains the maxi-

mum value. The volatility becomes maximum if and only if at the initial time point the
number of parties is even and half of the parties enjoys equally of the total votes. On
the other hand, in the next time point the scenario is exactly the reverse. For example,
if n = 8 then the maximum volatility is attained whenever Vy=(.25, .25, .25, .25, 0,0,0,0)
and V7,=(0,0,0,0,.25, .25, .25, .25). Formally:

Corollary 1. For any Vo, Vi € V", GEV (Vy, V1) = 1 (defined in 2) if and only if the
following conditions is satisfied: 1) n is an even 2) V; = (On,az), Vs = (an,05) where

0, = (0,0,..,0)5x1 an = (a,a,..,a)nx1, a=n/2 and t,s € {0,1} such that t # s.

> ds > di\ @
Proof: GEV (Vo,V1) =1 = =— = (’:;L ) . Since a € (0,1) like the case of

any strictly concave function this equality holds if and only if d; = d = 2/n Vi € P. Now
if n is odd then d; = d can not hold because at least one of the following two necessary
conditions is violated: a) i vo; = 1 and b) i v1; = 1. Suppose n is even but there exists
any (V. V) € T, such that (V3, V4) is different from (Vo, V) and GEV (V, Vi) = 1. This
implies that Vi € P, ds; = |vg; — vg;| = 2/m. Since the ordered pair (V3,Vy) and (Vp, V1)
are different this implies there 3k € P such that Vs, = 2/n + € where ¢ > 0. Given that
i v3; = 1 this implies that there must exist some [ € P (I # k) such that V3, =2/n — ¢
;Illere €1 € (0,€]. Since dsy = 2/n = Vj = —e; which is a contradiction. Q.E.D.

We now present the main result of this paper. We show that the axioms proposed

above (axioms 1-6) restrict only one class of Generalized Electoral Volatility Measures.

Formally:

Theorem 1. For all Vo, Vy € ", the only volatility measure in € that satisfies axioms

IV, ZV, MV, AS, PI and VTS is GEV (Vy, V1) defined in equation 2.
Proof: Sufficiency: This part is easy to check and is thus omitted.
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Necessary: Following axiom AS: EV (Vy, V1) = i f(Jvii — vo;|). Following ZV, the lower
bound is obtained only when V[, = V; which izr:nlplies f(0) = 0. In order to apply PI,
consider (Vp, V1), (Va, V3), (V4 Vs), (Vs, V7)) € T" and k fold replicated vote share vec-
tors (following Definition 3) as (ViF, V{¥), (VJF, VE), (VE,VF), (VE, VEF) € T, respec-
tively. Following this axiom EV (Vy, V1) — EV (Va,Vs) = EV(Vy, Vi) — EV (Vg V7) <—
EV(VEVE) — EV(VEVE) = EV(VF VEF) — EV(VF VF). Applying some algebra the

=1

additive separable functional form turns out to be: > f(|ve; — v1i|) — D f(|vei — vs|) =
; i=1

ifﬂ% — vsil) — anf(|vﬁi —vgl) <= f(vlvei —vul) — Zif(ﬂvm‘ —wv3i|) = > f(y]vai —

i i=1
Usi|) — zn: f(v|vei — vz;|) where v = 1/k. This also implies that f() is either in interval
scale orZ :11}1 log-interval scale (see Aczél and Roberts, 1989). Hence f(.) satisfies PI if and
only if for any ¢ € [0,1] : f(t) = 01 + 62d? or f(t) = k1 + kalog(d;) (Aczél and Roberts,
1989; Chakraborty et al., 2008, see). Given f(0) = 0, thus logarithmic functional form
is ruled out. Hence f(t) = 6; + 6,t*. Now f(0) =0 = 6; = 0. By ZV, IV and
MYV, it can be ensured that 6, > 0. Further, by IV f(¢) must be an increasing func-
tion. Since, f(t) = 605t® is differentiable this implies that 6yat*™' > 0 = «a > 0.
In order to apply TS, consider the following two party systems (Rg, R1), (Ro, Rs) € T°
where Ry = (701, o2, 703), B1 = (To1 — 26,702 + 2€,703), Ro = (ro1 — 26,702 + €, 703 + €).
Following VTS: EV(Ry, Re) > EV(Ro, R1) = 202¢® > 05(2¢)* = « < 1. Hence,
the functional form turns out to be: EV(Vy, V) = 6, Zn:ldq where d; = |vy; — vo;|. By

77
1

=1

MV, 65 > d¥ < 1. Following Lemma 1, maa:( > d?) = 2%~ This also implies that
= i=1

n

n > d¥
MYV is satisfied whenever: 0y = m Hence, EV = 0, ) dff = 5-== Q.E.D.
i=1

We now show that all the axioms discussed above (i.e., axioms 1-6) are consistent
with one another. This also implies that they are not contradictory, and sufficient to
characterize exactly one measure. Formally we establish the independence of the axioms

in the following fashion:
Theorem 2. The following axioms IV, ZV, MV, AS, PI and VTS are independent.

Proof: We prove this theorem by providing counter examples. We show that there
exists one measure which satisfies all but not one.
> 1(di#0)
1) Not IV: EV(V4.V1) = =———, where 1(d; # 0) is an indicator function which takes

value 1 if the statement in the parenthesis is true and 0 otherwise.
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S 10+]dy| V2

2) Not ZV: BV (Vo, Vi) = =i
3) Not MV: BV (Vy, Vi) = 3 |di| V2.
=1
Z:L:l |U01_v11‘\/§ 2
4) Not AS: EV (V,, V1) = ( T >
> 1dg V2
5) Not PL. EV (Vy, Vi) = &= —==
i d;
6) Not VTS: EV (V;, V1) = =}

Q.E.D.

The above theorem also justifies that none of the axioms is a strong requirement.
Also note following condition 7 it is quite straightforward to figure out that Pederason’s
Volatility measure satisfies all the axioms except VTS.

So far we have restricted our attention in the comparison of electoral volatility with
party systems consisting of equal number of parties. We now relax this assumption to
compare party systems with different party numbers. In order to do this we propose the

following axiom:

Axiom 7. Strong Proportional Increments (SPI): (Vy,Vy) € " and (V, V) is
the k fold replicated vote share vectors (following Definition 3). Following this axiom
EV (Vo, Vi) = EV(Vy, V) °

It can be easily figured out that GEV defined in 2 satisfies this axiom for any finite «.
In order to illustrate how SPI can be applied in comparing party systems with different
party sizes consider: PB; = (Vp, V1) € T and Py = (Vo, V3) € T2, such that ny # no.
Now apply 3 to construct the following replicated party systems: B3 = (V;'2, V|"?) € T
and Py = (V", V5") € T2, That is we have replicated all parties in 3 and o, ne and
ny times, in order to form B3 and Py, respectively. Both the constructed party systems
(i.e., B, and PB,) have number of parties equals to nyny. Following axiom SPI, EV (B;) =
EV($.) and EV(R,) = EV(P,). Thus EV(B,) S EV(B,) < EV(P,) S BV(P.)

SThroughout this paper we are interested only to figure out, how the absolute strength of political
parties are distributed in different party systems. In a different context the well known Lorenz curve
also does a kind of similar exercise. It can be readily observed that in this context the Lorenz curve of
the original and replicated vote share profiles are same. This perhaps justifies the property that since
the two distributions are same, then their must not be any difference in their volatility.

"The philosophy of this approach is closely related to the replication invariance axiom introduced in
Dasgupta et al. (1973). This axiom is well known in the axiomatic social choice and welfare literature
and is often used for welfare ordering of two distributions with different population size.
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Hence, the ordering of the original party systems actually follows from the constructed

replicated party systems.

4 Quasi Approaches

Conclusions of volatility ordering following the GEV() measure, may depend on the choice
of the aversion parameter «. To cite an example, consider the following two party sys-
tems (Vo, V1), (Va,V3) € T, where Vop=(.2, .5 .15, .15) V;=(.6,.1,.2,.1) V4=.2,6,.1,.1)
and V3 =(0.1,0.1,0.7,0.1). It can be checked that GEV (Vy, Vi, = 0.1) = 0.886 >
GEV (Vy,Va,a = 0.1) = 0.717.% Furthermore, GEV (Vy, Vi, a = 0.9) = 0.472 < GEV (V1 Vs,
a =0.9) = 0.603. Hence, the volatility ordering are completely different in the two cases.
In this section, we focus on quasi orderings of electoral volatility. To be precise, we are
interested in the of electoral volatility ordering following a class of electoral volatility
measures. The end result is binary i.e., either > or <. A quasi approach satisfies transi-
tivity and reflexivity but violates completeness. This implies that in some cases volatility
orderings may be inconclusive. This also implies that in some cases the electoral volatility
may be higher for one party system following a certain volatility measure.

For any two party systems (Vg, V1), (Va,V3) € T define Do1 = (do11, doi2, -, doin ),
Dos = (das1, dasa, .., dasn), where Vi € P dyy; = |vg; — v14] and dag; = |ve; — v3;]. We define
D, =11,,Do1 = (dyq, dbyas -y diyy) and Dig = I1,,Dy3 = (dig1, d3so, .oy dis,,), where I1,, and

II,, are permutation matrices of order n such that dg,; > dg;; and d33; > d55; for any

distinct {7, 7} € P such that i # j.?

Definition 6. First Order Dominance: Dg, first order dominates Djq which is de-

noted by D, =1 D35 if and only if Vi € P : dfy,; > dis;, with > in at least one case.

Definition 7. Second Order Dominance: Dy, first order dominates D3, which is
denoted by Dy =2 Dis if and only if Vi € P2 Y di > D disy., with > in at least one
k=1 k=1

case.

Note that both >=; and >, are partial in nature. That is it violates the completeness

property in the sense some party system can not be ordered. An example includes the

8By GEV (V1,Va,a = 0.1) we mean the generalized electoral volatility measure that is defined in 2,
for the party system (Vp,V7) and o = 0.1.

9A permutation matrix of order n is a square matrix with all its entires being either 0 or 1, such that
sum of each row and column is 1.
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two party systems presented in the first paragraph of this section.
We first establish equivalence between first order dominance and electoral volatility

ordering following a class of measures which satisfies IV and AS.

Theorem 3. For any two party systems X = (Vo,V1),Y = (V,,V3) € T, the following
conditions are equivalent:

1) Dgy =1 D3

2) For any EV € € that satisfies AS and IV we have EV(X) > EV(Y).

Proof: 1 = 2
It is quite straightforward to figure out that there exists a € R, where a = (|a1], |az], .., |axn]),
such that D§;, — D33 = a. By IV, EV() is increasing in its arguments. Hence EV (X)) >
EV(Y).

2 =1
Assume that D, %1 D34, then 35 € P such that do1; < da3;. Choose the following
function FV = idouwi- We can always choose w; high enough in order to get a
contradiction. QEID

We now establish the equivalence between >, and electoral volatility measures that

satisfies IV, AS and VTS.

Theorem 4. For any two party systems X = (Vo, V1), Y = (V,,V3) € T, the following
conditions are equivalent:

1) DX =y DY”

2) DX" can be obtained from DY by a finite sequence of V-transfer and VT-transfer.
3) For any EV € € that satisfies AS, IV and VTS we have EV(X) > EV(Y).

Proof:

1 = 2

Following Marshall and Olkin (1979) DX" =, DY" = there exits a biostatistic
matrix Q, such that DX" > QDY .'° The rest of the proof is in line with Chakravarty
and Zoli (2012) following which intermediate V-sequences and VT-sequences can be con-

structed.

10A bi-stochastic matrix is not a permutation matrix such that all the entries of the matrix lies in the
closed set [0,1] and sum of all columns and rows is 1.
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2 — 3

Applying transitivity we can establish this part.

3 =1

For all i € P define C'S(d5,;) = z dy,; and C'S(d3,) = z di;.

We begin with the assumptlon that DX* oy DY*, Hence there exists & € P such
that CS(dE‘;lk) < CS5(d33;)- In order to get a contradiction we choose I € € such that
F(DX") = delﬁz and similarly F(DY") = Z d54;0; where 3; = zl: w; and w; > 0.

j=1
It can be readlly figured out that F'(-) is increasing and strictly concave, hence satisfies

both IS and VTS. Applying some algebra we can write F(DX") = Y w,CS(ds,;;) and
i=1

F(DY") = Z w;CS(dss;). It is quite straightforward to figure out that we can choose wy,
high enough in order to get a contradiction. Q.E.D.
The next two results extends the partial orderings in the context of party systems,

with different number of parties.

Corollary 2. For any two party systems X = (Vo, V)T, Y = (Va, V3) € "2, such that
ny # ngy the following conditions are equivalent:

1) DX™ » DY

2) For any EV € € that satisfies AS , SPI and IV we have EV (X) > EV(Y').

Proof: This proof is a trivial extension of Theorem 3.

Corollary 3. For any two party systems X = (Vo, V)™, Y = (Vo,V3) € "2, such that
ny # ny the following conditions are equivalent:

1) DX —y pyii

2) For any EV € € that satisfies AS, IV, SPI and VTS we have EV(X) > EV(Y).

Proof: This proof is a trivial extension of Theorem 4.

5 Conclusion

The linear electoral volatility measure introduced in an influential article by Pedersen
(1979) is not always responsive to certain changes of party system like changes in number
of parties, and/or relative strength of existing parties. This is against the hypothesis

cited in the same article by Pedersen (1979). In this paper we address this issue by

13



introducing a class of strictly concave additive separable electoral volatility measures.
We axiomatically characterize this class following a set of independent axioms.

So far we surveyed, this literature is also mute on the theoretical issues associated
with the comparison of party systems with different party sizes. Nevertheless, empirical
papers on electoral volatility even in the recent decades Bischoff (2013) do compare
electoral volatility with different number of parties. We introduce an axiom very much
similar to the well known replication invariance in the context of economic inequality
literature. We show that the proposed class of measure including the Pedersen (1979)
measure which is a special class in our class of index (relaxing strict concavity) satisfies
this axiom, and thus can be compared in the context of party systems with different
cardinalities.

As a future research agenda, we plan to apply our electoral volatility measure in the

context of comparative party system analysis of India.

References

Aczél, J. and Roberts, F. S. (1989). On the possible merging functions. Mathematical
Social Sciences, 17(3):205-243.

Ascher, W. and Tarrow, S. (1975). The stability of communist electorates: evidence
from a longitudinal analysis of french and italian aggregate data. American Journal of

Political Science, pages 475-499.
Atkinson, A. (1987). On the measurement of poverty. Econometrica, 55:749-764.

Atkinson, A. B. (1970). On the measurement of inequality. Journal of economic theory,

2(3):244-263.

Bischoff, C. S. (2013). Electorally unstable by supply or demand?—an examination of
the causes of electoral volatility in advanced industrial democracies. Public Choice,

156(3-4):537-561.

Chakraborty, A., Pattanaik, P. K., and Xu, Y. (2008). On the mean of squared deprivation
gaps. FEconomic Theory, 34(1):181-187.

14



Chakravarty, S. R. and Zoli, C. (2012). Stochastic dominance relations for integer vari-
ables. Journal of Economic Theory, 147(4):1331-1341.

Dasgupta, P., Sen, A., and Starrett, D. (1973). Notes on the measurement of inequality.
Journal of economic theory, 6(2):180-187.

Foster, J. E. and Shorrocks, A. F. (1988a). Poverty orderings. Econometrica, 56(1):173~
177.

Foster, J. E. and Shorrocks, A. F. (1988b). Poverty orderings and welfare dominance.
Social Choice and Welfare, 5(2-3):179-198.

Inglehart, R. (1997). Modernization and postmodernization: Cultural, economic, and

political change in 43 societies. Princeton university press.

Marshall, A. W. and Olkin, 1. (1979). Theory of Majorization and its Applications.

Academic Press, New York.

Pedersen, M. N. (1979). The dynamics of european party systems: Changing patterns of
electoral volatility. European Journal of Political Research, 7(1):1-26.

Przeworski, A. (1975). Institutionalization of voting patterns, or is mobilization the

source of decay? American Political Science Review, 69(1):49-67.

Przeworski, A., Alvarez, R. M., Alvarez, M. E., Cheibub, J. A., Limongi, F., et al.
(2000). Democracy and development: political institutions and well-being in the world,

1950-1990, volume 3. Cambridge University Press.

Przeworski, A. and Sprague, J. (1971). Concepts in search of explicit formulation: A

study in measurement. Midwest Journal of Political Science, pages 183-218.

Putnam, R. D., Leonardi, R., and Nanetti, R. Y. (1994). Making democracy work: Civic

traditions in modern Italy. Princeton university press.

Sen, A. (1976). Poverty: an ordinal approach to measurement. Fconometrica: Journal

of the Econometric Society, pages 219-231.

Toka, G. (1997). Political parties and democratic consolidation in Fast Central Europe.

Number 279. Centre for the Study of Public Policy, University of Strathclyde.

15



Verba, S. and Almond, G. A. (1963). The civic culture: Political attitudes and democracy

in five nations.

16



	Introduction
	Preliminaries
	Main Results
	Quasi Approaches
	Conclusion

