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Abstract

In this paper, we consider auctions with resale opportunities when
the value-rankings are revealed to the bidders. There are two risk neutral
bidders and the probability distributions are independently and asym-
metrically distributed. The bidder with the highest valuation and lowest
valuation is termed as “high-type” and “low-type” respectively. We show
that, with the revelation of value-rankings, the classic result of “bid sym-
metrization” does not hold. Surprisingly, the low-type bidder produces a
stronger bid-distribution than the high-type bidder. We also show that
the revelation of value-rankings in auctions with resale asymmetrizes
the bidding strategies. Next, we show that the high-type bidder bids
more aggressively when the distribution function of the low-type bidder
improves. Finally, we compare the bidders’ preferences for a first-price
and a second-price auction.
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1 Introduction

There are various kinds of asymmetry that arises in auctions such as het-
erogeneous value-distributions, heterogeneous utility functions, asymmetric
information sets and so on. In this paper, we consider a different kind of
asymmetry in the form of revelation of value-rankings'. This means that, in
addition to knowing their own valuations, all the bidders know the ordinal
rankings of the valuations. Revelation of value-rankings can be naturally seen
at various places in auctions. The knowledge about the ordinal value-rankings
may be due to interactions in the past, knowledge about the financial wealth
of the bidders, etc. This kind of asymmetry leads to the inefficiency of a
first-price auction, i.e., the low valuation bidder wins the auction with pos-
itive probability. This creates opportunity for resale of the object. Resale
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opportunities affect the bidding strategies, bid distributions, seller’s revenue
and bidders’ preferences. In this paper, we study the bidding behavior in a
first-price auction when there are resale opportunities and the value-rankings
are revealed to the bidders.

Consider a two-stage game with two risk neutral bidders. The valuations
are drawn from independently and asymmetrically distributed probability
functions. Additionally, value-rankings are revealed to both the bidders. The
bidder with the highest valuation and lowest valuation is termed as high-type
and low-type respectively. The structure of the game is as follows. In stage 1,
the seller conducts a first-price auction. The losing bid is not revealed after
the end of the auction. In stage 2, the winner of the auction may make a
single offer to the loser of the auction. Resale takes place in the form of a
monopoly mechanism, i.e., the winner of the auction makes a single offer to
the loser. In Appendix A, we consider the case of a monopsony mechanism
where the loser of the auction makes a single offer to the winner.

The aim of this paper is to determine the bidding behavior when there are
resale opportunities and the value-rankings are revealed to the bidders. At
first glance, one may expect that the high-type bidder produces a stronger bid
distribution than the low-type bidder. We, however, show that this intuition
is incorrect.

It is well known that, when there are no resale opportunities, the “weak”
bidder produces a weaker bid distribution than the “strong” bidder? ([18]).
The intuition behind this result is that the “marginal profit” of the strong
bidder is more than that of the weak bidder. This is because of the fact that
the weak bidder bids more aggressively than the strong bidder. Since the
marginal profit of the strong and the weak bidder is equal to the inverse of
reverse hazard rate of bids for the weak and the strong bidder respectively,
the weak bidder produces a weaker bid distribution than the strong bidder.

When there are resale opportunities, both the strong and the weak bidder
produce the same bid distribution ([8]). This fact is known as bid symmetriza-
tion. The intuition is that, unlike the no resale case, the marginal profits are
same for both the bidders. To see this, notice that since the weak bidder
bids more aggressively than the strong bidder, the weak bidder makes a sin-
gle offer with positive probability and the strong bidder never makes a resale
offer. If the weak bidder wins the auction by increasing his bid marginally,
then he will make a resale offer to the strong bidder which will be accepted
with certainty. Thus, his marginal profit is the resale price net of the bid.
On the other hand, the strong bidder loses the auction by a marginal amount
and therefore buys the object in the resale stage with certainty. Thus, his
marginal profit is the resale price net of the bid. Since the marginal profits
are same for both the bidders and they are equal to the reverse hazard rate
of bids, the bid symmetrization holds.

2A bidder is “weak” and “strong” in the sense that the latter is more likely to get a high
valuation than the former.



When there is one strong bidder and a finite number of weak bidders, the
bid symmetrization fails to hold ([23]). Specifically, each of the weak bidder
produces a weaker bid distribution than the strong bidder. The intuition is
as follows. If the weak bidder wins the auction against the strong bidder by
increasing his bid marginally, then his resale offer is accepted by the strong
bidder with certainty. If the weak bidder wins the auction against another
weak bidder by increasing his bid marginally, then his resale offer is accepted
with positive probability but not with certainty. Thus, his marginal profit is
strictly less than the resale price net of bid. On the other hand, the strong
bidder loses the auction by a marginal amount and therefore buys the object
in the resale stage with certainty. Thus, his marginal profit is the resale price
net of the bid. Since the marginal profit of the weak bidder is less than that of
the strong bidder and the marginal profit of the weak and the strong bidder
is equal to the inverse of reverse hazard rate of the bids for the strong and the
weak bidder respectively, the weak bidder produces a weaker bid distribution
than the strong bidder.

Our main result is that bid symmetrization fails to hold even with two
risk neutral bidders if some extra information is revealed in the form of value-
rankings. Specifically, we get the striking result that the low-type bidder
produces a stronger bid distribution than the high-type bidder. The intuition
is as follows. Whenever the low-type bidder wins the auction by increasing his
bid marginally, the high-type bidder accepts his offer with probability one. On
the contrary, whenever the high-type bidder loses the auction by a marginal
amount, he gets the object in the resale with probability one. Therefore, the
marginal profit is same for both the bidders. However, the marginal profit
is not equal to the inverse of reverse hazard rate of the bids for both the
bidders. The marginal profit is equal to the inverse of reverse hazard rate of
the bids for the low-type bidder but less than the inverse of reverse hazard
rate of the bids for the high-type bidder. Thus, the bid distribution of the
low-type bidder dominates that of the high-type bidder.

1.1 Contribution

Consider the following assumptions: (a) symmetric bidders, (b) private val-
ues, (c) no revelation of value-rankings, (d) risk neutrality, and (e) no resale
of the object. When assumptions (a)-(e) are satisfied, then (i) revenue equiv-
alence theorem holds, and (ii) an explicit expression for the bidding strategy
in a first-price auction exists (Myerson [20]). When assumption (a) is relaxed,
then (i) the “weak” bidder bids more aggressively and produces a weaker bid
distribution than the “strong” bidder, and (ii) the revenue rankings for the
first-price and the second-price auctions cannot be generalized (Maskin and
Riley [18]). When assumptions (a) and (e) are relaxed, then (i) the weak
bidder bids more aggressively than the strong bidder and there is bid sym-
metrization, and (ii) the first-price auction is revenue superior to a second-



price auction (Hafalir and Krishna [8]). When assumption (c) is relaxed, then
(i) revenue equivalence theorem does not hold, (ii) analytical solutions do not
exists for uniform distributions. In this paper, we relax assumptions (a), (c)
and (e).

In our environment, the classic result of bid symmetrization does not
hold even with two risk neutral bidders. This is due to the revelation of
value-rankings.

The following are the already existing results in the literature:

(1) When there are two risk neutral bidders, value-rankings are not revealed
and no resale opportunities, then the weak bidder bids more aggressively and
produces a weaker bid distribution than the strong bidder. Moreover, stochas-
tic orders are necessary to unambiguously compare the bidding strategy and
bid distribution ([16],[18], [11]).

(2) When there are two risk neutral bidders, the value-rankings are revealed
and no resale opportunities, then the low-type bidder bids more aggressively
than the high-type bidder. Moreover, stochastic orders are not necessary to
unambiguously rank the bidding strategy. But, the bid distributions can-
not always be compared even if we assume stochastic orders on the value-
distribution ([14]).

(3) Consider an auction setting with resale opportunities and two risk neutral
bidders. The value-rankings are not revealed. Then, the weak bidder bids
more aggressively than the strong bidder and both the bidders produce the
same bid distribution. Moreover, stochastic orders are necessary to compare
the bidding strategy but are not necessary to compare the bid distributions.
It may be noted that heterogeneous distribution functions lead to homoge-
neous bid distributions ([8]).

(4) Consider an auction setting with resale opportunities and n > 2 bidders
(one strong and n — 1 weak bidders). The value-rankings are not revealed.
Then, each of the weak bidder bids more aggressively and produces a weaker
bid distribution than the strong bidder. Moreover, stochastic orders are nec-
essary to compare the bidding strategy and bid distribution ([23]).

Our result conveys that the low-type bidder bids more aggressively and
produces a stronger bid distribution than the high-type bidder. The main ob-
servation is that stochastic orders are not necessary to compare the bidding
strategy and bid distribution. Notice that our result holds for homogeneous
distribution functions as well. It conveys the fact that homogeneous distri-
bution functions lead to heterogeneous bid distributions. In contrast to the
literature, on one hand, with the introduction of resale opportunities, we
can compare the bid distribution even without any stochastic order on the
value-distribution. However, on the other hand, with the revelation of value-
rankings, the bid symmetrization result no longer holds. Notice that when
the value-rankings are revealed and there is no resale, the bid distributions
cannot be compared. Our result states that, with the introduction of resale
opportunities, we can compare the bid distributions.



Further, our environment allows us to analyze some results which are new
in the auction with resale literature. First, we compare the bidding behav-
ior when the distribution function of the low-type bidder changes stochasti-
cally. We show that, when the distribution function of the low-type bidder
“improves” stochastically, then the high-type bidder starts behaving more
aggressively. Moreover, when the valuation of the low-type bidder is high
enough, then he produces a stronger bid distribution. Second, we compare
the bidding behavior of “symmetric” and “asymmetric” bidders. Bidders are
symmetric when the valuations are not correlated and are drawn from the
same distribution function. We show that the low-type bidder whose val-
uation is correlated with the other bidder bids more aggressively than the
low-type bidder whose valuation is not correlated with the other bidder.

1.2 The literature

The literature provides some strong results when bidders are symmetric such
as revenue equivalance theorem, efficiency and explicit expression of bidding
strategy. These results do not hold when bidders are asymmetric. More
specifically, revenue rankings cannot be generalized, first-price auction is in-
efficient and analytical solution does not always exists. Inefficiency opens up
the possibility of resale. Since the winner of the auction can be the bidder
who does not have the highest valuation, it is profitable for him to resell the
object. The literature on auctions with resale is relatively small. Some of
the papers are Gupta and Lebrun [7]; Hafalir and Krishna [8, 9]; Lebrun [17];
Cheng and Tan [5]; and Virdg [23].

Revelation of bids after the bidding stage plays a key role in determin-
ing the equilibrium bidding behavior. Whenever both the winning bid and
the losing bid is revealed after the auction, the resale stage becomes game
of complete information. The winner of the auction simply makes the resale
offer equal to the valuation of the loser which will be accepted with certainty.
Thus, efficiency is always attained in this scenario. With complete informa-
tion in the resale stage, Gupta and Lebrun [7] derives an explicit expression
of the bidding strategies for the asymmetric bidders in a first-price auction.
However, the revelation of both bids is too strong assumption since in real
world auctions the losing bid is not revealed. Lebrun [17] studies the effect
of revelation of bids after the bidding stage on equilibrium behavior. He con-
structs a behavioral equilibrium when the bids are not revealed and shows
that this equilibrium is equivalent to a separating equilibrium where the bids
are revealed. Garratt and Troger [6] characterizes the equilibrium by consid-
ering one speculator—a bidder who has zero value for the object—and one
private valuation bidder. In their analysis, the losing bid is not announced in
a first-price auction and the winning bid is not announced in a second-price
auction®. Cheng and Tan [5] shows that a common value auction without

3In a first-price auction whenever the losing bid is not announced, it does not make any



resale is bid equivalent to a first-price auction with resale. He generalizes the
revenue rankings established by H-K. Cheng [3] considers sequential bargain-
ing offers by the seller. He shows that seller’s revenue reduces in a first-price
auction when the bargaining power of the weak bidder is reduced.

Maskin and Riley [18] and Landsberger et al. [14] studies asymmetric
auctions without resale. The crucial difference between these two papers
is that the value-rankings is not common knowledge in the former and it
is common knowledge in the latter. The asymmetry in the former is due
to heterogeneous distribution functions which are stochastically ranked; and
the asymmetry in the latter is due to the revelation of value-rankings. The
bidders in the former paper are distinguished as strong and weak; and in
the latter as high-type and low-type. The former shows that the weak bidder
bids more aggressively and produces a weaker bid distribution than the strong
bidder. Moreover, the revenue rankings for the first-price and the second-price
auction cannot be generalized. The latter shows that the low-type bidder
bids more aggressively than the high-type bidder. They also show that, with
uniform distributions, a first-price auction is revenue superior to a second-
price auction. Hafalir and Krishna [8] (henceforth, H-K) studies asymmetric
auctions with resale opportunities. They show that the weak bidder bids more
aggressively than the strong bidder and there is bid symmetrization, i.e., the
equilibrium winning probability is same for both the bidders. They also show
that a first-price auction is revenue superior to a second-price auction. Virag
[23] extends the work of H-K by considering n > 2 bidders. He shows that
the weak bidder produces a weaker bid distribution than the strong bidder.
He also shows that the weak bidder produces a stronger bid distribution
with resale opportunities as compared to the case when there are no resale
opportunities. Virdg [24] considers H-K model by taking a reserve price. He
shows that, with the introduction of reserve price, the strong bidder wins the
auction more often than the weak bidder. Moreover, the second-price auction
may yield higher revenue for the seller than the first-price auction.

Milgrom and Weber [19] considers a common-value auction with inter-
dependent and correlated valuations. They derived explicit expressions for
bidding strategies in a first-price and a second-price auction. They also show
that a second-price auction is weakly revenue superior to a first-price auction.
Krishna and Morgan [13] considers an all-pay auction with interdependent
valuations and affiliated signals. They derived explicit expressions of bidding
strategy in a first-price and a second-price all-pay auction?. They also show
that the seller’s revenue from a second-price all-pay auction is at least as large
as from a first-price all-pay auction. In contrast, Siegel [21] considers a first-
price all-pay auction with interdependent valuations and discrete correlated

difference whether the winning bid is announced or not. This is true only when the winner
of the auction makes a single offer to the loser.

“In auction literature, a second-price all-pay auctions is generally refereed as a war of
attrition and a first-price all-pay auction is simply refereed as an all-pay auction.



signals. He shows the existence of an equilibrium. Syrgkanis et al. [22] con-
siders a hybrid® auction with interdependent valuations and discrete affiliated
signals. They show the existence of a unique mixed strategy equilibrium.

1.3 Outline

The outline of the paper is as follows. In section 2, we formalize the model and
describe the equilibrium. In section 4, we compare the bidding behavior for
different degrees of asymmetry. In section 5, we compare the bidding behavior
of symmetric and asymmetric bidders. Section 7 concludes the paper. In
Appendix A, we describe the equilibrium for the monopsony mechanism. The
proofs are collected in Appendix B.

2 The environment

Consider a first-price sealed bid auction for an indivisible object. There are
two bidders with risk neutral preferences. The set of bidders is denoted by
N = {h,l}. The type space is same for both the bidders and is given by
T = [0,a] C R. The random variables are given by #;, and #;. The distribu-
tion functions of #; and #; are given by F}, and Fj respectively. We assume that
the distribution functions are twice continuously differentiable and are inde-
pendently distributed. Moreover, the density functions, denoted by f; and
fi1, are positive and always bounded away from zero. An important feature of
our framework is that the ranking of valuations is common knowledge among
the bidders at the time of bidding. This means that each bidder knows that
his realized valuation is either more or less than that of the other bidder but
does not know the magnitude of the difference between the two valuations.
Therefore, a bidder knows his own valuation, the distribution function of the
other bidder as well as the ranking of the valuations.

Consider the following two stage game. In stage 1, the seller of the object
conducts a first-price sealed bid auction. The losing bid is not revealed after
the auction. In stage 2, the winner of the auction may make a single offer to
the loser. The game ends after stage 2 and there is no further resale of the
object. Bidders get their realized payoffs.

F; is said to be regular if the virtual valuation, given by

. 1=F()
fi(t)
is strictly increasing in ¢. The definition of regularity of the distribution
function is due to Myerson [20].
We make the following assumption on the distribution functions.

®In a hybrid auction, the winning bidder pays a bid which is equal to a linear combination
of a first-price and a second-price auction.



Assumption 1. F; is regular for everyt € N.

We assume that bidding strategies are strictly increasing and continuous.
The bidding and inverse bidding strategy are denoted by 3; and ¢; respec-
tively. In the following Lemma, we show that if the low-type bidder bids
more aggressively than the high-type bidder, then the low-type bidder makes
a resale offer with positive probability while the high-type bidder never makes
a resale offer.

Lemma 1. If B(t) > B1(t) for everyt € T, then the low-type bidder makes a
resale offer with positive probability whereas the high-type bidder never makes
a resale offer.

To see why the above result is true, first consider the low-type bidder.
Since the low-type bidder bids more aggressively than the high-type bidder,
the type of the low-type bidder is less than the type required by the high-type
bidder to match the bid made by the low-type bidder. Therefore, there are
potential gains from trade if the low-type bidder makes a resale offer. Now
consider the high-type bidder. Suppose the high-type bidder makes a resale
offer. Then, the resale offer has to be greater than the valuation of the high-
type bidder. Since the valuation of the low-type bidder is less than that of
the high-type bidder, the low-type bidder will never accept the resale offer.

We begin the analysis by assuming that the low-type bidder bids more
aggressively than the high-type bidder and later show that this is indeed the
case. We require this assumption before setting up the optimization problems
of both the bidders because we need to know the direction of the trade.

2.1 Resale Stage (Stage 2)

In stage 2, we set up the optimization problems for the high-type and the low-
type bidder. From Lemma 1, the high-type bidder does not make any resale
offer. Therefore, there is no optimization problem for the high-type bidder.
Consider the low-type bidder with type t;. Suppose he bids b, chooses a resale
price p and the high-type bidder follows his equilibrium bidding strategy Bj.
Thus, the optimization problem of the low-type bidder is

max Pr(p < th < on(0)|tn > t1)(p — b) + Pr(tn < pltn > t1)(t — D)

The first-term in the optimization problem is the expected utility of the
low-type bidder when his offer is accepted, and the second term is the ex-
pected utility when his offer is rejected. We can rewrite the first probability
expression in the following manner:



Pr(p <1, < ¢n(b))
Pr(fh > tl)

_ Fho¢p(b) — Fi(p)

N 1— Fi(t)

Pr(p <t < ¢n(b)|tn > t;) =

In deriving the above expression we made use the fact that ¢; < ¢p(b). To
see this, suppose t; > ¢p,(b). Then, low-type bidder will win the auction with
probability 0. Hence, it is profitable to raise his bid. Similarly, we rewrite
the second probability expression in the following way:

Pr(t; < ty, < D)
Pl"(fh > tl)
_ Fu(p) — Fi(t)

- 1-Fyty)

Pr(fh < p’fh > tl) =

Thus, the optimization problem of the low-type bidder can be rewritten as

Fp 0 ¢p(b) — Fu(p) F(p) — Fu(t)
i 1 — Fp(t) =)+ 1 — Fp(t)

(t1 =)

The first-order condition leads to the following equation

_ Froon(b) — Fu(p)
fn(p)

From Assumption 1, the right hand side of the above equation is strictly
increasing in the resale price. Hence, a unique p exists. Thus,

Fp, 0 ¢p(b) — Fi(p) Fr(p) — Fi(t)
1—Fh(tl) 1_Fh(tl)

t =

(1)

p(t1,b) = arg max (0—1)+ (1)
Furthermore, the regularity condition ensures that (1) is a sufficient condition.

Notice that
ty < p(t1,b) < ¢n(b)

Moreover, p(t;,b) is increasing in ¢; and ¢, (b). Since the high-type bidder
does not make a resale offer, we write p(b) := p(t;,b). We now turn to stage
1 problem.

2.2 Bidding stage (Stage 1)

Consider the low-type bidder with type ¢;. Suppose he bids b and the high-
type bidder follows his equilibrium bidding strategy. The optimization prob-
lem of the low-type bidder is

Fy, 0 ¢n(b) — Fi(p)

max = F) (p—0)+

Fi(p) — Fu(t1)
1 — Fr(ty)

(t1—b)



Using Envelope Theorem, we have the following first-order condition

Fy 0 ¢p(b) = DEF 0 ¢ (b)(p(b) — b) + Fj o ¢u(b) (2)
Notice that P .
D > pit) @

The numerator of the left hand side is the bid distribution of the high-
type bidder and the denominator is its corresponding density. This ratio is
the inverse of the reverse hazard rate of the bid. We interpret the reverse
hazard rate of the bid as the probability that a bidder will bid around a
neighborhood of b conditional on the fact that he will not bid more than b.
On the other hand, the right hand side is the “marginal profit” of the low-type
bidder. So this inequality states that the inverse of the reverse hazard rate
of the bid for the high-type bidder is greater than the marginal profit of the
low-type bidder.

Now, consider the high-type bidder with type t;,. Suppose he bids b and
the low-type bidder follows his equilibrium bidding strategy. Thus, the opti-
mization problem of the high-type bidder is

nglX Pr(fl < gﬁl(b)m < th)(th — b) + {1 — Pr(fl < ¢l(b)‘£l < th)} max{th - D, 0}

The first-term in the optimization problem is the expected utility of the high-
type bidder when he wins the auction, and the second-term is the expected
utility when he loses the auction and buys the object in the resale stage. The
probability expression can be rewritten in the following way:

Pr(fl < min{¢l(b),th})
PI‘(E[ < th)
_ Frog(b)
- Rty
In deriving this expression, we made use of the fact that ¢;(b) < t,. To
see this, suppose ¢;(b) > t;. Then, the high-type bidder can reduce his bid

slightly and still win with probability 1. Thus, the optimization problem can
be rewritten as

Fy o ¢y(b) Fiy(th) — Fio ¢i(b)
max ————
b Ei(tn) Fi(tn)
The first-order condition leads to the following differential equation

Fyo¢y(b) = DFj o ¢y(b)(p(b) — b) (4)

The above equation states that the inverse of reverse hazard rate of the
bid for the low-type bidder is equal to the marginal profit of the high-type
bidder. In the following Proposition, we describe the equilibrium.

Pr(t; < ¢y(b)[f; < tp) =

(th —b) +

max{th 'z 0}
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Proposition 1. (¢, ¢1,p) is an equilibrium profile if and only if it solves the
following system

F 0 ¢p(b) = DF} 0 ¢p(b)(p(b) — b) + FJ, 0 ¢i(b)
Fyo¢i(b) =DFj o ¢y(b)(p(b) — b)
_ oy Fnodn(b) — Fi o p(b) (5)
¢i1(b) = p(b) FropD)
¢n(0) = 1(0) =0 & on(b)=d(b)=a I beR

The above result conveys that the first-order differential equations are
both necessary and sufficient for an equilibrium. The sufficiency part states
that local deviations are not profitable for the high-type and the low-type
bidder. Notice that, for the low-type bidder, local deviations are strictly
worse off and, for the high-type bidder, local deviations are weakly worse off.

Until now, we have assumed that the low-type bidder bids more aggres-
sively than the high-type bidder. In what follows, we show that this is indeed
the case.

Proposition 2. Suppose Assumption 1 is satisfied. Then, the low-type bidder
bids more aggressively than the high-type bidder, i.e.,

Bult) > Bn(t)
for every t € (0,a).

Let us gain some intuition of the above result. To see why the low-type
bidder bids more aggressively than the high-type bidder, suppose this is not
true. Instead, suppose that the high-type bidder bids more aggressively than
the low-type bidder. Then, for any particular valuation, the low-type bidder
bids less than the high-type bidder, and as we know that the realized valuation
of the high-type bidder is more than that of the low-type bidder, the low-type
bidder will always lose the auction. Moreover, the high-type bidder will never
make a resale offer to the low-type bidder. Therefore, the low-type bidder
bids more aggressively than the high-type bidder.

The following is the main result of our paper.

Theorem 1. Suppose Assumption 1 is satisfied. Then, the low-type bidder
produces a stronger bid-distribution than the high-type bidder, i.e.,

Fiogy(b) < Fip o gp(b)
for every b € (0,b).

We now explore the reasons why the low-type bidder produces a stronger
bid distribution than the high-type bidder. Suppose the low-type bidder bids
b. Then, t; = ¢;(b). We are interested in calculating the profits from winning
at the margin, i.e., where the bidder loses the auction by bidding b and wins

11



the auction by marginally increasing his bid. Suppose the marginal increase
is given by e. Hence, ¢p(b) < tp < ¢p(b+ €) must be true. Whenever, the
low-type bidder bids b, he loses the auction and cannot buy the object in the
resale market. Therefore, his profits are zero. On the other hand, whenever
he bids b+¢, he wins the object and resells to the high-type bidder. Therefore,
his profits are p(b) — b. Thus, the marginal profits are p(b) — b.

Now suppose the high-type bidder bids b. Then, t;, = ¢p(b). Suppose
he increases his bid marginally by €. Again, we are interested in calculating
the profits from winning at the margin. Hence, ¢;(b) < t; < ¢;(b + €) must
be true. Whenever ¢; < ¢;(b), he loses the auction and buys the object
in the resale market. Therefore, his profits are t;, — p(b). On the other
hand, whenever ¢;(b+ €) < t;, he wins the object but do not resell in the
resale stage. Therefore, his profits are t;, — b. Thus, his marginal profits are
(th —b) — (tn —p) = p(b) — b.

Notice that the marginal profits are same for both the bidders. From (3),
the marginal profits are less than the reverse hazard rate of the high-type bid-
der. From (4), the marginal profits are equal to the reverse hazard rate of the
low-type bidder. Thus, the bid distribution of the low-type bidder dominates
that of the high-type bidder in terms of reverse hazard rate. Since reverse
hazard rate dominance implies first-order stochastic dominance, the low-type
bidder produces a stronger bid distribution than the high-type bidder.

We shall now discuss how our results are related to the already existing
results in the literature. Recall that a bidder is strong if the probability
distribution of his type dominates that of the other bidder. A weak bidder
is defined in a similar way. In our framework, we have considered a high-
type and a low-type bidder. The following two potential cases are of interest:
(a) the “strong” bidder is a “high-type” bidder and the “weak” bidder is a
“low-type” bidder; and (b) the “strong” bidder is a “low-type” bidder and the
“weak” bidder is a “high-type” bidder. We develop some new terminologies.
If the distribution function of the high-type bidder is dominant to that of
the low-type bidder, we say the former is a super-strong bidder and the
latter is a super-weak bidder. On the contrary, if the distribution function
of the low-type bidder is dominant to that of the high-type bidder, we say the
former is a not-so-strong bidder and the latter is a not-so-weak bidder.
We note the following observations.

Remark 1. Suppose the distribution function of the high-type bidder dom-
inates that of the low-type bidder. Then, the super-weak bidder bids more
aggressively and produces a stronger bid distribution than the super-strong
bidder. In this scenario, the dominance of the super-strong bidder in terms
of value-distribution leads to his dominance in terms of bid distribution.

Remark 2. Suppose the distribution function of the low-type bidder domi-
nates that of the high-type bidder. Then, the not-so-strong bidder bids more
aggressively and produces a stronger bid distribution than the not-so-weak bid-
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der. In this scenario, the dominance of the not-so-weak bidder in terms of
value-distribution leads to the dominance of not-so-strong bidder in terms of
bid distribution.

Remark 3. Our result still holds even if the distribution functions are iden-
tical. In H-K framework, heterogeneous value-distributions lead to identical
bid-distributions. In contrast to the literature, our result conveys that identical
value-distributions lead to heterogeneous bid-distributions.

Remark 4. We have ranked the bidding strategies and bid-distributions unan-
tmously without any stochastic ranking of the value-distributions. In other
words, stochastic orders are not necessary to unambiguously rank the bidding
strategies and bid-distributions.

Remark 5. With the introduction of resale opportunities, the bid-distributions
can be unanimously ranked which is not possible otherwise.

3 Connecting function

In this section, we compare the “connecting function” of the high-type bid-
der under different environments. The benchmark environment is that the
value-rankings are revealed and there are resale opportunities. The two en-
vironments with which we will compare our benchmark environment are (a)
the value-rankings are not revealed but there are resale opportunities and (b)
the value-rankings are not revealed and there are no resale opportunities. In
subsection 3.1, we compare the connecting function of the benchmark case
with that of (a). In subsection 3.2, we compare the connecting function of
the benchmark case with that of (b).

3.1 Presence of resale

First, consider the benchmark case when the value-rankings are revealed. The
connecting function €; : T'— T is defined as

Qu(t) = i 0 B (1)

for every i € N. We interpret €); as the type required by bidder ¢ in order to
match the bid made by bidder j.
We describe the equilibrium in the following manner:

~ FoW() fn(t)
D) = 50,00 Falt) — B o u00)

_ FroQu(t) — Fu(t) fut) (6)
Pt === ()

Q(0) =2(0)=0 & Ua) =Ula)=a
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Now consider a scenario when the value-rankings are not revealed. Sup-
pose the bidding strategy, inverse bidding strategy and resale price are de-
noted by ;, u; and r respectively. The characterization of inverse bidding
strategy is given by®

_ Fow(b) 1
Dru(®) = 23 1 (b) 7(b) — b
Dyun(b) = 212 i) 1

- fh o Mh(b) T(b) — b
w(0) = pn(0) =0 & wb)=mbd)=a 3 beRyy

We define a connecting function ©; : T' — T as
Out) = i o ;1)

for every i € N.
We describe the equilibrium in the following manner:

_ Fio0(t) fu(t)
DO = 28,0 Fu)
DOy (1) Fj 0 On(t) filt) (7)

C fnoOu(t) Fy(t)
0,(0) =©,(0) =0 & ©(a)=06y(a)=a

In the following result, we compare the connecting function of the high-
type bidder when the value-rankings are revealed with the case when they
are not revealed.

Theorem 2. Suppose (¢y, on,p) is an equilibrium profile and (€, Q) is the
corresponding connecting function when the value-rankings are revealed. Sup-
pose (ug, i, ) s an equilibrium profile and (O, ©y,) is the corresponding
connecting function when the value-rankings are not revealed. Then,

Qp(t) > On(t)
for every t € (0,a).

The type required by the high-type bidder in order to match the bid made
by the low-type bidder is more when value-rankings are revealed as compared
to the case when value-rankings are not revealed. Notice that Q(t) > ¢
since the low-type bidder bids more aggressively than the high-type bidder
(Proposition 2). This means that the (absolute) difference in bid functions is
more when value-rankings are revealed. Thus, the revelation of value-rankings

SFor derivation, see Hafalir and Krishna [§].
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in auctions with resale asymmetrizes the bidding strategies. However, O, (t)
can be either > or < t. Whenever F}, dominates Fj in terms of reverse hazard
rate, Qp,(t) > ©p(t) > t holds. On the other hand, whenever F; dominates F},
in terms of reverse hazard rate, Qp(t) > t > ©p(t) holds. We consider both
the cases.

Whenever Q,(t) > Op(t) > t is true, then (a) the low-type bidder bids
more aggressively than the high-type bidder in both the scenarios, i.e., with
and without revelation of value-rankings, and (b) the low-type bidder in-
creases his level of aggression against the high-type bidder when the value-
rankings are revealed.

Whenever Qp(t) > t > ©Op(t) is true, then (a) the low-type bidder bids
more aggressively than the high-type bidder when the value-rankings are re-
vealed and the high-type bidder bids more aggressively than the low-type bid-
der when the value-rankings are not revealed, and (b) the level of aggression of
the low-type bidder against the high-type bidder—when the value-rankings
are revealed—is more than the level of aggression of the high-type bidder
against the low-type bidder—when the value-rankings are not revealed.

3.2 Absence of resale

Now consider a scenario when there are no resale opportunities and value-
rankings are not revealed. Suppose the bidding strategy and inverse bidding
strategy is given by «; and o; respectively. The characterization of inverse
bidding strategy is given by’

. -Fl OO‘l(b) 1
Do) = F2500) on(®) = b
Ddh(b) . Fh o O'h(b) 1

~ froon(b) ou(b) —b
01(0) =04(0) =0 & oy(b) =on(b)=a 3 beR,

The connecting function A; : T'— T is given by
Al(t) =0;0 Oéj(t)

for every i € N. The description of equilibrium is given by®

B Eyo Ai(t) fr(t) Ai(t) — ap(t)
DA = 5800 Fot) £ — an(t)
DA (t) Fpoo Ap(t) fi(t) Ap(t) — cu(?) (8)

C fuoAn(t) Fi(t)  t—au(t)
A(0) =An(0) =0 & Mfa)=An(a)=a

"The derivation can be found in Maskin and Riley [18] and Lebrun [16].
8This can also be found in Lebrun [16].
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In the following result, we compare the connecting function of the high-
type bidder when there are resale opportunities and value-rankings are re-
vealed with the case when there are no resale opportunities and value-rankings
are not revealed.

Theorem 3. Suppose (¢y, on, ) is an equilibrium profile and (€, ) is the
corresponding connecting function when there are resale opportunities and
value-rankings are revealed. Suppose (o7, 0p) is an equilibrium profile and
(A1, Ap,) is the corresponding connecting function when there are no resale
opportunities and the value-rankings are not revealed. Then,

Qn(t) > An(t)
for every t € (0,a).

The above result conveys that the type required by high-type bidder to
match the bid of low-type bidder is more when there are resale opportunities
and value-rankings are revealed as compared to the case when there are no
resale opportunities and value-rankings are not revealed. Since Q(t) > t,
it follows that the revelation of value-rankings in auctions with resale asym-
metrizes the bidding strategies. Note that whenever F} dominates Fj in terms
of reverse hazard rate, Qp(t) > Ap(t) > t and whenever F; dominates F}, in
terms of reverse hazard rate, Q5 (t) >t > Ay (). Whenever Q,(t) > Ap(t) > t,
the low-type bidder increases his level of aggression against the high-type
bidder with the introduction of resale opportunities and the revelation of
value-rankings. On the other hand, whenever Q(t) >t > Ap(t), the level of
aggression of the low-type bidder against the high-type bidder—when there
are resale opportunities and the value-rankings are revealed—is more than the
level of aggression of the high-type bidder against the low-type bidder—when
there are no resale opportunities and the value-rankings are not revealed.

4 Comparative statics

In this section, we study the bidding behavior when the distribution function
of the low-type bidder changes stochastically. Fix the distribution function
of the high-type bidder and change the distribution function of the low-type
bidder in a manner that the new distribution function is dominant to the old
distribution in terms of reverse hazard rate. We ask the following questions:

Formally, suppose the distribution function of the low-type bidder changes
from Fj to GG; such that (G; is conditional stochastic dominant to ;. When the
distribution functions are Fj and Fj, the characterization of inverse bidding
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strategy is

_ Fogd) 1
Do) = o 6b) p(b) — b
_ Fpogn(b) —Fro¢i(b) 1
Pon(d) = fn o &n(b) p(b) —b o)
_ ~ Fjo¢n(b) — Fpop(b)
oi1(b) = p(b) X0
¢r(0) = ¢1(0) = p(0) =0
on(d)=¢i(b)=a 3 be Ry

When the distribution functions are GG; and F},, we denote the bidding strat-
egy, inverse bidding strategy and resale price by 1;, A\; and ¢ respectively
for every ¢ € N. The characterization of inverse bidding strategy after the
distribution change is given by

. Gl O)\l(b) 1

PAOY =" oN) a) — b
_ FpoX(b) — FpoN®) 1
DR (b) = frn o An(D) q(b) — b o
Ai(b) = q(b) — Fio A}}(:l;(;h ° q(b)
An(0) = X (0) = ¢(0) =
Mmb)=xb)=a 3 beRiy

Theorem 4. Suppose (¢n, ¢1,p) and (An, A, q) are an equilibrium profile when
the distribution functions are (Fy, Fy) and (Fp, G)) respectively. Suppose As-
sumption 1 is satisfied and G; dominates F; in terms of reverse hazard rate.
Let F;(0) > 0 and G;(0) > 0. Then,

Pn(b) > An(b)
for every b € (0,b].

The high-type bidder bids more aggressively than before when the distri-
bution function of the low-type bidder improves stochastically.

The idea of the proof is to show that ¢; < A\; and ¢, < A cannot hold
simultaneously. This would imply that b < b. Thus, ¢, > A, around some
neighborhood of b. We then show that these two functions cannot intersect.

The next result compares the bid distribution of the low-type bidder before
and after the distribution change.

Proposition 3. Suppose Assumption 1 is satisfied and G; dominates F} in
terms of reverse hazard rate. Let Fi(0) > 0 and G(0) > 0. Then, for high
enough valuation,

GroN(b) < Fyoy(b)
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The above result tells that, for a high enough valuation, the low-type
bidder produces a stronger bid distribution after the change of the distribution
function.

5 Symmetric bidders

Consider the following two environments: (a) the value-rankings are revealed
and one bidder’s distribution function is Fj, and the other bidder’s is Fj, and
(b) the valu-rankings are not revealed and both the bidders distribution func-
tion is either F} or Fj. In this section, we compare the bidding distributions
between (a) and (b). We refer to bidders in (a) as asymmetric bidders and
bidders in (b) as symmetric bidders.

The bidding strategy and inverse bidding strategy of symmetric bidders
are denoted by (I'y,I'x) and (0, 0) for every k € N respectively. The char-
acterization of inverse bidding strategy is given by
_ Fpo0(b) 1

fr 0 01(b) 01 (0) — b (11)

Qk(O) =0 & Hk((_)k) =a Z_)k S §R++
for every k € N.

It is worthwhile to note that, when bidders are symmetric, then there will

be no resale. This is because symmetric auctions are always efficient. In the

following result, we compare the bidding strategy of a bidder with distribution
function Fj in both environments.

Doy (b)

Theorem 5. Suppose (0, 0y) is an equilibrium profile, when bidders are sym-
metric, for every k € N. Suppose (¢n,d1) is an equilibrium profile when
bidders are asymmetric. Then,

01(b) > ¢1(b)
for every b € (0,b).

The above result conveys that the bidder with distribution function F;
bids more aggressively in environment (a) than in environment (b). The
idea of the proof is to show that 6; > ¢; around the neighborhood of 0.
After establishing this fact, we are left to show that the two functions do not
intersect.

In the next result, we compare the bidding strategy of asymmetric high-
type bidder with symmetric strong bidder.

Proposition 4. For small enough type, I'y(t) > Bh(t).

The above result tells that, for a small enough type, the bidder with
distribution function Fs bids less aggressively in environment (a) than in
environment (b).

Remark 6. The comparison of bidding strategy between environment (a) and
(b) requires no stochastic ranking on Fj, and Fj.
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6 Bidders’ preferences

In this section, we compare the bidders’ preferences for a first-price and a
second-price auction. In a second-price auction with resale and presence of
value-rankings, truth-telling strategy is not a dominant strategy. Nonetheless,
truth-telling strategy is still an equilibrium strategy.

Proposition 5. Suppose the auction format is a second-price auction. Then,
truth-telling strategy is an equilibrium strategy.

We make the following assumption on the parameters of the model.

Assumption 2. Suppose F;(0) > 0 and

L filtn)
Fi(tn)
Consider the high-type bidder with type t;. Suppose b* is the optimal bid

made by the high-type bidder and p* is the optimal resale offer made by the
low-type bidder. Then, the value function of the high-type bidder is

A“@ﬁ@xmzw>ﬂ@mfxm

Fy(tn) — Fy o ¢y (b*)
Fi(tn)

Notice that V;/(0) = 0. Using Envelope Theorem, we have

~ Frogu(b7) fi(tn)
(Fi(tn))?

Notice that DV}/(0) = 1. Now, consider the second-price auction. Since
truth-telling strategy is an equilibrium strategy and ¢; < t5, the low-type
bidder always loses the auction and cannot buy the object in the resale stage.
Therefore, the value function of the high-type bidder with type ¢ is

max{ty — p*, 0}

Vi (tn) =

DV (ty) = 1 (th — 0" — max{t, —p*,0})

W) = [ e =)

Notice that V;/1(0) = 0. The derivative of the value function is
DV, (tn) = Fi(tn) — F(0)

Notice that DV;//(0) = 0. Since V)/(0) = V;/{(0) = 0 and DV}/(0) >
DV;H(0), it follows that V}/ > V}!T around some neighborhood of 0. To show
that Vi/(tn) > Vi (t,) for every type, it suffices to show that if there exists
any t} > 0 such that Vi[(t;) = V/I(¢}), then DV//(t5) > DV;H (¢5).

We state the following result.

Theorem 6. (A) The low-type bidder always prefers a first-price auction
over a second-price auction.

(B) Suppose Assumption 2 is satisfied. Then, the high-type bidder prefers a
first-price auction over a second-price auction.
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7 Conclusion

We have shown that the classic result of bid symmetrization, as shown by
Hafalir and Krishna [8], does not hold even with two risk neutral bidders if the
value-rankings are common knowledge among the bidders. Specifically, the
low-type bidder bids so aggressively that he produces a stronger bid distribu-
tion than the high-type bidder. The stochastic ranking of value-distribution
is not necessary to unambiguously rank the bidding strategy and bid distribu-
tion. The introduction of resale possibilities allow us to unanimously rank the
bid distributions which were otherwise not possible. We have also shown that
the presence of value-rankings in auctions with resale asymmetrizes the bid
functions. We have also compared the bidding strategy when the distribution
function of the low-type bidder improves. We have shown that the high-type
bidder bids more aggressively when the low-type bidder’s value-distribution
improves. Finally, we have shown that the low-type bidder always prefers a
first-price auction over a second-price auction and under parametric condi-
tions, the high-type bidder also prefers a first-price auction over a second-price
auction.

Appendix

A Monopsony mechanism

In this section, we describe the equilibrium when the loser makes a single
offer to the winner of the auction. We present the results without providing
the proofs. They are analogous to the proofs of the results presented in the
main body of the paper.

A.1 Resale stage

Suppose the low-type bidder bids more aggressively than the high-type bidder.

It can be easily verified that the high-type bidder makes a resale offer with

positive probability whereas the low-type bidder never makes a resale offer.
Consider the high-type bidder with type t;. The optimization problem is

mf}X Pr(fl < Qﬁl(b)‘fl < th)(th — b) + Pr(gbl(b) < fl < p|t~l < th) max{th —p, 0}
The first-order condition is

_ - Hog(b) - kp)
fh=p filp)

A.2 Bidding stage
Consider the high-type bidder with type t;,. The optimization problem is
mlE)lX Pr(tNl < (bl(b)‘gl < th)(th — b) + Pr(¢l(b) < t~l < p|£l < th) max{th — D, 0}
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Using envelope theorem, the first-order condition is
Fyo ¢u(b) = DEFj o ¢ (b)(p(b) — b) (12)
Now consider the low-type bidder with type t;. The optimization problem is
max Pr(ty, < én(b)|t, > t;)(p —b)
The first-order condition is

Fpp 0 ¢p(b) = DFy 0 ¢n(0)(p(p) — b) + Fi o ¢1(b) (13)
We describe the equilibrium in the following proposition.

Proposition A.1. (¢n, ¢, p) is an equilibrium profile if and only if it solves
the following system

Fy o ¢y(b) = DFj o ¢(b)(p(b) — b)
Fp 0 ¢p(b) = DF) 0 ¢p(b)(p(b) — b) + Fi o ¢y(b)

on(t) = p— F1° @S()p; Fi(p) (14)

¢h(0) = ¢l(0) =0 & ¢h(l_)) = ¢l(5) =q 4 B S §R++

The following theorem states that the low-type bidder bids more aggres-
sively and produces a stronger bid distribution than the high-type bidder.

Theorem A.1. Suppose Assumption 1 is satisfied. Then,

(A) Bi(t) > Bn(t) for every t € Tj,
(B) Fy o ¢y(b) < Fy, 0 ¢y (b) for every b € (0,b).

B Proofs

Proof of Lemma 1. Consider the low-type bidder with type t;. Suppose
the low-type bidder wins the auction by bidding 5;(¢;). Then, 5;(t;) > Br(tn),
and thus, t;, < 5}:1 o fi(t;). This means that the type of the high-type bidder
is less than the type required to bid the same as the low-type bidder. Since
Bi(ty) > Pr(ty), we have t; < ﬁ,;l o [i(t;). This means that the type of the
low-type bidder is less than the type required by the high-type bidder to bid
the same as the low-type bidder. Therefore, the low-type bidder will make a
resale offer with price between ¢; and 3, Lo Bi(tr).

Now, consider the high-type bidder with type t;,. Suppose the high-type
bidder wins the auction by bidding Sy (ty). Since S5i(ty) > Br(tn), we have
tp, > 6[1 o B(ty). Since the type of the high-type bidder is less than the
type required by the low-type bidder to bid the same as the high-type bidder.
Since t, > 5[1 o Bp(ty) and given that the high-type bidder wins the auction,
it must be true that ¢;, > ﬁl_l o Bp(ty,) > t;. Hence, the high-type bidder does
not make a resale offer. |
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Proof of Proposition 1. Suppose (¢p,¢;) is an equilibrium profile. We
show (;(0) = Bx(0) = 0. Consider the low-type bidder. Suppose [3;(0) >
Br(0) > 0. Then, the low-type bidder makes a resale offer p o 5;(0) such that
po (;(0) > 5,(0) > Br(0). Then, it is profitable for the high-type bidder to
deviate and bid in (5;(0),po 3;(0)). This implies 5;(0) > £,(0) cannot be the
case. Thus, 5;(0) = 5,(0) > 0.

Suppose [;(0) = B,(0) > 0. Consider a sequence (") ; such that t" | 0.
Then, £;(t") > B (t") for every n € N. For large enough n, 5;(t") > t™. If the
low-type bidder wins, then he makes a resale offer which is lower than 5;(¢"),
and thus, payoffs are negative. On the other hand, if the low-type bidder loses,
then the high-type bidder will not make a resale offer, and hence, payoffs are
zero. Therefore, §;(0) > 0 is not profitable. Hence, 5;(0) = 5,(0) = 0.

We show there exist a common upper bound on the bidding space. Sup-
pose there exists by, by, > 0 such that b; # by, Bi(a;) = b, and Br(an) = by,.
Since the low-type bidder bids more aggressively, we have b; > by,. If b = by,
then the result holds trivially. Suppose b; > by. Then, the low-type bid-
der willl make a resale offer of p o B(a;) such that p o Bi(a;) > Bi(a;) >
Br(ar). Then, it is profitable for the high-type bidder to deviate and bid in
(Bi(ar),po Bi(ar)). Hence, by > by, cannot be true.

Conversely, suppose (¢, ¢;) solves the system given by (5). Consider the
low-type bidder. The value function is

Fp o ¢u(b) — Fi(p)
1— Fh(tl)

Fi(p) — Fu(t1)
1 — Fp(ty)

Vi(ti,b) = (p—b)+ (tr —b)

The first-order derivative is
DVi(t1,b) = DF}, 0 ¢1(b)(p — b) — Fp o ¢1(b) + Fr(t1)

Suppose the low-type bidder over bids by choosing o’ such that ¢;(b") > t.
Then,

DV(t,b') = DFy 0 gu(t')(p — V') — Fy 0 (V') + Fi(tr)
< DFh o ¢l(b/)(p - bl) - Fh e} gf)l(b/) + Fh (e} ¢l(b/)
=0
Hence, it is not profitable for the low-type bidder to deviate.

On the other hand, suppose the super-weak bidder under bids by choosing
b"” such that ¢;(b") < t;. Then,

DW(tl, b”) =DF; o ¢l(b”)(p — b//) — Fj o ¢l(b”) + Fh(tl)
> DFj, 0 ¢y(b")(p — ") — Fy 0 ¢y (") + Fp 0 gy (V")
=0

Hence, it is not profitable for the super-weak bidder to deviate.
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Now consider the high-type bidder. The value function is

Vi(tn, b) = W(th —b)+ Fh(th);l(il)o Ai(b)

The first-order derivative is

(th — p)

DV}, (th, b) = DFy o ¢i(b)(p — b) — Fy o ¢y(b)
=0

Hence, it is not profitable for the high-type bidder to deviate. Therefore,
(¢n, ¢1) is an equilibrium. -

Proof of Propositon 2. We show the low-type bidder bids more aggres-
sively than the high-type bidder. Since ¢} (b) = 0 < ¢(b), it follows that
there exists ¢ > 0 such that ¢p(b) > ¢;(b) for every b € (b — ¢,b). Sup-
pose there exists b* such that ¢p(b*) = ¢;(b*) and ¢n(b) > ¢(b) for every
b € (b*,b). Then, p(b*) = ¢p(b*) = ¢(b*). From (9), we have

$(b%) > 4,(07)

This implies that there exists ¢ > 0 such that ¢;(b* + ) > ¢5(b* + 9), which
is a contradiction. Hence, ¢p,(b) > ¢;(b) for every b € (0,b). [ |

Proof of Theorem 1. We show the low-type bidder produces a stronger bid
distribution than the high-type bidder. From (3) and (4), we have

Fy, 0 ¢ (b) S Fyogy(b)
DFj, 0 ¢n(b) ~ DEF o ¢i(b)

Thus,
Ey o ¢i(b)
D(Freond) "
Since Fj, o ¢p(b) = Fy o ¢y(b) = 1, we have Fj o ¢(b) < FJ, o ¢p(b) for every
be (0,b). [ |

Proof of Theorem 2. Notice that Q) (a) = 0 and ©},(a) > 0. Since ) (a) <
O}, (a), it follows that there exists ¢ > 0 such that Qp(t) > O(t) for every
t € (a —€,a). Suppose there exists t* > 0 such that Q,(t*) = ©,(t*) and
Qp(t) > Op(t) for every t € (t*,a). Then, from (6) and (7), we have

0,(t7) < O (")

Thus, there exists § > 0 such that Q(t* 4+ §) < ©,(t* + 9), a contradiction.
Hence, no such t* exists. Therefore, Q,(t) > ©y,(t) for every t € (0,a). [ |
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Proof of Theorem 3. Notice that DQ;(a) = 0 and DAj(a) > 0. Since
DQy(a) < DAp(a), it follows that there exists € > 0 such that Qp(t) > Ap(t)
for every t € (a—e€,a). Suppose there exists t* > 0 such that Q,(t*) = Ap(t¥)
and Qp(t) > Ap(t) for every t € (t*,a). Then, from (6), (8) and the fact that
Ap(t) >t for every t, we have

Thus, there exists § > 0 such that Ay (t* + ) > Qp(t* + 9), a contradiction.
Hence, no such t* exists. Therefore, ,(t) > Ay(t) for every t € (0,a). [ |

Proof of Theorem 4. Suppose ¢;(c) < A(c) and ¢p(c) < Ap(c) for every
¢ € (0, min{b, b}). Then, p(c) < q(c).
We show that there exists € > 0 such that
Fiodu(b) _ FioNf(c)
GroN(b) ~ GioN(c)

¢h(b) < )\h(b) &
for every b € (¢ — ¢, c).
Since ¢; < A;, we have

Fyo¢i(b) < FyoN(c)
Gl (¢] )\l(b) Gl 9] Al(b)

for every b < c.

Case 1: ¢;(c) < Ni(c) and ¢p(c) < Ap(c) for every ¢ € (0, min{b, b})
Then, p(c) < ¢(c). It is straightforward to see that there exists € > 0 such

that
ﬂ o ¢l(b) ﬂ (e] )\Z(C)

onB) <Mn®) & ENE < Gron(o)

for every b € (¢ —€,¢).

Case 2: ¢y(c) = Ni(c) and ¢p(c) < Ap(c) for every ¢ € (0, min{b, b})
Then, p(c) < g(c). From the system given by (9) and (10), we have

¢1(c) > Ni(c)
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Then, there exists € > 0 such that
ﬂ o le(b) < ﬂ e} AI(C>
Gl ] )\l(b) Gl o )\Z(C)

on(b) < An(b) &
for every b € (¢ — ¢, ).

Case 3: ¢;(c) < Ni(c) and ¢p,(c) = A (c) for every ¢ € (0, min{b, b})
Then, p(c) < g(c). From the system given by (9) and (10), we have
B(e) > Ny(0)
Then, there exists € > 0 such that

ﬂ o gf)l(b) < E o )\l(C)

Pn(b) < An(b) & Gron(b) ~ Gro(c)

for every b € (¢ — ¢, c).

Case 4: ¢;(c) = N\i(c) and ¢p(c) = My(c) for every ¢ € (0, min{b, b})
Then, p(c) = g(c). From the system given by (9) and (10), we have
¢1(c) > N(c)

The second differential equation of the system given by (9) and (10) can be
rewritten as

Dlog F}, o ¢p(b) = Fy, 0 ¢ (b) — F, 0 ¢y(b) 1

Fj 0 ¢n(b) p(b) —b
_ FrnoAn(d) = Fhon(®) 1
Dlog Fy, o A\ (b) = Fp 0 \p(b) q(b) —b

Taking the derivative of the above equations, we have
Fpo¢p— Fpo¢ 1 —Dp

D log Fi o dn = Fr o ¢n (p—b)?
1 {quhfhoqﬁhFhoqﬁz—D¢1Fh0¢hfh0¢z}
p—b (Fp o én)?

FhO)\h_FhO)\h 1—Dq
Fh ¢} )\h (q — b)2
1 DApfroApEp 0o A — DA Fp o Apfrno N
{ (Fp o An)? }
The above two expressions are strictly decreasing in D¢; and DA; respectively.

Taking the derivatives of third equation for the system given by (9) and (10),
we have

D?log F 0 A\, =

q—0>

_ fnop(Dénfnodn—Dpfrop) — (Frho¢n—Frop)Dpfyop

Do, =D
o=br (i o p)?
B fn o a(DApfr oA —Dafnoq) — (FnoAn — Froq)Dqf} oq
DA = Dg — 5
(fnoq)
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Since D¢y > DA;, Doy, = DAp, dn = An, &1 = A and p = ¢, comparing the
above two expressions, we have Dp > Dq. Using this fact in the expressions
of D?log F}, o ¢y, and D?log F}, o Ay, we have

D? log Fj, 0 ¢p, < D? log F}, 0 A\p,
Then, there exists ¢ > 0 such that

ﬂ o ¢l(b) ﬂ o )\I(C)

onB) <M®) &m0 < Gro ()

for every b € (¢ — ¢, c).
Let

M::inf{xe[o,c—e]: on(b) < Mn(b) A

Fiodu(b) _ FioNfc)
GroN(b) — GioX(c)

for every b € (c — ¢, c)}

We show M = 0. We show by contradiction. Suppose M > 0. Then, either

-Fl O(f)l(M) o ﬂ O)\I(C)

Sn(M) = (M) Gron(M) ~ Go(e)

Since ¢p(b) < Ap(b) and ¢(b) < N(b) for every b € (M,c — ¢€), we have
p(b) < q(b). From the system given by (9) and (10), we have

Fio¢u(b) GioN(b)
DFl o ¢l(b) DGl o )\l(b)

This implies

Fyo(e) }
Dlog Fj o ¢y(b) > Dlog{Gl o)\l(c)Gl o N\(b)
Since M < ¢ — €, we have
log Fy o ¢y(c — €) — log Fy o ¢y (M) >10g{?2§l[((i))(}lo)\l(c—e)}_
EO)\[(C) }
1 —_— M
o8 { G Gro M)

Rearranging the above expression, we have

lOg{FzO/\l()

Gron C)Glo)\l(M)} —log Fy o ¢y (M) >

(
FjoN(c)
log{Gl S )\l(c)Gl oN(c— e)} —log Fy o ¢y(c —€)
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From the definition of M, we have

Fio)
log {GIZZ)\Z((Z))GZ oN(c— e)} —log Fjo¢i(c—€) >0

Then,

Fiogu(M) _ Fio()

Gl o )\Z(M) Gl o] )\Z(C)
Therefore, ¢;(M) = M\(M) must be true. From the system given by (9)
and (10), the definition of M and the assumption of conditional stochastic
dominance, we have

ﬂ O¢Z(M) < ﬂ O)\I(C) < ﬂ OA[(M)

GlO)\l(M) Glo)\l(c) Glo)\l(M)
This implies ¢;(M) < N(M). Since ¢p(M) = M\y(M) and ¢(M) < N(M),
we have p(M) < q(M). Then ¢} (M) > X, (M). Thus, there exists § > 0 such

that ¢p(M + 0) > A\ (M + 6), which is a contradiction. Therefore, M = 0.
Hence,

Fiodu(b) _ FioN(c)
GroN(b) — GioN(c)

on(b) < An(b) &

for every b € (0, ¢).

We show that, for every ¢ € (0, min{b, b}), ¢;(c) < N(c) and ¢p,(c) < Ap(c)
cannot hold simultaneously. We show by contradiction. Suppose there exists
¢* such that ¢;(c*) < N(c*) and ¢p(c*) < Ap(c*). Then,

Flog(b)  FioN(c")
Gl @) )\l(b) Gl o )\l(C*)
Taking the limit at b | 0, we have
F(0)  Fo\(c¢)
Gi1(0) ~ Gro(c)

Since \;(c*) > 0, it follows from the above expression that F;/G is strictly
increasing, which is a contradiction. Hence, ¢;(c) < N\i(¢) and ¢p(c) < Ap(c)
cannot hold simultaneously.

We show b > b. We show by contradiction. Suppose b < b. Then,
d1(b) < \(b) and ¢p,(b) < Ap(b), which is a contradiction as ¢;(c) < \(c) and
én(c) < Ap(c) cannot hold simultaneously. Hence, b > b.

Finally, we show ¢y, (b) > Aj,(b) for every b € (0,b]. Since ¢y (b) > A (b), it
implies that there exists € > 0 such that ¢ (b) > Ax(b) for every b € (b — ¢, b).
Suppose there exists b* such that ¢p,(b*) = A, (b*) and ¢ (b) > A () for every
b e (b*,b]. Then, ¢;(b*) > N(b*). As ¢y (b*) = A (b*) and ¢ (b*) > N(b*), we
have p(b*) > q(b*). From the system given by (9) and (10), we have

G (D7) < A (D7)
Then, there exists 6 > 0 such that ¢,(b* + §) < Ap(b* + ), which is a

contradiction. Therefore, ¢p,(b) > Ap(b) for every b € (0, b]. [ |
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Proof of Proposition 3. Since b > b, it follows ¢;(b) > \;(b) and gbh( ) >
A (D). Then, there exists € > 0 such that ¢;(b) > \;(b) for every b € (b—€,b).
Since ¢p,(b) > A\ (b) for every b € (0,b), it follows that p(b) > ¢(b) for every
be (b—eb).

From the system given by (9) and (10), we have

Fiodu(b) _ Gio(b)
DF‘[ o ¢l(b) DG[ o) )\l(b)

Thus,
G o )\l(b)>
D( >0
Fy o ¢i(b)
Since b > b and F} o ¢(b) =1>Go (D), we have Gy o \(b) < Fy o ¢y(b) for
some neighborhood around b. |

Proof of Theorem 5. Define y; : T; — R as

PR (10))
for every i € N. Then,
_ '(0)
(0)=1 & (0
So,
fZ ¢Z( )
i © ¢i(b) = ¢;(b
Using (9) for ¢ = [ in the above equation, we have
b)
() o du(h) = A
At b =0, using L’Hopital’s rule, we have
¢(0)
100) —
This implies p'(0) = 2. Similarly, for i = s, we have

(D) fn 0 Pr(b)
$1,(b) Fh 0 ¢(b) (p(b) — b) + F}, 0 ¢i(b)

At b =0, using [’Hopital’s rule, we have
¢1(0) =

Differentiating third equation of (9) and calculating it at b = 0, we have

¢r(0) =

Yn o ¢n(b) =
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Similarly, we have
61(0) = 04(0) = 2

Since 6;(0) > ¢;(0), it follows that there exists € > 0 such that 6;(b) > ¢;(b)
for every b € (0,¢). Suppose there exists b* such that 6;(b*) = ¢;(b*) and
0;(b) > ¢i(b) for every b € (0,b*). Then, p(b*) > ¢(b*) = 6;(b*). From (9)
and (11), we have

01(6%) > ¢1(b")
This implies that there exists 0 > 0 such that 6;(b* — ) < ¢;(b* — 9), which
is a contradiction. Hence,

Ql(b) > (;51(1))
for every b € (0,b). [ |

Proof of Proposition 4. Since I'} (0) > 6} (0), it follows that there exists
d > 0 such that ¢p(b) > 01,(b) for every b € (0,¢). [ |

Proof of Proposition 5. Suppose the equilibrium bidding strategy in a
second-price auction is denoted by r; for every i € N. We show that x;(¢;) = t
and kp(ty) = tp, is an equilibrium profile. First, consider the low-type bidder
with type t;. Suppose the high-type bidder follows his equilibrium bidding
strategy kp(tn) = tp. We show that unilateral deviation for the low-type bid-
der is not profitable. If the low-type bidder bids according to x;(t;) = t;, then
he gets a payoff of 0. Suppose the low-type bidder under bids by bidding &’
such that b’ < ;. Since we know that ¢; < ¢, he loses the auction by bidding
b and cannot buy the object in the resale stage. Therefore, his payoff is 0.
Thus, under bidding is not profitable. Now, suppose the low-type bidder over
bids by bidding b” such that b” > t;. Since t; < t5,, then either ¢; < V" < t,
or t; < t;, < b”. Whenever t; < b < t5,, the low-type bidder loses the auction
and cannot buy the object in the resale stage thereby getting a payoff of 0.
Whenever, t; < t;, < b”, the low-type bidder wins the auction but cannot
resell the object in the resale stage thereby getting a payoff of ¢; — ¢, < 0.
Thus, in both cases, over bidding is not profitable.

Now consider the high-type bidder with type ;. Suppose the low-type
bidder follows his equilibrium bidding strategy r;(t;) = t;. We show that
unilateral deviation for the high-type bidder is not profitable. If high-type
bidder bids according to rp(ty) = tp, then he gets a payoff of ¢, —t;. Suppose
the high-type bidder under bids by bidding b’ such that b’ < ;. Since t; < tp,,
then either ¢; < b’ < tj, or b’ < t; < t;,. Whenever t; < b’ < t5,, the high-type
bidder wins the auction and does not sell the object in the resale stage thereby
getting a payoff of t;, — t;. Whenever, b’ < t; < t5, the high-type bidder loses
the auction and may be able to buy the object in the resale stage. If he is able
to buy the object in the resale stage, he ends up paying weakly more than t;,
and, on the other hand, if he is not able to buy the object in the resale stage,
he ends up getting a payoff of 0. Thus, in both the cases, under bidding is
not profitable. Now, suppose the high-type bidder over bids by bidding b”
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such that b’ > ;. Since, t;, > t;, he wins the auction and does not make
any resale offer thereby getting a payoff of t;, — t;. Thus, over bidding is not
profitable. Therefore, truth-telling strategy is an equilibrium strategy. |

Proof of Theorem 6. Since DV/(0) > DV//1(0), it follows that there exists
€ > 0 such that ViI(t;) > VilL(t},) for every t; € (0,€). Suppose there exists
tr > O such that VI (¢;) = VI (¢;) and V) (t5) > VI (¢}, for every t, € (0,t}).
Then, from the value functions, we have

F *
th — 0" —max{t; —p*,0} = M(/ fi(dz)(ty, — ) — max{t}, —p, 0}>

Using the above equation in the derivative equation of the value functions,
we have

fit)
=)+ Ry

DV; () = max{t; —p*,0}

and
DV (1) = Fi(t;) — Fi(0)

From Assumption 2, it follows DV;/(¢;) > DV//L(¢;). Therefore, Vi(t;) >
ViH (ty,) for every t;, € (0,a). [ |
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