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Abstract. This paper explains the wage inequality in a closed

economy. The paper employs a ‘Product Cycle’ based Endoge-

nous growth Model to show how a growth that is skill neutral can

have the same impact on income distribution (Wage Inequality) as

international trade and skill-biased technical change. The paper

shows that an increase in the size of unskilled worker will decrease

its relative wage, while an increase in the size of skilled workers

which is required for both production and research might or might

not increase its relative wage. The relative wage of skilled workers

will increase with an increase in their population only when the re-

search effect dominates the population effect. The replacement of

endogenous growth by semi-endogenous growth in the model wipes

out the scale effect and suggests that an increase in skilled workers’

population decreases its relative wage in a closed economy.

1. Introduction

The pattern of income distribution in developed as well as in develop-

ing countries has changed considerably in recent past. Katz and Autor

(1999) report 29 percent increase in the gap between the 90th percentile
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of earner and the 10 percentile of earner from the late 1970s to the mid

1990s in the United States. The gap increased by 27 percent in the

same period in the United Kingdom and by 9 percent in the Canada.

Feenstra and Hanson (1997) and Moretti (2013) report a similarly high

increase in wage inequality for Mexico, a developing country. Obser-

vations such as these have motivated a large body of literature that

aims to understand the determination of an economy’s distribution of

income at a given point in time and in the long run. These explana-

tion can be categorized broadly in two groups based on two different

theories used to explain the problem at hand. The first emphasizes

international trade with other countries (Wood, 1995; Dinopoulos and

Segerstrom, 1999). The second centers on skill-biased-technical-change

(STBC) hypothesis (Berman et al., 1998; Acemoglu, 2002).

The rise in wage inequality has coincided with the gradual removal of

trade barriers. So, it was natural, at least initially, to hypothesize that

increase in international trade leads to the rise in wage inequality. This

hypothesis found firm theoretical grounding in the work of Stolper and

Samuelson (1941). Specifically the Stolper-Samuelson theorem, when

applied to the Heckscher-Ohlin model, postulates that a decrease in

the relative price of a good reduces the real return to the factor used

intensively in its production. Usually with a larger relative supply of

skilled woker, a developed country engaged in trade with a developing

country specializes in the production of goods which use skilled workers

intensively. Since international trade leads to decrease in the cost of

imported good, the removal of trade barriers pushes the relative wage

of skilled workers in developed countries upward. Borjas and Ramey

(1994) and many others report empirical evidence correlating the de-

crease in relative wage of unskilled workers with net imports of durable

goods.



3

The view that international trade leads to wage inequality has not gone

unchallenged. Some empirical papers have suggested that inequality is

rising not only in developed economies but also in developing economies

(Feenstra and Hanson, 1997). Even when trade barriers were lowered,

the domestic relative prices of imported good in developed countries

remained roughly constant (Lawrence and Slaughter, 1993). Since the

Stolper Samuelson theorem predicts a change in relative wage of un-

skilled worker in opposite directions for a developed and a developing

country and the theorem’s prediction about the change in relative wage

works through the changes in product prices, this evidence casts seri-

ous doubts on the international trade based explanation for increasing

wage inequality. Krugman and Lawrence (1994) argued very forcefully

that, even though US trade with the rest of the world has increased

manifold in the past, the living standards in the economy are still de-

termined by domestic factors. In their view, technological change plays

a major role in explaining the current wage inequality.

The second type of explanation for the rise in wage inequality is based

on “skill-biased-technological-change (SBTC)” hypothesis. This type

of explanation is largely shaped by the observation of skill biased tech-

nological changes taking place in the economy along with the rise in

wage inequality. As the name suggests, SBTC indicates a particular

type of technological change in the economy that is biased in favor of

one particular type of worker. Typically, the bias is for skilled workers

as it is assumed that technical advances eliminate or reduce the need for

unskilled workers. This leads to a change in labor composition in favor

of skilled workers. A common feature of models based on the SBTC

hypothesis is that, as technical progress occurs, the relative marginal

productivity of different inputs change.
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SBTC based explanations are also not free from criticism. The main

criticism comes from the fact that a rise in relative wage makes use of

unskilled labor relatively cheap. Thus, an incentive exists to develop

technologies which favors unskilled workers rather than skilled work-

ers. Still why do STBC favor skilled workers? Very few SBTC based

models try to answer this question. Acemoglu (2002) claims and shows

empirically that a positive supply shock can lead to a technical change

that is biased towards a particular factor of production.

The debate over what leads to rise in wage inequality and thus influ-

ences the income distribution is hardly settled, Dinopoulos and Segerstrom

(1999) describe a product cycle based Schumpeterian growth model to

argue that the role of international trade in rising wage inequality has

been underestimated. This underestimation is because a traditional

Heckscher-Ohlin trade model, which focuses on trade driven by differ-

ences in relative factor endowments between countries, is hardly suit-

able to explain the international trade that is driven by differences in

knowledge between countries. According to them, knowledge-difference

based trade can explain observed rise in wage inequality. The new

knowledge based trade explanations, and the SBTC hypothesis sug-

gest that a differences in level of knowledge/technology has emerged as

the main explanation for the rise in wage inequality.

Building on the established trend in the literarure, I provide a technol-

ogy based explanation to understand the distribution of income which

is different from existing explanations. My intention is not to point out

weaknesses of existing model, but to augment them. My model, based

on a product cycle with standardization, suggests that a product cycle

with standardization has the same impact on distribution of income as

international trade or skill biased technical change.
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The term ‘product cycle’ was first used by Vernon (1966) to describe

a phenomena that most new goods are manufactured first in the coun-

tries where they were originally discovered and developed, and later in

countries where production costs are lower, when products have been

standardized. Vernon’s implicit assumption was that, in the beginning

of cycle the production function is not clearly specified such that pro-

duction can only take place under the supervision of skilled engineers.

As time progresses, the manufacturer gradually gains knowledge on

how to produce the good without such assistance, and gradually pro-

duction becomes less skill intensive.

Vernon’s (1966) description of the “product cycle hypothesis” led to a

large body of empirical research pointing to a richer implication than

what Vernon envisioned in his paper. Apart from suggesting the ex-

istence of the product cycle in the shift of production of standardized

goods to countries where production costs are lower, the empirical find-

ings also suggested the presence of an entire product cycle inside an

economy. Heckman (1980) provides evidence on the shift in produc-

tion of textiles from mature industrial region (New England) to the low

wage worker abundant south in United States after 1880.

Vernon’s (1966) work also pushed theorists to formalize the theory be-

hind the cycle. The first notable formalization came from Krugman

(1979). In his model, a developed country (industrialized north) inno-

vates and produces new goods, and a developing country (south) pro-

duces old goods. Since agents in both economies have a ‘love of variety’

type of preferences, there is trade between the north and the south. In

his model, a new good becomes an old good over time with a lag spec-

ified exogenously. Since the south can imitate old goods and produce
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them more cheaply, southern manufacturers drive northern manufac-

turers of old goods out of the market. Grossman and Helpman (1991)

developed a model of product cycle based on endogenous growth the-

ory. In endogenous growth models, whenever the discounted present

value of the expected profits exceeds the current cost of development

resources (skilled labor), entrepreneurs spend resources to bring new

products to the market. The cost of developing a new product decreases

in real terms as the number of already developed products increases in

the economy. The reasoning is that available products represent disem-

bodied knowledge in the economy. As disembodied knowledge in the

economy increases, development costs decrease.

Krugman (1979), Grossman and Helpman (1991), and most if not all

other all other existing analyses of product cycles study the various

implications of international trade. All these models have only one

type of factor of production. Hence they are not suitable to study the

distribution of income in a closed economy. These models abstract

from Vernon’s description of continuous standardization and use the

same production function through the whole product life cycle. In a

recent paper, Antras (2005) describes a model, much closer to Vernon’s

description of standardization. He uses a standardization process to

describe the change in factor requirements to produce the same good.

Although, his model is based on two factors of production (skilled and

unskilled workers), both factors of production are assumed to be paid

the same wage, thereby making the model unsuitable to study the

distribution of income. The main focus of Antras (2005) is to describe

how an endogenous product cycle can arise due to incomplete contracts.
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I develop a model of endogenous product cycle with process standard-

ization to explain the income distribution in a closed economy.1 Unlike

the traditional product cycle literature, in my model, production of

standardized goods does not move to developing countries. Instead,

the standardization of production frees up skilled workers tied in the

production of existing goods. The freed skilled workers contribute to

endogenous growth and contribute to the creation of new products.

Over time, technological innovation itself requires fewer resources which

implies an increasing number of newly developed goods over any given

interval of time. The production of newly develop products are skill

intensive. Given a fixed ratio of skilled and unskilled workers in the

economy, this leads to a typical distribution of income in a closed econ-

omy.

My paper makes two contribution to the literature. First, it describes

a endogenous product cycle with production process standardization.

Second, it presents a product cycle based mechanism to describe the

income distribution in a closed economy.

2. The Model

In this section, I present my model of endogenous product cycle. The

model builds upon Grossman-Helpman (1991), yet differs in two im-

portant ways. First, my model incorporates two types of labor, skilled

and unskilled, which is important to consider intra economy income

distribution. Second, my formulation allows for the standardization

of production function in the product cycle that represents product

development over the life cycle.

1My paper is much closer in spirit to Ranjan (2005). My model differs from
his model in two ways. First, he uses a random standardization process.
Second, His model assumes perfectly competitive market
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2.1. Consumers. Consider an economy populated by two types of

infinitely lived workers, skilled (h) and unskilled (l), with populations

equal to H and L, respectively. At time t, there are n(t) differentiated

goods available in the economy. A worker of type k ∈ {h, l}, has a time-

separable intertemporal lifetime utility function, Uk(t), with a common

discount rate as ρ. Worker k’s lifetime utility function depends on her

instantaneous sub-utility function, uk(τ), which, in turn, depends on

her instantaneous consumptions, Ckj(τ) of (j ∈ n(τ)) products, of n(τ)

differentiated goods, available at time τ .

Uk(t) =

∫ ∞
t

e−ρτ log[uk(τ)]dτ(1)

uk(τ) = [

∫
j∈n(τ)

Ckj
α(τ)dj]

1
α , α ∈ (0, 1)(2)

The assumption of CES (constant elasticity of substitution) implies

that consumers have ‘love of variety’. It also implies the elasticity

of substitution between any two products is constant and equal to

σ = 1
1−α > 1.

The consumer k can solve her maximization problem in two stages.

In first stage, she chooses the consumption of good i at time t so as

to maximize uk(t) given prices of all available goods and expenditure

Ek(t), where Ek(t) =

∫
j∈n(τ)

pj(t)Ckj(t)dj.

Ckj(t) =
p−σj (t)∫

j′∈n(t) p
1−σ
j′ (t)dj′

Ek(t)(3)
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The instantaneous demand function of good i in the economy is

Yj(t) = L · Cjl(t) +H · Cjh(t) =
p−σj (t)∫

j′∈n(t) p
1−σ
j′ dj′

E(t)(4)

= λp−σj (t), where λ =
E(t)∫

j′∈n(t) p
1−σ
j′ dj′

and σ =
1

1− α

E(t) = (L ·El(t) +H ·Eh(t)), is economy’s total expenditure at time t.

In the second stage, consumer k ∈ {h, l} chooses the path of her ex-

penditures, Ek(t) to maximize Uk. While maximizing Uk, she needs

to satisfy her intertemporal budget constraint. The budget constraint

depends on her wages {wk(τ)}∞τ=t, asset holding at time t, Aj(t), and

instantaneous interest rates, {Ṙ(τ)}∞τ=t, prevailing in the capital mar-

ket. The cumulative interest factor from time 0 to time t that a worker

faces in the capital market is given by R(t) =
∫ t
0
Ṙ(t)

Assuming a consumer can lend and borrow freely in the capital marker,

her, k’s, budget constraint is∫ ∞
t

e−[R(τ)−R(t)]Ek(τ)dτ =

∫ ∞
t

e−[R(τ)−R(t)]wk(τ)dτ +A(t)(5)

Consumption of good js for the worker k, obtained in first stage and

given by {Ckj}j∈n(τ) lead to an indirect utility function uk(τ) that is

weakly separable in the level of k’s expenditure, Ek(τ), and in a func-

tion of prices of differentiated goods. It implies that uk(τ) can be

written as uk[p(τ), E(τ)] = Ek(τ)f(p(τ)). I can rewrite the life time

utility function, equation (1), as

Uk(t) =

∫ ∞
t

e−ρτ [logEk(.) + log f(p(.))]dτ(6)
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The Lagrangian expression using equation (6) and lifetime budget con-

straint (5) is given by

L =

∫ ∞
t

e−ρτ [logE(τ) + log f(p(τ))]dτ

−µt
[∫ ∞

t

e−[R(τ)−R(t)](Ek(τ)−W (τ))dτ −Aj(t)
]

where µt denotes the Lagrangian multiplier on the budget constraint.

The first-order condition for maximizing Uk(t) with respect to Ek(τ)

can be written as

e−ρτ
1

Ek(τ)
− µte−[R(τ)−R(t)] = 0(7)

Taking logs on both of the sides and differentiating with respect to t

gives

Ėk
Ek

= Ṙ− ρ, k ∈ (L,H)

The economy’s total expenditure in period t is E(t) = L·El(t)+H ·Ek(t)

which gives

Ė

E
=
ĖL
EL

=
ĖH
EH

= Ṙ− ρ(8)

The above condition implies that the individual’s ( (skilled or un-

skilled), and the economy’s expenditure, all, grow at the same instanta-

neous rate equal to the instantaneous interest rate corrected by future

discount rate.

2.2. Producers. The number of potential products is infinite. To be-

gin production of one of the potential differentiated goods, the producer

needs to learn how to produce that good. All new producers incur a de-

velopment cost to start production. A new producer does not want to

develop an already existing type, as this leads to Bertrand competition
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between two identical products. In Bertrand competition, competitors

have to set price of the good equal to the marginal cost. Since the learn-

ing process is costly, a new producer would never able to recover the

development cost of the good, had she developed an already existing

product.

After a new producer learns how to produce a good, production takes

place under the constant return to scale technology. In the beginning,

only skilled laborers are capable of producing the new good. Following

the ‘product cycle’ literature, any new product goes through a stan-

dardization process, and, once standardized, the production shifts to

unskilled laborers. For convenience, I call the good “new good” when

produced solely by skilled workers, and “old good” when production

uses unskilled hand. For good j, the production function is given as

Yj:

(9) Yj =

 h When good j is new

l When good j is old

The process standardization in this model is taken as exogenous and

discrete in nature. After producing a new good for an exogenously

given period of time, say T , the producer accumulates enough infor-

mation regarding the production process, that it can be undertaken by

unskilled workers.2

2One can envision a more general production function such as Cobb-Douglas
function with continuous standardization process given as

Y = ζh1−zlz, 0 ≤ z ≤ 1,

where ζ = z−z(1 − z)−(1−z). Since limz→1 z
−z(1 −

z)1−z = 1 & limz→0 z
−z(1 − z)1−z = 1, the production function is

continuous in z. z as a function of time span (τ) captures the standardiza-
tion process. The standardization implies that output elasticity of unskilled
workers increase as product becomes older, and of skilled workers decreases.
The basic characteristics of continuous standardization can be given as
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Consumers’ CES type of preference lead to an iso-elastic demand curve

for a unique differentiated good j, ∀j ∈ n(t).

Yj(t) = λ [pj(t)]
− 1

(1−α) , 0 < α < 1(10)

Where λ is a parameter given in equation (4) that the producer takes

as given. Such producers maximizes profit by setting a price pj(t) that

is a fixed mark up over marginal cost of production.

Since the production function is linear, the marginal cost of production

is equal to unit cost of production. At time t, the cost of production

of good j, cj(t), can be given in terms of unit factor prices, wage of

skilled wh(t) and unskilled workers wl(t).

cj(t) =

 wh(t) for new goods

wl(t) for old goods
(11)

A monopolist has unique ability to produce good j. The demand she

faces for good j at time t, Yj(t), is given in equation (10). To maximize

her profit, she solves the following optimization problem:

max
pj(t)

[pj(t)− cj(t)] · Yj(t)(12)

It is straightforward to check that to optimize her profit she sets up

price, pj(t) =
cj(t)

α
as the optimal price for good j. The price pj(t) is a

Antras (2005) envisions one such standardization process in which product-
development intensity of the good is inversely related to product maturity.
For this, he proposes a exponential standardization process, z = e−

τ
θ . My

model can accommodate this special standardization, or a more general
standardization process. However, to keep exposition simple I use a discrete
and tractable standardization process.
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fixed mark-up over marginal cost, cj(t).

pj(t) =


wh(t)
α

for new goods

wl(t)
α

for old goods
(13)

And, the producer of a good j earns instantaneous profit at time t

given as

πj(t) = max
pj(t)

[pj(t)− cj(t)] · Yj(t) = (1− α) · pj(t) · Yi(t)(14)

=


(1− α)

[
wh(t)

α

]1−σ
nN (t)

[
wh(t)

α

]1−σ
+nO(t)

[
wl(t)

α

]1−σE(t), for a new product j

(1− α)

[
wl(t)

α

]1−σ
nN (t)

[
wh(t)

α

]1−σ
+nO(t)

[
wl(t)

α

]1−σE(t), for an old product j,

where the expression for Yi(t) is given in the equation (4). nN(t) and

nO(t) are number of new and old goods respectively at time t. Let the

relative wage of a skilled worker at time t be denoted by ω(t) =
wh(t)

wl(t)
,

the instantaneous profit for a good i at time t can be rewritten as:

πj(t) =


πN(t) = (1− α) 1

nN (t)

n(t)
+
nO(t)

n(t)
[ω(t)]σ−1

E(t)
n(t)

, for a new product j

πO(t) = (1− α) [ω(t)]σ−1

nN (t)

n(t)
+
nO(t)

n(t)
[ω(t)]1−σ

E(t)
n(t)

, for an old product j.

(15)

2.3. Labor Market Clearing Conditions. At any time t, as given

in equation (9), one skilled worker produces one unit of a new good and

one unskilled worker produces one unit of an old good. The derived

demand for labor for each differentiated good is simply equal to the

demand of that good. Total demand for skilled labor, Hp(t), (unskilled

labor, Lp(t),) engaged in productive activities at time t can be obtained

by integrating the demand for skilled (unskilled) labor over all new (old)

goods available in the economy at time t.
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Lp(t) =

∫
j∈nO(t)

Yj(t)dj.(16)

Hp(t) =

∫
j∈nN (t)

Yj(t)dj.

nN(t) and nO(t) are number of new goods and old goods available in

the economy at time t.

2.4. Product Development. Following the endogenous growth liter-

ature, particularly Romer (1986, 1990), Grossman and Helpman (1991),

I assume that the resources dedicated to research lead to two types of

outputs. First, a direct output that is the ability to produce a new

differentiated product from the pool of infinitely feasible products. It

gives the developer a monopoly over the production of the new good

and earns her a stream of monopolistic profit. Second is an indirect

and unintended output. The development of each new good leads to

the addition of general knowledge available in the economy. The un-

derlying assumption is that such knowledge has widespread scientific

applicability and it increases the productivity of any such development

efforts in the future.

Following Grossman and Helpman (1991), if K denotes the level of dis-

embodied knowledge capital in the economy and ad denotes a fixed pro-

ductivity parameter in the product development sector, the resources

required to come up with a new product could be given as
ad
K

units of

skilled labor.3 The total available number of products in the economy

can be used as proxy for the disembodied knowledge capital. If Hd,

3Grossman and Helpman (1991) describe the requirement to come up with
a new product in very similar fashion. Since, their model has only one type
of factor of production, the same factor is used for the development. Here,
I shy away from using both factors of production as this will unnecessarily
complicate the model without adding any extra insight.
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where Hd +Hp = H, is the number of high skilled laborers involved in

the development work, the rate of development ṅ can be given as

ṅ =
n ·Hd

ad
(17)

The model allows for free entry. Accordingly, the discounted value of

the cumulative profit for an individual producer should equal to her

development cost at time t, V (t).4

V (t) =
adwh(t)

n(t)
=

∫ ∞
t

e−[R(τ)−R(t)]πj(τ)dτ

=

∫ t+T

t

e−[R(τ)−R(t)]πN(τ)dτ +

∫ ∞
t+T

e−[R(τ)−R(t)]πO(τ)dτ(18)

where subscript N denotes a new and O denotes an old product, and

T is the time span that a newly innovated product takes for standard-

ization.

Differentiating equation (18) with respect to t, I can write,

V̇ (t) =
dV

dt
=

[
ẇh
wh
− ṅ

n

]
V (t)(19)

= Ṙ(t) · V (t)− πN(t)− e−[R(t+T )−R(t)] [πO(t+ T )− πN(t+ T )]

which implies,

Ṙ =
πN(t) + e−[R(t+T )−R(t)] [πO(t+ T )− πN(t+ T )]

adwh(t)/n(t)
+ (

ẇh
wh
− ṅ

n
)

(20)

The equations derived above can completely determine the evolution

of the economy from any initial conditions. Provided E(0) is consistent

with long term convergence, the economy attains a steady state.

4It is clear from equation (15) that πj(τ) is independent of j, and depends
only on the production process (old or new) employed at time τ to produce
j.
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3. Steady-State Analysis

I am interested in showing and characterizing long term rate of product

development and the distribution of income in the economy. I denote

the growth rate of number of products ( ṅ
n
) by g in the steady state.5

In the model, there is no monetary authority. So, I am free to give an

arbitrary value to one of variables in the model. Following Grossman

and Helpman (1991), I fix the economy’s expenditure at every time

equal to the number of products available at that time, E(t) = n(t).

Using this normalization and equation (8) the instantaneous interest

in the economy can be given as

Ṙ = ρ+
ṅ

n
(21)

Since, total expenditure in the economy, E(t), is equal to the number

of products in the economy, in the steady state, the economy’s expen-

diture grows at constant rate g. The growth rate for both wages (skill

and unskilled) would also be the same as g. The equation (21) implies:

Ṙ = g + ρ(22)

The equation (22) gives the instantaneous interest rate as sum of future

discount factor and the growth rate of number of varieties. In the

previous section, equation (20) also gives instantaneous interest rate in

the economy. Equating these two instantaneous interest rates provides

the no-arbitrage condition in research and development sector. To

calculate the value of instantaneous interest rate in the economy using

equation (20), one need to know the proportion of old and new goods(
nN (t)
n(t)

and nN (t)
n(t)

)
in the economy. In the steady state, the proportion

5In the steady state, a fixed fraction of skilled workers participates in product
development making Hd

ad
constant.
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of new and old goods can be expressed in terms of g, which is the

growth rate of number of products in the economy ( ṅ
n
), and T , which is

the time span after which production of a newly innovated good shifts

from skilled workers to unskilled workers.

Old Products, nO(t) t

Current Time

t-T

n(t)n(t-T)

sds

dn(t-s) = gn(t)e
-gs

ds

New Products, nN(t) 

Figure 1. Timeline in The Economy.

t = current time.

n(t) = the number for products innovated in the economy up to time t.

nO(t) = n(t− T ) =n(t)e−gT = the number of old products in the

economy at time t.

nN(t) = n(t)(1− e−gT ) the number of new products at time t.

(Grows at the rate of g).

dn(t− s) = g · n(t)e−g·sds = the number of products with maturity s < T

(innovated between t− s to t− (s+ ds) time).

Notice that in the steady state, the ratios nN (t)
n(t)

and nO(t)
n(t)

are inde-

pendent of time t. I have taken E(t) = n(t) as the numéraire in the

economy. The number of products in the economy, n(t), grows at rate

g in the steady state, therefore, E(t) also grows at rate g in the steady

state. Further, to achieve the steady state, wk, k ∈ {h, l}, must grow

at the same rate as Ek. From equation (8), Ė
E

= Ėk
Ek
,∀k ∈ {h, l}, which

implies Ė
E

= ẇh
wh

= ẇl
wl

= g. Also notice that the expressions for πN(t)

and πO(t) given in equation (15) depend only on nN (t)
n(t)

, nO(t)
n(t)

, ω(t) and

E(t)
n(t)

; all of these are constant in the steady state, which make πN(t)

and πO(t) independent of time in the steady state.
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In the steady state, as growth rate in wage is equal to the growth rate

in the number of products and profit from producing a good is inde-

pendent of time t, I can rewrite the expression for Ṙ given in equation

(20) as

Ṙ =
πN + e−[R(t+T )−R(t)] [πO − πN ]

adwh(t)/n(t)
(23)

Using expressions for Ṙ, given in equation (22), πN and πO, given in

equation (15), steady state equilibrium values of ratios nN (t)
n(t)

and nO(t)
n(t)

,

derived earlier, and numeraire E(t) = n(t) I can give the no-arbitrage

condition in research and development sector as:

ρ+ g = (1− α)
n(t)

ad · wh(t)

[
1 + e−(ρ+g)T [ωσ−1 − 1]

1 + e−gT [ωσ−1 − 1]

]
(24)

As n(t)
wh(t)

is constant in the steady state, the above expression is inde-

pendent of time t.

To explore the equilibrium condition in research and development sec-

tor, one need to know the steady state value of n(t)
wh(t)

. It can be obtained

from labor market clearing condition in the equilibrium. No one in the

economy is unemployed. It means that both skilled and unskilled labor

market clear. Equation (16) gives the expression for labor involved in

productive activities. I can obtain the expression for labor involved in

development activities from equation (17). The labor market claering

condition can be written as6.

H = Hp +Hd(25)

L = Lp

6Labor supply is inelastic in the economy, therefor,Lp(t) is always equal to
L. Further, Hd(t) is constant in the steady state. So, Hp(t) = Hp
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where Hp and Lp are given in the equation (16). Using the expression

for Yj(t) given in equation (4), Hp and Lp can be expressed in terms of

g, ω and system parameters such as T and ρ.

Hp = H −Hd =
α

wh(t)

1− e−gT

1− e−gT + e−gTωσ−1
n(t)(26)

Lp = L =
α

wl(t)

e−gTωσ−1

1− e−gT + e−gTωσ−1
n(t)(27)

Using equation (17), I obtain number of skilled workers engaged in

development activity.

Hd = g · ad(28)

Using equations (26), (27), and (28), one can obtain the expression for
n(t)

wh(t)
in the steady state. By multiplying equation (26) with wh(t)

and equation (27) with wl(t), adding them up and using equation (28)

for Hd, I obtain:

n(t)

wh(t)
=

1

α

[
H − adg +

L

ω

]
(29)

Using equation (29), the equilibrium condition in the research and de-

velopment sector can be rewritten as:

Ṙ = ρ+ g =
1

(σ − 1)ad

[
H − adg +

L

ω

] [
1 + e−(ρ+g)T [ωσ−1 − 1]

1 + e−gT [ωσ−1 − 1]

]
;

(30)

As, σ = 1
1−α .

Now, similar to the equilibrium condition for research and development

sector, I can write an equilibrium condition for labor market clearing in

terms of variables relative wage (ω), growth rate in number of products,



20

g, and parameters, standardization period, T , elasticity of substitution

σ and productivity parameter in research sector, ad. Diving equation

(26) by equation (27) and rearranging, I get the equilibrium condition

in labor market.

ωσ = (egT − 1)
L

H − adg
(31)

4. Determinants of Growth Rate g and Relative Wage ω

in the Long Run

In the previous section, I obtained the two conditions, labor market

clearing condition (equation 31) and research no-arbitrage condition

(equation 30). A pair of {g, ω} that satisfies both the condition gives

the steady state growth rate g∗ and relative wage ω∗ in the economy.

I am interested in the determinants of these long run values of growth

rate and relative wage.

In figure (2), curve M-M represents the labor market clearing condition

given in equation (31). This curve is upward slopping and represents

the combinations of steady-state rates of growth and relative wage that

are consistent with both the labor market clearing conditions in the

economy. An increase in g takes skilled workers away from productive

activities to research activities, that creates scarcity of skilled work-

ers in production, which in turn, raises the skilled wage for market

clearing condition. The equation representing the equilibrium condi-

tion in research and development sector is not as straight forward as

the other equilibrium condition. To get better understanding of this

equation, consider a special case: ρ = 0, implying that consumers are

very patient; they do not discount the future consumption. With this

condition, the research and development equilibrium condition given
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in equation (30) reduces to the following form:

ω =
L

σadg −H
(32)

The modified curve is downward slopping and represents the combina-

tions of steady state growth rate and relative wage that are consistent

with the equilibrium condition in research and development sector. The

curve describing this equilibrium condition in {g, ω} plane is denoted

by R-R in figure (2). For low values of future discount factor, ρ, the

equilibrium condition in research and development sector (equation 30)

behaves in the same fashion in {g, ω} as the curve R-R (representing

equation 32) does.

R'

R'

R

R

M

M

M'

M'

g*

ω*

g'*

ω'*

H↑ or L↑

H↑ or L↓

Figure 2. Equilibrium Conditions and Effects of
Change in Labor Supply

4.1. Effects of an Increase in Labor Supply. An increase in H, as

shown by equations (30 and 31) and in figure (2) shifts M-M curve down

and R-R curve up, leading to an increase in the equilibrium value of g∗.

The increased value of g∗ is denoted as g
′∗ in the figure (2). From the
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same figure, it is seen that the increase in H has an ambiguous effect

on the equilibrium value of ω. An increase in H increases the supply of

skilled workers participating in productive activities causing their rel-

ative wage to fall, which in turn, shifts the M-M curve down. One the

other side, an increase in H leads to two different effects on R-R. First,

an increase in H increases the demand for all goods in the economy

increasing the profit per differentiated varieties, as a consequence re-

search and development activities in the economy increases. This effect

is known as ‘scale effect’.7 Second, an increase in H also increases the

number of innovations fueling the demand for skilled worker to manu-

facture newly developed new goods. I call this effect innovation effect.

The scale effect and the innovation effect work in the same direction

and shift the R-R curve up. The magnitudes of effects of an increased

H on M-M and R-R curves depend on the various parameters in the

economy making the overall effect of a change in H on the equilibrium

value of ω∗ ambiguous.

An increase in L as shown by equation (31) shifts both M-M and R-R

curves up, implying a clear increase in the equilibrium value of relative

wage, ω∗ and a clear decrease in the equilibrium value of growth rate,

g∗. An increase in L increases the supply of unskilled workers involved

in the production of old goods causing their relative wage, 1
ω

, to fall.

This effect leads to an upward shift in M-M curve. Also, an increase in

L, like an increase in H, generates a scale effect implying an increased

profit for a differentiated good. The scale effect increases the return

from a new innovation, thus, moves the R-R curve up.

7I discuss this effect in detail in the next section
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4.2. Effects of an Increase in Productivity Parameter. ad is the

productivity parameter in research and development sector. An in-

crease in ad increases the cost of a new innovation that creates a dis-

incentive to participate in research and development sector, which in

turn, leads to a downward shift in R-R curve. Similarly, an increase

in ad necessitates an increased number of skilled workers per innova-

tion that implies a decreased supply of skilled workers in production

sector, which in turn, raises the wage for a skilled worker and leads

to an upward shift in M-M curve. Overall, an increase in ad decreases

the equilibrium value of economy wide growth rate g∗. The overall

effect of an increased ad on the equilibrium value of relative wage ω∗ is

ambiguous as the change in the productivity parameter affects the two

equilibrium condition for the determination of ω∗ in an opposite way.

a
d
↑

a
d
↑

�����

ω*

ω*'

ω

�

Figure 3. Equilibrium Conditions and Effects of
Change in Research Productivity Parameter.

4.3. Effects of an Increase in Standardization Time. When I

take the future discount factor as 0, the standardization period T does

not appear in the expression denoting the equilibrium condition in
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Effects on
Curves Equilibrium Values

Parameters M-M R-R g∗ ω∗

H↑ ↓ ↑ ↑ -
L↑ ↑ ↑ ↓ ↑
ad↑ ↑ ↓ ↓ -
T↑ ↑ NC ↓ ↑
Table 1. Effects of changes in parameters (With Scale Effect)

research and development sector. However, an increase in T shifts M-

M curve up. A higher T means that skilled workers’ service is required

for longer period to produce the same good, and with the same token,

unskilled worker’s service is required for lesser period. Therefore, an

increase in T shifts M-M curve up and does not affect R-R curve.

It implies that an increase in T , when future discount factor is low,

increases the equilibrium value of relative wage, ω and decreases the

equilibrium value of growth rate g∗.

Table (1) shows the effects of changes in parameters on curves rep-

resenting equilibrium conditions and equilibrium values of long term

growth rate and relative wage in the economy. Dash, ‘-’, denotes am-

biguous effect and NC implies no change.

5. Extension: Product Cycle without the Scale effect

The source of economic growth, in the model described above, is knowl-

edge creation. Knowledge is very unique as it is non-rival in nature: the

use of a piece of knowledge by one economic agent does not preclude

the simultaneous use of the same piece by another agent. In knowledge

based growth models, the growth rate of the economy is directly related

to the amount of knowledge created in the economy. When the rate

of knowledge creation is linearly dependent on the available knowledge
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in the economy and labor employed in research, as described in the

earlier model, any increase in labor supply raises the resources devoted

to knowledge creation linearly and leads to an exponential increase in

per capita growth rate. This effect is known as scale effect. It implies

an accelerating per capita income growth in presence of population

growth. Jones (1995) was first to point out the lack of evidence in

support of such accelerated growth in presence of population growth.

Subsequently, endogenous models with scale effect came under heavy

criticism. Later theorist have attempted to remove the scale effect from

endogenous growth models.8 I follow the original prescription by Jones

(1995) to remove the unintended scale effect from my model.

In the previous model, I suggested that number of products in the econ-

omy can be a proxy for the disembodied knowledge (K) in the economy.

Jones (1995) shows that this particular choice of the proxy leads to the

scale effect in models based on Grossman and Helpman (1991). To

remove the effect, Jones suggested an alternative formulation which

differs from Grossman-Helpman’s formulation in two important ways.

First, the productivity of a labor is negatively affected by the total

number of skilled labor devoted to research and development. This re-

lationship can be attributed to the possibility of duplication in research.

Second, the knowledge in the economy is a concave function of the to-

tal number of goods available in the economy. With assumption that

the technology of the research exhibits constant returns to scale with

respect to the number of labor devoted to research at the firm level,

Jones gives the following formulation for the product development at

the firm level:

1

ad
hdn

φHλ−1
d(33)

8See Jones (1999) for an excellent survey of such models
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where hd is unit of labor employed by a firm, ad, a labor productivity

parameter, n, number of good available in the economy, and Hd is the

total skilled workers in the research and development sector. 0 < φ < 1

and 0 < λ < 1. In equilibrium, by aggregating over all firm in research

and development, one can get
∑
hd = Hd which gives the total number

of new products developed in the economy at date t is given by ṅ.

ṅ =
nφ ·Hλ

d

ad
,(34)

The rate of innovation is given by g = ṅ
n
. The growth rate in g can be

written as

ġ

g
= −(1− φ)g + λ

Ḣd

Hd

(35)

Unlike the model in the previous section, here growth rate, g, is not

endogenous and depends on population growth rate and other exoge-

nously given parameters. If there is no population growth in the econ-

omy, there will be no growth in this model. Therefore, I introduce

an exogenous population growth with rate Np in the economy. Both

populations, of skilled workers and unskilled workers, grow at the rate

Np. In the steady state the fraction of skilled worker employed in

the research and development work would be a constant that implies

Ḣd
Hd

= Ḣ
H

= NP that, in turn, implies a constant g in the steady state.

g =
λNP

1− φ
(36)

Population growth also affects the optimal condition on the consumer

side given in equation (8) as the evolution of economy wide expenditure

will no longer follow the same path as the evolution of any individuals’

expenditure. The economy’s total expenditure in period t is E(t) =
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L(t).El(t) +H(t).Ek(t). This gives:

Ė

E
= Np +

Ėk
Ek

= NP + Ṙ− ρ,(37)

where where, NP = L̇
L

= Ḣ
H
, andk ∈ {h, l}. The rate of total spending

in the economy grows at the rate equal to individuals’ spending growth

rate corrected by the population growth rate.

I define labor productivity, ṅ
Hd

, in research and development sector as

m
ad

expression for which is given in the following equation:

m

ad
=

ṅ

Hd

=
nφ ·Hλ−1

d

ad
,(38)

m follows the growth path of labor productivity in the r & d sector,

and its steady state growth rate can be given by

ṁ

m
= φg − (1− λ)NP = ψg, where g =

λNP

1− φ
, and ψ = 1− 1− φ

λ
.

(39)

Like the previous model model, there is no monetary authority in this

model. So, I am free to give an arbitrary value to one of variables in the

model. For convenience I follow ? and normalize the labor productivity

in the r & d sector, m(t) by making it equal to a skilled worker’s wage,

wh(t). This particular specification implies that the wage paid to a

skilled worker is always proportional to labor productivity in r & d

sector. It also implies that an innovator incurs a fixed cost equal to

ad to come up with a new product as innovation cost for a new good

is ad
wh(t)
m(t)

. In other word, this particular normalization makes the cost

of a new design the numeraire in the economy. This also implies that

wages and expenditures for skilled and unskilled workers grow at the

same rate as labor productivity in the r & d sector, while the economy
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wide expenditure grows at the same rate as number of products in the

economy.9

The new specification for product development would imply that new

equilibrim condition in r & d sector differs from the condition given in

equation (20). The new equilibrium condition would be:

Ṙ =
πN + e−[R(t+T )−R(t)] [πO − πN ]

ad
(40)

In the steady state, the growth rate of number of products ( ṅ
n
) is given

by g. In the steady state, the economy’s expenditure grows at constant

rate g. The equation (37) implies:

Ṙ = g + ρ−NP(41)

Using expressions for Ṙ, given in equation (41), πN and πO, given in

equation (15), and steady state equilibrium values of ratios nN (t)
n(t)

and

nO(t)
n(t)

, derived earlier, I can rewrite the above equation as:

g + ρ−NP =
(1− α)

ad

[
1 + e−(g+ρ−NP )T [ωσ−1 − 1]

1 + e−gT [ωσ−1 − 1]

]
E(t)

n(t)
(42)

The above equation gives the equilibrium condition in the research and

development market. It is important to note that equation (42) is not

a no-arbitrage condition, as the economy’s growth rate g is no longer

an endogenous variable. Instead, g is determined by population growth

rate Np. The relationship between g and Np is given in equation (36).

Equation (42) gives the number of skilled workers engaged in and r &

d activities. Using equations (42) and (26), I obtain the expression for

9Rate of growth in economy wide expenditure is equal to the sum of the rate

of growth in population and an individual’s expenditure. Ė
E = ṁ

m + Ḣ
H . As,

Ḣ
H = L̇

L = Population growth rate.
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Hp(t) = H(t)−Hd(t), in terms of H(t), g, T and ω.10

Hp(t) =
α[g + ρ−NP ]

[
1− e−gT

]
H(t)

α[g + ρ−NP ][1− e−gT ] + (1− α)g [1 + e−(g+ρ−NP )T [ωσ−1 − 1]]

(43)

Now, I can write the equilibrium condition for labor market clearing in

terms of variables relative wage (ω), growth rate in number of products,

g, and parameters, maturity period, elasticity of substitution σ. Diving

equation (43), by equation (46), given in appendix, and rearranging, I

get the equilibrium condition in labor market.

ω∗σ =

[(
egT + 1

)
+

(1− α)

α

g

[g + ρ−NP ]

[
egT + e−(ρ−NP )T

(
ω∗(σ−1) − 1

)]] L(t)

H(t)

(44)

where g∗ =
λNP

1− φ
.

5.1. Comparative Statistics. In the steady state of this model, the

number of varieties grows at the constant rate g∗ = λNP
1−φ which is

exogenous to the model and relative wage remains at the level ω∗ which

is given in equation (44). Unlike the previous model, there is only one

endogenous parameter, relative wage ω, in this model.

5.1.1. Effects of an Increase in Labor Supply. An increase in H(t) at

time t, keeping all other parameters constant, lowers the steady state

relative wage ω∗ in the economy and does not affect the growth rate

g∗ in the economy.11 Equation (44) is an identity in the steady state.

From equation (43), Hp(t)

H(t)
is independent of H(t) in the steady state,

therefore, an increase in H(t) does not affect the proportion of skilled

workers employed in research and development sector. However, it

raises the ratio of skilled workers employed in productive activities

10See appendix for formulation
11See the derivation in appendix
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Effects on
Equilibrium Values

Parameters g∗ ω∗

H↑ NC ↓
L↑ NC ↑
ad↑ NC NC
T↑ NC ↑

Table 2. Effects of changes in parameters (In absence
of Scale Effect)

with respect to unskilled worker, which in turn lowers the equilibrium

relative wage. Similarly, an increase in L(t), keeping all parameters

constant, increases the steady state relative wage and does not affect

the steady state growth rate g∗ in the economy.

5.1.2. Effects of an Increase in Standardization Period. An increase in

T does not affect the steady state growth rate and increase the relative

wage ω∗. A higher T implies longer service from skilled workers which

increases the relative wage in the steady state.

The effect of economy wide parameters on ω∗ and g∗ is given in table

(2).

6. Conclusion

Grossman and Helpman (1991) show that relative wage between north

and south varies directly with the size of the labor in the these region,

and the long run rate of innovation in north and imitation in south are

determined endogenously. By assuming an innovation process in the

north similar to Grossman Helpman and replacing imitation by south

in Grossman-helpman model by product standardization in the north

(No trade), I find that an increase in the size of unskilled worker will
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decrease its relative wage. An increase in the size if skilled workers

which is required for both production and research may or may not

increase its relative wage. The relative wage of skilled workers will

increase with increase in their population only when research effect

dominates the population effect. A replacement of Grossman Helpman

type of innovation by Jones (1995) type of innovation in the model

wipes out the scale effect and suggest that an increase in skilled workers’

population decreases its relative wage in a closed economy. Further,

the paper, using the insight from product cycle literature, shows how

an endogenous growth that is skill neutral can have the same impact

on income distribution as international trade and skill biased technical

change.
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7. Appendix

Using the expression for Yj(t) given in equation (4), Hp and Lp can be

expressed in terms of g, ω and system parameters such as T and ρ.

Hp(t) = H(t)−Hd(t) =
α

wh(t)

1− e−gT

1− e−gT + e−gTωσ−1
E(t)(45)

Lp(t) = L(t) =
α

wl(t)

e−gTωσ−1

1− e−gT + e−gTωσ−1
E(t)(46)

Using equations (45), (46), one can obtain the expression for
E(t)

wh(t)
in

the steady state. By multiplying equation (45) with wh(t) and equation

(46) with wl(t), adding them up and using equation (28) for Hd(t), I

obtain:

E(t)

wh(t)
=

1

α

[
H(t)−Hd(t) +

L(t)

ω

]
(47)

Using wh(t) = m(t), m(t) = ad
ṅ

Hd(t)
from equation (38), and ṅ

n
= g in

equation (47), I obtain:

E(t)

n(t)
=

adg

Hd(t)α

[
H(t)−Hd(t) +

L(t)

ω

]
(48)

Using equations (42) and (48), I can write:

H −Hd +
L

ω
=

α

(1− α)

[g + ρ−NP ]

g

1− e−gT

1 + e−(g+ρ−NP )T [ωσ−1 − 1]
Hd(49)
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