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ARMA process

An ARMA(p,q), p,q ∈N0 process (Yk)k∈Z is the solution of the

difference equation:

a(B)Yk = b(B)ξk for k ∈ N,

where

• B is the backward shift operator,

• (ξk)k∈Z is an iid sequence of random variables,

• a(z) := zp +a1zp−1 + ...+ap with a1, ... ,ap ∈ R,

• b(z) := b0zq +b1zq−1 + ...+bq with b0, ... ,bq ∈ R.



CARMA Process

Motivation:

A continuous-time ARMA(p,q) (CARMA(p,q)) process

(Y (t))t∈R, p,q ∈ N0, p > q, is the solution of the stochas-

tic differential equation:

a(D)Y (t) = b(D)DL(t) for t ∈ R,

where

• D is the differential-operator (after t),

• (L(t))t∈R is a Lévy process,

• a(z) := zp +a1zp−1 + ...+ap with a1, ... ,ap ∈ R,

• b(z) := b0zq +b1zq−1 + ...+bq with b0, ... ,bq ∈ R.
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CARMA Process

• b0 6= 0.

• A =




0 1 0 · · · 0

0 0 1 . . . ...
... . . . . . . 0

0 · · · · · · 0 1

−ap −ap−1 · · · · · · −a1




∈ Rp×p.

• b = (bq · · ·bq−p+1)
′ ∈ R

p (bj = 0 for j < 0).

• {z ∈ C : a(z) = 0} ⊆ (−∞,0)+ iR.

•
∫
‖x‖>1 log‖x‖νL(dx)< ∞.
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CARMA Process

Let

X(t) =
∫ t

−∞
eA(t−s)ep dL(s) for t ∈ R.

Define

f (s) = b′eAsep 1(0,∞)(s).

Then the CARMA(p,q) process has the representation

Y (t) = b′X(t) =
∫ t

−∞
f (t −s)dL(s) for t ∈ R.



Spectral Density Estimation



Observation Scheme

High-frequency observations
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∆n ↓ 0 as n → ∞ and lim
n→∞

n∆n = ∞.
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Spectral Density

Note if α = 2: The spectral density of Y∆n := (Y (k∆n))k∈N is

g∆n(ω) =
1

2π

∞

∑
k=−∞

γY (k∆n)e−ikω , ω ∈ [−π,π],

and the spectral density of (Y (t))t∈R is

gY (ω) =
1

2π

∫ ∞

−∞
γY (s)e−isωds =

σ2
L

π
|b(iω)|2
|a(iω)|2 , ω ∈ R.

Then

lim
n→∞

∆n g∆n(ω∆n) 1[− π
∆n

, π
∆n

](ω) = gY (ω), ω ∈ R.
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Theorem (Fasen and Fuchs (2013))
The (normalized) periodogram of the sampled sequence

Y∆n := (Y (k∆n))k∈N is
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∣∣∣n−1/α
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∑
k=1
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Then as n → ∞,

∆
2− 2

α
n In,Y∆n (ω∆n)

D→ |b(iω)|2
|a(iω)|2 ·

∣∣∣∣
∫

[0,1)
e2π i s dLs
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2

, ω ∈ R\{0}.

⇒ If α = 2 this means that as n → ∞,

∆n In,Y∆n (ω∆n)
D→ π

σ2
L

gY (ω) ·
∣∣∣∣
∫

[0,1)
e2π i s dLs

∣∣∣∣
2

.
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Let ω̃ = (ω1, ... ,ωm) ∈ (R\{0})m. Then as n → ∞,

∆
2− 2

α
n

[
In,Y∆n (ωj∆n)

]
j=1, ...,m

D→
[
|b(iωj)|2
|a(iωj)|2

·
([

S ℜ
j (ω̃)

]2
+
[
S ℑ

j (ω̃)
]2)
]

j=1, ...,m

,

where
(
S ℜ

j (ω̃), S ℑ
j (ω̃)

)
j∈{1,...,m} is a (2m)-dimensional

stable random vector with characteristic function

E

[
exp

{
i

(
m

∑
j=1

θj S
ℜ
j (ω̃)+νj S

ℑ
j (ω̃)

)}]
= exp{−σα

L ·Kω̃(θ̃ , ν̃)},

θ̃ = (θ1, ... ,θm), ν̃ = (ν1, ... ,νm),
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with Kω̃(θ̃ , ν̃) given as follows:

1. If ω1, ... , ωm are linearly independent over Z (i.e. there is
no h ∈ Zm, h 6= 0, such that 〈h, ω̃〉= 0), then

Kω̃(θ̃ , ν̃) =
∫

[0,1)m

∣∣∣∣
m

∑
j=1

θj cos(2πxj)+νj sin(2πxj)

∣∣∣∣
α

d(x1, ... , xm).

2. If ω1, ... , ωm are linearly dependent over Z, then there is an
s ∈ {1, ... ,m−1} such that

Kω̃(θ̃ , ν̃)=
1

λ (m−s)(M )

∫

M

∣∣∣∣
m

∑
j=1

θj cos(2πxj)+νj sin(2πxj )

∣∣∣∣
α

dλ (m−s)(x1, ... , xm),

where M = M (ω1, ... , ωm) is a (m− s)-dimensional linear

manifold in [0,1)m.
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ARMA processes (Klüppelberg & Mikosch (1993)): α < 2

• Have to distinguish if ω/(2π) is rational or irrational.

• Have to distinguish if 2π,ω1, ... , ωm are linearly dependent

or independent over Z (with ω1, ... ,ωm being irrational mul-

tiplies of 2π).

• The manifolds are distinct.

α = 2: Then as n → ∞,

∆n In,Y∆n (ω∆n)
D→ 2πgY (ω)

(
N2

1

2
+

N2
2

2

)
d
= 2πgY (ω)E ,

where N1 and N2 are i.i.d. standard normal random variables

and E is a standard exponential random variable.
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∆n În,Y∆n (ω∆n)
D→
(∫ ∞

0
f 2(s)ds

)−1 |b(iω)|2
|a(iω)|2 ·

[
SR
]2
+
[
SI
]2

S 2 ,

where (SR,SI ,S) is a stable random vector.



Self-normalized Periodogram

Theorem (Fasen and Fuchs (2012))
The self-normalized periodogram of Y∆n is
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Theorem (Fasen and Fuchs (2012))
The self-normalized periodogram of Y∆n is

În,Y∆n (ω) =
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Smoothed Periodogram

The smoothed periodogram of Y∆n is

T̂n,Y∆n (ω) = ∑
|k |≤mn

Wn(k) În,Y∆n

(
ω +

k
n

)
, ω ∈ [−π,π],

where

• mn is a sequence in N such that

mn → ∞ and
mn

n∆n
→ 0 as n → ∞.



Notation

The sequence of weight functions Wn : Z → R satisfies the

following conditions:

• Wn(k) = Wn(−k), Wn(k)≥ 0, ∀k ∈ N,

• ∑|k |≤mn Wn(k) = 1, ∀n ∈ N,

• max
|k |≤mn

W 2
n (k) = o

(
1

mn

)
as n → ∞.
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Smoothed Periodogram

Theorem (Fasen and Fuchs (2012))
The smoothed periodogram of Y∆n is

Tn,Y∆n (ω) = ∑
|k |≤mn

Wn(k) In,Y∆n

(
ω +

k
n

)
, ω ∈ [−π,π].

Let α = 2. Then as n → ∞,

∆n Tn,Y∆n (ω∆n)
P→ π

σ2
L

gY (ω) =: Ψ(ω), ω ∈ R\{0}.
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b(z) := zq +b1zq−1 + ...+bq,

and the normalized power transfer function (spectral density)

Ψ(ω) :=
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|a(iω)|2 =
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where µ1, ... , µq are the zeros of b(·) and λ1, ... ,λp are the zeros

of a(·).
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Motivation

Assumption
The zeros µ1, ... , µq and λ1, ... , λp are all distinct and possess

strictly negative real parts.

Define

Ψ(ω;θ) :=
|(iω)q +b1(iω)q−1 + ...+bq|2
|(iω)p +a1(iω)p−1 + ...+ap|2

with θ = (a1, ... ,ap,b1, ... ,bq)

Then the parameters of the CARMA process are identifiable

from Ψ(· ;θ).



Estimation Heuristic

Suppose we have observed the CARMA(p,q) process on the

time grid {∆n, ... , n∆n}. Then we choose m ∈ N different fre-

quencies ωj ∈ (0,π/∆n), j = 1, ... , m,



Estimation Heuristic

Suppose we have observed the CARMA(p,q) process on the

time grid {∆n, ... , n∆n}. Then we choose m ∈ N different fre-

quencies ωj ∈ (0,π/∆n), j = 1, ... , m, and solve the constrained

nonlinear least squares problem

θ̂ := argmin
θ∈Θ

m

∑
j=1

∣∣∣∣∣∣∣∣∣
log
(
Cθ ·Ψθ (ωj)

)
− log


∆n T̂n,Y∆n (ωj∆n)︸ ︷︷ ︸

P→Cθ∗ ·Ψθ∗(ωj)




∣∣∣∣∣∣∣∣∣

2

.

with Cθ =
(∫ ∞

0 f 2(s)ds
)−1.
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time grid {∆n, ... , n∆n}. Then we choose m ∈ N different fre-

quencies ωj ∈ (0,π/∆n), j = 1, ... , m, and solve the constrained

nonlinear least squares problem

θ̂ := argmin
θ∈Θ

m

∑
j=1

∣∣∣∣∣∣∣∣∣
log
(
Cθ ·Ψθ (ωj)

)
− log


∆n T̂n,Y∆n (ωj∆n)︸ ︷︷ ︸

P→Cθ∗ ·Ψθ∗(ωj)




∣∣∣∣∣∣∣∣∣

2

.

with Cθ =
(∫ ∞

0 f 2(s)ds
)−1.

 variance stabilizing technique
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Example

Consider a CARMA(2,1) process which is the strictly stationary

solution to

(
D2 +a1D+a2

)
Yt = (D+µ)DLt , t ∈ R,

i.e. a(z) = z2 +a1z +a2 = (z −λ1)(z −λ2) and b(z) = z +µ.

In this case the normalized power transfer function can be

written as
(∫ ∞

0
f 2(s)ds

)−1

Ψ(ω) = C(a1,a2, µ) · ω2 +µ2

ω4 +(a2
1 −2a2)ω2 +a2

2

with C(a1,a2, µ) =
(∫ ∞

0 f 2(s)ds
)−1

= 2 a1a2
µ2+a2

.



Simulation
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Smoothed periodogram values plotted against frequencies for five selected time
series (pluses) in the Gaussian case (on top) and the 1.6-stable case (below).
The true spectral density and normalized power transfer function is plotted as a
solid line, respectively.

n = 15000; ∆n = 0.1; m = 300; mn = ⌊
√

n∆n⌋= 38;Wn(k) = 1
2mn+1 for |k | ≤ mn.



Simulation Study

σL a1 a2 µ
True 1.5 2.0 0.1 0.2

α = 2

Mean 1.5127 2.0859 0.1182 0.2159

Bias 0.0127 0.0859 0.0182 0.0159

Std. dev. 0.0392 0.1204 0.0358 0.0366

α = 1.8

Mean - 2.0580 0.1108 0.2185

Bias - 0.0580 0.0108 0.0185

Std. dev. - 0.1240 0.0372 0.0378

α = 1.6

Mean - 2.0626 0.1079 0.2127

Bias - 0.0626 0.0079 0.0127

Std. dev. - 0.1130 0.0315 0.0361

α = 1.4

Mean - 2.0659 0.1101 0.2129

Bias - 0.0659 0.0101 0.0129

Std. dev. - 0.1151 0.0311 0.0329

Simulation study for different values of α, based on 250 sample paths each.

n = 15000; ∆n = 0.1; m = 300; mn = ⌊
√

n∆n⌋= 38;Wn(k) = 1
2mn+1 for |k | ≤ mn.
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Remark

The results are proven for symmetric Lévy processes who are

either

• α-stable, or

• E(L2
1)< ∞.
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