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L X is said to follow a Sa'S distribution with scale parameter
o >0,(i.e. X ~ SaS(0)) if

E(e®)=e"l" 0<a<2.

These arise as the limits of sums of i.i.d. symmetric random
variables.

a=1 = X~ Cauchy, a=2 = X ~ Normal

O<a<2 = P(X>x)~Cy,x"® = no ath moment
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1.VH,b, -, the T9 andV ¢y, c, -+ ,Ch €R,

n
> ciX;, ~ SaS.

=1

d
2. {Xt}te1e = {Xerstiers Vs € T9.

o =2 = Gaussian RF. But we assume: 0 < a < 2.
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It is easy to check that E|M,|? < oo if and only if § < a.

Open Problem (Xiao (2010)): Can we give “sharp lower
and upper bound” on E|M,|? for 3 € (0, a)?
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Question: How smooth/rough are the paths of

{Y(u,v)}(u,v)e]R2 ?

Smoothness of { Y(y )} y,v)cre depends on how small the

quantity
ﬂ)

Assume {Y(yv)}(u,v)cre has stationary increments and is
self-similar.

2n 2

E < max max
1<i<2n 1<j<2n

"wd)

is for 8 € (0, «) and for large n.
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E < max max

1<i<2n 1<j<2n

"aa) " ()

—2 ™ME( max max |Yiiqn— Yinl®
<0§i§2”—1 O§j§2”—1‘ (i+1.)) (I,/)‘

n

—2-"HE Xinl? 1
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NOTE: This quantity is nothing but 2="" E|M»|® and
therefore, a sharp upper bound on E|Ma»|”? can help
determine the smoothness of the paths.
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(S,S, 1) = A o-finite measure space
So={AeS:ulA) < oo}

An independently scattered and o-additive

M:Sy— L°Q)

is called an Sa.S Random Measure on (S, S) with control
measure p if
M(A) ~ SaS((u(A)").
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(S, S, ) is a o-finite measure space.{$;};;q i a
non-singular Z%-action on S if

1. ¢t : S — Sis measurable Vt
2. ¢pp(s) =85 Vse S
3. it =y odyp Vi, beZl

4.pody ' ~p Vitezd
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E (ei(91X1+"'0dXd)) =exp {— fs| 27:1 9/'}'(3)|M(d3)}

fis) = = ( (S)> Nz ¢1(s)

du o ¢
du
where, {¢},cz0 is @ non-singular Z9-action, f € L%(S, p).

NOTE: We say that the random field {X;},;.,. is generated
by {#t}scz0 @and f.
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Conservative actions are those which tend to come back as
trunsin 79,

W C Sis called a wandering set for {¢¢};.,q if its translates
{0t(W)}cz0 are pairwise disjoint.

{1} cz0 is called a conservative Z9-action if it has no
wandering set of positive measure.
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1/a
(s)> fo ¢i(S)M(ds).

If X; is generated by a conservative Z9-action, then the field
has longer memory and the extreme values grow in a slower
rate because longer memory prevents erratic changes in X;
even when t becomes large (say, in Euclidean norm).

This was formalized by Samorodnitsky (2004) for d = 1.
Roy and Samorodnitsky (2008) established a
generalization of this for d > 1. Continuous parameter
extension is handled in another paper of Samorodnitsky
(2004) (d = 1 case) and a paper of Roy (2010) (d > 1
case).
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’)(([ t t ’
0 . 1,82, d) :
Panigrahi <7 ti<7(” 1) i=1 ()

Theorem

Let0 < 3 < a.
If {¢t} ;70 is conservative then,

E (Mff) = o(n9h/%).
Otherwise, for some a > 0,

E (Mﬁ) ~ anf/*.
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S=R, pu=Leb, d=2, ¢;(s)=s+i—j(measure
preserving),
M = SaS random measure on R with control measure p.

Define X(I,j) = fRfO ¢(/71)(3)M(ds)7 Ia/ € 2.
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S=R, u=Leb, d=2, ¢;(s)=s+i—j(measure
preserving)

NOTE:j =i+ k, ¢(j) = do) = Xij) = Xok)-
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Since {X(0,k) } oy, is generated by {4 which is not

conservative, we have,

)}keZ’

E (M,)? ~ cn®/® for some ¢ > 0.
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Feiel Here, we see a reduction of “effective dimension” of the
random field. If we view algebraically, what we did boils
down to quotienting Z? by the diagonal K = {(i,j) : i = j}.

Note that K is the kernel of the group homomorphism
(i,J) — () in this case.

Reduction of dimension occurs because 7Z?/K = Z.

In general, if K = {t € Z% : ¢; = ids}, is it true that
Z9/K = 7P for some p < d?
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Let K = {t € Z9 : ¢ = ids}.

By the Structure Theorem for finitely generated Abelian

Groups, o
Z°/K=FaN

N is a finite group and F = ZP p < d.

An Algebraic Fact:F has an isomorphic copy F sitting
inside 79.
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Result on Moments of Extreme Values for

Conservative Flows

Lol  Clearly p = rank(F) < d. Itis the effective dimension of the
Snigdha random field. This notion was formalized by Roy and

et el Samorodnitsky (2008) (discrete parameter case) and
extended by Chakrabarty and Roy (2011) (continuous

parameter case).

Theorem

Let0 < g < a.
If {¢t}+cF s conservative then,

E (Mﬁ) = o(nPP/%).

Otherwise, for some a > 0,

E (M,f.f) ~ anPh/e.
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