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Abstract

| analyze a problem of assigning heterogeneous agenti(&ra heterogeneous principals (landlords),
where partnerships are subject to moral hazard in effoiicehd’he agents differ in wealth endowment
and the principals differ in land quality. When the lialyiliif each agent is limited by his initial wealth, a
share contract is typically incentive compatible. A punet i@ntract, on the other hand, is optimal in the
absence of incentive problems. In a Walrasian equilibrifith@economy, wealthier agents work in more
productive lands following a positively assortative matgipattern since higher wealth has greater effect
in high-productivity lands. Agent’s share of the match auifig in general non-monotone with respect to
initial wealth. If wealth is more unequally distributed thiand quality, then the equilibrium share (of the
agents) is a monotonically increasing function of wealtimder symmetric information, all agents earn
the same expected wage, and hence no income inequality ésveldsin equilibrium. When incentive

problems are important, wealthier agents earn higher wageithe income inequality decreases if the
agents are more heterogeneous than the principals.
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1. Introduction

While a plethora of writings on the theory of sharecroppimyéhstressed the role of the agent’s
wealth endowment in determining his output share in a tegnaglationship, the roles of land quality
and outside option have been paid little attention. It haskagued that share tenancy emerges as an
incentive device when the agent’s liability is limited by mitial wealth (e.g. Shetty, 1988; Laffont and
Matoussi, 1995; Ray and Singh, 2001), and wealth has apmsitiect on the agent’s output share be-
cause higher wealth implies the possibility of greater exttitaction by the principal without weakening
incentivest Rao (1971) and Braido (2008), among few others, have engathghie role of land quality
in share contracts. On the other hand, the role of agent’s outside option in dgténg his share is
also important. Banerjee, Gertler, and Ghatak (2002) ardliat higher outside options following the
introduction ofOperation Bargathe land reform act of 1978 in the Indian state of West Beniggadi
significant favorable effects on the output share and pridiycof the sharecroppers. In the present
paper | propose a unified framework that analyzes the jofatesf of land and wealth heterogeneities on
the tenancy contracts through endogenous outside option.

Most of the theoretical works on share tenancy employ vegiahthe partial equilibrium agency
model (e.g. Grossman and Hart, 1983) where a principal Ipaddof given characteristics leases her
land to an agent (tenant) of given characteristics, andfigenancy contract that consists of a fixed
rent component and a given share of output. The optimal achiletermines the incentive structure of
the final payoff to the agent. In such models, the level of iegrof the agent is determined entirely
by his exogenously given outside option. Endogenous datation of the agent’s outside option thus
calls for a general equilibrium framework. The present paparts with this motivation. It extends Sat-
tinger’s (1979) ‘differential rent’ model to a situation wie agents are assigned to principals, and each
principal-agent relationship is subject to limited liadyiland moral hazard in effort choice. In particular,
| consider a model where principals are heterogeneous esihect to the quality or productivity of the
lands they own, and agents differ in wealth endowment. Ingaiilibrium, each principal of a given type
chooses optimally an agent by maximizing her residual jafitking the expected wages as given. A
Walrasian equilibrium implies that each agent must recaivexpected wage equal to his outside option,
defined as the maximum of the payoffs that could be obtainesllitghing to alternative partnerships.
As wealthier agents and more productive principals havelatesadvantages in any partnership, equilib-
rium wage and profit are increasing respectively in wealthland quality. Optimal choice of agents by
the principals also implies that wealthier agents work ghkproductivity lands following a positively as-
sortative matching pattern because higher wealth hasegrgaarginal) effect in more productive lands.
The equilibrium relationship between the output sharesimitidl wealths of the agents determines the
equilibrium share function. The equilibrium output shafen agent depends on his initial wealth, on
the productivity of the land he cultivates through the eqtillm matching function, and on his outside
option via the equilibrium wage function. A principal canrect more surplus from a wealthy agent in
the form of fixed rent without affecting incentives, and heh@her wealth implies greater output share.

!Basu (1992), Sengupta (1997), and Ghatak and Pandey (2808)been important contributions to the literature which
argue that share tenancy emerges due to limited liabiliy éfiithe agent may have zero wealth. There is also a largatiite
which claims that sharecropping emerges because of plrsharing motives (e.g. Stiglitz, 1974; Newbery, 1977)asran
incentive device under moral hazard (e.g. Eswaran and Ko1885).

2Rao (1971), using farm management data from India, showisthleaquality of land has explained 90% variations in
contracts offered to the share croppers. Braido (2008)eargjoat typically lower quality lands are leased out to thareh
tenants.



In a more productive land, less incentive is required in ptddanduce a given effort level, and hence
lower shares are associated with high-quality lands. Kirt@ibher outside option, which implies greater
incentives to shirk, implies higher output share. Becatiskase two opposing effects the output shares
of the agents are in general non-monotone with respecttialimiealth. It is shown that when wealth is
more heterogeneously distributed relative to land quatlity positive effects dampen the negative effect
of land quality on the output shares of the agents, and thiéilegun share thus increases with wealths.

As the levels of earnings of the agents are endogenouslyntieted, the equilibrium of the model has
interesting implications for earnings inequality. FigtWalrasian equilibrium implies that the outside
option of each agent is determined endogenously, whichrimitaplies the endogenous determination of
the agents’ bargaining power. Second, | show that if theibdigion of wealth is more disperse relative
to the distribution of land quality, then the equilibrium geafunction is concave. A concave wage
function implies a lower income inequality since the wagiedential decreases as the wealth levels
of the agents go up. A convex wage function, on the other himodeases wage inequality. Finally,
similar to Sattinger’s (1979) assignment model, the presenk also implies that the final distribution
of equilibrium wages is skewed to the right relative to thetrithution of wealths. With heterogeneous
lands, agents with greater wealth are assigned to more gifeeldands which boosts their expected
incomes above what they would be earning if all lands weratidal.

The present paper contributes to the recent literature @prbblems of assigning agents to princi-
pals in environments characterized by informational asgtnes. In particular, in the context of share
tenancy, this paper is related to Ghatak and Karaivanovo2@ho analyze a model of partnership based
on double-sided moral hazard, and show that partnershigsstaemerge in equilibrium if the individ-
uals differ in terms of degrees of absolute advantage inmaptishing specific tasks and the matching is
endogenous. They also found conditions under which a nrajahiay be assortative or non-monotone.
One major contribution of their work is that sharecroppingyremerge as a consequence of endogenous
matching between principals and agents. In an importariribation to this literature, Ackerberg and
Botticini (2002) have analyzed the landlord-tenant cariran renaissance Tuscany, and showed that
contracts are influenced in a significant way by the endogenature matching between the landlords
and tenants. Chakraborty and Citanna (2005) show, in a nobaelcupational choice, that less wealth-
constrained individuals choose to take up projects in wiricantive problems are more important due to
endogenous sorting effects. Unlike most of the recent trtions, e.g. the present model, Chakraborty
and Citanna’s (2005) paper is a model of one-sided matchiingg. worth mentioning that, while the
current paper generalizes the popular assignment modglsS@itinger, 1975, 1979) by considering sit-
uations in which matches are subject to moral hazard in adalaln equilibrium framework, most of
the aforementioned papers consider partnership formasancooperative matching game, and employ
stability as the solution concept. Serfes’s (2005) is aigasgent model that analyzes the trade-off be-
tween risk-sharing and incentives, and shows a non-moaateationship between risk and incentive.
Legros and Newman (2007) propose a sufficient conditiodeddhegeneralized difference conditipn
under which stable allocations exhibit assortative matghihen the two-sided matching induces a non-
transferable utility (a concave Pareto frontier) game.ilaingconditions are obtained in Lemma 1(b).



2. A model of principal-agent assignment

2.1. Description

Consider an economy with a continuut 1] of heterogeneous risk-neutral principals and a con-
tinuum [0, 1] of heterogeneous risk-neutral agents. The positive reabeus\ € A = [A\in, Mnax)
andw € Q = [wmin, wmaz| denote the ‘qualities’ of the principals and the agentgeetvely. Quality
or type of an individual may be interpreted as productivéificiency, wealth, etc. which would influ-
ence final payoffs. For example, higher values\afould imply more productive (“better”) principals.
The distributions of qualities are exogenous to the modelt &(\) be the cumulative distribution of
A, which denotes the fraction of principals with qualitiesvé than), andg()\) be the corresponding
density function. Similarly, leF'(w) be the cumulative distribution of with the corresponding density
f(w). I denote by = (F, G) the principal-agent economy.

Principals and agents are assigned to each other to formepsinips or matches. Each individ-
ual in a given match has to take a set of actions which are snfputhe final match output. Some of
these actions such as effort, investment decision may nptibkcly verifiable which induce incentive
problems in each partnership. This section extends thierdifitial rents’ model of Sattinger (1979) to
situations where matches are subject to incentive probfeimdividuals of identical quality will be per-
fect substitutes, and hence only qualities and not the namad¢t®r. The principal-agent assignment can
be described by a one-to-one correspondénd® — A or its inversew = [~!. Therefore ifA = I(w),
or equivalentlyw = w(\), then(\, w) denotes a typical match or partnership.

In a match(\, w), the principal and agent write a binding contrack, w) which specifies the way
the total match-surplus is to be divided between them. Lessthiplus be given by(\, w, u(w)) where
u(w) is the expected wage of the agérithe expected profit of the principal is thus given by:

v(A) = o(A, w, u(w)) — u(w). 1)
| make the following assumptions @\, w, u(w)):

1. ¢(\, w, u(w)) is twice differentiable, where; denotes the partial derivative gfwith respect to the
i-th argument, ang;; denotes the cross partial derivative with respect tatheand;-th arguments;

2. ¢; > 0,fori =1, 2 andgs € [0, 1): the match-surplus is strictly increasing in the qualitéshe
principal and the agent, and increasing in the agent's wage;

3. ¢29 < 0 andgss < 0: concavity of the surplus function with respect to the gyadind wage of the
agent.

In a Walrasian equilibrium, each typeprincipal picks an agent with quality in order to maximize her

*Edmans, Gabaix, and Landier (2009), and Dam (2010) alsd builthe assignment model presented in Sattinger (1979)
to incorporate incentive problems.

“The match-surplus depends on the qualities of the prinipelthe agent, and on the agent's wage.Sattinger's (1979)
model is an assignment model with transferable utilities tiuthe absence of any incentive problems. It is well-knowat, t
in the presence of incentive problems in a principal-agelationship, optimality of contracts is not defined by tataiplus
maximization since how much surplus would be produced dépen how it is distributed within the match. Consequently,
incentive problems give rise to non-transferabilitiesethimplies that the match-surplus also depends on the eegheetge of
the agent. In an assignment model similar to Sattinger (1 98 surplus function will be given by(\, w).



expected profit, i.e., each typeprincipal solves
v(A) = max{p(A, ', u(w)) - u(w)}, (P)

taking the wages(w) as given. Therefore, an equilibrium consists of an assighmee/ or w, and the
vectors of profitgv(A)) ea and wagesu(w)),eq such that

(@) w(X) = argmax,{¢(\, w, u(w)) —u(w)} for each\: each principal chooses her partner optimally;
(b) If [A1, A2] = I(Jw1, we]) for any subintervalgw,, ws] of Q@ and[A1, o] of A, then it must be the
case thatG(\2) — G(A\1) = F(w2) — F(wy): market clearing.

The first condition implies that the principal-agent assignt is optimal. The second is a measure
consistency requirement which says that if an interval @ngdypes|w;, w2 is mapped by the rulé

into an interval of principal-typef\i, \2], then these two sets cannot have different measures. This is
the standard market clearing condition for each type.

2.2. Equilibrium

The equilibrium wages(w) and profitsu(\) are determined by solving the maximization problem
(P) of each type\ principal. While solving (P), a principal must guarantee #gent his outside option.
An agent's outside option is the maximum payoff he can oblgirswitching to other matches. In a
Walrasian equilibrium, the expected wage of a typagent must be equal to his outside option. A wage
offer less than the outside option will not be accepted. @natimer hand, if the wage of an agent is
strictly higher than his outside option, then the principah lower her offer a bit and still the offer will
be accepted by the agent, thereby contradicting the nofi@gulibrium. The first-order condition of
the maximization problem (P) is given by:

Pa(\, w, u(w)) + [P3(\, w, u(w)) — 1]u'(w) =0,
P2(\, w, u(w))

ie., u(w)= for A =[(w). FOC
It follows from the Envelope theorem that
V(A) = o1 (N, w, u(w))  for A =1(w). (E)

Given the assumptions on the match-surplus function, thgeatwo expressions are positive. In every
match, an agent’s wage and a principal’s profit are paid daogrto their contributions to the match-
surplus. For example, the marginal wage of a typagent is equal to his marginal contribution to the
total surplus¢ (A, w, u(w)). The equilibrium wages:(w) and profitsu(\) are found by solving the
differential equations (FOC) and (E) for each matahw).

Suppose that the equilibrium assignment is give\by [(w). The next step is to determine the sign
of I'(w). The following definition introduces the notion of assav@ir monotone matching.

Definition 1 If I'(w) > (<) 0, then the assignment is said to be positively (negativelgpaative.

Whether the equilibrium matching is assortative is deteeuiby the second-order conditions of the
maximization problem (P). In Appendix A it is shown that thcond-order condition is satisfied if and
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only if
(21 (1(w), w, u(w)) + ¢31(l(w), w, u(w))u' (W))I'(w) > 0. (SOC)

It follows from the above inequality that éf2; (\, w, u(w)) ande¢s; (A, w, u(w)) are both positive (neg-
ative), then’(w) > (<) 0. The following lemma summarizes the above findings.

Lemma 1 Let A = [(w) be an equilibrium principal-agent assignment, and) andv(\) be the asso-
ciated equilibrium wages and profits, respectively.

(a) The equilibrium wages and profits are increasing functiohshe qualities of the agents and the
principals, respectively;

(0) If pa1(\, w, u(w)) > (<) 0andesi (A, w, u(w)) > (<) 0forall (A, w, u(w)), then the equilibrium
assignment is positively (negatively) assortative.

The proofs of the above assertions and those of the subdeqnes are relegated to the Appendix.
The above lemma extends the results of Sattinger (1979)vicoements with non-transferable utility.
Similar results have also been proved by Legros and Newm20i7§2 High-quality individuals have
absolute advantages in any partnership because 0 and¢, > 0, i.e., the match surplus is increasing
in A andw. Therefore, “better” individuals consume higher expegagoffs in an equilibrium, which is
the assertion of Part (a) of the above lemma. Also, two iddigis of the same quality must obtain same
expected payoffs. Thus, the equilibrium satisfies ‘equedtinent of equals’ property. The equilibrium
wage and profit functions are similar to the ‘hedonic priagasRosen (1974). An important difference
between the aforementioned works and the present papeati$ thtroduce non-transferability in an
assignment model.

An assortative matching is a consequence of complementausubstitutability between the principal-
and agent-qualities. Consider the case of a positivelyredgs@ assignment. Complementarity implies
that high-quality agents have comparative advantages theelow-quality ones in matches involving
high-quality principals. This sort of comparative advgetadetermines that a better agents must be
assigned better principals. In the context of non-traasfer utilities, the complementarity has two as-
pects. Firstgo; > 0 implies that a high-quality principal and a high-qualityead) together produce
higher aggregate surplus. This is the usual ‘type-type’ mlementarity, which also determines positive
sorting in the standard assignment models (e.g. Rosen,; 8aifdnger, 1979). Secondy; > 0 implies
that it is (marginally) less costly for a high-type prindipa transfer surplus to a high-type agent. This
‘type-payoff’ complementarity reinforces the reasonsamahich an equilibrium induces a positively
assortative matching).

®Notice the difference between the above optimality conditiand those in an assignment model with transferabléesili
In Sattinger’s (1979) differential rents model, the firstler condition associated with the principal’s optimal ickeds given
by:

, 0o(\, w
u(w) = ¢gw ).
And the second-order condition is given by:
2
QlﬂéLﬁQl%w)Z(l

OAOw



3. Application: tenancy contracts under limited liability

This section considers optimal share-tenancy contradtgeam risk-neutral principals (landlords)
and risk-neutral agents (tenants) in an attempt to ideati§jtuation to which the results of Lemma 1
apply. Principals own a plot of land apiece which can be ldasg to a sharecropper, the agent. Agents
are heterogeneous with respect to their initial wealtke @ C R, ., which is uniformly distributed.
Here initial wealth represents the type or quality of an &gebn the other hand\ € A C (0, 1)
represents the productivity of lands, which is also unifigratistributed. 1 assume that?/8 < w for
all (A, w). | further assume that there is no alternative markets fod End labor services. Hence, an
unused plot of land generates zero profit to its owner, andn@mployed agent consumes his wealth
endowment. A land with quality produces a stochastic output which is given by:

_ )1 with probability Ae,
~ |0 with probability 1 — e,
wheree € [0, 1] is the non-verifiable effort exerted by an agent. The costref§ an increasing and
convex functior(e). For simplicity, | assume that(e) = ¢2/2.

A tenancy contract for an arbitrary match, w) is a vectore(\, w) = (a(A, w), R(A, w)) wherea
is the agent’s share of output, aRds the fixed rental payment made to the principal. | restfigrdion
to the class of contracts for whidk > 0 anda € [0, 1]. If « = 1 andR > 0, then the contract is pure
rent contract A contract witha < 1 andR > 0, on the other hand, is referred to ashare contracf
Givenc(\, w), the expected payoffs of the principals and the agents apecévely given by:

V(e(\, w)) = Ae(\, w)[1 — a(\, w)] + R\, w), 2

€ w 2
e\, )] -

U(c(A, w)) = de(\, w)a(\, w) — R(A, w) — 5

Within a principal-agent relationship\, w), the principal therefore solves the following maximizatio
problem.

I(I)l\aX) Ae(A, w)[l — a(\, w)] + R(A, w) (M)
subject to Ae(\, w)a(A, w) — R(\, w) — M = u(w), (PC)
e(\, w) = argmax {)\ea()\, w)— R\, w) — 6—22} , (IC)
R\, w) < w. (LL)

The first constraint is the participation constraint of tigert. In the context of a Walrasian equilibrium,
this constraint requires a bit more attention. In a standgehcy model (e.g. Ray and Singh, 2001), a
given principal-agent relationship is treated as an isdlantity, and the participation constraint of the

6 do not address the issue of existence of share contra@sS&wgyupta (1997), and Ray and Singh (2001) for a discussion
on its existence, and why one can restrict attention to theesaf« in the intervall0, 1].



agent is given by:

(A, w)]?
2
wherew is the agent'outside optionwhich is defined as the maximum of the expected wages that the

agent may earn by switching to alternative matches. Thexebcontract()\, w) must guarantee the
agent at least his outside option. Unlike the agency modgsinhvolve only one principal and one
agent, the outside option of an agent is no more exogenous gidepends on the contract offers by
the other principals. First notice that in a Walrasian ébriim an agent’s expected wage must be equal
to his outside option, otherwise another agent of the sape ityay bid his wage down t@. Second,
the participation constraint of the type must be binding. If it is not the case, then the principal can
lower the agent’'s wage a bit, and the contract will still beegated which contradicts the definition of
an equilibrium. Therefore, | replace by u(w), and write the participation constraint with equality.
The second constraint is the incentive compatibility caist, which says that the agent will choose
the effort level that maximizes his expected wage. The lastis the limited liability constraint which
guarantees non-negative final income to the agent even vileematch output is zero. In a principal-
agent relationship, if the agent’s limited liability coreht does not bind at the optimum, provision of
incentives is not costly for the principal, and hence firgt-besteffort level can be implemented. This
is equivalent to the situation where the principal couldoecd any level of effort she liked. When the
limited liability constraint is binding, it is typically cly for the principal to provide incentives, and
only thesecond-besgffort can be implemented. Define by:

)\6()\, w)a(/\, w) - R(Av w) - > u, (4)

Di={(\w) | N/8<wHulw) <N/2} cS=AxQ.

It is easy to show that if\, w) € S\ T, then the limited liability constraint (LL) does not bindycithe
optimal contract and effort are at their first-best levels.tle other hand, if\, w) € T, then the limited
liability constraint binds, and only the second-best cacttiand effort are implemented. The optimal
output sharex*(\, w, u(w)) of the agent, rental paymeRt* (A, w, u(w)), and efforte* (A, w, u(w)) are
described in Table 1.

Table 1: Optimal contract, effort and surplus of an arbjtraatch(\, w)

\ | First-best | Second-best |
Agent’s output share 1 (1/N)V2(w + u(w))
Rental payment (A2/2) — u(w) w
Effort A 2(w + u(w))

The optimal contract terms and effort, in general, depenttheproductivity of the land, the wealth of the

agent and the agent’'s wage. | omit the standard analysi®affitimal contract. Under the first-best, the
agent gets the entire share of output, and pays a fixed reottinsbates of the nature for leasing out the
land. Therefore, the optimal tenancy contract is a puregentract. The optimal effort is at its highest

level, and does not depend on the agent’s wealth and his watpen the limited liability constraint



binds, the second-best contracts are implemented, andyérg abtains an output share strictly lower
than 1 but higher than 1/2. It is increasingdnandu(w), but decreases with. The optimal effort is
lower than its first-best level, which is increasingdrandu(w), but constant with respect ta

Given the optimal contracts and effort, it is now easy to cotaphe match surplus, which equals the
expected match outpuie(, w) minus the effort cost)(e(\, w)).

Lemma 2 Consider an arbitrary matcl\, w).

(a) When(\, w) € S\T, i.e., when the first-best contract and effort are impleraénthe match surplus
is given by:
)\2
(b()‘a W, u(w)) = 77
with ¢1 (A, w, u(w)) € (0, 1) andpa(\, w, u(w)) = ¢3(A, w, u(w)) = 0;
(b) When(\, w) € T, i.e., when the second-best contract and effort are imphede the match surplus

is given by:
6(\, w, u(w)) = Ay/2(w + 1)) - w - u(w),
with ¢; (A, w, u(w)) € (0, 1) fori =1, 2, 3.

In the first-best situation, when the agent gets the entiagesbf output, the match surplus takes its
maximum value. Under a share contract (second-best), nsatgitus is lower because there is loss of
efficiency due to informational asymmety.

3.1. The equilibrium wages, profits and assignment

As the value of the match surpldg\, w, u(w)) is known for each arbitrary match, the next step is
to determine the equilibrium wagew) and profitv(\) functions, which are the equilibrium relation-
ships between the expected payoffs of the individuals aei thpes. First, the marginal functions are
determined using equations (FOC) and (E). Hence one shbeltkavhether the conditions for Lemma
1(a) are satisfied in this context.

YO = G wuw)) € (0. 1) ©
el w, u(w)
S Tt w2 ©

The following proposition describes the marginal profit avaje functions.

Proposition 1 The equilibrium profits(\) is an increasing function of land-productivity, and the equ
librium wageu(w) is an increasing function of the initial wealth.

When the first-best contracts are implemented in all matachesmatch surplus is independentuofis
the limited liability constraints do not bind, i.e., thetial wealth of each agent does not enter into the
contract offered to him. The fixed rental payment does noeapm the surplus because it is a transfer

’It can be shown that, fav + u(w) < A\?/8, the agent’s limited liability constraint binds, but therficipation constraint
does not. | ignore this situation as the optimal contractstrha parts of a Walrasian equilibrium.



from the agent to the principal. Therefore, the surplusss atdependent of(w). As a consequence,
one hasps = ¢3 = 0. Since¢ for each match depends only on the productivity of land, tlaegnal
surplus is higher for better principals, and hence theyivedeigher equilibrium profits. As all agents
receive the entire share of output and exert the first-bésttetheir wages are the same irrespective
of the wealth levels. When the second-best contracts aréeingmted in all matches, it is the case
that¢p; > 0 andge > 0, i.e., owners of more productive lands and wealthier aghat® absolute
advantages in producing surplus in any match. Hence, higlitg principals obtain greater equilibrium
profits, and wealthier agents consume higher wages in bguin. Therefore, the equilibrium wage
is a constant function under the first-best, whereas in thenskbest situation, the equilibrium wage
is a stricly increasing function of wealth. Also notice thetder second-best, for given wages and for
each type\ principal, her expected profity(\, w, u(w)) — u(w), is increasing in wealth. This is the
well-knowntenancy laddephenomenon, i.e., wealthier agents are always preferrdetiess wealthy
ones.

Prior to determining the equilibrium matching pattern,icethat an Walrasian equilibrium implies
full employment, i.e., no agent is unemployed and no landftadle. To see this, suppose in an equilib-
rium there is one agent of a given typds unemployed. Then there must be one principal with her plot
of land uncultivated. Suppose that the idle plot is of a gigesductivity A. In this situation the unem-
ployed agent consumesand the principal consumes zero profit. Then the principalatier a contract
to the agent, which consists af= 1/2 andR = 0. This contract satisfies the limited liability constraint
and generates a profit equalXd/4 > 0 to the principal, and a gross expected paysffS + w > w to
the agent. This contradicts the definition of Walrasian ldapium.

Lemma 1(b) provides sufficient conditions for assortativeching. In order to determine an equi-
librium assignment, it is thus sufficient to check the sighg€ and¢s; in the present context. From
Lemma 2(a), it is immediate to show that; = ¢3; = 0 if the first-best contracts are implemented.
Under the second-best, on the other hand,

1
A w, u(w)) = A w, u(w) = ———=—=—=>0. 7
P21 ( (W)) = ¢z ( (w)) R m) 7
Therefore the equilibrium matching pattern follows frormima 1(b), which is described in the follow-
ing proposition.

Proposition 2 Let A = I(w) be an equilibrium assignment.

(a) If the first-best contracts are implemented in all matchbhentany matching pattern is consistent
with an equilibrium;

(b) If the second-best contracts are implemented in every m#tem the equilibrium assignment is
positively assortative, i.e., wealthier agents cultivatere productive lands.

If p21 = ¢31 = 0, I’(w) can have any sign so that the second-order condition (SO€jtisfied, and
hence any matching pattern is consistent with an equilibrilio see this, consider the aggregate surplus
of the economy, which is given by:

)\rnaw W’HL(LJL' 1 >\77L(LJL'
/ / P\, w, u(w))dA dw = 5/ N2 d.
A,

min Wmin >\77Li7L
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Since the above expression is independent,athe aggregate surplus is maximized for any matching
pattern. When the limited liability constraints bind in alhtches, the equilibrium contracts depend on
the wealth endowment. As,; andgs; are both strictly positive, higher wealth has greater inhpache
match-surplus when combined with more productive landtheiowords, wealthier agents have compar-
ative advantages in matches consisting of more productimeipal, and hence the unique equilibrium
matching is positively assortative.

If in a Walrasian equilibrium a given land-quality is assigned to a given wealth leve| then a
positively assortative matching implies

F(w) = F(wmin) = G(A) = G(Amin),
or, l(w) = Amin + (A )‘/A w)(w - Wmin)y
whereA X = \ae — Anin @NAA W = winaz — wimin. Notice that the slopB(w) is an increasing function

of the relative dispersiod\ A\/A w. If the lands are homogeneous, i.&A\ = 0, then the matching
function is horizontal. On the other hand, homogeneity efdgents implies a vertical matching function.

As the equilibrium matching function is known, it is now pilds to write down the expression for
marginal wage:'(w). Using Lemma 2 in equation (6), it is easy to show that
1—a*(\ w, u(w))
/ _ ’ )
wlw) = 205 (A, w, u(w)) —1

(8)

In the first-best situation* = 1, i.e., each tenant gets the entire share of the match-qutpdthence
u/(w) = 0. When the second-best contracts are implemented, sulvgfifar o* from 3 and\ = [(w) =
Amin + (A N/ Aw)(w — wmin) in the above expression, one gets the following marginalesagction.

0 if the first-best contracts are implemented

/
= i w)(W—wmin)— w+tu(w . . 9
wlw) Amin HAN A @) wwmin) —y2wHu)) it the second-best contracts are |mplemente(d)
2\/2(w+u(w))—)\mm—(A)\/Aw)(w—wmm)

The levels of equilibrium wages are found by solving thead#htial equation (9). Notice that if the
first-best contracts are implemented in all matches, ti{er) is a constant function. In order to solve
the second equation in (9), first one needs to determinedswcited constant of integration. In an
Walrasian equilibrium, the last agent employed must be amiagith the lowest wealth,,,;,,, which
gives the boundary condition for solving (9). It is easy tedhthat the constant of integration must
be equal tau(wy,in). Since no principals other than the ones of type,, would hire the least wealthy
agents, they will be pushed to the@servation wagethe minimum wage rate at which an agent is not
willing to work, which must be equal t@,,,;,. Unfortunately, it is not possible to explicitly solve the
equilibrium wage function when the second-best contracsmplemented. In Subsection 3.3, | will
analyze more properties of the wage function.

3.2. Equilibrium contracts

The principal objective of this subsection is to analyzedvatr of the equilibrium contracts and
effort with respect to initial wealth. In a partial equilibm setup where a principal-agent pair is treated
in isolation, the contract for the pair in general dependthoee parameters: the productivity of the land,
the wealth of the agent and the outside option of the agemtinstance, the optimal output share of the
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agent in an arbitrary pair is given hy' (\, w, u(w)). To analyze the behavior of in this context with
respect tav, one must determine the sign @f*/ow. If (A, w) € T, the optimal share (of the type
agent)x is an increasing function of the agent’s wealth, i.e., theigladerivative ofa with respect tav

is positive (e.g. Ray and Singh, 2001, Proposition 3). Ia sibsection | show that the monotonicity of
the agents’ output share with respect to initial wealth matyhold in a principal-agent market with two-
sided heterogeneity, and look for sufficient conditionserahich the equilibrium share is increasing in
wealth.

Notice that in an equilibrium with the first-best contractsther the optimal output shake nor
the efforte depends on the initial wealth. | therefore focus only on theildrium with second-best
contracts. The initial wealtty, apart from directly influencing the incentive compatibntracts and
effort, affects the optimal values in two indirect ways: dihgh the matching and the wage functions.
Thus in equilibrium, the contracts and effort are solelyctions ofw, which are given by:

aw) = a* (1), v, 1)) = VB T A (10)
R(w) = R*(l(w), w, u(w)) = w, (11)
e(w) =e"(l(w), w, u(w)) = V2w + u(w)). (12)

First notice from equations (11) and (12) that the equilibrirent and effort are strictly increasing func-
tions ofw because?’ (w) = 1 and

de* de*  Oe* 14 v/ (w)
— + - =

) Pw) + Oow ~ Ou wlw) = e(w) >0

¢'(w)

Now consider the equilibrium share functiaiiw). Differentiation of (10) with respect to gives

o (w)

oo da” | Do o [Hu,(w) —lw)|. (13)

D) V) + Ow + ou ulw) = l(w) [l(w)a2(w)

Therefore, the sign af’(w) depends on that dfl + «/(w))/(l(w)a?(w)) — I'(w), which is a condition
on the endogenous variables of the model. The equilibriuaresfunctiona(w) is, in general, non-
monotone. Under the second-best contracts, it is easy o btz

14/ (w) 1 (1 1—a(w)>: 1 .

l(w)a?(w) - l(w)a?(w) + 2a(w) — 1 l(w)a(w)[2a(w) — 1] =

since each term of the denominator is less than 1. Therefoseifficient condition for(w) to be
increasing inw is that!’(w) = AX/Aw < 1, i.e., the matching function is sufficiently flat. Now, a
sufficiently flat matching function results in wheén\ < A w, i.e., wealth is more unequally distributed
than land-productivity. The following proposition sumnzas the above findings.

Proposition 3 Lete(w), R(w) anda(w) be the equilibrium effort, rent and share functions, resiety.
Then in an Walrasian equilibrium,

(a) effort and rent are increasing functions ©f
(b) the share function is in general non-monotone. If wealth @amunequally distributed than land-
productivity, then output share is an increasing functidéwo
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As | have mentioned earlier, there are three effects thatée the behavior of incentives with respect
to wealth. The first one is thmatching effect In the current model, land-productivity works as a
substitute for incentive as the agent who cultivates a bigitluctivity land requires lower incentive.
Therefore« tends to be lower in a match involving the owner of a high-tpdnd. The second effect
is thewealth effect Since the fixed rent component is higher for higher wealdtéiseR(w) = w), a
wealthier agent is given a higher share of output in ordemateetthe same level of incentive. Therefore,
agent’s output share and effort increase with initial wealthe aforementioned effects are also present in
a partial equilibrium setup consisting of one principal ane agent. The third effect is tlatside option
effect which emerges because of wage is determined endogenoualgeneral equilibrium model. A
higher outside option turn implies greater bargaining pofee the agents. Since the agent has little
incentives to work hard, the principal has to offer highearshof the match output. Therefor higher
expected wage has favorable impact on effort and outpuesh®s equilibrium effort and rent do not
depend on the land-productivity, they increase with wedtrause of the aforementioned two opposing
effects, the share function may be non-monoténe.

The sufficient condition in Proposition 3(b) is not hard talarstand. When the agents are more
heterogeneously distributed than the principals, the thegeffect of land-quality on incentives is damp-
ened by the positive wealth and outside option effects. &fbe, higher output share for the agent is
associated with higher initial wealth. It is also easy tothee if the distribution of wealth is too “tight”
relative to the distribution of quality of the land, then adevealthy agent receives a greater output share
compared to the wealthier agents.

3.3. Wage inequality

In Subsection 3.1 it has been mentioned that it was not dedsilhave an explicit analytical solution
to the second differential equation in (9), i.e., it was nosgible to determine the level of equilibrium
wage when the second-best contracts are implemented. Mepdssible to analyze the shape of the
equilibrium wage function. In this subsection | relate thee of the wage function to the nature of
wage/income inequality in equilibrium. To this end, thetftesk is to determine under what conditions
the equilibrium wage is either a concave or a convex funatibimitial wealth. Therefore | will study
the sign ofu” (w), the second derivative of the wage function which is foundiifigrentiating the wage
equation (9). When the first-best contracts are implemetiedwage function is flat sinc€ (w) = 0.
From equation (8), it is easy to check that

sgnu’ (w)] = — sgra’ (w)]. (14)
Therefore following Proposition 3(b), it is possible toat the shape of the wage function to the initial
distributions of types.
Proposition 4 Letu(w) be the equilibrium wage function.

(a) If the first-best contracts are implemented in all matchbentthe equilibrium wage is a constant
function of the initial wealth;

8Serfes (2005) also establishes a non-monotone sharedan@iiie main difference of the current model with that of 8erf
(2005) is that the latter assumes zero outside option fdr egent, whereas outside option is endogenous in the prespet.
Besley and Ghatak (2005) identify the matching and outspat®o effects that determine contracts between principats
agents.
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(b) Suppose that the second-best contracts are implementdidnaizhes. If wealth is more unequally
distributed than land-productivity, then the equilibrimwage function is concave. On the other
hand, if the distribution of wealth is too tight relative toat of productivity of the lands, then the
wage function is convex.

A constant wage function implies that the wage differenéis$ociated with any two wealth levels is
zero for all levels of wealth. In other words, when the firesbcontracts are implemented, there is no
wage inequality among the agents. The non-trivial case gesewhen the second-best contracts are
implemented in all matches. In this case the wage functioyn lneanon-linear. The above proposition
provides sufficient conditions under which the equilibriwrage function is either concave or convex. A
concave wage function reduces wage inequality since the diffgrentialu’(w) goes down as the wealth
level increases. This situation occurs when the matchingtion is relatively flat, i.e., the principals are
relatively more homogeneous than the agents. A convex waggion, on the other hand, raises the
wages of the wealthier agents relative to the less-wealtidg,cand hence increases the wage inequality.

Proposition 4 relates the initial distributions of typegstie changes in wage inequality, but does not
provide any conclusions regarding the final distributionvafje. A standard result in assignment models
(e.g. Sattinger, 1979; Kremer, 1993; Teulings, 1995) isttmadistribution of wage is positively skewed
relative to the initial distribution of wealth. The samerigd in the present context, which is implied by
the condition stated in Lemma 1(b).

First, notice that the distribution of wage would have thesahape as the wealth distribution if all
agents have chosen to work in the lands with identical prindtyc With both-sided heterogeneity, in an
equilibrium, wealthier agents are assigned to lands widlaigr productivity. Therefore, the distribution
of equilibrium wages will never resemble the distributidnan@alth. Differentiation of (6) with respect
to A gives

ou' (w) 1

0= ) [(1 = ¢3)P21 + P2db]. (15)

Hence,p; > 0 andgs; > 0, the sufficient conditions for a positively assortative ohatg, also imply
that the above derivative is positive. This implies that sifdge sorting enhances the wages of the agents

above what they would have earned by working for the pridsipfthe same quality. Therefore, the
distribution of equilibrium wages will be positively skedreompared to the distribution of wealth.

4. Conclusions

Incentive contracts may be quite different in a market widmsnheterogenous principals and agents
as opposed to the contracts for an isolated principal-agaribhership. In the equilibrium, individual
contracts are influenced by the two-sided heterogeneityriungipal-agent matching. In this paper, | have
developed a simple assignment model of incentive contrgdietween principals and agents. Agents
who differ in their wealth endowment are assigned to landfereiig in productivity. In a Walrasian
equilibrium of the market, wealthier agents work in moreductive lands since they have comparative
advantages in high-quality lands. Optimal tenancy cotgrae share contracts when incentive problems

The proof of this assertion is easily adapted from Sattiiy@75) and Teulings (1995), which is presented in Appendix
G.
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are important in all matches. Itis shown that when wealthasaineterogeneously distributed relative to
land-productivity, higher output shares for the agentsaasmciated with higher initial wealths, although
share is in general non-monotone in wealth. Itis also shinahit the distribution of wealth is relatively
more disperse than that of land-productivity, then the ldyium wage function is concave in wealth
implying a reduction in income inequality. Moreover, besawf positively assortative matching the
distribution of equilibrium wage is positively skewed rtala to the distribution of initial wealth.

In the present model the first-best contracts may not be mmgtéed due to informational asymme-
tries. In particular, the market failure stems from the thett, in the presence of limited liability, less
wealthy agents cannot be expected to exert high effort,egsdhnnot be forced to share losses with the
principals in the event of failure. An important assumptiorthe paper is the fact that the relationship
between a principal and an agent lasts only for one periossiBly, such a relationship usually involves
dynamic considerations too, which in turn implies some degsf relaxation on the limited liability
constraint, and the conclusions of the current paper may. akkghion and Bolton (1997) consider a
model of income inequality and analyze the trickle down @ffeof wealth accumulation. They show
that high capital accumulation induces an invariant wegikitribution, and redistribution of wealth from
rich to poor enhances the productive efficiency of the econdvtookherjee and Ray (2002) analyze a
dynamic model of equilibrium short period credit contraassuming that the bargaining power is ex-
ogenously distributed between the lenders (principald)tha borrowers (agents). When lenders have
all the bargaining power, less wealthy borrowers have nertige to save and poverty traps emerge. On
the other hand, if the borrowers have all the bargaining poiweome inequality reduces due to strong
incentives for savings. An important difference betweenrtiodel of Mookherjee and Ray (2002) and
that of mine is that in the present model the bargaining pafieach agent is endogenously determined
via endogenous outside option. Land-quality, on the otaedhmay also vary in a dynamic model due
to technological changes. Ray (2005) considers a dynamittded-tenant relationship where the tenant
has to make land-specific investments in order to maintaethd-quality, and shows that share tenancy
arises because of this sort of multi-task. Extension of tkegnt model to a dynamic model of principal-
agent market, which incorporates the above-mentionedriestwould be an interesting research agenda
for the future.

Appendix A. Proof of Lemma 1

The first part of the lemma immediately follows from the asptions on¢(\, w, u(w)). Given that
¢ is twice-continuously differentiable, one hag = ¢;;. The second-order condition is given by:

2
% = [p22 + P32’ (W)] + [¢h32 + ¢330/ (W)]u (w) + (1 — p3)u” (w) <0,
— [Bog + P32t (W)] + [B32 + @330 (W) (W) < (1 — ¢3)u” (w). (A1)

Differentiating (FOC) with respect to, one gets

" _ 1 8¢2 (9@253 o 1 % / %
u (w)—m (1_¢3)8—w+¢2%} =14 [&u +u(w)6w].
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Now,

02 o /
= i = o1l (W) + P22 + Pz2u’ (w),
8¢3 _ / /
m i = 31l (w) + P32 + P33u ().

Therefore(1 — ¢3)u” (w) evaluated ah = [(w) is given by:

(1 — ¢3)u" (w) = [p21 + 310’ (W)] + P22 + P32t/ (w)] + [h32 + P33u’ ()] (w). (A.2)

Substituting for(1 — ¢3)u” (w) from the above expression into (A.1), the second-order itiondeduces
to:

[p21 + pa1u/ (w)]l' (w) > 0. (A.3)

From the above inequality, it follows th&fw) > (<) 0 if and only if ¢91 + @310’ (w) > (<) 0. Therefore,
(SOC) is a necessary and sufficient condition for monotonemray. Clearly,¢2; > (<)0 and¢s; >
(<) 0 are sufficient conditions for monotone assignment. [

>
>

Appendix B. Proof of Lemma 2

For an arbitrary match\, w), the surplus is given by:

e* (A, w, u(w))]?
O\, w, u(w)) = Ae* (N, w, u(w)) — [, é (@)l .

Substituting for the values of*(\, w, u(w)), both under the first- and second-best, from Table 1 one
gets
%2 if the first-best contracts are implemented
P\, w, u(w)) = . .
M/ 2(w + u(w)) —w —u(w) if the second-best contracts are implemented

Differentiating the first equation with respectXpw andu(w), one gets

D1\, w, u(w)) =X €
d2(A\, w, u(w)) =0,
d3(\, w, u(w)) =0.

Differentiating the second equation with respecAto andu(w), one gets

(0, 1),

"1\, w, u(w)) = V2w +u(w)) =e"(\, w, u(w)) € (0, 1),
A 1

¢2(/\7 w, u(w)) = 2(w +u(w)) 1= Oé*()\, w, u(w)) —1le (07 1)7
A 1
o3\, w, u(w)) = —2(w =) —1= O a@) 1€(0,1).
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The last two expressions lie {0, 1) becausev*(\, w, u(w)) > 1/2. |

Appendix C. Proof of Proposition 1

Lemma 2 describes the match-surplus functign, w, u(w)) for an arbitrary matchi\, w). When
the first-best contracts are implemented, onedds, w, u(w)) = X € (0, 1), ¢2(\, w, u(w)) = 0
andgs (A, w, u(w)) = 0. Thereforep’(A) = X € (0, 1) andu/(w) = 0. Now consider the second-best
contracts. From Lemma 2, one gets

or(A w uw) A= 2wtuw) _ 1-af

1= g5\ @, ul@))  2v/3(w ru@@) —A 20 —1 "

sincea® € (1/2, 1). Thereforep’(X\) € (0, 1) andu/(w) > 0. [ |

Appendix D. Proof of Proposition 2

To determine the equilibrium matching pattern one only sdeatheck the signs @f;; andes;, and
then apply Lemma 1(b). When the first-best contracts areeamehted, from the proof of the previous
lemma, one hag, = ¢3 = 0. Thereforeps; = ¢31 = 0. Hence,l'(w) may have any sign in order to
satisfy the condition stated in Lemma 1(b). Now considersingond-best contracts. From the proof of
Proposition 1 it follows that

1
A w, u(w)) = A w, t(w) = ————=> 0.
ba1( (W)) = ¢a1( (w)) G a)
Therefore]’(w) must be positive in order that the second-order conditidddBis satisfied. |

Appendix E. Proof of Proposition 3

Here | consider only the second-best contracts. From Tablfolows that

de* % _ Oer 1 >0
o\ T Ow  Ou(w) 2(w + u(w)) '
Therefore, /
¢(w) = 1+ v/ (w)
2(w + u(w))

Given thatR(w) = w, R'(w) = 1 > 0. From the expression @f* in Table 1, one has

dor  \/2(w +u(w)) da* _ dor 1
oN 12(w) <0, ow  Ou(w)  I(w)y/2(w + u(w)) >0

Therefore,




Notice that equation (8) implies that

1+ (w) 1
(@) @a@Raw) —1
Therefore, AN
, 1
sgrle’(w)] = sgn l(w)aw)2a(w) =1 Aw]’
and the proof follows. |

Appendix F. Proof of Proposition 4

When the first-best contracts are implemented, the differlezquation for wage is given hy (w) =
0 which implies thatu(w) is a constant function. Under the second-best contracts,

/ o 1- a(w)
wlw) = 20(w) — 1°
The above equation implies that
a\w
W) =~ e s ()] = s’
and hence the result follows. |

Appendix G. Skewness of the income distribution

Consider two arbitrary levels of wealtly andws with w, > w1y, and suppose that, in a Walrasian
equilibrium, both types choose to work in the same qualitgf lands. Since these assignments are
optimal one must have

u(ws) — u(wy) = (A, wa, u(wz)) — o\, wi, ulwr)). (G.1)

Following Sattinger (1975), it is easy to show thabifi = ¢3; = 0, e.g. under first-best contracts, then
the distribution of wage and wealth will have the same sH8kake an arbitrary wealth level and let
A = I(@) be the corresponding land quality. Consider a distributibwage defined by*(©) = u(w)
and

u(w) = u' (@) = (N, w, u (W) = $(\, @, u(@))-

Notice thatpo1 = ¢31 = 0 implies

o' (w) _ 0 | 9\ w, uw)
o\ oM |1 = ¢3(\, w, u(w))

= 07
i.e., v (w) is independent ok, which is the case under the first-best. Now notice that éguéEOC) implies

Ao w u@) 5 s e w ulw)
dw ¢2(A7 ) ( ))+¢3()‘7 ) ( )) ( ) 1_¢3()\7 w, u(w))'
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So the distributions ofi*(w) andw have the same shape, and both the wage functign$ andu* (w)
yield the same wage at. Take an wealth leveb, > ©. Positive assortment impliegws) > A. Then

[ (N w, u(w)) w
u(wz) — u(@) _/@ 1= ¢3(A w, u(w)) [\ !

“2 9o\, w, u(w))
>/@ 1— ¢3(A, w, u(w))dw
= (A, w2, u(w2)) — (A, @, u(@))

The above together with(w) = u* (@) imply that

u(ws) > u*(wa) + [P(A, wa, u(ws)) — (A, wa, u*(wa))]
= " (w2) + d3(\, w, u(w))[u(wz) — u*(wa)]

= [1- o3\, w, uw))][u(wz) — u*(w2)] >0

— u(wz) > u*(w2).

Similarly, for a wealth levelv; < @ it is easy to show that(w;) > u*(w1). In @ Walrasian equilibrium,
low-wealth and high-wealth agents choose to work in lands leiv- and high-productivity, respectively
instead of lands of intermediate-quality (equaljobecause their wages are higher with the principals
they are matched with. This means that the density(af) can be obtained from*(w) by shifting a
positive mass from the left tail to the right, i.e., the dimition of u(w) is positively skewed relative to
the distribution ofu(w). [
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