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1 INTRODUCTION

We know from the pioneering works by Azariadis (1981) and Cass and Shell (1983) that extrinsic
uncertainty matters in competitive economies. Does it matter in strategic markets as well? The
answer we get from the literature is unfortunately partial and incomplete, hence, inconclusive and
confusing, to some extent.

First of all, we should note that two notions of extrinsic uncertainty, formulated as sunspot equi-
librium in competitive markets (Azariadis 1981, Cass and Shell 1983) and correlated equilibrium in
non-cooperative games, as introduced by Aumann (1974, 1987), are very similar in nature and indeed
closely connected, as formally presented by Polemarchakis and Ray (2006) in a strategic market game
played by overlapping generations.

On one hand, we know from a recent literature (Peck 1994, Forges and Peck 1995, Ddvila 1999
among others) that indeed sunspot equilibria exist in strategic market games a la Shapley and Shubik
(1977). On the other hand, in oligopoly markets, Liu (1996) and Yi (1997) proved that the only
correlated equilibrium for such games is the Cournot-Nash equilibrium of the market, a result that
Neyman (1997) and Ui (2008) subsequently generalised for a large class of potential games, of which
oligopoly models are special cases. Although correlation may not achieve anything more than the Nash
outcome, as one rightly reckons, a weaker notion of correlation may be able to improve upon the Nash
equilibrium in oligopoly models. Indeed, such a concept was introduced by Moulin and Vial (1978)
and was used by Gerard-Varet and Moulin (1978) in duopoly games to achieve an improvement over
the Cournot-Nash outcome.

There are, however, a few gaps worth mentioning in the above results. First, from the analysis
by Gerard-Varet and Moulin (1978), we do learn, in specific duopoly games, under what conditions
Nash equilibrium can be locally improved upon. However, the specific structure of the correlation
device that does the trick has not been characterised. Also, we do not know whether such a correlation
device necessarily has to be local (close) to the Nash equilibrium or not. Second, from the analysis
of Polemarchakis and Ray (2006), we do not learn the connection, if there is any, between (weak)
correlated equilibrium and sunspot equilibrium in oligopoly models, in particular, duopoly games in
the literature.

The purpose of this paper is precisely to bridge the gaps in the above literature and thus is two fold.
We would like to find a general (non-local) structure of a weak correlated equilibrium and if possible,
link it to a sunspot structure for strategic markets. To achieve these two results, we analyse arguably
the most fundamental and surely the simplest of models in strategic markets, that of a duopoly game

with linear demand and constant marginal cost, called here the linear duopoly game.



In this paper, we consider a specific form of correlation devices, that we call a Simple Symmetric
Correlation Device (k-SSCD) to analyse weak correlation. The device is called so because the discrete
probability distribution is symmetric and the support of it is finite. Such a device was introduced
by Ganguly and Ray (2005) to analyse mediation in cheap talk games. We apply the notion of weak
correlation introduced by Moulin and Vial (1978) and fully characterise an equilibrium concept that
we call k-Simple Symmetric Weak Correlated Equilibrium (k-SSWCE) for the linear duopoly game
(Theorem 1). Clearly, the deterministic device that chooses only the Cournot-Nash point is a k-
SSWCE; however, unlike Aumann’s correlated equilibrium, this is not the only device which is an
equilibrium according to our notion. We identify a particular sunspot structure, that we call a Nash-
centric device, which is a symmetric anti-diagonal probability distribution over quantities around the
Nash equilibrium. We prove that any Nash-centric device is a k-SSWCE. This result (Theorem 2)
holds for any such Nash-centric devices, regardless of its dimension, probabilities and the distances
between the quantity levels, as long as this sunspot structure is maintained. Moreover, we prove that
any small perturbation from this structure is not an equilibrium; in this sense, any Nash-centric device
is a locally unique equilibrium.

Our results identify a specific random device that the players are willing to commit to, in equilib-
rium. The device involves a number of equi-distant quantity levels around the Nash equilibrium with
any (anti-diagonal) probability values. Moreover, this Nash-centric device is a public randomisation
over non-Nash points, which is a feature of a sunspot structure. Thus, weak correlation, like sunspot,
matters in the strategic market model of the linear duopoly game. Finally, note that the expected
payoff from the Nash-centric device is equal to that of the Nash payoff for the linear duopoly game. Our
weak correlated equilibrium, thus, offers an explanation of how to achieve the Nash equilibrium payoff,
in expectation, which often is difficult for the players to get by themselves, as many experimental

papers indicate (Bone, Drouvelis and Ray 2011).

2 SET-UP

2.1 Correlation and Weak Correlation

Fix any finite normal form game, G = [N, {S; }ien, {ui bien], with set of players, N = {1, ....,n}, finite
pure strategy sets, S1,...., S, with S = [,.y Si, and payoff functions, uy,....,up, u; : S — R, for all 7.

Definition 1 A (direct or canonical) correlation device p is a probability distribution over S.

A normal form game, G, can be extended by using a direct correlation device. For correlation a la

Aumann (1974, 1987), the device first selects a strategy profile s(= (sq,...., sp)) according to u, and



then sends the private recommendation s; to each player i. The extended game G, is the game where
the correlation device p selects and sends recommendations to the players, and then the players play
the original game G. A (pure)! strategy for player i in the game G, is a map o; : S; — S; and the
corresponding (ex-ante, expected) payoff is given by, uj (o1, ....,00) = > c g p(s)ui(01(51), s T (50)).
The obedient strategy profile is the identity map o} (s;) = s;, for all 4, with payoff to player i given
by uj(0*) =3 g 1(s)ui(s). The device is called a correlated equilibrium (Aumann 1974, 1987) if all
the players follow the recommended strategies, i.e., the obedient strategy profile constitutes a Nash

equilibrium of the extended game G,. Formally, with the notation s_; € S_; =[], S,

Definition 2 p is a (direct or canonical) correlated equilibrium of the game G if 3 g pu(s)ui(s) >
Y ses M(8)ui(ti, s—i), for all i, for allt; € S;.

One may use a direct correlation device, u, in a different way. For a weaker notion of correlation
a la Moulin and Vial (1978), a game G is extended to a game G, in which the strategies of a player
is either to commit to the device or to play any strategy in G. If all the players commit to the
device, the players do not then play the game G, however, get the outcome chosen by the device
according to the probability distribution. Thus, the expected payoff for any player i, when the device
is accepted by all the players, is simply Zses w(s)u;(s). Note that this is same as the payoff of the
obedient strategy profile under the correlated equilibrium a la Aumann as above. If one of the players
unilaterally deviates, while the others commit to the device, the deviant faces the marginal probability
distribution " over s_; € S_; which is given by u(s—i) = >, cg, f1(si;8—i). The weak correlated
equilibrium? notion suggests that the players will commit to the device if the expected payoff from the

device is higher than that from playing any other strategy. Formally,

Definition 3 p is a (direct or canonical) weak correlated equilibrium of the game G if 3 . ¢ p(s)ui(s) >
Yosies, M(s—i)ui(ti,s—i), for all i, for allt; € S;.

From the system of inequalities in the above definitions, it is clear that indeed weak correlated

equilibrium is weaker than correlated equilibrium as a concept.® Also it is obvious that any Nash

10One can also think of behavioral strategies in any extended game. We, however, in this paper, restrict ourselves to

pure strategies only.
2 Although this notion is due to Moulin and Vial (1978), they have not named the equilibrium concept. They have

called the device used for correlation a correlation scheme. Young (2004, Chapter 3, page 30) called this equilibrium the

coarse correlated equilibrium, while Forgé (2010) called it the weak correlated equilibrium.
31t is also easy to prove that the set of correlated and weak correlated equilibria coincide for the case of 2 x 2 games.

However, as Moulin and Vial (1978) demonstrated, there are games involving 2 players and 3 strategies each for which

the set of weak correlated equilibria is strictly larger than the sets of correlated and Nash equilibria.



equilibrium and any convex combination of several Nash equilibria of any given game G, corresponds

to a weak correlated and a correlated equilibrium.*

2.2 Linear Duopoly

In this paper, we use the simplest form of oligopoly models, that of a duopoly market with linear
demand function and constant marginal cost. Consider two quantity-setting firms, each of whose
strategy is to choose a quantity level ¢ € Q = {q: ¢ > 0}. The profit functions for the firms are given
by 71(q*, ¢?) = ag* — b(¢*)? — bq'¢® — cq* and 72(qt, ¢%) = aq® — b(¢*)? — bq' q® — cq?, where ¢* and ¢>

are quantity choices of firms 1 and 2, respectively. As it is well-known, the Nash equilibrium outcome

a—c

2
=~ and the Nash equilibrium payoff to each firm is %. For the rest of

of this game is ¢! = ¢% =
the paper this two-person game will be called the linear duopoly game.

Liu (1996) analysed an oligopoly model with n firms, each with a constant marginal cost, ¢ for
firm ¢ (¢ = 1,...,n) operating in a market with linear demand and proved that the only correlated
equilibrium of this game is the unique Cournot-Nash equilibrium. Our game clearly is a special case
of Liw’s model with n = 2, and ¢! = ¢? = ¢. Neyman (1997) and Ui (2008) generalised Liu’s result
for potential games. Our game is a potential game with a smooth and concave potential function, f,
given by, f(¢',¢®) = (a —¢)(¢* +¢*®) — b[(¢")? + ¢'q® + (¢*)?]. Therefore, the linear duopoly game has
a unique correlated equilibrium a la Aumann that coincides with the Nash equilibrium of the game.
One may also wish to apply the result by Gerard-Varet and Moulin (1978) for local improvement upon
the Cournot-Nash by weak correlation, in our game. Their theorem, unfortunately, does not apply
to the linear duopoly game; however, as pointed out in their paper (Gerard-Varet and Moulin, 1978,
page 133), it can be directly proved that Nash equilibrium of this game can not be improved upon by

weak correlation (according to their notion of improvement).

2.3 Simple Devices

We now consider a specific form of correlation devices for any game with a continuum of strategy
sets. Although the strategy sets in games such as the linear duopoly game are continuum, a device
may involve only finitely many strategies, i.e., the support of the probability distribution in the direct
correlation device may be finite. The structure of such a simple device was introduced in Ganguly
and Ray (2005) who analysed simple mediation in cheap-talk games. Here, we consider such simple

devices to analyse weak correlation in the linear duopoly game. Moreover, we impose symmetry in

4Formally, let NE(G), CONV(G), WCE(G) and CE(G) denote, respectively, the sets of all Nash equilibria, convex
combination of Nash equilibria, weak correlated equilibria and correlated equilibria for any game G. Clearly, NE(G) C

CONV(G) C CE(G) C WCE(G).



the probability distribution and we restrict the device to use the same quantities for both the players.

Formally, the specific form of the device we consider in this paper is defined below.

Definition 4 A k-Simple Symmetric Correlation Device (k-SSCD), [P; Q.], is a symmetric probability

distribution P over Q.xQ., where, Q. = {q1 < g2 < .... < q&;¢; € Q}, and P = {(pij)i=1,2... krj=1,2..k }
with each p;; € [0,1], pij = pji and Zij pij = 1.

A k-SSCD, [P;Qc] = [{P = (pij)i=1,2...krj=1,2...k };{¢ }i=1,2....k], can be represented in a tabular

form as shown below.

strategies | q1 Q2 vii | e | | @
q1 P11 | P12 | -+ | - | - | P1k
q2 P21 | P22

qk Pk1 Pkk

The interpretation of a k-SSCD is that the players are given a choice to commit to the device. If
both players commit, the device will then pick the strategies ¢; and g; for the two players respectively,
with probability p;;; the players do not play the game, however, get the payoffs, respectively, m1(g;, g;)
and m1(g;,q;) that correspond to the chosen strategy profile (¢;,¢q;). Thus, if both players commit
to the device, the expected payoffs for the two players are the same (by symmetry) and is given by
E(rnc) = 355 piim1(¢is 45) = 2o PigT2(Gi> @) = ;5 Pijl(a — )@ — bg7 — baig;).

One of the players may unilaterally deviate to choose any strategy in the game, while the other does
commit to the device. Note that, although the device, [P; Q.], involves only finitely many strategies in
Q., the deviation for a player is however not restricted; any strategy ¢ € @ (even outside the domain,
Q., of the device) can be played by a player if he doesn’t commit to the device. The deviant faces
the marginal probability distribution p’over ¢; € Q. which is given by p(q;) = >_, . P(qi, ¢;)- Let
E(7 | q) denote the expected payoff of any deviating player (by symmetry) from playing q. Clearly,
E(r|q) = quch p(g;)m(g,q;) = quch p(gj)[(a — ¢)g — bg* — bqg;]. As before, the equilibrium
condition requires that the device be accepted by both players. Formally,

Definition 5 A k-SSCD, [P;Q.] = [{P = (pij)i=1,2...kyj=1.2..k };{1¢}i=1,2...k], 18 called a k-Simple
Symmetric Weak Correlated Equilibrium (k-SSWCE) if both the players commit to the device, i.e.,

given that the other player is committing to the device, a player does not deviate to play any other



strategy q € Q, that is, E(rc) = 3, pijl(a — ¢)g;i — bg? —bgiqs] > E(r | ¢) = 32, cq, Plaj)[(a —c)g -
bq* — bqq;], for all q € Q..

We now consider different types of k-SSCD, [{P = (pij)i=1,2...ksj=1,2...k };{¢ }i=1,2....k], for our
analysis in this paper.

A k-SSCD with equi-distant quantities is a device for which ¢; = ¢; + (i — 1)9, 1 <1 < k, and thus
can be denoted by [{P = (pij)i=1,2....kj=1,2...k };q1;0].

A public or sunspot k-SSCD is a device for which the probability distribution P is such that
whenever p;; > 0, the conditional probability of ¢;, given g;, is 1, and vice versa (in other words, each
row and each column in the probability distribution matrix has one and only one positive element).

An anti-diagonal k-SSCD is a device for which the probability distribution P is an anti-diagonal
distribution in which only the anti-diagonal elements of the probability distribution matrix are strictly
positive, i.e., p;; > 0 only when i+ j = k+1 and p;; = 0, when i+ j # k+ 1. Clearly, an anti-diagonal
k-SSCD is a special case of a public or sunspot k-SSCD and can be characterised by its positive
anti-diagonal elements only.

A Nash-centric k-SSCD for any odd k (k = 2m + 1) is a device with equi-distant quantities and

anti-diagonal probability distribution for which the quantities are Nash-centric, i.e., gm+1 = (a?;f) and

G = gm+1—(m+1—1)0for 1 <i <k =2m+1. The anti-diagonal probability distribution associated
with this device is characterised by its positive anti-diagonal elements only. Let p;, for 1 < i < m,

be the probability of both strategy profiles (¢;, gk+1-:) and (gr4+1—-i, gi) and (1 —2 > p;) > 0 be the
i=1
probability attached to the Nash equilibrium strategy profile. Formally, pji1-i) = Pk+1-i)i = Pi

m
for 1 <@ <m, pami1)m+1) = 1 —2 ) p; and p;; = 0, otherwise. A Nash-centric device thus can be
i=1
denoted by [k = 2m + 1; (p;)1<i<m; 0] and can be described in a tabular form as below.

strategies a e || | gmt qk
qd1 = 4m+1 — mo 0 0 0 0 0 0 0 0 P1k = P1
42 = dm+1 — (m - ]-) 6 0 0 0 0 0 0 0 pQ(kT—l) = po 0
m
i1 = 52 0o ]ofo|1=2p |00 |0 0
i=1
QG-1=qmi1+(m—-1)0 [0 |p2|0 |0 |0 0|00 0
Qk = Qm+1 +md pr |0 [0 |0 |O 00O 0




3 RESULTS

We first characterise the condition for a k-SSCD to be a k-SSWCE for the linear duopoly game.
Following Definition 5, a k-SSCD is in equilibrium when the expected payoff from the device is higher
than that from any other unilateral deviation by a player. Hence, a necessary and sufficient condition
for equilibrium is that the expected payoff from the device is higher than the maximum of the payoffs

from any unilateral deviation. A k-SSWCE is thus characterised in the theorem below.

Theorem 1 A k-SSCD, [P;Q.] = [{P = (pij)i=1,2...krj=1,2...k };{¢i}i=1,2...k), is a k-SSWCE for the
linear duopoly game if and only ZfA >0, where A is given by,

A= (a —c) [Z; qi (]; pu)] Z; q; [b j;l pij + bpii + (Z p%]) ]

k—1

k k k aee)?
= X3 aiasl2bmis + 303 pis) (X pis)] - e
1=17= s= s=

Proof. Note that for any k-SSCD, [{P = (pi;)i=1,2....k»j=1,2..k };{Gi }i=1,2..k), in the linear duopoly
game, E(rc) = 3_,;pijl(a — ¢)a; — ba? — baig;]

= (0= I3 3 )] — M3 (3 Pl = I3 (s )

Also, if a player deviates to play any alternative strategy ¢ € @, assuming the other player is
following the k-SSCD, the (expected) payoff of the deviant from playing q is,

BE(r|q) =3, cq.Pa))(a—c)g—bg* —bqq;] = (a — c)g — bg* — bq{Z %(Z pij)]-

From Definition 5, in the previous section, note that for the k- SSCD to béia k-SSWCE, we must
have, E(n¢) > E(w | ) for all ¢ € @, which holds true if and only if E(r¢) > MazgeqE(7 | q).

The rest of the proof to show that the condition E(r¢) > Maz.eqE(m | q) is equivalent to A > 0,
is straightforward and thus has been relegated to the Appendix. m

Clearly, the Nash equilibrium of the linear duopoly game can be viewed as a device with probability

1 on the Nash equilibrium quantity, (@ 3bc), and is trivially a k-SSWCE. This fact is observed in the
above characterisation. Note that at the Nash equilibrium point, the value of A stated in Theorem 1
is indeed 0, satisfying the condition weakly.

We can use the characterisation in Theorem 1, of a k-SSWCE, to find equilibrium conditions for any
k-SSCD, for example, a k-SSCD with equi-distant quantities, [{P = (psj)i=1,2... ksj=1,2..k };¢1;0]. The
following corollary characterises probability distributions for such a k-SSWCE for the linear duopoly

game.

Corollary 1 For the linear duopoly game, any probability distribution, {P = (pij)i=12...kyj=1,2...k }-
can be supported as a k- SSWC’E with equi-distant quantztzes with some q1 and 0, if and only if

A (1) 3 pyl? = 3 (- P 3 (i 1?3 39~ 2Tacicjen i~ DG~ Dy 20

=2 Jj=1 =2 =2



The proof follows directly from Theorem 1 and hence has been postponed to the Appendix.

Corollary 1 is important to analyse any k-SSWCE with equi-distant quantities, in particular the
Nash-centric devices described in the previous section. In what follows, we deal only with Nash-centric
devices. All the results in the rest of the paper relate to the characterisations presented in Theorem 1

and Corollary 1.

3.1 Nash-centric Devices

As we have already noted, the unique Nash and correlated equilibrium a le Aumann of the linear
duopoly game is a k-SSWCE. The question now is whether Nash equilibrium is the only k-SSWCE for
this game or not. The answer is in the negative. We here find another possible structure of k~-SSWCE.
We focus on a specific k-SSCD, the Nash-centric device, as described earlier.

We first note that the expected payoff from a Nash-centric device, E(ryc¢), is actually equal to
that of the Nash equilibrium of the linear duopoly game. To see this, note that

E(rnec) = zil pil(a—c)qi —bg? —bqigamia—i] + (1 -2 1§1 pi) [(@ = ) ms1 — b2 1 — DGmy1qm+1] +

m
pil(a — €)@em+2—i — b3 o_i — bG2ms2—iGi].
=1

i
Now, using Nash-centric quantities, the above can be simplified to

E(rne) = (a=¢)gmi1—bq2 1 — b@mi1qm41 = (agbc)Q , which is indeed the Nash equilibrium payoff

of the linear duopoly game.

We now prove that any such device is also a k-SSWCE for the linear duopoly game.
Theorem 2 Any Nash-centric device is a k-SSWCE for the linear duopoly game.

The direct proof of this theorem is very similar to that of Theorem 1 and hence has been postponed
to the Appendix.

Note that Theorem 2 holds for any Nash-centric device, i.e., for any parametric values of k(= 2m+1
with m > 1), @ > 0 and any anti-diagonal probability distribution given by the probabilities p;, for
1 <4 < m, maintaining the Nash-centric structure.

Any Nash-centric device is a special type of a public or sunspot k-SSCD, as defined earlier, and now
by Theorem 2 above is also a k-SSWCE. We should point out that Nash-centric devices assign positive
probabilities over non-Nash quantities as well. Such a sunspot structure is clearly not a correlated
equilibrium a la Aumann, as it is well-known that a public device can only be a correlated equilibrium
a la Aumann if and only if it is a convexification of pure Nash equilibria.

The question now naturally arises is whether Nash-centric devices are the only k-SSWCE or not.

We tackle this uniqueness issue rather indirectly. We first prove that Nash-centric is the unique



equilibrium structure among any k-SSCDs with equi-distant quantities and anti-diagonal probability

distributions.

Proposition 1 Nash-centric devices are the only k-SSWCE with equi-distant quantities and an anti-

diagonal probability distribution.

The proof of this proposition follows immediately from Corollary 1 and hence has been postponed
to the Appendix.

In the following sub-section, we prove that this particular structure is not robust as an equilibrium
by showing that any small perturbation from the Nash-centric device leads to a violation of the

equilibrium condition. In this sense, Nash-centric devices are locally unique k-SSWCE.

3.2 Perturbations

To address the uniqueness issue, we consider different small perturbations of the Nash centric devices
and show that none of these perturbed devices are in equilibrium. From these results, we conclude
that the Nash centric devices are not robust to any small change, and hence, are locally unique.

To justify our claim, we consider small changes, respectively, in the probability distribution keeping
the quantity levels unchanged and in the quantity levels keeping the probability distribution fixed. We
also consider perturbed devices by adding one more quantity level. Proofs of all the propositions in this

section follow directly form the equilibrium characterisations presented in Theorem 1 and Corollary 1.

3.2.1 Probability

We first consider a small change in the anti-diagonal probability distribution associated with a Nash-
centric device, without changing the quantities, which still remain Nash-centric. We divide the pertur-
bation in probabilities into two cases: first, we change one of the zero off-diagonal elements and then
we change one of the zero diagonal elements.

First, for simplicity and without loss of generality, we change the first off-diagonal element and make
it positive. Let us make p;o3 = pa; > 0, and as a consequence, the probability attached to the Nash
equilibrium strategy profile, p(y,11)(m+1), becomes (1—2 i p;i — 2p12), with the rest of the distribution
remaining intact. Let us call this new device an oﬁ—diaglojzlal—probabilz’ty—perturbed Nash-centric device

and prove the following desired result.

Proposition 2 Any off-diagonal-probability-perturbed Nash-centric device is not a k-SSWCE for the

linear duopoly game.

10



Now, for simplicity and without loss of generality, let us change the first diagonal element and make
it positive, i.e., let us make p1; > 0, and as a consequence let us make the probability attached to the
Nash equilibrium strategy profile p(,41)(m4+1) =1 —2 Z p; — P11, keeping the rest of the distribution
intact. Let us call this new device a diagonal- pmbabzlzty perturbed Nash-centric device and prove the

following desired result.

Proposition 3 Any diagonal-probability-perturbed Nash-centric device is not a k-SSWCE for the lin-

ear duopoly game.

Note that both the propositions above refer to perturbed devices for which the quantities are equi-
distant. Hence, we can use the characterisation in Corollary 1 to prove these two propositions. The

proofs are in the Appendix.

3.2.2 Quantity

We now consider a small perturbation in the quantity levels, keeping the anti-diagonal probability
distribution fixed. For simplicity and without loss of generality, let us make the first quantity ¢; =
Gm+1 —mO+ ¢, and keep all other quantities to be Nash-centric and 0—distance away from each other.
Let us call this new device a quantity-perturbed device. Using the equilibrium condition in Theorem 1,

we now prove that any such device is not a k-SSWCE for the linear duopoly game.

Proposition 4 Any quantity-perturbed Nash-centric device is not a k-SSWCE for the linear duopoly

game.

Note that the above proposition refers to a device that does not involve all equi-distant quantities.
Thus, unlike the previous propositions in this sub-section, here we can not use the characterisation
in Corollary 1. The proof, however, directly follows from the characterisation in Theorem 1, and has

been relegated to the Appendix.

3.2.3 Composition

Finally, we turn to another way of perturbing a Nash-centric device. We consider a new device
composed of one additional quantity level (other than the Nash equilibrium quantity) along with
the original Nash-centric device. Starting from a Nash-centric k—SSWCE, we construct a public
(k 4+ 1)—SSCD by adding another quantity ¢ > 0 ( # i%l) for both the players, with probability &
for the strategy profile (¢, ¢) coupled with the original Nash-centric device with probability (1 — ).
Formally, given a Nash-centric device, [k = 2m + 1; (pi)1<i<m; 0], we construct a (k + 1)—SSCD

{P = (Pij)i=1,2... k+1,j=1,2...k+1 }; 1€ }i=1,2....k+1) Where, the quantities are ¢1 = ¢, ¢mi2 = (agbc) and

11



¢i = @mi2—(m+2 —14) 0 for 2 <i < k+1(= 2m+2) and the probabilities are pi1 = ¢, p1; = p;1 = 0 for
m

J =2, k+1, pitkgs—iy) = Pers—iyi = (1—€)pi—1, for 2 <4 <mA41, Py 2yimto) = (1—€)(1 -2 lei),
1=

k41 k41

and p;; = 0, otherwise. Note that > 3 p;; = (1 —¢). We call this device a composite device and
i=2 j=2

prove the following desired result.

Proposition 5 Any composite device is not a (k + 1)—SSWCE for the linear duopoly game.

The proof of the above proposition follows from Theorem 1 and thus has been postponed to the

Appendix.

4 REMARKS

In this paper, we have analysed the notion of weak correlation in the simplest of the oligopoly models,
that of a duopoly with linear market demand and constant marginal costs. We have defined and
characterised an equilibrium notion that we call k—SSWCE for this linear duopoly game. We have
identified a particular sunspot structure, that we call a Nash-centric device, which always serves as an
equilibrium for such a game; moreover, any small perturbation from this device is not an equilibrium.
Hence, in this sense Nash-centric devices are locally unique. However, the expected payoff from such

a device is equal to the Nash equilibrium payoff. A few remarks are in order.

4.1 k=2

We note that there does not exist any 2—SSWCE for the linear duopoly game. To prove this claim one
can use the equilibrium characterisation in Corollary 1, because a 2—SSCD can trivially be viewed as
a device with equi-distant quantities. The condition in Corollary 1 for £ = 2 becomes p15 —2M N > 0,
where M = p1; + p12 and N = 1 — M. The LHS of this condition can easily be rearranged to

—(paa M + p11N), which clearly is always < 0. Hence such an equilibrium does not exist.

4.2 Quadratic Models

We should point out that although any Nash-centric device is a k—SSWCE for the linear duopoly
game, such devices may however fail to be so in non-linear models. We show this fact using the
duopoly model with quadratic costs as studied by Yi (1997). Consider a duopoly game with payoff
functions 71 = aq' — (¢")?(1 + ¢) — v¢'¢® and 72 = aq® — (¢*)*(1 + ¢) — v¢*¢?, where ¢! and ¢? are
quantity choices of firms 1 and 2, respectively with ¢ > 0 and 0 < v < 1. Call this game a duopoly

with quadratic costs. The Nash equilibrium of this game is given by ¢* = ¢% = with payoffs

—__a
2(14c)+v?
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a®(14c)
[2(1+e)+A]7"

such a game.

T = My = We now formally prove that Nash-centric devices may not be equilibria for

Proposition 6 Nash-centric devices may fail to be k-SSWCE in a duopoly with quadratic costs.

The proof of the above proposition indicates that even for k£ = 3, any Nash-centric device may not
be an equilibrium for a duopoly with quadratic costs. The proof is similar to that of Theorem 2 and

hence has been relegated to the Appendix.

4.2.1 Other Devices

Finally, we note that k—SSWCE, even 2—SSWCE, other than the Nash-centric devices, may exist for
other duopoly models, such as the environmental games (Barrett 1994).> Barrett’s environmental game
can be viewed as a duopoly with quadratic demand and cost. Here, we consider a specific example of
such a game and identify a 2-SSWCE for this game.

Consider a duopoly with payoff functions m1 = 4(¢' + ¢*) — [(¢')? + (¢*)? + 2¢*¢?] — % and
o = 4(q¢t +¢%) — [(¢Y)? + (¢*)? + 2¢* ¢%] — :“qff)?, where ¢' and ¢? are quantity choices of firms 1 and
2, respectively. The Nash equilibrium of this game is given by ¢ = ¢ = % =~ (0.727, with payoffs
T =my = 199 = 3.30578.

We now show that the following 2-SSCD is a 2-SSWCE for this game.

strategies | g1 =1 | g2 =1
1 1 12

q1 = 3 50 25
_ 12 1

g2 =1 25 50

Note that the (expected) payoff, E(m¢), of a player from following the above device is given by
E(ne) = 4q1 +4qg2 — %q% - %q% - 3—?%% = % & 3.271. Now, the (expected) payoff from playing
any alternative strategy ¢ € @, assuming the other player is following the device, denoted by E(r | q),
is BE(w|q) = %q — %qQ + %, which is maximised at ¢* = % ~ 0.7142 with MazE(7 | q) = % ~ 3.267.
Thus, E(n¢) — MazE(m | ¢) = 0.00339 > 0. Hence, the above device is a 2-SSWCE for this game.

5In a parallel paper (Ray and Sen Gupta 2011), we extensively analyse (weak) correlation in an emission abatement

game for two nations, as introduced in the seminal work in environmental games by Barrett (1994).
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5 APPENDIX

We collect the proofs of all our results in this section.

Proof. of Theorem 1 (contd.).
9E(r|q)

Let E(n*) denote MazqeqE(m | ). Using the first order condition, aq 0 (and confirming

Pij) -

the second order condition), E(r | ¢) is maximised at ¢* = 55[(a — ¢) — b{ Z ql(

&Mw ||

Using above ¢*, -

B(r) = <2b>[<a—c>—b{;qz<]§ - [(a—c)—b{z%(zlpij)}P
30 ~b% a( X poll @pm]

- gt Lot 3 )+ 2R )+ 5 2 a3 (3 pil

For the result to hold we must have, E(mw¢) > E(n*), that is,

k k k k k
k
(@—¢) 3 a2 pij — b3 @ 3 piy — b @i 225, Pijay)
=1 j=1 =1 j=1 i=1

. k k k k k
2l - N e N p) T N (S p) 44 Zz Jz 0451 z  pis)(X o)
which gives us the condition A > 0, stated in the theorem. m
Proof. of Corollary 1.
Given a distribution, {P = (p;;)i=1,2...k:j=1,2..k }, consider a k-SSCD with equi-distant quantities
H{P = (pij)i=1,2...k»j=1,2..k };q1;0]. We will use the equilibrium condition A > 0, in Theorem 1 for
such a k-SSCD. Substituting the values of ¢; = ¢1 + (i —1)9, 1 < ¢ < k, and simplifying, the expression

A in Theorem 1 becomes,

k k k k
ba =0 + 30 DI (1= 1) X pi - o0t~ 0l (- 1) X )
2 >{pu+§pm i(i PP} 42 Dncicyn (1= 1) G = D)
T (- 1) X pllS - D) zm] (oo’

To be an equilibrium, the above expressmn needs to be > 0, for some values of ¢; and 0. For any
0 > 0, we can view this expression as a function of ¢;. Thus, a necessary and sufficient condition for
the existence of such an equilibrium is that the maximum value of this function be > 0. Using the
first order condition (and (;;onﬁrmingkthe second order condition), this is maximised at

i = Hlla—e) = 9(% (1 -1) 3 pi)]

Using ¢;, the maximum value of this function is,

14



Ha—lla—o) - 3’)‘5% (=1 3 pull+ $a= 56— D) 3 1)

~Hhel(a = o)~ B (-1) 3 pob?

~2535 (1= 1) 3 puldhlla =)~ 305(3 (i =1) 35 o

b52[i (i — 1) {pii + z pij + %( i pij)?} +2 22§i<j§k (i—1) (7 — 1) pij]
) i k T

S -) Xy M;u—n zm ey

= 5 fla— = 1) 3l + o= SIS~ 1) 3 pul

k k

~Lgzlla—c)®+ 9b252{2 (i—1) X pij}* = 6(a— 0)55{2 (i - 1)221%}]

j=1

~4a= RN — ) X pl + PPIT (- 1) 3 pul
B3 (= 17 it 2+ 405 2+ Ay = DG~ D
. i k k Jfk >
“HFIE -0 X (X - 1) X o)) - o
= SURIS (1) 3+ BPLY (-1) 3 P
_%[é (i—1) 2 pij)? — b‘SQ[é (i — 1)2 {pii + ipij} + 2{22<z’<j<k (i—1) (G — 1) pi;}]
=235 (1= 1) 3 pul? = WP =10 {pa+ 3 )+ A iy (= D G = D)

The equilibrium condltlon in Theorem 1 requires the above to be > 0. As both b and 9 are > 0,

this leads to the statement in the corollary. m

Proof. of Theorem 2.

As we have already noted, the expected payoff from following any Nash-centric device is E(my¢) =

(agbc ) , which is equal to the Nash equilibrium payoff of the linear duopoly game. Let E(7 | ¢) denote
the (expected) payoff of the deviant from playing q. Note that E(rw | ¢) is given by,

Z pil(a—c)qg—bq* —bqq;] +[1—2 _:ilpi] [(a — ¢)q — bg? — bqgm+1] + gjlpi[(a—C)q—qu —bqq2m-+2—i]

1=

(a —¢)q —bg® — bqqum+1-
As in the proof of Theorem 1, for the Nash-centric device to be a k-SSWCE, we must have,

E(rnc) > E(rm | q) for all ¢ € @, which holds true if and only if E(myc) > MazqeqE(m | q) = E(n*).

Using the first order condition, %Zlq) = 0 (and confirming the second order condition), FE(x | q) is

o) — _eo)—pla=a) _ .
maximised at ¢* = (@=9 b (0O b7 (020 Uging ¢, E (77) = (a—c)q* —bg* 2 —bq" gms1 =

(a;—;)z = E(nnc). Hence, E(rne) = E(n*), and thus any Nash-centric device is a k-SSWCE. =

15



Proof. of Proposition 1.
From Corollary 1, the equilibrium condition for a device with equi-distant quantities and an anti-

diagonal probability distribution to be a k-SSWCE becomes,
2[ (t—1p;+m(l—2 sz) + Z(2m+ 1—1i)p;)?

=1 =

-[ 1( 1)%pi+m?(1-2 lez)+ Zl(QmH*Z) pil —[m*(1-2 ipi)JFQ i(ifl)@mﬂfi)pi] > 0.

With further simplification, the LHS of the above turns out to be [2(;71)2 — (m*+4 m?)], which

MS

indeed is 0, thereby weakly satisfying the condition. Thus an anti-diagonal probability distribution
can be supported as a k-SSWCE with some equi-distant quantities. Now to prove the uniqueness
of Nash-centric quantities, recall from the proof of Corollary 1, the expression in the condition is

maximised at g; which for any anti-diagonal probability distribution is,
. 1 2m+1 2m+1
a1 = z5lla—c) — 3b6{ Z (i—1) Z Pij }]

= (a?;c) — 8[21(2 — Dpi +m(1 -2 Z pi) + Z(Qm +1—1i)p] = (a3_bc) — md, which is indeed
the Nash-centric quantity. Hence, among all dev1ces with equi-distant quantities and anti-diagonal

probability distributions, only Nash centric devices weakly satisfy the equilibrium condition. m

Proof. of Proposition 2.
From Corollary 1, the equilibrium condition for the off-diagonal-probability-perturbed Nash centric
device to be a k-SSWCE becomes,

2(por + o) + § (i — Dpi+m(l—2p1o — 25 pi) + 3 (2m+ 1 - ijpi?

=1 =1

S

ME

—[(p21 +p2) + i(’é —1)%pi + m*(1 — 2p1p — 2 i pi)+ > (2m+1—1)%p;]

i=3 i=1 i=1
—[m?(1 — 2p12 — 2 Zpl)—l—{Q Z(z— 12m+1—1i)p;}] > 0.
Simplifying, the LHS of the above turns out to be,
2 (po1 +m — 2mpa1)” — (p21 +m? = 2m?pa1 + m? — 2m?pay)
= [p21 (4m — 4m? — 1) — 2p3; (4m — 4m? — 1)] = (1 4 4m? — 4m) (2p3; — p21),
which is always < 0, because (14 4m? —4m) > 0 for m > 1 and (2p}; — p21) > 0 for psyy < 3

Hence, the equilibrium condition is violated. m

Proof. of Proposition 3.
From Corollary 1, the equilibrium condition for the diagonal-probability-perturbed Nash centric
device to be a k-SSWCE becomes,

2[_25”:2@' —)pi+m(l =y — 2 ép» + §<2m+ 1= i)pi]?
—é(i —1)2ps £ m2(1 = pry — 2 gpi) + §(2m+ 1—4)%p]
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—[m?(1 —p1 -2 sz) +1{2 Z(Z— 1(2m +1—i)pi}] = 0.
Simplifying, the LHS of the above turns out to be,
2(m — mp11)?® — (m? — m®p1y +m? — m?p1y)
=2m? (1 — p11)* — 2m? (1 — p11) = —2m?p11 (1 — p11),

which is always < 0. Hence, the equilibrium condition is violated. m

Proof. of Proposition 4.

Following Theorem 1, for the quantity-perturbed Nash centric device the expression A turns out

to be,
3 m m
3(a—c) Z pigi + 3(a =) (1 =23 pi)gmi1 + 5(a —¢) X Pidamya—i
= 1=1 =1
m m
b;( 0)*[pi + 2] — b(gm41)? [2(1—2§pi)+i(1—2;pi)2]
; m—1 m B PiD; B
bZ(quJrQ z) [p + pl } bz ZQZ'QJ'[ 123]
i=1 i=1 j=2
-2 Z Gimpi(1 =23 p) = 23 3 qigem+2—;(pipj + 4Pi2mia—s))
i=1 i=1 i=1j=1
b 2m 2m—+1 (afc)z
7§Qm+1 Z q2m+2— zpz(l -2 Z pz) -3 Z Z qiq; (p2m+2 iP2m+2— _]) a5
=1 =1 i=m+2 j=m+3
Substituting the values of ¢; and other g; for ¢ # 1, and simplifying, the above expression becomes,
2
3(a—c)pie + 3(a — )gmi1 — bs?[pl + k]
UL a—c 2
_qugn—l—l - bqgn+1[zlpi (1 -2 Z pl)] u - %bsplqu
1=
2 a—c)?
= 3(a—)gmi1 — 7bag, 1 + 5(a - )P15 — be[py + 5] — Sbepigm 1 — U5

From Theorem 1, for the quantity-perturbed Nash centric device to be a k-SSWCE, we need the

following expression to be > 0. Now substituting ¢,,+1 = (a?;f), the expression becomes,

ach U/*Cz 2 U/*Cz
(a=c)’ 2b) Gl 4b) +%(a—c)p16—b62[p1+—(pfl) }—%(a—c)pls— ( 4b)

= —be2[p; + #], which is always < 0. Hence, the equilibrium condition is violated. m

Proof. of Proposition 5.

Following Theorem 1, for the composite device the expression A turns out to be,

$a-0q+3 <a—c><1—e)qm+1<2§pi+1—2§pi>—bq’2<2e+§>
quznﬂ[zx(lfs>§pl+2<1fs><1—2;pz> Hi-ereE ) +H0- P -2 p)?
5 (1= s — $abusa (1= 3 1 +4mzlipzpj+2zpl<l—2zpz>1 oo C>"‘.

With further simplification, the above expresls:onj;educes to,

8 (a—c) ¢+ 3(a—c)(1-€) g1 b2+ 5]~ 2b(1—€)g2, 41— Be(1—€)m1 — 2 (1—)%2 1, — 32

(a—c)?

=3(a—o)leqd+ (1 = &)gm+1] — 2b[ed”® + (1 — £)a2, 1] — Sed+ (1 — €)gm41]® — 5

(a=c) :
= » and rearranging, we get,

Substituting ¢,,+1 =
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., 2 2
A= qa(“_?(&"s) -4 bef""e) - E(a_§)6b(8+5)7 which can be viewed a quadratic function in ¢

From Theorem 1, for the composite device to be a k-SSWCE, we need the above to be > 0. Now
note that at ¢ = 0, the value of the above function is < 0. Also note that the above function is
maximized at ¢'= %(the Nash equilibrium quantity) and the maximised value of the function is 0.
Therefore, for any ¢ > 0, other than the Nash Equilibrium quantity, the value of A is < 0. Hence, the

equilibrium condition is violated. m

Proof. of Proposition 6.

We will prove this result for k¥ = 3. Consider a 3— SSCD which is Nash-centric with anti-diagonal
probabilities with p13 =p31 =p < % and pa2 = 1 —2p > 0, and all other p;; = 0. Following the proof
of Theorem 2, the expected payoff, E(mn¢), from accepting the device is given by,

plag — g7 (1+¢) —yqugs] + (1 — 2p) [aga — g5 (1 + ¢) — vq2q2] + p [ags — ¢3(1 + ¢) — vgzq1]

= apq1 + a(1 — 2p)g2 + apgs — p(1 + ¢)qf — (1 —2p)(1 + ¢)g3 — p(1 + ¢)g3 — 2vpq1q3 — (1 — 2p)gs.

Let E(r | q) denote the (expected) payoff of the deviant from playing g.

E(r|q) =plag—¢*(1+¢) —yqq] + (1 = 2p) [ag — ¢*(1 + ¢) — vqq2] +p [ag — ¢*(1 + ¢) — vqqs]

=aq— ¢*(1+¢) —vqlpqr + (1 — 2p)g2 + pgs).

As in the proof of Theorem 1, for the Nash-centric device to be a k-SSWCE, we must have,
E(rnc) > E(rm | q) for all ¢ € @, which holds true if and only if E(nny¢) > MazqeqE(m | q) = E(7*).
Using the first order condition, %Zlq) = 0 (and confirming the second order condition), F(w | q) is
maximised at ¢* = ﬁ[a —v{pg1 + (1 — 2p)g2 + pg3}]. Substituting this value of ¢*,

_ _a? Y’p’ai | ¥(-2p)%q3 | +°p’qd | 2p(1—2p)
E(ﬁ*) - 4(114-(:) + 4(1+(:1) + 4(1+c) >+ 4(1+cg) + = 4(1—‘,:[-)c()hq2

+2p(1—2p)Q3qz + 2p%q1q3 aypg1 ay(1—2p)qo aypgs

4(14c) 4(14+c) ~ 2(14+¢)  ~ 2(0+¢) = 20+

Therefore, the equilibrium condition becomes,

alap + 525] + ga[a(1 — 2p) + GHEE] + gslap + 5]

~@p(1+0) + 75251 — Bl — 2p)(1 + ¢) + 7(1 — 2p) + L2

~a3lp(1 + 0) + ] — @120y + ] — el - el ] - i 2 0.
Substituting the Nash-centric quantities, go = m, q1 = g2 — 0 and ¢q3 = g2+ 0 and simplifying

further, the LHS of the above inequality becomes,

ata 2.2 2 2 2 2
g2 [P = 02[2p(1 + ¢ =) + Tyet] — B+ e+ v+ g + g - ot

I(1+o) T 4(1+c)
_ 2 (1-7*)p(9*p+3a°p—2a*)
=-20"p(l—~v+4+¢c)+ 21+0)2(A+0)+1]2

To complete the proof now, let us suitably choose 0 = a. Thereby the above expression becomes

2 2 2 2
—2a’p(1 — v +c) + —é}; jc))é‘(lli(f)’;? =—2a%p(1—vy+c)— —é};jc));‘glif)j’]’;, which clearly is always

< 0. Hence, the equilibrium condition is not satisfied.
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