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Abstract

This paper differentiates between trade in commodities and trade in ser-
vices, and examines the impact of such trades on growth of trading economies.
Within the framework of the model, growth rate of an economy in the long
run is unaffected by any change in trade regime. But it is affected during
periods of transitions. Transitional dynamics arises from the feature that
services are non-essential in the utility function, which implies a variable rate
of intertemporal substitution in consuming services. Through transitional
dynamics, the static (or level) effects of trade regime changes affects the
growth rate of the services sector. However, the sub-utility from consuming
manufacturing is assumed such that the intertemporal rate of substitution in
consuming manufactures is constant. This implies no growth effects in this
sector, although there are level effects. In general (qualitative) growth effects
are shown to depend on a country’s comparative advantage in manufacturing
and services.
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1 Introduction

The world economy has experienced ‘phenomenal’ growth of the services sector in
the post-war era. In many major economies its share in GDP stands well above
50%. From the demand side, this phenomenon has been attributed commonly to
the ‘relative demand shift’ hypothesis, stating that income elasticity of demand for
services exceeds one and thus as real income grows, the sector producing services
would grow faster. From the supply side, the boom of the IT sector has been
cited as a major source of growth for the services sector. Indeed, Eichengreen and
Gupta (2009) ascribe the second growth wave of the services sector to the rise of
the IT sector. Baumol’s disease (Baumol (1967)), which states that the lack of
productivity increase in the services sector (because it is labor intensive) is likely
to pull down the overall growth of an economy, certainly has not struck; instead, as
Triplett and Bosworth (2003) have shown, productivity in the services sector has
increased substantially in relatively recent years.

At the same time, the volume of trade in services has also significantly grown,
thanks to the IT ‘revolution,’ which has considerably reduced the transactions or
‘transport’ costs of providing cross-border services. The volume of service imports
tripled from 1994 to 2004 (Hoekman and Mattoo (2008)). Francois and Hoekman
(2010) report that, according to WTO, the global value of cross-border export of
services became 20% of world trade in commodities and services by the year 2007.

The existing trade theory has paid scant attention to trade in services, although
there is a growing analytical literature on it; see, for example, Francois (1990a),
Francois (1990b), Hoekman and Mattoo (2008), Mattoo et al. (2008) and Francois
and Hoekman (2010). The purpose of this paper is to differentiate between com-
modities trade and trade in services, and consider the impact of each kind of trade
on growth of a trading economy.

There are general equilibrium models that feature the manufacturing and the
services sectors (plus agriculture in some). But almost all of them are static, e.g.
Eswaran and Kotwal (2002) and Buera and Kaboski (2009) and Matsuyama (2009).
There are a few papers, which analyze disaggregated growth in a closed economy,
e.g., Kongsamut et al. (2001) and Klyuev (2004).1

Our search yielded only one paper, namely, Xu (1993), which considers growth
of manufacturing and the services in the context of an open economy. It builds a
capital accumulation based Solovian growth model with a constant savings rate. It
has three sectors: a consumable manufacturing, an investment good which is also a
manufacturing product and a service good. The objective is to explain the rise in
the relative price of (consumer) services and the employment share of the services
sector. It considers international trade in (manufacturing) commodities only. Trade
in services is not analyzed.

As said earlier, in this paper we analyze how trade in commodities and trade

1Both papers develop growth models based on physical capital accumulation and allow two
mobile factors of production, labor and capital. The former attempts reconcile differential growth
rates across sectors (i.e. ’structural’ changes) along with overall balanced growth for the entire
economy (defined as the situation where the real interest rate is constant over time). The latter’s
aim is to explain the rise in the relative price of services vis-a-vis manufacturing, which results
from the assumption that manufacturing is more capital intensive sector.
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in services may affect the growth rates within an economy. Thus it falls in the
tradition of the seminal work by Grossman and Helpman (1992), which was the
first major attempt to integrate international trade with the modern theory of
economic growth. There are three important differences however. First, in their
work, international trade presumes trade in commodities only; there is no distinction
between commodities and services trade. Second, their focus is on aggregate and
balanced growth, whereas in this paper manufacturing and the services sectors grow
(rather are ‘allowed’ to grow) at different rates and we ask how (free) international
trade impacts on the growth performance of these sectors individually. Third,
whereas in Grossman-Helpman’s work, technological innovation is the source of long
term growth and their endeavor is aimed towards understanding how international
trade, via resource reallocation within an open economy, may affect the sector
‘producing’ innovation and thus influence the long-term growth of an economy, our
focus is on sectoral growth rates during transition periods - which may be interpreted
as short or the medium run. In our analysis, long-run or asymptotic growth rate
is not affected by international trade. However, needless to say, long term levels of
consumption and welfare – which ultimately matter – can be substantially affected
growth rates during transition.

In standard growth models transitional dynamics results typically from adjust-
ment costs of investment or diminishing returns to capital. In our model it stems
from a different source, namely the structure of preferences. As trade is opened there
are static effects on resource allocation and output, which, in a dynamic framework
can seen as initial, one-period level effects. During transition, level effects lead to
growth effects (having convergence properties).

In section 2, we develop our model of growth for a closed economy. This serves
as our reference economy. Free trade in commodities is introduced in section 3.
In section 4, we analyze free trade in both commodities and services. Section 5
concludes the paper.

2 Closed Economy

Our framework closely follows that of Das and Saha (2011), who analyze growth of
manufacturing and services sectors in the context of a closed economy.

In our model, long-term growth is not driven by physical capital accumulation,
technology innovation or learning-by-doing. Instead, a simple process of human
capital accumulation is presumed and there is one primary factor of production,
namely, effective labor. The reason for choosing this source of growth, as opposed
to accumulation of physical capital or technology innovation as in Grossman and
Helpman (1992) is that it allows to focus on differences in growth rates across sectors
in a simplified one-primary-factor framework. This factor, which we call labor, can
of course be broadly interpreted as a composite input.2

2In this sense, it is akin to the use of a Ricardian model, rather than a Heckscher-Ohlin
model for analyzing certain international trade issues. Copeland and Taylor (1994) is a prominent
example of how a one-primary-factor-based general equilibrium model can provide useful insights
into the complex issue of trade and environment.
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An economy has three sectors – manufacturing, services, and, following Mat-
suyama (2009) a “numeraire” sector. We shall call it food, although, by design, it is
not meant to capture agriculture either in terms of diminishing-return-to-scale tech-
nology or less-than-unitary-income-elasticity of demand for it. Matsuyama (2009)
does interpret his numeraire good as agriculture in that the income elasticity of
demand for it is less than one. Kongsamut et al. (2001) also allow for a third sector
(besides manufacturing and services) and interpret it as agriculture for the same
reason. We refrain from doing so on the ground that since 1970s, agriculture’s
share in total output and employment has remained small and relatively invariant
in prominent developed economies, whereas free trade in commodities or in both
commodities and services is a more recent phenomenon.3,4 But the presence of a
third sector allows us to consider trade in commodities (manufacturing), indepen-
dently of trade in services. We assume that the economy obtains a fixed endowment
of food, say equal to E at each instant of time.

To gain algebraic convenience however, we will treat manufacturing as the nu-
meraire good in the sense that its price is equal to unity.

The representative household consumes all three goods: manufacturing (M),
services (S) and food (D); M and D are homogeneous, while S is differentiated.5 At
any instant of time t, let

Ut ≡ λ1 lnCmt+λ2 ln(Cst+δ)+(1−λ1−λ2) lnCdt, 0 < λ1, λ2, λ1+λ2 < 1, δ > 0 (1)

be the felicity function, where Cmt and Cdt are consumptions levels of M and F,
and Cst is a composite of individual services. Denoting the demand for individual
services by Cit, let

Cst ≡
(∫ Nt

0

Cit
σ−1
σ di

) σ
σ−1

, σ > 1, (2)

where σ is the elasticity of substitution between two service varieties and Nt is the
total number of service varieties available. Let pst be the price of this composite
(such that pstCst =

∫ Nt
0
pitCitdi). Note importantly,

1. The specification of sub-utility from consuming M implies constant intertem-
poral rate of substitution of good M (equal to 1). This would imply constant
growth rate of manufacturing, not just in a closed economy but also when the
economy is open. There will thus be no transitional dynamics and hence no
growth effects on the M sector.

2. The presence of the parameter δ implies two things: (a) a variable intertempo-
ral rate of substitution of the service basket and hence transitional dynamics

3For example, in the period 1970-2007, agricultural output in the U.S. fell from 4% of GDP to
1% of GDP; manufacturing output fell from 35% of GDP to 22% of GDP; and services rose from
61% of GDP 77% of GDP. Similar magnitudes of sectoral output changes were seen in developed
countries like UK, Japan, etc. Source: World Development Indicators, World Bank Database.

4If the purpose of an analysis were to consider ‘long-term’ growth over several decades extending
to a century or half a century, the reason for incorporating agriculture would have been more
compelling.

5See Eswaran and Kotwal (1993) among others who also depict the services sector as producing
a differentiated product.
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of output and employment in this sector and (b) services are not an essential
‘good’ and hence income elasticity of demand for services exceeds unity.6

3. Thus it is the non-essentiality parameter δ which delivers growth effects.

4. As the economy grows, while δ is fixed, services become less and less non-
essential overtime and hence service sector growth rate would monotonically
decline over time.

5. Per se, (b) will imply a higher growth rate of the service sector compared to
manufacturing.

At each t the household maximizes Ut subject to the budget constraint Cmt +∫ Nt
0
pitCitdi+ pdtCdt ≤ Bt, where Bt is the sum of wage earnings, profit income and

the value of the endowment E.
Eqs. (3) and (4) below are the first-order conditions with respect to Cmt, Cst

and Cdt:

λ1

1− λ1 − λ2

· Cdt
Cmt

=
1

pdt
(3)

λ1

λ2

· Cst + δ

Cmt
=

1

pst
. (4)

The demand function for individual varieties with the services basket is of the form:

Cit = Cst

(
pit
pst

)−σ
, where pst ≡

(∫ Nt

0

pit
−(σ−1)di

)− 1
σ−1

. (5)

The static household optimization problem implies the following indirect felicity
function:

Vt = A+ ln(Bt + δpst)− λ2 ln pst − (1− λ1 − λ2) ln pdt, (6)

where A ≡ λ1 lnλ1 + λ2 lnλ2 + (1− λ1 − λ2) ln(1− λ1 − λ2).

Note that through the parameter δ, the price of the service composite, pst has a
positive effect on utility, although its overall effect on indirect utility is negative. It
is like a positive income effect. The reason is that δ measures the degree of how less
essential services are compared to other consumption goods (M and D). Therefore,
δpst can be interpreted as quasi real income which is not spent on services because
they are not essential but can be spent on other goods. Indeed it can be verified that
expenditure on M or D is a constant fraction of the sum of actual income Bt and
quasi income δpst. As will be seen, the concept of quasi income just outlined will
help us to intuitively understand the growth effects of trade in services in particular.

We now characterize the production side of the economy.

6Service goods have been represented as much in preferences by many, including Kongsamut
et al. (2001) and Matsuyama (2009).
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2.1 Manufacturing

Following Matsuyama (1992), manufacturing technology is assumed to satisfy di-
minishing returns.7 Let the production function be

Qmt = MLαmt, 0 < α < 1, (7)

where Lmt is the level of effective labor used in the M sector and M is a factor-
neutral productivity parameter.8 The market for manufacturing is perfectly com-
petitive. The standard profit-maximizing condition with respect to employment
can be equivalently stated as:

αQmt = wtLmt. (8)

2.2 The Services Sector

A service firm i has increasing returns to scale technology and faces a monopolisti-
cally competitive market. It produces a distinct variety i. Technology is specified
by Qit = SLit−1, where Qit is the output of variety i, Lit is the amount of effective
labor employed and S is a productivity parameter. It maximizes profit, taking as
given the demand function for its product, (5). We obtain the familiar mark-up
condition:

pit
wt

=
1

S
· σ

σ − 1
. (9)

This condition as well as the zero-profit condition imply

Lit =
σ

S
; qit = σ − 1. (10)

That is, firm-level employment and output are time invariant. Total employment
and output in the services sector are thus equal to

Lst =
σNt

S
; Qst = (σ − 1)Nt.

Nt represents the total number of varieties available as well as total employment
and output in the services sector.

Notice that in the aggregate this sector exhibits constant returns to scale with
respect to labor since each firm employs a given amount of labor under the com-
petitive, zero-profit condition.

Hence returns to scale manufacturing are less than those in the services sector
at both firm and industry levels. This accords with Basu et al. (2006) who re-
port scale elasticities for various manufacturing and service industries in the U.S.,
wherein those for service industries are generally higher than those for manufac-
turing industries. Das and Saha (2011) have shown that such difference in scale
elasticities across the sectors is a factor behind higher growth of the services sector.
This feature carries to our model for both closed and open economies.

7Technically, we will ‘need’ diminishing returns in manufacturing in order to ensure stability
in the labor market.

8The term ‘effective’ is used to indicate that labor embodies human capital.
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2.3 Static General Equilibrium

In view of (10) we can write the full-employment condition as:

Lmt +
σ

S
Nt = L̄t, (11)

where L̄t is the total effective labor supply available for production. Using (9),

Cst = (σ − 1)Nt

σ
σ−1 ; pst = Nt

− 1
σ−1

σ

S(σ − 1)
wt. (12)

Substituting these into the first-order condition (4), we obtain

λ1

λ2

σ

S

(
Nt +

δ

σ − 1
Nt
− 1
σ−1

)
=
Cmt
wt

. (13)

Next, by substituting the household budget constraint,

Cmt + potCdt + pstCst = wtL̄t + (1− α)Qmt + potE, (14)

eq. (13) can re-expressed as:

(1− λ2)σwt
λ2S

(
Nt +

δ

σ − 1
Nt
− 1
σ−1

)
= Qmt + pdtE. (15)

Using the market-clearing conditions in autarky, Cmt = Qmt and Cdt = E, the
first-order condition (3) can be stated as

λ1

1− λ1 − λ2

E

Qmt

=
1

pdt
. (16)

Eqs. (7) and (8) together with (11), (15) and (16) constitute five equations
in five variables, namely, Lmt, Qmt, Nt, wt and pdt. The parameters are L̄t (the
evolution of which will be analyzed later) and those of technology and preference.

In particular, note that the l.h.s. of (15), or equivalently that of (13), is non-
monotonic with respect to Nt. This is an artifact of non-essentiality of the service
basket in the utility function. It implies that the solution of Nh

t may not be unique.
Given non-essentiality, the marginal utility of purchasing power from consuming

the services basket (the ratio of marginal utility to phst) is a decreasing function
with respect to the sum of total expenditure on it and the quasi income. Under
symmetry, the former increases linearly with respect to the number of varieties
available, whereas the latter decreases with the same since, due to positive valuation
of varieties per se, an increase in Nt lowers the price the service basket. Overall
then, an increase in the number of varieties have a non-monotonic effect on the
marginal utility of purchasing power from consuming services. This is the source of
multiple solutions of Nh

t .
Let us define the l.h.s. of (13) as G(Nt). The analytical shape of this function is

depicted in Figure 1. We see that for any Cmt/wt, there are at most two solutions
of Nt.

It is shown in Appendix 1 that for any given wt and L̄t, an exogenous increase
in Nt, would tend to increase (respectively decrease) an individual service firm’s
profit, according as the initial value of Nt lies on the falling arm (respectively rising
arm) of the G(Nt) function. Thus, the solution of Nt along the rising arm of the
G(Nt) function is consistent with stability in terms of free entry and exit in the
services sector. We assume that this is the market solution of Nt.
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G(Nh
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�
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qmt
wt

Nh∗

N��N�

Figure 1: Solution of Nh
t

2.4 Comparative Statics

To set the stage for introducing international trade, we present autarky equilib-
rium in the familiar demand-supply diagram and conduct comparative statics with
respect to increases in L̄t, M and S.

Eqs. (7), (8) and (11) implicitly yield

Lmt = Lm(wt
−
,M

+
); Qmt = Q̃m(wt

−
,M

+
); Nt = N(wt

+
, L̄t

+
,M
−
, S

+
). (17)

If we substitute the function N(·) into (15), we implicitly obtain,

Qmt = ˜̃Qm(wt
+
, pdt
−
, L̄t

+
,M
−
, S
−

).9 (18)

Figure 2 depicts the loci between Qmt and wt, defined by (17) and (18), and
the solution of these variables at given pdt, L̄t, M and S. We obtain the following
comparative statics results:

Qmt = Qs
m(pdt
−
, L̄t

+
,M

+
, S
−

); 10 wt = w(pdt
+
, L̄t
−
,M

+
, S

+
)

Lmt = L̄m(pdt
−
, L̄t

+
,M

+
, S
−

); Nt = N̄(pdt
+
, L̄t

+
,M
−
, S

+
).

(19)

As Qmt is negatively related to pdt from the supply side, the ratio E/Qmt varies
positively with respect to pdt. This is indicated in Figure 3. The demand-side

9The negative effect of S on Qmt uses that, at given wt, a change in S leaves Nt/S ratio
unchanged.

10Although the positive effect of an increase in M on Qsmt is intuitive, it is not clear from Figure
2, since both curves shift. To see this we express (15) as

1− λ2
λ1

w(Qmt
−
,M
+

)G(N
+

(Lm
−

(Qmt
+
,M
−

), S)) = Qmt + pdtE,

where w(·) is the inverse of the Q̃m(·) function and the negative relationship between N and M
follows from the full-employment equation. The above equation implies ∂Qsm/∂M > 0.
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Q̄m(wt)

Q̃m(wt)

Qmt

wt

Figure 2: Determination of the Wage Rate and Manufacturing Output

!"#$
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E
Qmt

Figure 3: Autarky Equilibrium

equation (16) is shown as the downward sloping curve. Intersection of the two
curves in Figure 3 defines the autarky equilibrium.

We will consider three sources of comparative advantage: technology difference
in manufacturing (M), that in services production (S) and size of an economy (L̄t)
or the level of development. We suppose that the world economy consists of two
countries: Home (h) and Foreign (f).

From the supply side, at given pdt,

1. If Mh > M f , while Sh = Sf and L̄ht = L̄ft ,

Qh
mt > Qf

mt; N
h
t < N f

t ; wht > wft ; phit > pfit. (20a)

2. If Sh > M f , while Mh = M f and L̄ht = L̄ft ,

Qh
mt < Qf

mt; N
h
t > N f

t ;
wht
Sh

<
wft
Sf

; phit < pfit. (20b)
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3. If Mh = M f , Sh = Sf and L̄ht > L̄ft ,

Qh
mt > Qf

mt; N
h
t > N f

t ; wht < wft ; phit < pfit. (20c)

The pattern of comparative advantage is clear. In a two-country world economy,
(a) the country with better manufacturing production technology will tend to have
comparative advantage in manufacturing and comparative disadvantage in services,
(b) the country with better services production technology will tend to have com-
parative advantage in services and comparative disadvantage in manufacturing and
(c) the country at a higher initial level of development (i.e. which is initially larger)
will have comparative advantage in both manufacturing and services.

We now turn to characterize the dynamics of our model economy.

2.5 Intertemporal Household Problem

At any given t, the representative household possesses one unit of time which is
worth Lt units of effective labor or human capital. A part of this stock is used up
in augmenting its human capital and the rest is supplied to the production sectors.
Let Ht ∈ (0, 1) denote investment in human capital in term of time. Within a time
period, the household first commits to allocate such investment and then offers the
remaining stock of effective labor to the production sectors. Let

Lt+1 = aLHtLt, aL > 1, (21)

describe the growth process of human capital. The tradeoff is that the higher the
investment in human capital, the greater will be the stock of effective labor and
hence the higher will be the total wage earnings in the future, but the less will be
the total earnings in the current period.

It t = 0 is the initial period, given L0, the household chooses {Ht}∞0 and {Lt}∞1
to maximize

∑∞
0 ρtVt (where ρ < 1 is the discount factor and Vt is the indirect

utility whose expression is given in (6)), subject to the human capital accumulation
equation (21) and

Bt = wt(1−Ht)Lt + πmt + pdtE. (22)

Here πmt is the profit income from producing manufacturing. We obtain the follow-
ing Euler equation:

Bt+1 + δpst+1

wt+1

/Bt + δpst
wt

= ρaL.

A marginal increase in investment in human capital entails a current period loss
of wt, which translates into a marginal loss of current utility equal to wt/(Bt+δpst).
It also entails an increase in future utility equal to aLwt+1/(Bt+1 + δpst+1). The
discounted value of the marginal gain is ρ[aLwt+1/(Bt+1 + δpst+1)]. Euler equation
is a statement that the marginal loss in terms of current utility is equal to the
discounted value of the next-period marginal gain. Using the first-order conditions
of static household optimization problem, the Euler equation can be more simply
stated as

Cmt+1/wt+1

Cmt/wt
= ρaL.

11 (23)
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We assume that ρaL > 1, so that the economy’s growth rate is positive. Eq. (33)
says that the ratio of manufacturing consumption to the wage rate grows at the
(gross) rate ρaL.

2.6 Dynamics of the Economy

In autarky equilibrium Cmt = Qmt. Hence, in view of (8),

Cmt
wt

=
Qmt

wt
=
Lmt
α
.

Thus manufacturing employment grows at the rate ρaL. Given the manufacturing
production function, manufacturing output grows at the rate (ρaL)α, which is less
than ρaL.

As long as Nt is determined along the rising part of the G(Nt) function, from eq.
(13), a higher Qmt/wt implies a higher value of Nt. Thus, Nt, which proportional
to aggregate employment and output in the services sector, grows over time. Let
gNt ≡ Nt+1/Nt, be the gross growth rate of Nt. Eq. (13) can expressed as

gNt
1 + δ

σ−1
(gNtNt)

− σ
σ−1

1 + δ
σ−1

N
− σ
σ−1

t

= ρaL. (24)

Hence the growth rate of Nt is dependent on its initial value and therefore time-
variant. Let it be called the growth function of Nt. This is an important concept.
As we shall see, the growth effects of international trade stem from (a) a movement
along the growth function or (b) a shift of the growth function.

It is evident from (24) that gNt > ρaL, while limt→∞ gNt = ρaL.
12 Further,

Appendix 2 shows that gNt declines monotonically with t.
In summary, we have

Proposition 1 Employment in manufacturing grows at a constant (gross) rate
ρaL, while output grows grows at constant rate which is less than ρaL The total
employment and output in the services sector grow at a common time-varying rate,
which is greater than ρaL and which monotonically declines over time and becomes
asymptotic to ρaL as t→∞.

Figure 4 depicts sectoral employment and growth rates as functions of time.
Note the following.

11More completely we can write

pst+1(Cst+1 + δ)

wt+1

/pst(Cst + δ)

wt
=
Cmt+1/wt+1

Cmt/wt
=
pdt+1Cdt+1/wt+1

pdtCdt/wt

= ρaL

12As t→∞, so does Qmt/wt since it grows at a constant rate. From Figure ??, limt→∞Nt =∞.
As limt→∞Nt =∞, it is clear from (24) that gNt → ρaL.
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Time

ρaL gLm

(ρaL)α gQm

gQs = gLs

Figure 4: Sectoral Employment and Output Growth Rates in Autarky

1. Faster employment growth in the services sector stems from the demand pull
effect due to the income elasticity of the demand for the services basket ex-
ceeding unity. Otherwise, (if δ = 0), employment in the services sector would
grow at the rate ρaL.

2. We have gQs > ρaL > gQm, where gQs and gQm denote the growth rates of the
services output and manufacturing output respectively. There are two reasons
behind why output growth is higher in the services sector: (a) higher scale
elasticity in services production compared to manufacturing and (b) income
elasticity of demand for services being greater than unity.

2.7 Dynamics of Total Effective Labor Supply for Produc-
tion and Human Capital Investment

Dynamics of sectoral employment levels implies the dynamics of effective labor sup-
ply for production, L̄t. Using the full-employment condition and that manufacturing
employment grows at the rate ρaL,

gL̄ =
L̄t+1

L̄t
=
Lmt+1 + (σ/S)Nt+1

Lmt + (σ/S)Nt

=
ρaLLmt + (σ/S)gNtNt

Lmt + (σ/S)Nt

From the static equations (11) and (13) we implicitly obtain Lmt = L̃m(L̄t)
and Nt = Ñ(L̄t), such that L̃′m(L̄t), Ñ

′(L̄t) > 0. Totally differentiating, we get
dgL̄/dL̄ ≷ 0 as L̄t ≶ A, where A is some positive constant.

The remaining element is the dynamics of human capital investment. We use the
definition of total effective labor supply, L̄t = (1−Ht)Lt and the learning equation
(21) to get,

∆Ht ≡ Ht+1 −Ht = (1−Ht)

(
1− gL̄t/aL

Ht

)
. (25)
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Figure 5 plots the ∆Ht = 0 locus in (L̄t, Ht) space. The vertical arrows indicate
the change inHt as one moves away from ∆Ht = 0 curve, while the horizontal arrows
indicate that L̄t always grows over time. It is clear that under perfect foresight no
path can originate from region II, V or VI. So the path has to originate from Ht > ρ.
If L̄0 < A then multiple paths are possible. A path can originate from region III,
where Ht can fall into region IV and asymptote to ρ; or another path can start at
region I where Ht initially rises to region III and then asymptotes to ρ in region IV.
So for unique path, we assume that Ht < 1 and A < L̄0 = L0(1−Ht) < L0(1− ρ),
which implies L0 > A/(1 − ρ). Hence there is unique path starting in region IV
where Ht falls and asymptotes to ρ.

Ht

ΔHt= 0IVIII

I II

L
t

ρ

A

V VI

Figure 5: Dynamics of Ht in Autarky

3 Commodities Trade

Now suppose the two countries, h and f , open up free trade in commodities only,
that is, in manufacturing and food, not services. It happens, say, in period 0,
after labor is allocated to acquiring human capital, as a one-shot permanent regime
change rather than something gradual. Hence changes in investment in human
capital due to the regime change – which would imply a different time profile of
future wages – begin to take place from period 1 onwards. Thus, L0 as well as L̄0

remain unchanged.
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Depending on relative magnitudes of technology parameters, Mk and Sk, and,
initial level of development, Lk0, k = h, f , one country will be a net exporter and the
other will be a net importer of manufacturing. In order to understand the growth
effects of trade qualitatively, it is enough to brand one country as manufacture-
exporting and the other as manufacture-importing.

Note that there are, presumably, some specific factors in the manufacturing
sector in each country, which gives rise to decreasing, rather than constant, returns
to scale in that sector. Due to the presence of specific factors, in commodity-trading
equilibrium no country will specialize in producing services; each will produce a
positive amount of manufacturing.

Trade equalizes the prices of traded goods. Let podt denote the international
relative price of food in commodity-trading equilibrium. Instead of market clearing
within each country, there is global market clearing of both manufacturing and
food. Accordingly, the system of equations characterizing the static equilibrium is
the same, except (16).

More specifically, the manufacturing production function (7), the first-order
condition with respect to labor employment in that sector (8), the full-employment
condition (11) and consumption allocation equation (15) for both countries, and
the international market clearing condition

λ1

1− λ1 − λ2

2E

Qh
mt +Qf

mt

=
1

pdt
. (26)

constitute a system of nine equations in nine variables: manufacturing output,
manufacturing employment, employment in the services sector and wage rates in
both countries – and pdt.

As the trading regime changes, there are one-period static (i.e. level) effects,
which are followed by dynamics of the system. The one-period, initial effects de-
pend on comparative advantage, which, in turn, depends on relative magnitudes
of technology difference and the initial level of development of trading countries.
Depending on these parameters one country will be an exporter of manufactures
and the other will be an importer of the same. The former country, say Home,
will face a higher relative price of manufactures vis-a-vis autarky. Thus output and
employment in its manufacturing sector will increase and output and employment
in its services sector will fall. The opposite resource re-allocations will occur in the
other country.

Turning to dynamics, the intertemporal household optimization problem in
the two countries remains qualitatively unchanged from that in autarky, although
household-level parameter values may be different. The same Euler equation fol-
lows. Thus, both Ch

mt/w
h
t and Cf

mt/w
f
t grow at the rate ρaL.

Our first result is that

Proposition 2 In the free-trade-in-commodities-only regime, manufacturing out-
put and employment growth rates in both countries are same as in autarky. That
is, manufacturing employment in both countries grows at the rate ρaL and manu-
facturing output in both country grows at the rate (ρaL)α.

13



The proof is provided in Appendix 3. As discussed earlier, no growth effect on
the manufacturing sector stems from our assumption of log-linear sub-utility from
consuming manufactures which implies constant intertemporal rate of substitution
in consuming manufacturing.

gh
Nt gh

Nt

ρaL ρaL

Nho
0 N f o

0N f a
0Nha

0

Manufactures-Exporting Country Manufactures-Importing Country

Nh
t N f

t

Figure 6: Growth Effects of Trade in Commodities Only

To determine any growth effect on the services sector, note that the relation (13)
continues to hold in free-trade-in- commodities-only regime. Since Ck

mt/w
k
t grows

at the rate ρaL, the same growth equation holds for the services sector in both
countries.

However, the same growth equation does not imply zero growth effect of the
regime shift from autarky. There is an initial level effect on the services sector, and,
it affects transition and hence growth rate over time. Consider the manufactures
exporting country. As labor moves from the services sector to manufacturing, N0

falls, and thus there is a movement along the growth function. There is an initial
upward jump in the growth rate in the services sector. The opposite happens in
the manufactures-importing country. These effects are illustrated in Figure 6.

Proposition 3 As free trade in commodities is introduced, the manufactures-exporting
country experiences an upward jump in the growth rate of employment and output
in the services sector while the manufactures-importing country experiences a fall
in employment and output growth in the services sector. After these initial effects,
both economies traverse along the same growth function in the services sector.

The last proposition outlines within-country growth effects of trade in com-
modities on the services sector. Growth rates across countries can be compared
too. Suppose, initially, Nh

0 > N f
0 initially (which depends on the source compar-

ative advantage). The growth functions being the same across the two countries,
growth rates as functions of time exhibits the pattern shown in Figure 7.

Proposition 4 In the commodities-trade-only regime, at each instant of time the
growth rate of employment and output in the services sector is higher in the country
in which initially N0 is smaller.

14



ρaL

Time 

gk
Nt

Country in which N0 is higher

Figure 7: Cross-Country Comparison of Growth Rates in the Commodities Trade
Regime

Note from (20a)-(20c) that as long as countries differ in one of the three param-
eters (technology in the manufacturing sector, technology in the services sector or
initial level of development), the sign of Nh

0 − N f
0 is opposite of that of phit − pfit,

that is, a country which has comparative advantage in producing services produces
a higher total output of services. It then follows that

Proposition 5 Assuming that comparative advantage stems from differences in
one of the three parameters, in the commodities-trade-only regime, at each instant
of time the country having comparative advantage in producing services experiences
a lower growth rate of this sector compared to the other country, although in the
long run both growth rates approach ρaL.

Note the interesting contrast that within-country growth effects on the ser-
vices sector are dependent on comparative advantage in producing manufacturing,
whereas across-countries growth rates on the services sector depends on comparative
advantage in producing services.

4 Trade in Commodities and Services: “Grand

Free Trade”

Suppose the two economies, now, open up trade in services also. Let us call it
the grand free trade regime. Assume that services are provided internationally in
the cross-border mode. Consumers in each country now access service varieties
produced in both countries just as commodities. Since services are not perfect
substitutes, it amounts to a shift of the sub-utility function with regard to service
varieties. This implies a shift of the growth functions of services, which constitutes
the major difference compared to trade in commodities only.
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4.1 Static Equilibrium

The service baskets of home and foreign consumers have the expressions:

Ch
st =

[∫ Nh
t

0

qhhit
1− 1

σ di+

∫ Nf
t

0

qfhit
1− 1

σ di

] σ
σ−1

Cf
st =

[∫ Nh
t

0

qhfit
1− 1

σ di+

∫ Nf
t

0

qffit
1− 1

σ di

] σ
σ−1

,

where qhhi , qfhi , qhfi and qffi are respectively quantities provided by a (i) home
producer to home consumers, (ii) foreign producer to home consumers, (iii) home
producer to foreign consumers and (iv) foreign producer to foreign consumers. It
is assumed that the elasticity of substitution between a home and a foreign variety
is also equal to σ. The overall utility function remains unchanged as in (1) but the
sub-utility function contains varieties produced in both countries.

The static household optimization problem implies the prices of the services
basket in the two countries having the same expression:

pkst ≡
(∫ Nh

t

0

phit
−(σ−1)

di+

∫ Nf
t

0

pfit
−(σ−1)

di

)− 1
σ−1

, k = h, f.

The demand functions for individual varieties within a composite basket are:

qhhit = Ch
st

(
phit
phst

)−σ
; qfhit = Ch

st

(
pfit
phst

)−σ
(27)

qhfit = Cf
st

(
phit

pfst

)−σ
; qffit = Cf

st

(
pfit
pfst

)−σ
. (28)

The optimization conditions with respect to food, manufacturing and the service
basket remain unchanged. That is, (3) and (4) continue to hold.

The output of a service firm is allocated to consumers in both countries. Let
qhit ≡ qhhit + qhfit and qfit ≡ qfhit + qffit . The total revenue expression, for say a home
country service provider is

Rh
it = phit(q

hh
it + qhfit ) = phit

(
Ahphit

−σ
+ Afphit

−σ
)
, where Ak ≡ qksp

k
s

σ
, k = h, f

= (Ah + Af )phit
−(σ−1)

.

The costs are equal to

wht L
h
it =

wht
Sh

(qhhit + qhfit − 1) =
wht
Sh

[
(Ah + Af )phit

−σ − 1
]
.

Analogous expressions hold for the foreign country. Profit maximization leads
to same mark-up conditions:

phit
wht

=
σ

σ − 1
· 1

Sh
;

pfit
wft

=
σ

σ − 1
· 1

Sf
. (29)
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Together with the zero-profit condition they imply

qhit = qfit = σ − 1; Lhit =
σ

Sh
; Lfit =

σ

Sf
. (30)

Notice that competition forces each service provider to produce the same amount
as when trade in services was closed. With respect to allocation of a firm’s output
in the two markets and pricing,

Proposition 6 In grand free trade, as long as both countries produce services

qhhi = qfhi , q
hf
i = qffi , p

h
i = pfi .

Proof: We have

qhh

qfh
=
qhf

qff
=

(
phit

pfit

)−σ
.

This is equal to
qhh + qhf

qfh + qff
=
σ − 1

σ − 1
= 1,

implying the three inequalities.
Proposition 6 says that home and foreign varieties are priced equally. In view

of constant mark-up pricing, this implies that wages across two countries remain in
constant proportion over time:

wht
Sh

=
wft
Sf
. (31)

The equations characterizing static equilibrium in the grand free trade regime are
same as in free trade in commodities only, except the one pertaining to consumption
allocation, namely, (15). Instead, we have

(1− λ2)σwkt
λ2Sk

(
Nt +

δ

σ − 1
N−

1
σ−1

t

)
= Qh

mt +Qf
mt + 2pdtE, k = h, f, (32)

where Nt ≡ Nh
t +N f

t is the total number of service varieties available in the global
market.

This pair of equations, the pair of manufacturing production function, the pair
of first-order conditions with respect to employment in manufacturing (8), the pair
of full employment equations and the market clearing condition (26) solve Qh

mt,
Qf
mt, L

h
mt, L

f
mt, N

h
t , N f

t , wht , wft and pdt.
Unfortunately, it is hard to generally compare the magnitudes of variables in

grand free trade with those in free trade in commodities only, because trade in
services has elements of trade among dissimilar and trade among similar countries.

But it is worth exploring the case of trade among similar countries since it reveals
the symmetric effects (which are part of the overall effects) across the countries. In
this case, we have

Proposition 7 If the two countries are identical, a movement from free trade in
commodities only to grand free trade leads, in each country, to more employment
and output in the services sector and less employment and output in manufacturing.
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Intuitively, as households in either country are able to consume both home and
foreign varieties, at given price of a service variety, the composite price of the services
basket falls (due to more varieties being present in the basket). This implies less
quasi income and hence less expenditure on manufacturing. In equilibrium there is
less output and employment in manufacturing. Given full-employment, this implies
higher employment and output in the services sector.13

In other words, in both countries there is a resource reallocation from the man-
ufacturing sector to the services sector. These are one-period initial effects when
a permanent shift to grand free trade occurs. On the top of it, there will be
comparative-advantage led effects which are asymmetric.

4.2 Dynamics and Growth Effects

We now move back to the general case in which the two countries may be dissimilar.
Euler equations however are same as before. Thus,

Ck
mt+1/w

k
t+1

Ck
mt/w

k
t

= ρaL, k = h, f. (33)

As in case of free trade in goods only,

Proposition 8 Trade in services has no growth effect on output and employment
in the manufacturing sector in either country.

The underlying reason is the same: that is, constant intertemporal rate of sub-
stitution of consumption of the manufacturing good. Appendix 5 proves this propo-
sition.

However, trade in services has growth effects in the services sector which are
different from those of trade in commodities. Recall that in the commodities-trade-
only regime, there are country-specific own growth functions of the number of service
varieties (firms) in the sense that gNk

t
is dependent on Nk

t . In the grand free trade
regime, there is, instead, a growth function of the total number of service varieties
available globally, in the sense that the growth rate of Nt is dependent on the initial
value of the same. Furthermore, the growth rate of Nh

t or N f
t is function of both

Nh
t and N f

t .

Proposition 9 There exists a growth function of Nt, defined by

Nt+1 + 2δ
σ−1
N−

1
σ−1

t+1

Nt + 2δ
σ−1
N−

1
σ−1

t

= ρaL. (34)

Proof: Substitute (26) into (32) and eliminate pdtE. Next, use the global market-
clearing condition of manufacturing: Qh

mt +Qf
mt = Ch

mt +Cf
mt. By using (31) in the

resultant equation, we get

σλ1

λ2

(
Nt +

2δ

σ − 1
N

−1
σ−1

t

)
=

(
Sh
Ch
mt

wht
+ Sf

Cf
mt

wft

)
.

13Proof of this proposition is given in Appendix 4.
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The r.h.s. grows at the rate ρaL, implying (34).
An immediate implication is that

Corollary 1 The total number of global service varieties grows at a time-varying
rate higher than ρaL, which falls over time and becomes asymptotic to ρaL.

While the sum total of home and foreign varieties grows at a time-varying rate,
the difference between them grows at a constant rate. Appendix 6 proves that

Proposition 10 Nh
t −N f

t grows at the rate ρaL.

It then follows that

Corollary 2 The growth rates of Nh
t and N f

t satisfy

ghNt − ρaL
gfNt − ρaL

=
N f
t

Nh
t

. (35)

Note that eqs. (34) and (35) implicitly define the growth functions of Nh
t and

N f
t . It is clear that each growth function depends on initial values of both Nh

t and
N f
t . These equations also imply

Proposition 11 In both counries, employment in the services sector growth faster
than that in manufacturing.

Proof: In view of (35), either both ghNt and gfNt are negative or both are positive.
But if both are negative, gNt , which is weighted average of ghNt and gfNt, must be
negative. This contradicts that gNt has positive growth path.

We are now in a position to characterize within-country growth effects and
cross-country growth rate comparisons. Within-country effects are tractable in the
special case of identical countries. In this case, eq. (34) reduces to

gNt
1 + δ

21/(σ−1)(σ−1)
(gNtNt)

−σ/(σ−1)

1 + δ
21/(σ−1)(σ−1)

N
−σ/(σ−1)
t

= ρaL. (36)

This implies a different growth function of Nt compared to autarky or free
trade in commodities only, as indicated in (24). More specifically it lies below its
counterpart in autarky or free trade in commodities.14 This is illustrated in Figure
8.

Intuitively, it is the shift of the sub-utility function with respect to service vari-
eties that causes the shift of the growth function. As the number of varieties are,
per se, valued, service trade tends to lower the price of the service basket. Quasi
real income falls. The service basket becomes less unessential and more like the
manufacturing good. Income elasticity of demand for services gets closer to one.
As a result, its growth rate becomes closer to that of manufacturing. This amounts
to a downward shift of the growth function.

We already know the initial level effect. Combining the two effects, the overall
growth effect is then evident from Figure 8.

14Instead of δ
σ−1 in the l.h.s., now it is δ

21/(σ−1)(σ−1) , which is less than δ
σ−1 . Hence the directional

impact of this on gNt at given Nt is same as that of an increase in Nt on gNt – which is negative.
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Figure 8: Growth Effects of Trade in Services when the Two Economies are Identical

Proposition 12 If the two countries are identical, a movement from commodities-
trade only (or from autarky) to grand free trade entails a downward jump in the
growth rate of employment and output in the services sector, after which it gradually
declines and becomes asymptotic to ρaL.

Finally, growth rates across countries can be compared via the relation (35). It
implies that ghNt R gfNt as Nh

t Q N f
t . Thus,

Proposition 13 As in the regime of commodities trade only, the country in which
the initial production of the servi

5 Concluding Remarks

In early stages of development, agriculture dominated an economy. Then manu-
facturing became the sector that defined an economy’s state of development. Now
it is the service sector that is becoming ubiquitous in the world economy. At the
same time, the IT sector revolution has dramatically lowered the transaction costs
associated with exporting or importing services. Trade in services is a growing
phenomenon too.

The present paper is an attempt to link the two: trade in services and growth
of the services sector. The central question the paper addresses is, how openness
in trade in commodities and services may affect the growth of an economy, espe-
cially that of the services sector. The paper explores a particular channel through
which trade may affect economic growth, i.e., the nature of consumer services in
preferences. Our analysis features that, compared to manufactures, services are a
‘luxury’ good, less essential – such that the income elasticity of demand for services
is greater than unity.

It is shown that the impact of free trade in commodities and services on growth
depends on the pattern of comparative advantage in producing manufactures and
services.
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A major limitation our analysis lies in its specifications which imply no growth
effect of trade regime changes on the manufacturing sector; all growth effects are
confined to the services sector. One straightforward way to accommodate it would
be assume that manufactures have become such a necessity that a minimum pos-
itive level of consumption of it is ‘required’ (as in Matsuyama (2009)). Another
important extension will be to incorporate business services which are the fastest
growing component within the basket of services. Business services serving as pro-
duction inputs in the manufacturing sector, freer trade in business services would
affect growth of the manufacturing sector. A model based on physical capital ac-
cumulation in which investment goods are a part of manufactures only would also
imply growth effects of trade policy changes in manufacturing.

Exploring these extensions so that a more comprehensive growth effects of trade
policy changes emerge is uncovered is on our current research agenda.
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Appendix 1

Free Entry and Exit Stability analysis for the Services Sector in Autarky

Assume for notational simplicity that M = S = 1. By substituting the manufac-
turing goods market clearing Cmt = Qmt and (12) into (4) we obtain,

Qit = Qi(wt
−
, Nt

?
) ≡ σ − 1

σNt

·
Qmt(wt

−
)

wt
− δ

Nt

σ
σ−1

.

Using the above expressions and the price-markup condition for services, the equi-
librium profit of a service firm i can be expressed as

πit ≡ πit(wt
−
, Nt

?
) =

wtQi(wt, Nt)

σ − 1
− wt,

where we have used that Qit = Lit − 1.
Stability of entry and exit processes requires ∂πit/∂Nt < 0. By using Samuel-

son’s correspondence principle, we shall prove that stability ensured if and only if
in Figure 1, the solution of Nt lies in the rising part of the G(Nt) function.

In equilibrium, πit(wt, Nt) = 0. Differentiating it,

dNt

dwt
= −∂πit/∂wt

∂πit/∂Nt

.

We know that ∂πit/∂wt < 0. Hence the signs of dNt/dwt and ∂πit/∂Nt must be
the same. Now turn to Figure 1. If the solution of Nt is at a point such as N ′

(respectively N ′′), dNt/dwt > (<) 0. It implies ∂πit/∂Nt > (<) 0 and thus free
entry-exit equilibrium is unstable (respectively stable).

Therefore, stability-consistent solution of Nt lies on the rising arm of G(Nt) in
Figure 1.

Appendix 2: Proof that dgNt/dNt < 0 from eq. (24)

Define y ≡ δ
σ−1

N−
σ
σ−1 and x ≡ gNt. Eq. (24) can be expressed as

y =
x− ρaL

ρaL − 1/x
1

σ−1

,

where x > ρaL > 1. To show dgNt/dNt < 0, it is equivalent to prove dy/dx > 0.
Totally differentiating,

dy

dx
=

J1

(ρaL − 1/x
1

σ−1 )2
,

where

J1 ≡ ρaL −
1

x1/(σ−1)
− 1

σ − 1
· x− ρaL
xσ/(σ−1)

.

dy/dx > 0 if and only if J1 > 0. Note that J1 increases with ρaL. Hence

J1 > J2, where J2 ≡ 1− 1

x1/(σ−1)
− 1

σ − 1

x− 1

xσ/(σ−1)
.
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It is sufficient to prove J2 > 0. We write J2 as

J2 =
1

(σ − 1)x1/(σ−1)
J3, where J3 ≡ (σ − 1)x

1
σ−1 +

1

x
− σ.

It is straightforward to derive that for any given σ, J3 attains global minimum at
x = 1. Substituting x = 1 into J3, for any given σ, we obtain min J3 = 0. Hence
J2 ≥ 0. In turn, J1 > 0, implying dy/dx > 0.

Appendix 3: Proof of Proposition 2

Consider the budget constraint (14) of the representative household. Since services
are not traded, pstCst, which is the revenue generated in the services sector, is
equal to labor income generated in that sector. Using this as well as the first-order
conditions (3) and (8), the budget equation gives:

1− λ2

λ1

Cmt =
wtLmt
α

+ podtE.

This holds for each country. Substituting into it the international market-clearing
condition (26) and relation (8) for each country gives rise to

(1 + λ1 − λ2)wht L
h
mt + (1− λ1 − λ2)wft L

f
mt = 2α(1− λ2)Ch

mt

(1− λ1 − λ2)wht L
h
mt + (1 + λ1 − λ2)wft L

f
mt = 2α(1− λ2)Cf

mt.

Next, we divide the first and the second equation respectively by wht and wft and
use that wht /w

f
t = (Mh/M f )(Lhmt/L

f
mt)
−(1−α). This gives

Lhmt
1−α
(
k1L

h
mt

α
+
k2

ζ
Lfmt

α
)

=
Ch
mt

wht
(A.1)

Lfmt
1−α
(
k2ζL

f
mt

α
+
k1

ζ
Lfmt

α
)

=
Cf
mt

wft
. (A.2)

where k1, k2andζ are some positive constants.15 Since the r.h.s.s of the above equa-
tions are growing at the rate ρaL, their l.h.s.s must be proportionate to each other.
That is,

Lhmt

Lfmt
·
k1 + k2

ζ

(
Lhmt
Lfmt

)−α

k2ζ
(
Lhmt
Lfmt

)α
+ k1

= K,

where K, a function of initial values, is time-invariant. It is easy to show that
the l.h.s. of the above equation increases monotonically with the ratio, Lhmt/L

f
mt.

Moreover, l.h.s. approaches 0 or ∞ as this ratio approaches 0 or ∞. Hence there
exists a unique solution to the above equation and therefore the ratio of employment
remains constant over time. Using this, the l.h.s. of (A.1) is linear in Lhmt; similarly,
the l.h.s. of (A.2) is linear in Lfmt. Because Ch

mt/w
h
t and Cf

mt/w
f
t grow at the rate

ρaL, so do Lhmt and Lfmt.

15

k1 =
1 + λ1 − λ2
2α(1− λ2)

; k2 =
1− λ1 − λ2
2α(1− λ2)

; ζ =
Mh

Mf
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Appendix 4: Proof of Proposition 7

Proof: Consider eqs. (8), (11), (15) and (26) pertaining to free trade in commodities
only. Eq. (11) yields a negative schedule between Lmt and Nt. This is shown in
Figure 9 and marked as FF . If we substitute (8) and (26) into (15) and eliminate
wt and pdt, we obtain

Lmt =
σαλ1

λ2

(
Nt +

δ

σ − 1
Nt
− 1
σ−1

)
. (A.3)

This posits a positive locus between Lmt and Nt, shown as DD in Figure 9 (as long
as the solutions of Nt occurs on the rising portion of the G(N) function).

DD1: Grand Free Trade

DD: Free Trade in
Commodities Only

Nt

Lmt

Nb
t

No
t

Lo
mtLb

mt

Figure 9: Initial Level Effects of Trade in Services when the Two Economies are
Identical

Now turn to static general equilibrium in grand free trade. The schedule FF
continues to hold. By substituting (8) and (26) into (32), we again eliminate pdt.
Next we use Nt = 2Nt. The resultant relation is:

Lmt =
σαλ1

λ2

(
Nt +

δ

2
σ
σ−1 (σ − 1)

Nt
− 1
σ−1

)
. (A.4)

It defines a positive schedule between Lmt and Nt and is shown as DD1 in Figure 9.
It is easy to see that DD1 lies to the left of DD. Solutions in commodities-trade-
only and grand free trade regimes are marked by superscripts o and b respectively.
We see that N b

t > N o
t and Lbmt < Lomt.

Appendix 5: Proof of Proposition 8

Eqs. (7), (8) and (31) together imply

Lhmt

Lfmt
=

(
M fSh

MhSf

) −1
1−α

≡ φ (A.5)
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Just an in case of trade in commodities only, we add the household budgets
across two countries, and substitute in it (8), (11) and the market clearing condition
Ch
dt + Cf

dt = 2E. We then obtain

whLhm + wfLfm
α

= Ch
m + Cf

m. (A.6)

Using (31) and (A.5), the above relation implies

Lfmt =
1

1 + Φ

(
Sh

Sf
· C

h
mt

wht
+
Cf
mt

wft

)

where Φ = φSh/Sf .
Because Ck

m/w
k, k = h, f grows at the rate ρaL, it follows that Lfmt and thus Lhmt

grow at the rate ρaL. Further, the manufacturing output in either country grows
at (ρaL)α. Hence there are no growth effects on the manufacturing sector.

Appendix 6: Proof of Proposition 10

The household’s problem, the manufacturing sector’s problem and the labor market
clearing condition has not changed from autarky. To get the dynamics of Nk, we
simplify the household budget by substituting the household optimization condi-
tions (3)-(4), the manufacturing sector’s profit maximisation condition (8) and full
employment condition (11) into (14) and rewrite as

Sk

λ1

Ckb
mt

wkt
− δSk p

b
st

wkbt
− SkLkbmt

α
− SkEpbdt

wkbt
= σNkb

t . (A.7)

The growth rate of Ch/wh and Cf/wf are equal. Due to factor price equaliza-
tion, ShEpbdt/w

h = SfEpbdt/w
f . From the expression of composite price of services

(??) we get that ShpbS/w
h = SfpbS/w

f . We already know that manufacturing em-
ployment in both countrie grows at ρaL. Hence on taking a difference of the above
budget equation for home and foreign country, we get that Nh − N f grows at the
rate ρaL. Hence

Nh
t+1 −N f

t+1

Nh
t −N f

t

=
ghNtN

h
t − gfNtN

f
t

Nh
t −N f

t

= ρaL.

Rearranging the terms in the above equation yields (35).
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