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Abstract
We consider a g-analogue of the distance matrix (called the g-distance matriz) of an
unweighted tree and give formulae for the inverse and the determinant, which generalize
the existing formulae for the distance matrix. We obtain the Smith normal form of the
g-distance matrix of a tree. The relationship of the g-distance matrix with the Laplacian
matrix leads to g-analogue of the Laplacian matrix of a tree, some of whose properties
are also given. We study another matrix related to the distance matrix (the exponential
distance matriz) and show its relationship with the ¢g-Laplacian and the g-distance matrix.

A formula for the determinant of the g-distance matrix of a weighted tree is also given.
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1 Introduction

In this paper, we consider a g-analogue of the distance matrix of a tree and call it the
g-distance matrix. The inverse and the determinant of the matrix are obtained when the
tree is unweighted. We also define some related matrices and study their properties. For
a weighted tree, we obtain a formula for the determinant of the g-distance matrix.

We refer the reader to the book by Harary [6] for basic definitions and terminology
in graph theory. We start with some definitions. A tree is a simple connected graph
without any circuit. A weighted tree is a tree in which each edge is assigned a weight,
which is a positive number. So, an unweighted tree is simply a tree with each edge having
weight 1.

Let e,0 be the column vectors consisting of all ones and all zeros, respectively. Let
J = ee! be the matrix of all ones. For a tree T' on n vertices, let d* = (dy,ds,...,d,),
6 = 2e —d and z = d — e, where d; is the degree of the it vertex of 7. Note that
0+z=e.
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Let T be a tree on n vertices. The distance matrix of a tree T' is a n x n matrix D
with D;; = k, if the path from the vertex ¢ to the vertex j is of length k; and D;; = 0.
The Laplacian matriz, L, of a tree T is defined by L = diag(d) — A, where A is the
adjacency matrix of T

The distance matrix of a tree is extensively investigated in the literature. The first
known result concerns the determinant of the matrix D (see Graham and Pollak [5]),
which asserts that if 7" is any tree on n vertices then det(D) = (=1)""!(n — 1)272.
Thus, det(D) is a function dependent on only n, the number of vertices of the tree. The
formula for the inverse of the matrix D was obtained in a subsequent paper by Graham
and Lovasz [4]. Their result was extended for a weighted tree by Bapat et al [1]. In
Section 2, we extend the result of Graham and Lovasz by considering a new distance
matrix, termed the ¢-distance matrix, denoted D = (D;;) and defined as follows:

Let T be a tree on n vertices and D = (D;;) be its classical distance matrix. For an

indeterminate ¢, we define

D _ 14g+¢+-+¢! ifDy=k
Y 0 if i = j

Figure 1: An Unweighted Tree on 6 vertices

For example, the distance matrix D, of a tree T' shown in Figure 1 is given by

0 1 1+q 14+q¢ 14+q+¢ 1+q+¢*
1 0 1 1 1+gq 1+gq
p_ | 1+a 1 0 l+q 14+q¢+¢ 1+q+¢°
1+¢ 1 1+¢ 0 1 1
1+q+¢* 14+q 1+q+¢* 1 0 l+g
1+q+q¢® 1+q 14+qg+¢* 1 1+¢q 0 |

Each element of D is a polynomial in the indeterminate ¢q. For convenience we denote
the matrix simply by D and suppress the dependence on ¢ in the notation. Observe that
D is an entrywise nonnegative matrix for all ¢ > —1.

In Section 2, we obtain an expression for D~ when ¢ # —1. In Section 3, we use the

expression for D! to define a generalization, called the ¢-Laplacian, corresponding to the



Laplacian matrix L of a tree. We also define a related matrix, the exponential distance
matrix, and examine its properties in relation to the Laplacian. Section 4 deals with the
invariant factors and Smith normal form of the g-distance matrix. The determinant of
the g-distance matrix for a weighted tree is given in Section 5. The formula contains the

classical formula of [5] as a special case.

2 ¢-distance matrix of a tree

In this section, we extend certain results on distance matrices obtained by Graham and
Pollak [5] and Graham and Lovasz [4].

Most of the proofs in this paper are based on mathematical induction on the number
of vertices of a tree T. So, in the induction step, we start with a tree T having a pendant
vertex k-+1 with vertex k adjacent to it. The tree T is defined as T'\ {k+1}. Then, using
the matrices D, L,z corresponding to the tree T, we define the corresponding matrices
D, L and z of the tree T. That is, we have

Z + eg

_ D Dey] -
etda e’“] L= (2.1)

e’ + qel D 0

L +erel —eg
—el 1|’

We start with the main result of this section.

THEOREM 2.1 Let D be the q-distance matriz of a tree on n vertices and q # —1. Then

1
n—1

e= D (e - qz). (2.2)

Also, D is invertible, and

1 1

D= m-Di+a" Ttq

L, (2.3)
where £ = qL — (¢ — 1)1 + q(q — 1)diag(z) and U = (e — qz)(e — qz)'.

Proof. We prove the result by induction on n. Let n = 2. In this case, the matrices

D, L and z are defined as follows:

0 1 1 -1
7L: 7Z:
1 0] [—1 1]

So LD(e — qz) = De = e. Thus, (2.2) is true for n = 2. Also, for n = 2 and ¢q # —1,

’ n—1

the right hand side of (2.3) reduces to

D=

_ q%(‘ﬂ)_”‘]):—(‘mw)
= D=D"!



Hence, (2.3) holds for n = 2. We now assume that both the results are true for n = k.
Let us prove the result for n = k + 1.
We first prove (2.2). That is, we need to show that D(e — gz) = ke. From now on,

we will use the expressions for D, L,z from (2.1). In this case, we have,

e—q(z+ey)

@(e—qé) = .

D e+ qDek]
el + qe};D 0

(2.4)

D(e — qz) — qDey, + e + qDey,
(e + gelD) (e — q(z +ey))
We calculate the two blocks separately using the induction hypothesis. The first block

is given by
D(e — qz) — qDej, + e + qDey, = (k — 1)e + e = ke. (2.5)

Note that e’z =e!(d —e) =2(k — 1) — k =k — 2. So,
e'le —qz) =k —q(k —2). (2.6)
Therefore, using (2.6), the second block reduces to

(et + qe',i,D) (e —q(z+ ek)) = k—qlk—-2)—q+ qe}ZD(e — qz) — ¢%el Dey,
= k—qk—1)+qel(k—1)e—¢*-0=k. (2.7)

Therefore, by substituting the results from (2.5) and (2.7) in (2.4), the proof of (2.2) is

complete, as
_ k
D(e — qi) = !k:e] = ke.

Under the assumption that ¢ # —1, we now prove that the matrix D~! is indeed
given by (2.3). By the induction hypothesis, we assume that D is an invertible matrix
and use it to show that D is invertible. From (2.1), note that D is a block matrix and is
given by

D e+ qDek]

e' + qel D 0
o |Ann A, . =
Thus, if is the inverse of D, then we need to show that
21 Az
Ay = D' 4D e+ qDer)W (e + qDey)'D! (2.8)
and A = —D e+ qDep)W ! (2.9)

where W = 0 — (e + qDep)!D (e + qDer) = —(e + qDer)! D71 (e + qDey,) is a 1 x 1
(e — qz).

matrix. From the induction hypothesis and (2.2), observe that D~ 'e = 1



Therefore, using (2.6), we get

-W (e! + qel. D)D" (e + qDey) = e'D e + geley + qele + ¢el Dey,

1 k
= k_l(et(e—qz))+2q—|—q2-0:m(l—}—q). (2.10)

We will prove (2.8) and (2.9) in two steps.
Step 1: Using (2.10) and the induction hypothesis,

Ay = D'+ D e+ qDep)W (e + qDey) D!
_ 1 k- -1 ty—1 t
= D " g (D~ 'e + qer) (D" + qe})]
U L k=1 [(e—gz)(e—qz)’
(k=1D(+q) 14+q k(1+4q) (k—1)?
qle —qz)e}, | qer(e—qz)" 5
+ 1 + 1 + q°erey,
u £ q((e — qz)el + ep(e — qz)t) B (k —1)qexel, (2.11)
k(1+q) 1+g¢ k(1 +q) k(1+q) '
and
A = D et Do) W = (e —a7) +ger ) 1
k—1 k(1+q)
1
= — k—1 . 2.12
RO+ (e —qz+q(k — ey) (2.12)
Step 2: We now determine the matrices £ and U. Using (2.1) and (2.3), we have
L = qL—(q—1)I+q(q—1)diag(2)
L+ epel | —ey I diag(z) | O
| e ) of ae—1)| 0
L 2 t _
_ +tq ekek qek 7 (213)
and
- _ o _ e—q(z+eg
U = (e—qz)(e—qz)' = (1 ) [ (e —q(z +ep)) ‘ 1 }

U~ g((e - quel, + exle — qz)) + dPerel
((e — qz) — gey,)"

(e — qzl) — g€k ] L (2.14)

Thus, using (2.13) and (2.14), the first block of the matrix D! is given by

1 - 1 U L
U——f = 4 =
k(14 q) 1+gq E(1+q) 144
_q((e —qz)el, +e(e — qz)") _ (k=1)g%exe}, (2.15)
k(1 +q) k1+q) '



and the second block of the matrix D~ lis given by

1 1

m(—qek) ~

] (e—qz+q(k—1)ey). (2.16)

1
m((e —qz) — qek) -

The expressions (2.11) and (2.12) are respectively, equal to the expressions (2.15) and
(2.16). Hence, if the two sides of (2.3) are partitioned conformally as in (2.1), then the
(1,1) and (1,2) blocks on both sides are equal. By symmetry, the (2,1) block on both
sides are also equal. Since a tree has at least two pendant vertices, we can repeat the
argument using the second pendant vertex and thus conclude that the (2,2) block on
both sides of (2.3) are equal. Thus, by the induction hypothesis, we obtain the required
result. [ |

For ¢ = 1, the Theorem 2.1 reduces to the inverse of the distance matrix D, obtained

by Graham and Lovasz [4].

COROLLARY 2.2 Let T be a tree on n vertices and let D be its distance matriz. Then

1
2(n—1)

1

D= 2(n — 1)

1 1
— —z) - 2L = 56t — Z L.
(e—2z)(e—12) 5 5

3 Exponential distance matrix of a tree

We now define another matrix using the distance matrix of a tree. Let T be a tree on
n vertices and let D = (D;;) be its distance matrix. We now consider an n x n matrix
1 ifi=j

¢ ifiAt]
PROPOSITION 3.3 Let T be a tree on n vertices and F be the corresponding exponential
distance matriz. If ¢ # +1 then

F = (Fj;), called the exponential distance matrix, with Fj; = {

o S S R diag(d).
1—¢? 1—¢2

Proof. We will prove the result by induction on n. The result can be easily verified
for n = 2. Let the result be true for n = k, and let T be a tree on k + 1 vertices with
k+ 1 being a pendant vertex and the vertex k being adjacent to k 4+ 1. As before, let the
tree T =T\ {k+ 1}. Suppose F, F respectively, represent the matrices corresponding to

the trees T and T. Then
_ F
F=|" 4
q 1

g = (P, qPren P Pt = g = 1), (3.17)

9

where for any ¢q € R,



We are now ready to prove the formula for F~!. Note that by induction hypothesis, for

A A _
q # £1, F is already invertible. So, if 1 A12 is the inverse of F', then we need to
21 A2
show that
A =F '+ FlqgWw {(F'q), and Ap=-F'qW !, (3.18)

1
where W =1—-q'F~!q. As Fep, =~-q, W =1—¢? Thus,
a a g 3

q

1 q
_ -1 t_ 1 t _
An=F"+ . (gex)(qer)" = F + . qukek and A = —1_—quk. (3.19)
Also, from the statement of the proposition and (3.19),
-1 q 'S
F = I- T q2A+ T q2d1ag(d+ er)
q ¢’ @ v, ¢
= - = q2A+ T q2d1ag(d) + 1_—q2ekek =F" + T q2e;€ek
= Ay (3.20)
and
—1 q
F12 =0- 1_q2ek :AIQ. (321)

Therefore, from (3.20) and (3.21), if the two sides of F~! are partitioned conformally
as in (2.1), then the (1,1) and (1,2) blocks on both sides are equal. By symmetry, the
(2,1) block on both sides are also equal. Since a tree has at least two pendant vertices,
we can repeat the argument using the second pendant vertex and thus conclude that
the (2,2) block on both sides of (2.3) are equal. So, by the induction hypothesis, the
required result follows. [ |

Comparing the expression for D! given in (2.3) with the one given by Bapat et al
(see (2.1) in [1]), we introduce the g-Laplacian matrix, £, of a tree T' by

L=qL—(q—1)I+ q(q— 1)diag(z). (3.22)
That is, if v;, v; are any two vertices of the tree T, then

1+ (deg(v;) —1)g® ifi=j
0 le 75 j, (vi,vj) ¢ E(T)

~—

REMARK 1 The g-Laplacian matriz L reduces to
1. L = diag(d) — A = L, the Laplacian matriz of a tree whenever q = 1.

2. L = diag(d)+ A, the signless Laplacian matriz of a tree (see [7]), whenever ¢ = —1.



We now state a few properties of the g-Laplacian matrix L.

PROPOSITION 3.4 Let T' be a tree on n vertices and let L be the q-Laplacian matriz.
Then

1. det(£) =1 —¢>
2. the matriz L is positive definite if and only if g € (—1,1).

Proof. We use induction to prove both parts of the proposition. The result is clearly

true for n = 2 as the corresponding matrix is given by £ = [ )
—q

det(£) =1 —¢* > 0 if and only if ¢ € (—1,1).

Let us assume the result to be true for n = k. We now prove the result for n = k + 1.
As before, let T be a tree on k + 1 vertices. Let k + 1 be a pendant vertex adjacent to
vertex k. Then in the block form, £ is given by

7 [quke}fC +L —qek]
—qe}‘/€ 1

Thus, by the induction hypothesis
det(L) = 1-det(q’ege}, + L — (—qey) - 171 - (—qe},)) = det(L) =1 — ¢*. (3.23)

Hence by the induction argument the proof of the first part is complete.

For the proof of the second part, observe that, by the induction hypothesis, £ is a
positive definite matrix. So, the matrix q2eke}tC + L is also a positive definite matrix.

We now suppose that £ is a positive definite matrix. Then det(£) = 1 — ¢® must be
positive. That is, we need ¢ € (—1,1).

If g € (—1,1), then det(£) = 1 —¢? > 0. Also, by the induction argument, the matrix
qzeke}tC + L, which corresponds to the first block of the matrix £, is positive definite.
Hence, the matrix £ is itself a positive definite matrix.

Therefore, by the induction argument the proof of the second part is also complete.

The proof of the following corollary is omitted as it is an immediate consequence of

Proposition 3.4 and Remark 1.

COROLLARY 3.5 Let T be a tree on n vertices. Then the q-Laplacian matriz L of T is

positive semidefinite for ¢ = —1, 1.

The next proposition gives a bound on the smallest eigenvalue of the ¢-Laplacian

matrix L.



PROPOSITION 3.6 Let T be a tree and let L be the q-Laplacian matriz. If (L) denotes
the smallest eigenvalue of L, then 7(L) < 1 for all ¢ € R. Also, 7(L) = 1 if and only if
q=0.

Proof. If ¢ = 0 then £ = I and hence 7(£) = 1. For ¢ # 0, consider a tree T
with 1 as a pendant vertex. Suppose the vertex 2 is adjacent to 1 and has degree d.
1 —q
—q 1+ (d-1)¢*
characteristic polynomial of this submatrix is p(\) = (A — 1)? + ¢*(d — 2 — (d — 1))).
Note that p(%) > 0 and p(1) < 0 (¢ # 0). As p()) is a continuous function of A,
by the intermediate value theorem, there exists a real number zy € (%, 1) such that

Then the 2 x 2 matrix M = [ ] is a submatrix of £. Note that, the

p(zo) = 0. So, by the interlacing eigenvalue theorem 7(£) < 1. Therefore, the required
result follows. m

We now show that for |¢| > 1, £ has exactly one negative eigenvalue.

PROPOSITION 3.7 Let T be a tree and let L be the q-Laplacian matriz. Then for |q| > 1,

L has exactly one negative eigenvalue.

Proof. The result is clearly true for n = 2, as det(£) = 1 — ¢> < 0 for |¢| > 1. So, let
us assume the result to be true for n = k. We now prove the result for n = k 4+ 1. As
before, let T be a tree on k41 vertices. Let k -+ 1 be a pendant vertex adjacent to vertex

20 ot
exe,. + L —qe I qe
q €€ qk].LetQ:[ q€r;

k. Then in the block form, £ is given by £ =
—qe}’/C ot 1

L 0
ot 1
theorem, the matrices £ and B have the same inertia. Therefore, the conclusion follows

Then it is easy to verify that QLQ' = = B(say). Then by Sylvester’s inertia

by appealing to the induction hypothesis. ]

We now relate the two matrices £ and F. By definition,

e S B & diag(d) =
1—¢2 1—¢2 1

_1q2 (1= ¢*)1 —gA+¢diag(d)). (3.24)

L = qL—(¢—1I+q(q—1)diag(z)
= ¢(diag(d) — A) — (¢ — 1)I + q(q — 1)diag(d —e)
= (1-¢HI - qA + ¢*diag(d) (3.25)
Thus, from (3.25) and (3.24), we see that (1 — ¢?)F~! = L. Hence, we arrive at the

following lemma.

LEMMA 3.8 Let T be a tree on n vertices and let F be the corresponding exponential

matriz. If L is the q-Laplacian matrixz and q # £1, then
A-@)F =L



Using the above lemma, we get the following corollary to Proposition 3.4.

COROLLARY 3.9 LetT be a tree on n vertices and let F' be the corresponding exponential
matriz. Then F is a positive definite matrixz for ¢ € (—1,1).

Proof. Note that a matrix A is positive definite if and only if A~! is positive definite.
By Proposition 3.4, we know that £ is positive definite for all ¢ € (—1,1). Also, 1—¢? > 0
for all ¢ € (—1,1). So, by Lemma 3.8, F~! is a positive definite matrix and hence F itself

is a positive definite matrix. [ |

4 Invariant factors of the g-distance matrix
We first prove a preliminary result.

LEMMA 4.10 Let T be a tree on n > 3 vertices. Then one of the following holds:
1. T has a pendant vertex adjacent to a vertex of degree 2.

2. T has 2 pendant vertices adjacent to the same vertex.

Proof. Let P = [uy,ug,...,up_2,up_1,ur] be a path corresponding to the diameter
of T. Note that as n > 3, k > 3. If degy(ux—1) = 2 then the first condition holds.

If degy (ug—1) > 2, let v be another vertex adjacent to ug_1, other than ug_s and wuy.
Since the diameter of T is the same as the length of P, it follows that degy(v) = 1. Thus
Case 2 holds. [ |

Recall that a square matrix A with polynomial entries over R is called unimodular
if det(A) is a nonzero real number. For our purpose, we use the word “unimodular” to

describe a matrix which satisfies the stronger condition that its determinant is +1.

THEOREM 4.11 Let T be a tree on n > 3 vertices and D be the q-distance matrixz of T.

Also, let n be a pendant vertex. Then there exists a unimodular matriz U, such that

e

=1

U,DU! =

and Upe, = e,.

10



0 1 1+4¢

Proof. We will prove the result by induction on n. Forn =3, D = 1 0 1
1+q 1 0
1 0 0f |1 0 0
Let P,=|0 1 0] |0 1 0| . Then
-1 0 1] |0 —(14¢) 1
0 1 0
P,DP:= |1 0 0 and Pye, = e,.
0 0 —2(1+q)

So, the statement is true for n = 3. Let the statement be true for n = k and T be a tree
on k+ 1 vertices with k+ 1 as a pendant vertex. We will prove the result by considering

two cases.

Case 1: Suppose that the vertex k+1 is adjacent to the vertex k of degree 2 (Figure
2).

Figure 2: Figure for Case 1

Let the vertex k be adjacent to the vertex k — 1. Then the matrix Dy has the form

Di—1 e+ qDi_1e5-1 e+qe+ ¢*Dy_1e5_1
Diy1 = (e + qDy_1€5-1)" 0 1 ;
(e +ge + ¢°Dy_1er1)" 1 0

where Dj_1 is the polynomial matrix corresponding to the tree T'\ {k, k +1}. Let E;; =
eiez- and define P, = I — (1 + q)Ej41,. Then

Di—1 e+ qDi_1e,—1 —qDp_1€ep_1
PDpy1 Pl = |(e+ Dy 1ep_1) 0 1
(—quflekfl)t 1 —2(1 + q)

Now taking P> = I + qEj41 k-1, we get

Dy 1 e+ qDr 1€, 1 0
P,P\Dy 1 P{Py = |(e+ qDy_1€_1)" 0 1+g¢q
0 1+4+g¢ —2(1+gq)

11



Note that the upper left 2 x 2 block matrix is nothing but the g-distance matrix Dy of
the tree T'\ {k + 1}. Observe that for this tree, the vertex k is a pendant vertex. So, by

the induction hypothesis, there exists a unimodular matrix U; such that

k=2 ¢ .
01 1
Ui DyU{ = X 0]@[_1—1,_ (1—|—q)} and Uje, = ey.
i
i=1
Thus,
U O Ut 0 M UD Ut 1 U
' PP Dy PPY| ! - 1 ktlt (1+q)Uex
! 1 |(L+qeUl —2(1+9)
[0 1 -
1 0

00 —2(1+¢q) - 0 0

—5(+aq) [ 1+g

I 1+q —2(1+q) |
So, taking P3 =1 + %E;ﬁﬂ,k, we have
U, 0 P 15 Y R [ S | R R
Py P,P, Dy, 1 PLP} , P = X 0] Q_? [— —(1+ q)] .
It can be easily verified that
U, 0 Ur

PyPregy1 = ey

det <P3

Case 2: Suppose that the vertices k 4+ 1 and k are both pendant and are adjacent

P2P1> =1 and P3

to the vertex k — 1 (see Figure 3).

E+1

Figure 3: Figure for Case 2

In this case, the matrix Dg4; has the form

Dy e+ qDi_1e_1 e+ qDy_1ep_
Dyt1= |(e+ qDr_1€x—1)" 0 l1+gq
(e 4+ ¢Dj—1€5-1)" 1+g¢ 0

12



Let us take Py = I — Ej1 ). Then

Dy e+ qDy_1er1 0
P\Dy1P{ = |(e+ qDy—_1e4-1)" 0 1+q
0 14+¢ —2(1 + q)

Note again that the upper left 2 x 2 block matrix is nothing but the g-distance matrix Dy,.
Observe again that for this tree, the vertex k is a pendant vertex. So, by the induction

hypothesis, there exists a unimodular matrix U; such that

U\Dy Ut =

k—2 .
01 1
@[—Zf (1+q)} and Uey = eg.
1 0] .53 ?

So, taking P3 =1 + %Elz—i—l,k? we have
k—1

b [—i:1(1+q)]-

=1

U, 0
0

Ut o
1

P3 P\Dy 1P} Pl =

01
1 0

Uy 0

It can be easily verified that

det (Pg

Hence, by the induction hypothesis, the statement holds for all n > 3. ]

Uiy 0
Pregi1 = epq1.

P1> =1 and P3

As a corollary to Theorem 4.11, we get the following result about the inertia of the
matrix D. Recall that inertia of a Hermitian matrix A is defined as the triplet (p,n, 2),

where p,n, z are the number of positive, negative and zero eigenvalues of A, respectively.

COROLLARY 4.12 Let T be a tree on n vertices, n > 3. Also, let D be the corresponding
q-distance matriz. Then the following hold:

1. if ¢ > —1, then the inertia of D is (1,n — 1,0).
2. if ¢ < —1, then the inertia of D is (n — 1,1,0).
3. if g = —1, then the inertia of D is (1,1,n — 2).

Proof. Since the matrices D and UDU! are congruent, the result follows from
Sylvester’s law of inertia. [ |

It may be remarked that when ¢ > —1, D is an elliptic matrix with a zero diagonal
in the sense of Fiedler [3]. Also, for ¢ = 1, the ¢g-distance matrix is the distance matrix,
and one gets the well known result (see Theorem 3, [5]) that the distance matrix has
exactly one positive eigenvalue and n — 1 negative eigenvalues.

As another application of Theorem 4.11, we obtain the Smith normal form of the

g-distance matrix.

13



COROLLARY 4.13 Let T be a tree on n > 3 vertices and D be the q-distance matrixz of

T. Then there exist unimodular matrices U,V such that

(1) (1)] :é:Bj {—i:1(1+q)],

UDV =

a diagonal matriz.

Proof. Let n be a pendant vertex of T. By Theorem 4.11 there exists a unimodular

0 1|n=2 .
matrix U, such that U, DU} = Lo @ [-2L(1+ ¢)] . Note that the matrix U,D'U,
i=1

is not a diagonal matrix. This matrix differs from the diagonal matrix only in the first

01
block. Therefore, if we take U = <[1 0] ) I) U, and V = U!, then the new matrix

n—2

. [—H; (1+Q)]

=1

1 0
UDV =

is a diagonal matrix. Also, the matrices U and V are unimodular as the matrix U,, was

unimodular. m

REMARK 2 Observe that the matriz U,DUL in Theorem 4.11 is not a diagonal matriz,

whereas the matrix UDV in Corollary 4.18 is a diagonal matriz.

5 g¢-distance matrix of a weighted tree

We now define the ¢-distance matrix of a weighted tree 7" on n vertices. Let D = (d;;)
be its distance matrix. Suppose the weights on the n — 1 edges of the tree T" are any real
numbers wy, wa, ..., wy—1. Let i = g, (ig,41), 71, (41,72),92, - - - yik—1, (ik—1,1k), ik = J be a
path of length & from a vertex i to a vertex j of T If the edge (i, i1+1) has weight w, then
the (i,j)th entry of the ¢g-distance matrix D is set to be wy+qwi +q?wa +- - - +wp_1¢° L.
Note that the diagonal entryiles of the matrix D are zero and D is not a symmetric matrix

in general. Also, let o, = > w;.
i=1

Figure 4: A Weighted Tree on 6 Vertices
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For example, the distance matrix D, for the tree T shown in Figure 5 is given by

0 w1 w1 4 qwa w1 + qwe +w3qg® w1 + quz + wag? w1 + wsq
w1 0 w3 w2 + w3q w2 + waq ws
wa + qw1 wa 0 w3 Wy w2 + wsq
ws + qwa + w1 wsz + quwz w3 0 w3 + waq w3 + quz + wsq*
wa + qwa + w1 w4 + qwe Wa wq + w3q 0 wa + quz + wsq®
ws + qui ws ws + quz  ws + qwz + w3g®  ws + qu2 + Wwaq® 0 |

In the next result we obtain a formula for the determinant of D.

THEOREM 5.1 Let T be a weighted tree on n vertices with edge weights w1, wo, ..., Wn_1.
If ¢ # —1, then

det(D) = (—=1)"1(1 + ¢)" 20, ﬁw
=1

0 w
Proof. We will prove the result by induction on n. For n = 2, we have D = [ 01] .
w1

So, det(D) = —w} = (—1)1oyw;. That is, the result is true for n = 2.

Let the result be true for n = k. We now prove the result for n = k + 1. Suppose T
is a tree with edge weights w1, wo, . .., ws. Suppose further that T has a pendant vertex
k + 1 and is adjacent to the vertex k with edge weight wy. We assume that ¢ # —1 and
that kil w; # 0. This results in no loss of generality since the restrictions can be removed
by a lcTﬁatinuity argument. Then

_ D Dey, + wrq

D =
wie' + gel,D 0

Y

where for any ¢ € R, q is defined in (3.17).
The proof of the induction part will be done in four steps.

Step 1: (e —qz)'q=e'q—qz'q=1+4¢.

To prove this, suppose that there is a vertex ¢g adjacent to ¢ vertices, say, 41,12, ..., %.
Also suppose ig is at a distance d from the vertex k + 1. Then in the expression etg, the
contribution due to the presence of ¢ vertices being adjacent to ig is ¢ =2 +¢? 1+ (t—1)q%.
But in the expression qztg, the information that the degree of the vertex ig is ¢, gives
q-(t—1)¢% ! = (t—1)q%. Thus, in (e — qz)tg, the contribution at vertex ig is ¢4~ 2 4 ¢4 1.
That is, there is no contribution from the vertices that are at a distance d + 1 from the
vertex k + 1. But then this will be true for all vertices that are at a distance 1 or more.

Hence, the only term left out in the expression (e — qz)tg, is1+gq.

1
Step 2: In this step, we show that e!D~! = —— (e’ — ¢z'). That is, we show that
Ok—1
or_1e’ = (et — qz')D.

The result will also be proved by induction. The initial step in the induction argument
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can be easily verified. Let the result be true for all trees with k vertices. We now prove

the result for a tree with k + 1 vertices. From (2.1), note that
el —qzt = [et | 1] —q[(z+ek)t | O] = [et —q(z+ek)t ] 1].

Now, using step 1 and the induction hypothesis, we get

_ D D
(e —qz)D = (e' —q(z+ep)) ©k + Wk
wye' + gel D 0
D D
= [e'—q(z+ep) | 1] © + Wkd
wie' + gel,D 0
= [o’ket | o'k] = aket. (51)

Thus, by the induction hypothesis, the proof of step 2 is complete.

(1 + qwgoy
Ok—1

We use the results obtained in step 1 and step 2, to prove this step. We have

Step 3: We now show that (wre’ + ge}, D)D" (Dey, + wpq) =

(wre’ + qefCD)D’l(Dek + wrq)
= wpele, + w,%ethlg + qerpDey + qwke};g

w
= wk+wiet971g+q'0+qwkZwk(1+Q)+U b (e —qz')q

w2 1+ q)wro
(L4 q)+ (14 gk = LT aweok (5.2)
Ok—1 Ok—1

Step 4: We now use (5.2) to complete the induction step. By the induction hypothesis

and (5.2), we have

det(D) = det(D)- (0 — (wie' + qe}, D)D" (Dey, + wiq))
1
_ _det(D)wkUk( +4q)
Ok—1
2, wrok(1l+q)

— (1) 2, 1 k—
0o [T +) e

= (=Dl + o) (Tksz

Thus, by induction, the proof is over. ]

It is tempting to obtain a formula for D~!, in the case of a weighted tree. However, it
appears that such a formula will be very complicated and we leave it as an open problem.
As a consequence of Theorem 5.1, we derive the determinant formula for an unweighted

tree.

COROLLARY 5.2 Let T be a tree on n vertices and let D be its g-distance matriz. Then
det(D) = (—=1)" " L(n — 1)(1 + q)" 2.
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Proof. In this case, the weight of each edge is 1. So, 0,1 =14+1+---+1=n—1.
Hence, the result follows. ]
For ¢ = 1, the above result reduces to the result of Graham and Pollak [5] on det(D).

COROLLARY 5.3 Let T be a tree on n vertices and let D be its distance matriz. Then
det(D) = (—=1)""1(n — 1)272.

ACKNOWLEDGMENT: We sincerely thank the referee for many helpful suggestions.

References

[1] R. B. Bapat, S. J. Kirkland, M. Neumann, On distance matrices and Laplacians,
Linear Algebra Appl., 401 : 193 - 209, 2005.

[2] R. B. Bapat and T. E. S. Raghavan, “Nonnegative Matrices and Applications,”
Encyclopedia of Mathematics and its Applications 64, ed. G. C. Rota, Cambridge
University Press, Cambridge, London, 1997.

[3] Miroslav Fiedler, Some inverse problems for elliptic matrices with zero diagonal,
Linear Algebra Appl., 332-334 : 197 - 204, 2001.

[4] R. L. Graham and L. Lovasz, Distance Matriz Polynomials of Trees, Adv. in Math.,
29 (1): 60 - 88, 1978.

[5] R. L. Graham and H. O. Pollak, On the addressing problem for loop switching, Bell.
System Tech. J., 50 (1971), 2495 - 2519.

[6] F. Harary, “Graph Theory,” Addison-Wesley, New York.

[7] L. Hogben, Spectral Graph Theory and the Inverse Eigenvalue Problem of a Graph,
Electronic Journal of Linear Algebra, vol. 14, 12 - 31, January 2005.

[8] R. A. Horn and C. R. Johnson, “Matrix Analysis,” Cambridge University Press,
Cambridge, London, 1985.

17



