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Abstract

A bidirected tree is a tree in which each edge is replaced by two arcs in either
direction. We obtain formulas for the determinant and the inverse of a bidirected

tree, generalizing well-known formulas in the literature.
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1 Introduction

We refer to [4], [8] for basic definitions and terminology in graph theory. A tree is a
simple connected graph without any circuit. We consider trees in which each edge is
replaced by two arcs in either direction. In this paper, such trees are called bidirected
trees.

We now introduce some notation. Let e,0 be the column vectors consisting of all
ones and all zeros, respectively, of the appropriate order. Let J = ee’ be the matrix
of all ones. For a tree T" on n vertices, let d; be the degree of the i-th vertex and let
d = (dy,ds,...,dp)t, § =2e —d and z = d — e. Note that § +z = e.

Let T be a tree on n vertices. The distance matrix of a tree T' is a n X n matrix D
with D;; = k, if the path from the vertex i to the vertex j is of length k; and D;; = 0.
The Laplacian matriz, L, of a tree T is defined by L = diag(d) — A, where A is the
adjacency matrix of T

The distance matrix of a tree is extensively investigated in the literature. The classical

result concerns the determinant of the matrix D (see Graham and Pollak [7]), which
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asserts that if T is any tree on n vertices then det(D) = (—1)""!(n — 1)2"~2. Thus,
det(D) is a function dependent only on n, the number of vertices of the tree. The

formula for the inverse of the matrix D was obtained in a subsequent article by Graham

~ Y
w — —. This result was extended to
2(n—1) 2

a weighted tree in [1]. A g-analogue of the distance matrix was considered in [2]. In this

and Lovész [6] who showed that D! =

paper, we extend the result of Graham and Lovéasz by considering the distance matrix

for a bidirected tree, denoted D = (Dy;).

2 Preliminaries

Let T be a tree on n vertices. Replace each undirected edge f; = {u,v} of T" with two
arcs (oppositely oriented edges) ¢; = (u,v) and €; = (v,u). Let u; > 0 and v; > 0 be
the weights of the arcs e; and e}, respectively. We call the resulting graph a bidirected
tree T with the underlying tree structure 7. The distance D;; from ¢ to j is defined
as the sum of the weights of the arcs in the unique directed path from i to j. Thus
if Djj = > wi+ > vj, then Dj; = > v; + > u;. Note that the diagonal entries of
i€A jE€B i€A jE€B
the matrix D are zero and in general the matrix D is not a symmetric matrix. We
are interested in extending the definition of a Laplacian to the bidirected trees. The
Laplacian matriz £ = (Ly;) of a bidirected tree 7 with the underlying tree structure T°

is defined by

0 if {k,1}¢T
Lig={ —wre fi={k}eT

> ifk =1,

Firck i+

where e; ~ k means that k is an endvertex of e;. Notice that, in view of the Gersgorin
disc theorem, the matrix L is a positive semidefinite matrix. For the sake of convenience,
we write w; = us + v¢. Then, the distance matrix D and the Laplacian matrix £ of the

bidirected tree 7 (shown in Figure 1) are given by

Figure 1: A bidirected Tree on 6 vertices



and

0 uy Uy + U up +uz +v4 up +ug
U1 0 U u3 + v4 u3
U1 + V2 () 0 vy +uz +v4 V2 + u3
V1 +v3+us U3+ us u2 + U3+ usg 0 Uy
v1 + vs3 U3 ug + U3 U4 0
|v1 +vs+vs v3+us uz+ v+ Us V4 + U5 Vs
o - 0 0 0
s |0 - - 0 0
0 ~s 0 & ~
0 0 o m Tt
| 0 0 0 —a

U1 +u3 + us
us3 + us
v2 + u3 + us
Ug + Us

Us

0

Observe that if u; = v; = 1 for all ¢, then the matrices D and £ reduce to the matrices

D and

%L, respectively.

We now introduce some further notation. Let 7 be a bidirected tree on n vertices.

Let T be a spanning tree of 7. Thus, T is obtained from 7 by choosing one arc and hence

T has 27! spanning trees. Let us denote the indegree and the outdegree of the vertex v

in T by Inz(v) and Out(v), respectively. Consider the vectors z; and zo defined by

Zl(i)

22(4)

= (=" [ng(i) — w(T)

T

= (=" _[Outz(i) — Juw(T),

T

(2.1)

(2.2)

where w(T) is the product of the arc weights of T. For example, the vectors z; and zo

for the bidirected tree T given in Figure 1 are

Zz1 =

—UW2W3W4W5

[—ugusvy + urusva + urugvs + 2u1v2v3 + V1VV3] Waws

—V2W1W3W4W5

—U4W1W2W3W5

wiWe [U3U4U5 — U5V3V4 + 2u3uUqv5 + U4U3V5 + U3’U4’U5]

—UsW1W2W3W4




and
—V1W2W3W4 W5
[urugug + 2ugugvl + uzvv + UV V3 — U V2V WaWs
—UW1W3W4W5
Z9 =
—V4W1W2W3 W5

wW1Wo [U4u5v3 + uzusvg + 2u5v304 — U3U4VE + v3v4v5]

L —U5W1WaW3W4 i

Note that taking u; = v; = 1 for all ¢, and putting k& = Inz (i), we see that

k
(—1)"z1()) =) [Inz()) —1] => 2" F1 3" [Ing(i) — 1]
T r=0 T

In;()=r

r=0 "
so that z; = zo = (—1)"" 12" 2(e — z).

Let 7 be a bidirected graph. Since each arc of a spanning tree 7' contributes 1 to

n
exactly one entry in Ing, we have )~ Ing(i) = n — 1. Hence,
i=1

n

e = Y m() =2 (-1)" Y [Inz(i) - 1w(T)

i=1 T

= (0" > w(@) Y [Ip() = 1] = (=)™ 3 w(T)

T i=1 T
= ()" '] ws (2.3)
i=1
A similar reasoning implies that

n—1
zhe = (—=1)" " [ ] wi. (2.4)
=1

For a bidirected tree 7 on n vertices we define w(7) as

n—1
w(T) =) w() =[] w=(-1)""2zle=(-1)""zbe.
7 i=1
We use the convention that if T is a tree on a single vertex then z; = e = z9 and

w(T) = 1. With this convention, for a bidirected forest F with the bidirected trees
k

T1,7s,...,T; as components, the weight of F is defined as w(F) = [[ w(7;).
i=1

In the next section, we relate the matrices D~! and £ and also obtain some properties
of the matrix D~! with respect to minors. As corollaries, we obtain the results of Graham
and Pollak [7]) on det(D) and that of Graham and Lovasz [6] on D~



3 The main result

In this section, we extend certain results on distance matrices of trees to distance matrices
of bidirected trees. Recall that a pendant vertex is a vertex of degree one. Denote by
GG — v the graph obtained by deleting the vertex v and all arcs incident on it from G. By
e we denote the vector with only one nonzero entry 1 which appears at the kth place.

Given any tree T on vertices {1,2,...,n} we may view it as a rooted tree and hence
there is a relabelling of the vertices so that for each ¢ > 1 the vertex ¢ is adjacent to only
one vertex from {1,...,7 — 1}. With such a labelling the vertex n is always a pendant
vertex. Henceforth, unless stated otherwise, each bidirected tree will be assumed to have
an underlying tree with such a labelling. Furthermore, for 7 < j, the weight of an arc

'y = (j,i) will be

ej—1 = (i,j) will be assumed to be u;_; and the weight of the arc e
assumed to be v;_1. If 7 is a bidirected tree by 7 —e;_1 — 6;-71 we denote the bidirected
graph obtained by deleting the arcs (4,5) and (j,4) from 7.

We use the method of mathematical induction to prove our results. In the induction
step, we start with a bidirected tree 7’ on k + 1 vertices, where the pendant vertex k + 1
is adjacent to the vertex r. We use the definition of the distance matrix of the bidirected
tree T =T’ — {k + 1} to get the distance matrix of 7’. Putting D' = D(7"), D = D(T),
L' =L(T"), L=L(T), we see that

o D uge + De, ] o L+ wikereﬁ —wik . (3.5)
t t ’ - 1 .t 1 )
vie' + e.D 0 —acer o
Furthermore,

(D" (k+1) = ) [k +1) — w(T)

T

— Y @)
(k+1,7)eT

= w(T) (—w)

Also

(=D)*Z(r) = ) [Ing(r) - w(T)

T

= Y a0 - uw@+ > [Ia(r) - w(T)
(rk+1)eT (k+1,r)eT

= (Drm(ru + [0k o + w(T)oe],



and for ¢ # k + 1,r, we have,

2(i) = (D)"Y [Ing(i) — 1]w(T)
T
= (=DM > [Igp(i) = w(@) + (D D7 [Ing(6) — 1w(T)

(rk+1)eT (k+1,r)eT
= —z1(i)ug — z1(3)vg
= —z1(i)wg.
Thus we have
Z = —wyz1 + (1) w(T) vpe, (3.6)

(=D w(T) (—wr)
Similarly we have

;o [ —wpzo + (— 1) (T) ue, |
T ot cw) 0

Note that these two equations provide an efficient way of computing the vectors z; and
z9 for a bidirected tree. Combined with the next theorem they give an efficient way
to compute D~'. We shall use our previous observations are in the proof of the next

theorem.

THEOREM 3.1 Let D be the distance matriz of a bidirected tree on n vertices where the

pendant vertex n is adjacent to r. Then

n—1
det(D) = (1" wviw(T —e; — ¢]) (3.8)
=1
Dz; = det(D)e, z5D = det(D)e’, and (3.9)
Dl = —E—(—l)”ﬁ. (3.10)

Proof. We prove the theorem by induction on the number of vertices of any bidirected

tree. So, as the first step, let n = 2. In this case, the matrices D, L,z; and z} are
respectively,

0 S
D= " L= ™ Dz = " , and zp = — E
U1 0 T wy V1 (75}

Asw(T —e;—€}) =1,det(D) = —ugv; = (=1)>ugvw(7 —e1—¢€)), Dz =det(D) e
and z5 D = det(D) e!. Thus (3.9) is true for n = 2. Also, for n = 2, the right hand side




of (3.10) reduces to

Bt wi Tw |1 jwmu W
det(D)w(7T) = = —wiwvr | 02w

1 1 1w

w1 ULWi w1

1

1

w

0o L

= v | =l
Hence (3.10) holds for n = 2. We now assume that the equalities in (3.8), (3.9) and
(3.10) are true for n = k. Let n = k + 1 and 7’ be a bidirected tree on k + 1 vertices.
Put T =7" — {k + 1}. To establish the first equality (3.9) we need to show that

k
det(D') = (-1)* Zuiviw(’T' —e; —€)).
i=1

As D is invertible, using (3.5), the induction hypothesis and (2.3), we have

det(D') = det(D)[0 — (vye’ + eLD)D ™! (ure + De,)] (3.11)
= —det(D)[upvie' D" 'e + vpe'e, + upele + el De, |
etzl
= —det(D —
et (D) [ukvi g oy + vk ]
= (—=D*upvpw(T) — wy, det(D) (3.12)

k-1
= (=D upopw(T) 4 (—1)Fwy, Zuiviw(’f —e;—€})
i=1
k—1
= (-1F {ukvkw(T’ —er—ep) + Zuiviw(T’ —e; —€))
i=1

k
= (-1F Z wvsw(T' —e; — el).
i=1
Hence the first equality holds for n = k + 1.
To prove the second equality we need to show that
D'z} = det(D')e, ziD' = det(D')e’.
Using the expressions given in (3.5) and (3.6) we have

Dy — D uge + De, ] [ —wiz1 + (1) w(T) vre,
"=

vpe! + el D 0 (—=1)kw(T) vy
The first block of the vector D'z reduces to

—wiDz1 + (—1)*upvpw(7T)e.



Substituting det(D)e for Dz; and using (3.12),
the first block of D'z] = det(D')e. (3.13)
The second block of the vector D'z} reduces to
—vpwie'z; — wyel Dz + (—1)k+1vkw(T) (vketer + el De,).
Now using the equality elDe, = 0, the equations (2.3), (3.8) and (3.12), we have
the second block of D'z] = det(D’). (3.14)

A similar reasoning gives that z§ D’ = det(D’)e’. Hence the second equality is established
forn=k+1.

We now prove that the matrix D'~ " is indeed given by (3.10). As det(D’) # 0, put
W =0 — (ve' + et D)D" (uge + De,). From (3.11), it follows that

det D
W= : 3.15
det(D") (3.15)
A A D D
Let D't = P2 Since D' = uge + Ler , it is straightforward
A Ax vie! + el D 0
to see that
Ay = D' 4D N upe + De, )W (vpel + el D)DL, (3.16)
Ay = —D Y uge + De, )W (3.17)
Ay = —W (el +elD)D7H, (3.18)
Ay = WL (3.19)

Using (3.15) and the induction hypothesis, we have

det D
-1 -1 ty—1 | .t
A1y det(D) (ukD e+ er) (vke D+ er)
_ det D Z1 z!
- D 1 . 2 t
T det (D) <“’f det(D) € ) (”k det(D) T eT)

ULV

1 1
* e (D) [det(D)

2125 + (upz1€) + vpe,zh) + det(D)erefﬂ} (3.20)

and
_ _ detD _ uiz1 + det(D)e,
Ay =-D7! De, W1 = — Dt .| = — . (3.21
12 (uge + De,) det(D') [uxD"e +er] det(D') (3.21)
Similarly
L+ det(D)el
Ay = — W2 T det(D)e; (3.22)

det(D’)



We now determine the first and second blocks of the matrix
z’lz’zt

- (_1)k+1det(D’)w(T’)'

(3.23)

Using Equations (3.5), (3.6), (3.7), (3.11), (3.15) and the induction hypothesis, the first
block of (3.23) equals

(L . ere§> . (—1)* (fwizlzg + ukvkw(T)QeTeﬁ> + wpwpw(T)z1el + vpwipw(T ) e, zh

W det(D")wiw(7)

(—DFwpz1zl,  eel  (—D)rfupvpw(7T)eqel  upziel + vpe,zh

- _r _ &
T At D)D) wr | wpdet(D) det(D)
_ pig (—1)*z 28 wp + det(D)| ere; N det(D’) 4+ wy, det(D) ercl ugzi€l + vpe,zh
det(D")w(T) det(D) W, wy, det(D’) det(D’)
! det(D) upziel + vie,z}
— D*l UEVEZ1Zo . t T 42 24
Tl det(d) T ae@) T T det() (3:24)

and the second block of (3.23) equals

&r upwiw(7 )z — (_1)kukvkw(’]’)29r
Wk det(D)ww(T)
_ e ugZy e, .
= o det(D)  wpdet(Dy) LAeHD) + wi det(D))
_ugzi +det(D)e, . )
N detD) D ete)W (3.25)

Showing that A is the (2,1)-block of (3.23) is similar. The (2,2)-block of (3.23) is

1 (—D*upopw(T)? 1 N det(D’) + wy det(D) w1
wy  det(DNwpw(T) — wy det(D")wy, N )

Hence the third equality is established for n = k£ + 1 and the proof is complete using

induction. [ |

4 Bidirected trees with two types of weights

Suppose T is a rooted tree with root r. Let u and v be two vertices of T'. As we traverse
the u-v path from u to v there exists a vertex, say w (which may be w itself), such that
the path from u to v moves in the direction of 7 until it meets vertex w and then moves
away from r. Let the lengths of the two paths u-w and w-v be £; and fs, respectively.

Also, let z and y be two constants. We define the distance between u and v as

D(u,v) = 1y + lax. (4.26)



7 8

Figure 2: A rooted tree

Clearly, when © = y = 1, this reduces to the usual distance between u and v.

illustrate this with the following example.

We

Consider the tree given in Figure 2. The distance matrix of the tree is as follows:

0 z T 2z 2x
Y 0 z+y T T
y x4y 0 2x+y 2x+y
b 2y Y T+ 2y 0 r+y
2y Y r+2y z+y 0
2y z+2y Y 20 + 2y 2z + 2y
3y 2y z+3y z+2y Y
| 3y 2y r+3y x+2y Y

2z 3x 3z
20+ y 2x 2x
T 3 +y
2042y 2x4vy
2z 4 2y T x
0 3x 42y 3z +2y
2z + 3y 0 r+y
20 +3y x+vy 0

3T +y
2r +y

Observe that if we apply a similar labelling to 7" as in the previous section and

consider the bidirected tree 7 with the underlying tree structure 7', and use the weights

u; = x Vi, v; = y Vi, then the distance matrix D of the bidirected tree is nothing but the

distance matrix D.

Henceforth a rooted tree is assumed to have the root 1 and the labelling as described

earlier. Let u be a vertex of a rooted tree T'. A vertex v is called a child of u if v and

v are adjacent and wu is on the v-1 path. Let us denote the number of children of v by

ch(u). With the notations defined above, we have the following result.

COROLLARY 4.2 Let T be a rooted tree on n vertices and consider the distance matriz

D. Also, let z1 and zo be vectors of order n given by

(z1)i = ()" y(z+y)" 2,
1

and

(=1)"((ch(i) — V) —y) (z +y)" 2,
(=) la(z+y)" 3,
(=1)"(ch(i) — D)z(z +y)" 2,

10

ifi=1,
if 1 is a pendant vertez,

otherwise

ifi=m,
if 1 is a pendant vertez,

otherwise.

(4.27)

(4.28)



Then
det(D) = (=1)" ! (n — Day(z +y)" 2,
and
L 717}
— + ,
z+y  (n—Dzy(z+y)>3

where L is the usual Laplacian matriz.

Dl =

Proof. Let T be the bidirected tree associated with 7. As D is the same as D with
u; = = and v; = y, the assertion about the determinant follows easily from (3.8).

The vectors z1, zo defined here are nothing but the vectors defined in (2.1) and (2.2).
In order to see this note that let T' be a spanning tree of 7 and put k = ch(1).

k

(=1)"z1(1) = Z[Inf(l) — l]w(T) = Z(x + y)”_l_k Z [Inf(l) — 1] yTxk_’"

T r=0 T
In;=r

= (z+y)~ zk: (f) (r=1y'a"" = (x+y)" ' [ky(ﬂr +y) = (4 y)k}
—0

= (z+y)" ?[(ch(1) = 1)y — z].

If 7 is a pendant vertex, put k = ch(i) and observe that
(D) z1(6) = > [Ing(i) — Jw(T) = —a(x +y)" >

T
If 7 is any other vertex, then put k& = ch(i), and let p be the parent of i. We have
(~1)"z() = 3 [Inp(i) ~ (@) = 3 [g) — Jw@) + Y [g(i) — 1Jw(T)
T (i,p)eT (pi)eT
= (x+y)" Py[(k = Dy — 2] + kay(z +y)" 7 = [eh(i) — y(z +y)" 2

The vector z; may be verified similarly. Now the assertion about inverse of D follows

from (3.10). ]
As a corollary, we obtain the result of Graham and Pollak [7] on det(D).

COROLLARY 4.3 Let T be a tree on n vertices and let D be its distance matrixz. Then
det(D) = (—=1)""1(n — 1)272.

Proof. Let us denote by T the bidirected tree obtained from the given tree T. As
observed earlier, the substitution of u; = v; = 1 for 1 < i < n — 1, reduces the matrix
D to the distance matrix D. Under this condition, we have w; = u; + v; = 2 and
w(T —e; —e) =272 for 1 <i <n— 1. Therefore

det(D) = det(D)

n—1
ui=vi=1 (_1)”—1 Z uiviw(T o ei)‘m:vi:l - (_1)n—1(n - 1)271—2‘
=1

11



|
We now give a corollary to our result that gives a formula for D~!. This result was

also obtained by Graham and Lovasz (see [6]).

COROLLARY 4.4 Let T be a tree on n vertices and let D be its distance matriz, L be its

Laplacian matriz and let z and e be the vectors defined earlier. Then

o _le—ae—2)' L
2(n— 1) 2"

Proof. Let us denote by T the bidirected tree obtained from the given tree T'. Observe

that under the condition, u; = v; = 1, the matrix D reduces to D, the matrix £ reduces

L
to 5 and z; = zo = (—1)"22"2(z — e). So, we have

¢
p-1 — p-l [l P1%
ui=v;=1 +(=1) det(D)w(T) 'wi=vi=1
L N 22n—4(e — z)(e — z)!
2 (n —1)2n—22n-1
L _ _ t
2 2(n —1)
Hence the required result follows. [ |
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