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Abstract
The determinant and the inverse of the distance matrix of a tree has been
investigated in the literature, following the classical formulas due to Graham and
Pollak for the determinant, and due to Graham and Lovasz for the inverse. We
consider two g-analogs of the distance matrix of a tree and obtain formulas for
the inverses of the two distance matrices. Yan and Yeh have previously obtained
expressions for the determinants of the two distance matrices. Some related results

are proved.
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1 Introduction

We consider graphs which have no loops or parallel edges. Thus a graph G =
(V(G), E(G)) consists of a finite set of vertices, V(G), and a set of edges, E(G),
each of whose elements is a pair of distinct vertices. A weighted graph is a graph
in which each edge is assigned a positive number, called its weight. An unweighted
graph, or simply a graph, is thus a weighted graph with each of the edges bearing
weight 1. We will assume familiarity with basic graph-theoretic notions, see, for
example, [1,6].

Let G be a connected, weighted graph with vertex set {1,2,...,n}. The distance

between vertices i and j, denoted by d(i, j), is defined to be the minimum weight
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of all paths from 7 to j, where the weight of a path is the sum of the weights of
the edges in that path. The distance matrix D of GG is an n X n matrix with zeros
along the diagonal and with its (7, j)-entry equal to d(, 7).

A tree is a simple connected graph without a cycle. The distance matrix of a
tree is extensively investigated in the literature. A classical result concerning the
determinant of the distance matrix of a tree, due to Graham and Pollak [5], asserts
that if T' is an unweighted tree on n vertices, then det(D) = (—=1)""(n — 1)2"2
Thus, det(D) is a function dependent on only n, the number of vertices of the
tree. An extension of the formula to the weighted case has been given in [2]. In
the unweighted case, a formula for the inverse of the matrix D was obtained in a
subsequent paper by Graham and Lovész [4]. Again, an extension of the formula
to the weighted case was provided in [2].

Some g-analogs of the distance for a tree were considered in [3,11]. In particu-
lar, the following two kinds of ¢-distances have been defined by Yan and Yeh[11].
Consider a weighted tree T with n vertices and with edge weights oy, as, ..., a,_1.

Let u, v be two distinct vertices of T with d(u,v) = a. Then let

(i) dy(u,v) = [a], where [a] = %, if g # 1, and o] = a, if ¢ = 1. We set [0] = 0.
Note that [a] =1+ ¢+ ¢* + -+ + ¢* ! if a is a positive integer.

(i) dg*(u,v) = q*.

We set dy(u,u) = d;(u,u) = 0. Let Dy(T) and D,*(T') be the n x n matrices
with the (7,7)-entry as dy(i,j) and d,*(i,7) respectively, where 1,... ,n are the
vertices of T. The two distances have also been considered in [3] in the unweighted
case, where the matrix D} (7T') has been termed the exponential distance matrix.

Yan and Yeh[11] obtained formulas for the determinants of the matrices D,(T')
and D;(T). The purpose of this paper is to give formulas for the inverses of these
two matrices, when ¢ # +1. We also obtain a formula for the determinant of
D,(T') which is more compact than the one in [11]. Our results generalize formulas

obtained in [3] in the unweighted case, to the case of a weighted tree.

2 Inverses of D,"(T) and D,(T)

We introduce some notation. Let T' be a weighted tree with n vertices, 1,..., n.
If (ij) is an edge of the tree T" with end points ¢ and j, then let w(ij) denote its
weight. Let A be the n x n matrix defined as follows. The diagonal elements of A



are zero. Let ¢ € R. The (i, j)-element of A is zero if ¢ and j are not adjacent, and
otherwise it is %,
2w (i5)

Let 0 be the diagonal matrix with its (, i)-element equal to where

Grvi T—q2w(ia) »
j ~ 1 denotes that j is adjacent to 7,7 = 1,...,n. With this notation we have the

following.

THEOREM 2.1 Let T be a weighted tree with n vertices. Then for q # £1, D,*(T)
s nonsingular and
DS(T) ' =1—-A+0. (2.1)

Proof. We will prove the result by induction on n. The result can be easily
verified for n = 2. Let the result be true for a tree with k vertices. Let T be a
tree on k + 1 vertices with k£ 4+ 1 being a pendant vertex, and the vertex k being
adjacent to k + 1. Let T = T \ {k + 1}. Suppose D,*(T), I, A, represent the

matrices corresponding to 7. Then

v | Pa(T) a
DTy = | ", " 7| (2.2)
q 1
where for any ¢ € R,
q = (qUa@h+D) i @h4) | odi(kkt1)y (2.3)

We first show that D,*(T) is nonsingular if ¢ # 41. By the Schur formula,
applied to (2.2),

detD,*(T) = WdetD,*(T), (2.4)

where

For 1 <1 <k,

* ([ _ d(i,k+1)
dq (Za k + 1) - q (
qd(i,k)—i-w(kk—i-l)

qw(kk+1)qd(i,k)

Let ey denote the k£ x 1 unit vector with 1 at the k-th place, and zeros elsewhere.

Hence the last column of D}(T) equals

. 1
Di(Ter = @

q

(2.5)



and therefore

g, = D; (T)flc_l. (2.6)
Then
W = 1-4dD}T)"'q
= 1- gtqw(k’“l)ek by (2.6)
= 1 ek gle,
1 q2w(kk+1)_’ (2.7)

and hence W # 0 for ¢ # +1.
It follows from (2.4) that D,*(T) is nonsingular, ¢ # +1. Let

_ DiT) a|
q 1

Bll BlQ
B21 B22

Dq*(TY1 = =

(2.8)

be a partitioning of Dq*(T)_l, conformal with the partitioning of D,*(T"). By

the formula for the inverse of a partitioned matrix we have

By, = D(T)"" + Dy(T) 'aW Y (D(T) "q)", (2.9)
By = —D(T) 'qW !, (2.10)
and
_ 1 _ t Tk —1 -1
Boy = = (1—g'DyT) " q) " (2.11)
Let
- Ay A
T—A46=| 1 72 (2.12)
A21 A22

be a partitioning of I — A + §, conformal with (2.8). We have

By = DiT)"'+DyT) 'aW  (Dy(T) "q)"

q
_ DZ(T>_1 + qw(kkJrl)ek‘/Vflqw(lck%l)e}fC by (26)
q2w(kk+1)

. * -1 t

and
i} . . qw(kk+1)
Biy=-Dy(T) g™ =— 1 — golkkr)

q



Note that

w(kk+1)
_ A qw—e
A= [ g (kk+1) t ey k] (2'15)
1wk €k 0
and 5+ q2w(kk+1) " 0
_ 4 e,e
) = 1—g2u (ki) G g (2kk+1) . (2.16)
0 T Zu(FETT)
Thus
w(kk+1) 2w (kk+1)
All A12 - I 0 A mek n 0 + Wekez 0
- - w(kk+1) w(2kk+1)
Ao A 0 1] | Zawmmel 0 0 T2 Zo T
(2.17)
Hence
Ao T—Ag e L 2.18
n=~4L-A+0+ 1_q2w(kk;+1)ekek' (2.18)
By the induction hypothesis,
DT =T—-A+3 (2.19)
It follows from (2.13),(2.18) and (2.19) that
. q2w(kk+1) .
All = D;(T) + Wekek = Bll- (220)
Also, from (2.14),(2.17),
qw(kk-‘rl)
A =0— mek = Bjs. (2.21)
Furthermore, from (2.11) and (2.17),
B o 1 B q2w(kk+1) 4 5 99
p=W"= 1 — quw(kk+1) — 1+ 1 — qeulkk+1) — 22 (2.22)

We have shown that AH = BH,Alg = Blg and A22 = B22. By symmetry it
follows that Ay = Bsyy. Thus

Bi1 B
By B

All A12
A21 A22

)

or equivalently,

DXT) ' =T—A+5.

q

That completes the proof. [ ]



Let T be a tree with n vertices, 1,...,n. Suppose T is unweighted, or equiva-
lently, that the edge weights are all equal to 1. Let D be the distance matrix, A
the adjacency matrix and ¢ the diagonal matrix of vertex degrees of T For a real
number ¢, the matrix " whose (4, j)-entry is ¢%®7) has been termed the exponential
matrix in [3]. The following result, proved in [3], follows by setting w(ij) = 1 in
Theorem 2.1.

COROLLARY 2.2 Let T be an unweighted tree on n vertices and let F' be the expo-
nential distance matriz of T. If ¢ # +1 then

2

_ q q
Fl=71-— A J.
1_q2 +1_q2

We now turn to the matrix D,(7") of a weighted tree. For ¢ # —1, let 7 be the

n x 1 vecter with components 7, ..., 7, given by
w(ig)
n=1-5"-94"_"_ i-12. . n
1 + qw(id)
J~

We first prove the following.
LEMMA 2.3 If g # £1, then D,(T) is nonsingular.

Proof. Observe that

D}(T) — ee'
D,(T)=———"—, (2.23)
1—¢q
where e is the vector of all ones.

Evaluating the determinant of the matrix

DiT) e

et 1

by Schur formula, applied in two ways, we get

q

det (D:(T))(1 — e (D3(T))""e) = det (D:(T) — ee') (2.24)

It follows from Theorem 2.1 that



i=1 jri i=1 jri
n w(if)
= n—zzlzqw(w)( qwﬂ)
i=1 jrvi
n g
S Ny
=1 g~
= n-— i(l —7)
. i=1
= ZTi.

Hence

1-e'(Dy(T)) e = 1-) 7
i=1

n

w(if)
. B _ q

=1 I~

qw(m

- ZZHQM —(n-1)

i=1 g~

- 5

{i.}eE(T)

1 — qw(id)
= - Yy I (2.25)

1 w(ij)
igyenay - T4

2¢*()
1+ qw(ij) N

It follows that 1 — (D} (7)) e # 0 for ¢ # £1. Since by Theorem 2.1, D(T)
is nonsingular, we conclude, in view of (2.23) and (2.24), that D,(7") is nonsingular.
|

In the next result we provide a formula for the inverse of D, (T"),q # £1.

THEOREM 2.4 Let T be a weighted tree with n vertices. Then the inverse of dis-
tance matriz Dy(T), q # £1, is given by

7.t

D T) ' =—(1—-q)(I-A+6+ ). (2.26)

1 —elr



Proof. Let ¢ # +1. By Lemma 2.3, D,(T) is nonsingular. It follows from (2.23)
that
Dy(T) ™ = —(1 - )(D}(T) — ee’) . (2.27)

Recall the Sherman-Morrison formula which asserts that if X is a nonsingular
n X n matrix, and Y and V are n x 1 vectors such that X + UV" is nonsingular,
then

X-yvtx—1
X Nl xt - 2.2
X +uy) L+ VXU (2.28)
Using (2.28) with X = D}(T),U = e and V = —e we get
Di(T) tee!D*(T)~!
Dy(T) ' = =(1 = q)(D}(T)~" + = : 2.2
(D)7 = (- oy R e
Since D}(T)"'e = 7, it follows from (2.29) that
-1 * (1 !
DT = (1= g(DyT) "+ ), (2.30)
Using Theorem 2.1 and (2.30), (2.26) is proved. n

Let G be an unweighted graph with n vertices, labeled 1,2, ..., n. Let A be the
adjacency matrix of G. Let A be the n x n diagonal matrix with its i-th diagonal
entry equal to the degree of vertex i, = 1,2,...,n. Then L = A — A is the
Laplacian of G. For a parameter ¢, the ¢-Laplacian L, of G is defined as

Li=1—qA+@(A—1)=qL+(1—¢*)I+q(g— 1A, (2.31)

The matrix L, has been called the generalized Laplacian of G in [9, 10] and it
arises in the context of zeta functions of graphs. The matrix was independently

introduced in [3] for the case of a tree, where the following result was proved.

THEOREM 2.5 Let T be an unweighted tree with n vertices. Letf =e—q(A—1)e.
Then for q # —1,
1 1

D,(T) ' = mff — 1—+qu.

(2.32)

It may be verified that for ¢ # £1, Theorem 2.5 follows from Theorem 2.1. The

case ¢ = 1 needs a similar, separate analysis. We omit the details.



3 Determinants of D} (7T) and D,(T)

Let T a weighted tree on n vertices with edge weights aq, as, ..., a,_1. The follow-

ing formula has been obtained in [3].

THEOREM 3.1

n—1

det (D,*(T)) = [ (1 - ). (3.1)
i=1
A formula for the determinant of D, (T") has also been given by Yan and Yeh
[11] and is stated next.

THEOREM 3.2 LetT be a weighted tree with n > 3 vertices and weights ay, oo, . . ., Q1.
Then

n—1

det(Dy(T)) = (=1 ([ ]12ea))

=1

[ ][az] vy + ] k%1WmQWml+anz X o] [ovigo) [ + iyl
(2o 20 120 2] +; 20| [20112)

We now derive a formula for det(D,(T')), using the formula for det(D}(T)),

which is more compact than the one in Theorem 3.2.

THEOREM 3.3 LetT be a weighted tree with n vertices and weights o, g, ..., Q1.
Then

det(Dy(T)) = (-1 ]12%

(3.2)

Proof. Substituting the expression for det (D,"(T")) given in (3.1) in (2.24) we
get

o nn_l (1 q2ai) _el(D* -1g
det (Dy(T)) = (-1) S ST (1 —e(Dy(T)) "e). (3.3)
From (2.25) we have,
(1— e(DL(T)) ) = i i - Z: | (3.4)

It follows from (3.3) and (3.4) that



n—1 n—1
- 1—¢*) 1—q
det (D,(T)) = (-1)"! ( L
D) = 0 L g v e
o
= o
. ' 1+ qo’
=1 i=1
and the proof is complete. [

It can be seen that the formula (3.2) is equivalent to the one in Theorem 3.2,

since

laillagllai + o] 1 [1 —q% 1 qaj]

[20;]20y] 21 —q) ' 14+q> 14 q~
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