AN EXTENSION OF A THEOREM OF EULER

NORIKO HIRATA-KOHNO, SHANTA LAISHRAM, T. N. SHOREY, AND R. TIJDEMAN

ABSTRACT. It is proved that equation (1) with 4 < k& < 109 does not hold. The
paper contains analogous result for & < 100 for more general equation (2) under
certain restrictions.

1. INTRODUCTION

The theorem of Euler ([Eul80], cf. [Mor69, p.21-22], [MS03]) referred in the title of
this paper is that a product of four terms in arithmetic progression is never a square.
Let n,d, k > 2 and y be positive integers such that ged(n,d) = 1. We consider the
equation

(1) nn+d)--(n+(k—1)d) =y?

in n,d, k and y. It has infinitely many solutions when £ = 2 or 3. A well-known
conjecture states that (1) with £ > 4 is not possible. We claim

Theorem 1. Equation (1) with 4 < k <109 is not possible.

By Euler, Theorem 1 is valid when & = 4. The case when k = 5 is due to Oblath
[ODb150]. Independently of the authors, Bennett, Bruin, Gyéry and Hajdu [BBGHOG6]
proved that (1) with 6 < k& < 11 does not hold. Theorem 1 has been confirmed by
Erdés [Erd39] and Rigge [Rig39], independently of each other, when d = 1.

Theorem 1 is derived from a more general result and we introduce some notation
for stating this. For an integer v > 1, we denote by P(v) the greatest prime factor
of v and we put P(1) = 1. Let b be a squarefree positive integer such that P(b) < k.
We consider a more general equation than (1), namely

(2) n(n+d)---(n+ (k—1)d) = by’

We write

(3) n+id = a;x? for 0 <i <k

where a; are squarefree integers such that P(a;) < max(P(b),k—1) and z; are positive
integers. Every solution to (2) yields a k-tuple (ag, aq,- -+ ,ag—1). We re-write (2) as
(4) m(m —d)---(m— (k—1)d) = by*>, m=n+ (k—1)d.

The equation (4) is called the mirror image of (2). The corresponding k-tuple
(ak_1,ak_2, - ,ap) is called the mirror image of (ag,as, -+ ,ax_1).
1
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Let P(b) < k. Erd6s and Selfridge [ES75] proved that (2) with d = 1 never holds
under the assumption that the left-hand side of (2) is divisible by a prime greater
than or equal to k. The result does not hold unconditionally. As mentioned above,
equation (2) with & = 2,3 and b = 1 has infinitely many solutions. This is also the
case when k£ = 4 and b = 6, see Tijdeman [Tij89]. On the other hand, equation (2)
with & = 4 and b # 6 does not hold. We consider (2) with d > 1 and k > 5. We prove

Theorem 2. Equation (2) with d > 1,P(b) < k and 5 < k < 100 implies that
(ag, a1, ,ax_1) is among the following tuples or their mirror images.

k=8:(23,1,5,6,7,2,1),(3,1,5,6,7,2,1,10):
k=9:(23,1,56,7,2,1,10);

14:(3,1,5,6,7,2,1,10,11,3, 13, 14, 15, 1);

24: (5,6,7,2,1,10,11,3,13, 14, 15, 1,17, 2,19, 5,21, 22,23, 6, 1, 26, 3, 7).

k
k

Theorem 2 with £ = 5 is due to Mukhopadhyay and Shorey [MS03]. Initially, Ben-
nett, Bruin, Gy6ry, Hajdu [BBGHO06] and Hirata-Kohno, Shorey (unpublished), inde-
pendently, proved Theorem 2 with k£ = 6 and (ag, a1, - - - .a5) # (1,2,3,1,5,6),(6,5,1,3,2,1).
Next Bennett, Bruin, Gy6ry and Hajdu [BBGHO06] removed the assumption on (ayg, ag,

- ,as) in the above result. Thus (2) with £ = 6 does not hold and we shall refer
to it as the case k = 6. Bennett, Bruin, Gyéry and Hajdu [BBGHO6], independently
of us, showed that (2) with 7 < k < 11 and P(b) < 5 is not possible. This is now a
special case of Theorem 2.

Let P(b) = k. Then we have no new result on (2) with £ = 5. For k > 7, we prove
Theorem 3. Equation (2) with d > 1,P(b) = k and 7 < k < 100 implies that

(ag,ay, -+ ,ax—_1) is among the following tuples or their mirror images.
k=17:(2,3,1,56,7,2),(3,1,5,6,7,2,1),(1,5,6,7,2,1,10);
k=13:(3,1,5,6,7,2,1,10,11, 3,13, 14, 15),
(1,5,6,7,2,1,10,11,3,13,14,15,1);
(6) k=19:(1,5,6,7,2,1,10,11,3,13,14,15,1,17,2,19, 5,21, 22);
k=23:(5,6,7,2,1,10,11,3,13,14,15,1,17,2,19, 5,21, 22,23, 6, 1, 26, 3),
(6,7,2,1,10,11,3,13,14,15,1,17,2,19,5,21,22,23,6, 1,26, 3, 7).

It has been conjectured that (2) with & > 5 never holds. Granville (unpublished)
showed that k is bounded by an absolute constant whenever abc-conjecture holds, see
Laishram [Lai04] for a proof. For the convenience of the proofs, we consider Theorems
2 and 3 together. Therefore we formulate

Theorem 4. Letd > 1,P(b) < k and 5 < k < 100. Suppose that k # 5 if P(b) = k.
Then (2) does not hold except for the (ag,ay,--- ,ax—1) among (5), (6) and their
MIrToT 1mages.

It is clear that Theorem 4 implies Theorems 2 and 3. In fact the proof of Theorem
4 provides a method for solving (2) for any given value of k unless (ag, a1, -, ar_1)
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is given by (5), (6) and their mirror images. This is a new and useful feature of the
paper. We have restricted & up to 100 for keeping the computational load under
control. It is an open problem to solve (2) for an infinite sequence of values of k. A
solution to this problem may be an important contribution towards the Conjecture
stated just after Theorem 3. Theorem 4 has been applied in [LS] to show that (2)
with k& > 6 implies that d > 10'°. For more applications, see [LS].

Now we give a sketch of the proof of Theorem 4. Let the assumptions of Theorem
4 be satisfied. Assume (2) such that (ag, a1, - ,ax—1) is not among (5), (6) or their
mirror images. As already stated, the cases k = 5 and k = 6 have already been solved
in [MS03] and [BBGHO06]. Therefore we suppose that £ > 7. Further it suffices to
assume that k is prime and we proceed inductively on k. Let k£ be given. Then we
choose a suitable pair (¢, ¢2) of distinct primes < k such that

(@)= ()

for small primes p. For example, when k = 29, we take (¢1,¢2) = (19,29) so that the
above relation holds with p = 2,3,5,7. We show that ¢; 1 d and ¢ 1 d, see Lemma
8. Assume ¢;|d or ¢z|d. Then we find two primes ¢ and Q)5 such that Qi|d or Qs|d
whenever k£ > 29, see Lemma 7. Now we arrive at a contradiction by a counting
argument using (9) and Lemmas 1, 2. Hence ¢; 1 d and ¢» { d but this is excluded
by Lemma 6, the proof of which depends on Lemma 5. In fact, we need to apply it
repeatedly for k > 11.

In the case k = 6, Bennett, Bruin, Gy6ry and Hajdu [BBGHO6] solved the cases
(ag,aq, -+ .a5) € {(1,2,3,1,5,6),(6,5,1,3,2,1)} by using explicit Chabauty tech-
niques due to Bruin and Flynn [BF05]. These cases appear to be similar to our
exceptional cases (5) and (6) where we have, in fact, more freedom in the sense that
there are at least 7 curves where we may consider applying Chabauty method. Fi-
nally we remark that it suffices to solve the cases k = 7 in (6) or its mirror images for
Theorems 2 and 3 and hence Theorem 4. Further it suffices to solve the cases k = 8
in (5) or its mirror images for Theorem 2.

2. NOTATION AND LEMMAS

We define some notation. Let
R={a;:0<i<k}

and for a prime ¢, we put
(7) S=5(q) ={a€R:Pa) <q}, S1=51(q) ={a€ R: P(a) > q}.
Further we write
(8) T=T(q) ={i:a;,€ 8}, Ty =Ti(q) ={i:a; € S1}.
Then we see that
9) |T|+ |T| = k.
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For a € R, let

via)={i:a;, =a}l|,vo(a) =[{i:a; =a,21z;}|,ve(a) = |{i:a; = a,2|z;}|
We observe that

(10) 7 =" v(a).
acsS
Let
d = min(3, ordy(d))
and
INERE
P= 1 otherwise.
We have
Lemma 1. Fora € R, let K, = #; K = 16%7
1 if k< a23°
Ka . B
fi(k,a,d) = WZC«J—[(J] if k> a2%79,3|d
Koy I3]0} .
(—J — [ ]) if k>a2%%,3¢4d
> (151 -5
and
(1 if £k <d4aqa
[Kal +1 if 40 < k < 32a
2 Kl
K, = '
fa(k,a) = Z<(TW_[(4W]> if k> 32a,3|d
i=1
2 ! 9 !
Loy _ (5] K [
\; ([gw - ]) +; ((2_311 —[F25) it k> 320,31d

Then we have

and
1 if k<a
v(a) < F(k,a,0) =< fi(k,a,d) if k> a and d even
fi(k,a,0) + fo(k,a) if k> a and d odd.

Proof. Let I} ={i:a; = a,z; odd}, Iy = {i : a; = a,2||z;} and I3 = {i : a; = a, 4|z;}.
Further for [ = 1,2, 3, let

[ll = {Z € [l : SJ(;EZ}, Ilg = {Z € Il . 3|{EZ}
Let 7 := 7(l,m) be defined by Z =2%°.3p1 2570.9.32.3p71,32-9,16-3p"',16- 9
for (I,m) = (1,1),(1,2),(2,1),(2,2), (3,1),(3,2), respectively. Since z? = 1(mod
8) for i € I, (%)? = 1(mod 8) for i € I, 16[z7 for i € I3 and 27 = 1(mod 3)
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for i € Iy, 9|z} for i € Iy for I = 1,2,3, we see from (i — j)d = a(x} — 23) that
7|(i — j) for 4, j € I, Since a|(i — j) whenever a; = a;, we get v(a) =1 for k < a.
Thus we suppose that k& > a. We have v(a) = v,(a) + ve(a). It suffices to show
vo(a) < fi(k,a,d) and ve(a) < fo(k,a) since v.(a) = 0 for d even. We observe that
vo(a) = |I1| and v.(a) = |I5| + |I3]. Since a237°|(i — j) whenever i,j € I;, we get
|I,] < 1if k < a237°. Thus we suppose k > a237? for proving || < fi(k,a,9).
Further from 4a|(i — j) for i,j € I, U I3, 32a|(i — j) for i,j € Iy and 16a|(i — j) for
i,7 € I3, we get || + |I3] < fo(k, a) for k < 32a. Hence we suppose that k > 32a for
showing |Iy| + [Is| < fa(k, a).

Let (I,m) be with 1 <[ < 3,1 < m < 2. Let iy = 'mlini,N:%land
1€l
D = %d. Then we see that ax? with ¢ € I, come from the squares in the set

{N,N+D,--- N+ ([¥2] — 1)D}. Dividing this set into consecutive intervals of

T

_ k—ig
length 4 and using Euler’s result, we see that there are at most [2=¢] — [( : w] <

k k
(5] - [Q] of them which can be squares. Hence |I,| < [£] — [E—h Now the
assertion follows from |I;| = S22 | [I| for [ = 1,2,3 since |I1o] = 0 for 3|d. O

We observe that there are p%l distinct quadratic residues and f‘%l distinct quadratic

nonresidue modulo an odd prime p. The next lemma follows easily from this fact.

Lemma 2. Assume (2) holds. Let k be an odd prime. Suppose that k1 d. Let
T ={i (%) —1,0<i<k}, T"={i: (%) — 1,0<i<k)

Then

k—1
T = |T" = 2~

Lemma 3. Assume that (2) with P(b) < k has no solution at k = ky with ki prime.
Then (2) with P(b) < k has no solution at k with k; < k < ko where ky is the smallest
prime larger than k.

Proof. Let ki and ko be consecutive primes such that &y < k < ko. Assume that (2)
does not hold at (n,d, k1). Suppose

n(n+d)---(n+(k—1)d) = by’
Using (3), we see that
n(n+d)---(n+ (ki — 1)d) = b'y”
with P(V') < k;. This is not possible. O

Let g1, g» be distinct primes and
p p
M(q1,q2) ={p <97 (—) < (_)}
Uil q2
We write A(q1, q2) = Aq1, @2, k) := {p € Ai(q1, @) : p < k}.
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Lemma 4. We have

(CI1> CI2) A1(Q1, Q2)
(5, 11) {37 19,23,29,37,41,47,53,61,67, 79, 97}
(7, 17) {11, 13,19,23,29,37,47,59,71,79, 83, 89}

( )| 15, 17,29, 31, 37, 43, 47,59, 61, 67, 71, 79, 89, 97}
( Y|~ {7,17,19,23,29, 31, 37, 41,47, 67, 79,89, 97

( )| {13,19,23,31,37, 41, 53,59, 67, 71, 73, 83, 89}
( ) {11,13,17,43,47,53,59, 61,67, 71, 73}

( Y| {13,19,29,31,37,47,59, 61, 67, 79, 89, 97}

( ) {11, 13,29, 41, 43,53, 59, 61, 71, 79, 89}

( ) {7,11,17, 19, 41, 53, 59, 73, 79}

(37, 83) {17,23,29, 31,47, 53,59, 61,67, 71, 73}
( )

( )

( )

( )

( )

( )

( )

{11,13,19, 37, 43,59, 61, 67, 89, 97}
{7,23,29, 31, 37, 41, 67, 79, 83, 89}
{11,13,19,29, 31, 37, 41, 53, 71, 73,79, 89, 97}
{7.11,13,19,23, 43,71, 73,83, 97}
{7,13,17,29,47,53,71,73,79,83,97}
{11,19, 23,31, 37, 41, 43,47, 53,67, 71}
{13,17,19, 23,31, 47, 53, 71, 83}

Definition: Let P be a set of primes and Z C [0,k) N Z. We say that Z is covered
by P if, for every j € Z, there exists p € P such that p|a;. Further for i € Z, let

(11) i(P) = |{p € P : p divides a;}|.

For a prime p with ged(p,d) = 1, let 7, be the smallest ¢ > 0 such that p|n + id. For
Z C [0,k)NZ and primes py, py with ged(pips, d) = 1, we write

. . - k
T'=Z(p1,p2) =T\ U?zl{zm tpi0=i< (p_”
J

Lemma 5. Let Py be a set of primes. Let py, ps be primes such that ged(pips, d) = 1.
Let (i1,12) = (ipy,1p,),Z C[0,k) NZ and I’ = I(p1, p2) be such that i(Po N A(p1,p2))
is even for each i € I'. Define

T I W e N i — iy
L_%:EI'(p1) <P2)} T {GI'( 2 >%( P2 >}

Let P = A(p1,p2) \ Po. Let £ be the number of terms n + id with i € ' divisible by
primes in P. Then either

|7, < ¥, T, is covered by P, Iy = {i € ' : i(P) is even}

or

|Z5| < 4, Iy is covered by P, Iy = {i € ' : i(P) is even}.

We observe that ¢ < ZpG’P Pﬂ

p
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Proof. Let i € I'. Let Uy = {p: plai}, Uy ={p €Uy :p & ANp1,p2)}, Us = {p € Uy :
p € PoNAp1,p2)} and Us = {p € Uy : p € P}. Then we have from a; = Hpeuop that

() = TGO I GO TG = T (G) = oo ()

pEU PEU- PEUs PEUY
since |[Us| = i(Py N A(p1, p2)) is even. Therefore
(12) L:={ieT: (“-) ” (ﬁ)} = {i € T :i(P) is odd}.
P1 )
In particular £ is covered by P and hence
(13) L] <.

We see that (“—) — (nfz‘d) <
pj Dj

or Z, according as (pil) #+ (i or —) = (p%), respectively. Now the assertion of
)

p2 p1
the Lemma 5 follows from (12) and (13 O

) ( for i € 7/ and j = 1,2. Therefore £ =7

Remark: Let P consist of one prime p. We observe that p|n + id if and only if
p|(i —ip). Then Z; or 7 is contained in one residue class modulo p and p { a; for 7 in
the other set.

Corollary 1. Let py,pa, iy, iz, Po, P, Z,T",1,,Zo and ¢ be as in Lemma 5. Assume
that

1

(14) (<.
Then |Z1| # |Zs|. Let

1 if |Il| < |I2|
15 M =
(15) {Ig otherwise
and
(16) B I, if |Z4| < |Zy|

I, otherwise.

Then |M| < £, M is covered by P and B = {i € T'|i(P) is even}.

Proof. We see from Lemma 5 that min(|Z;|, |Z|) < ¢ and from (14) that max(|Z;|, |Z2|) >
17| > ¢. Now the assertion follows from Lemma 5. O

We say that (M, B, P, () has Property $ if M| < ¢, M is covered by P and i(P)
is even for i € B.

Lemma 6. Let k be a prime with 7 < k < 97 and assume (2). For k > 11, assume
that Theorem 4 is valid for all primes ki with 7 < ki < k. For 11 < k < 29,
assume that k 1 d and k t n+id for 0 <i <k —Fk and k' < i < k where k' < k
are consecutive primes. Let (q1,q2) = (5,7) if k = 7; (5,11) if k = 11; (11,13) if
13 <k <23;(19,29) if29 < k <59, (59,61) if k = 61; (43,67) if k = 67,71; (23,73)
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if k= 73,79; (37,83) if k = 83; (79,89) if k = 89 and (23,97) if k = 97. Then q|d
or qo|d unless (ag,ay,- -+ ,ar—1) is given by the following or their mirror images.

=7:(2,3,1,5,6,7,2),(3,1,5,6,7,2,1),(1,5,6,7,2,1,10);

k=13:(3,1,5,6,7,2,1,10,11,3,13,14,15), (1,5,6,7,2, 1,10, 11, 3,13, 14, 15, 1):
k=19:(1,5,6,7,2,1,10,11,3,13,14,15,1,17,2,19, 5,21, 22):
k=23:(56,7,2,1,10,11,3,13,14,15,1,17,2, 19, 5,21, 22, 23,6, 1, 26, 3),

(

6,7,2,1,10,11,3,13,14,15,1,17,2, 19,5, 21,22, 23,6, 1, 26, 3, 7).

We shall prove Lemma 6 in section 3.

Lemma 7. Let k be a prime with 29 < k < 97 and Qo a prime dividing d. Assume
(2) with k1 d and k¥ n+id for 0 < i < k—Fk and k' <1 < k where k' < k are
consecutive primes. Then there are primes Q1 and Q2 given in the following table
such that either Q1|d or Qq|d.

k Qo | (Q1,Q2) | k| Qo (Q1,Q2)
59< k<5919 (7,17) | 73,79 23 (53,67)
ST<k<59]20] (7,17) | 79 |73  (53,67)

61 59 [ (IL61) || 83 |37  (23,73)

67,71 |43 (53,67) | 89 79|  (23,73)
71 67 | (43,53) | 97 |23 | (73,97), (37.83)

The proofs of Lemmas 6 and 7 depend on the repeated application of Lemma 5
and Corollary 1. We shall prove Lemma 7 in section 4. Next we apply Lemmas 1, 2
and 7 to prove the following result.

Lemma 8. Let k be a prime with 7 < k < 97. Assume (2) with k 1 d. Further for
k > 29, assume that ktn+id for 0 <i <k —k and k' <i <k where k' < k are
consecutive primes. Let (q1,q2) be as in Lemma 6. Then ¢ 1d and gz 1 d.

The section 5 contains a proof of Lemma 8. Assume that 3 { d and 5t d. We define
some more notation. For a subset J C [0,k) NZ, let

D=T)(J) ={i € Jli=i3(mod 3)}, T, =T, (J) :={i € J| (Z;Z3> =1},

I =) = i e g1 (52) = -1

and
: i — 15 B : i — 5
-5 = tie ) (50) =0 T =5 )= e g1 (F52) = -
Assume that a; € {1,2,7,14} for i € Zy UZ; . Then either a; € {1,7} for i € Z7,
a; € {2,14} for i € Z; or a; € {2,14} for i € I}, a; € {1,7} for i € Z; . We define
(Z3,73) = (I3, Z; ) in the first case and (Z3,Z2) = (Z; ,Z3") in the latter. We observe
that i’s have the same parity whenever a; € {2,14}. Thus if i’s have the same parity
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in one of Z; or Z; but not in both, then we see that (Z1,72) = (Z,7, Z; ) or (Z; , Z7)
according as 4’s have the same parity in Z; or Z , respectively. Further we write

Th=TiNLTH Jo=TNIL, k=TNT Lh=I:NI;

and a, = {a;]i € J,} for 1 < p < 4. Since (3) = (&) =1 and (2) = (I) = -1, we
see that

(17) (a17a27a37a4) C <{1}7{7}’{14}7{2}) or ({7}’{1}’{2}’{14})

where (ay, as, a3, a4) C (51,52, 55,54) denotes a, C S, 1 < p < 4. We use 7|(i — 7')

whenever a;, a; € {7,14} to exclude one of the above possibilities.

3. PROOF OF LEMMA 6

Let k' < k be consecutive primes. We may suppose that if (2) holds for some
k> 29 then k{dand k{a; for 0 <i < k—k and k¥’ < i < k, otherwise the assertion
follows from Theorem 4 with k replaced by k’. The subsections 3.1 to 3.10 will be
devoted to the proof of Lemma 6. We may assume that ¢; 1 d and ¢ 1 d otherwise
the assertion follows.

3.1. The case k = 7. Then 5 t d. By taking mirror images (4) of (2), there is
no loss of generality in assuming that 5|n + i5d, 7|n + i7d for some pair (is,47) with
0 <i5 < 5,0 <iy < 3. Further we may suppose 27 > 1, otherwise the assertion follows
from the case k = 6. We apply Lemma 5 with Py = 0, p1 = 5,ps = 7, (i1, 12) = (i5,47),
Z=1[0,k)NZ, P=A(57 ={2} and ¢ < {; = [£] to conclude that either

|Z,| < 41, Z; is covered by P, I, = {i € T'|i(P) is even}
or
|Z5| < ¢4, Iy is covered by P, Z; = {i € Z'|i(P) is even}.

Let (i5,i7) = (3,1). Then Z; = {0,2,6} and Z, = {4,5}. We see that Z; is covered by
P and hence i(P) is even for i € Z,. Thus 2 1 a; for i € Z,. Therefore ay,as € {1,3}
and ag, az, a6 € {2,6}. If ag = 6 or ag = 6, then 3 1 ayas so that ay = a5 = 1. This

is not possible by modulo 3. Thus ag = ag = 2. Since (%0) (%2) = (W) = —1,

we get ap = 6. Hence ay = 1. Further as; = 3 since (%5) (%4) = <%> = —1.

Also 5|as and 7|ay, otherwise the assertion follows from the results [MS03] for k =5
and [BBGHO6] for £ = 6, respectively, stated in section 1. In fact a; = 7,a3 = 5
by ged(ayas, 6) = 1. Thus (ag, a1, as, as, aq, as, ag) = (2,7,6,5,1,3,2). The proofs for
the other cases of (i5,i7) are similar. We get (ao, - ,a) = (1,5,6,7,2,1,10) when
(i5,17) = (1,3), (ag, -+ ,a¢) = (1,2,7,6,5,1,3) when (i5,i7) = (4,2) and all the other
pairs are excluded. Hence Lemma 6 with & = 7 follows.
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3.2. The case k = 11. Then 5 t d. By taking mirror images (4) of (2), there is
no loss of generality in assuming that 5|n + isd, 11|n 4 i11d for some pair (i5,111)
with 0 < 45 < 5,4 < i3 < 5. We apply Lemma 5 with Py = 0,p; = 5,p, = 11,
(i1,42) = (i5,i11), T =[0,k) N Z, P = A(5,11) = {3} and £ < ¢; = [£] to derive that
either

|Z,| < ¢4, Z; is covered by P, I, = {i € Z'|i(P) is even}
or
|Z5| < 41, I is covered by P, I, = {i € Z'|i(P) is even}.

We compute Z;, 7, and we restrict to those pairs (i5,411) for which min(|Z,],|Zs|) <
¢, and either 7, or Z, is covered by P. We find that (is,i11) = (0,4),(1,5). Let
(i5,911) = (0,4). Then Z; = {3,9} is covered by P, i3 = 0 and i(P) is even for
i €Iy ={1,2,6,7,8}. Thus 3 { a; for ¢ € Z,. Further p € {2,7} whenever p|a;
with i € Zy. Therefore a; € {1,2,7,14} for i € Z,. By taking J = Z, we have
I, =79UZ; UZ; and I, = Z} UZ; with

I3 = {6}, TS = {1.7}, Iy = {2,8}, I = {1,6}, I = {2,7,8}.
Let (Z!,72) = (Z,Z;). Then
jl == {1}7j2 = {7}7k73 = ®7j4 = {278}

The possibility (ai, as, a3, a4) € ({7}, {1}, {2}, {14}) is excluded since 7|(i — ") when-
ever a;,ay € {7,14}. Therefore a; = 1,a; = 7,a5 = ag = 2. Further ag = 1 since

6 € Z. and a; = 1,ay = 7. This is not possible since 1 = (%) (%) = (LM) =—1.

Let (Z3,Z2) = (Z; ,Z;). Then we argue as above to conclude that ay = ag = 1,a; =
2, a7 = 14 which is not possible since n + 2d and n 4 8d cannot both be odd squares.
The other case (i5,711) = (1,5) is excluded similarly.

3.3. The cases 13 < k < 23. Then 11 { d and 13 { d. There is no loss of generality
in assuming that 11|n +i;1d, 13|n +i13d for some pair (i11,713) with 0 <iy; < 11,0 <
113 < % and further i13 > 2 if £ = 13. We have applied Lemma 5 once in each of
cases k = 7 and k = 11 but we apply it twice for every case 13 < k£ < 23 in this section.
Let 73() = @,pl = 11,p2 = 13, (il,ig) = <i117i13)7 7= [O, ]{Z) N Z, P = Pl = A(]_l, 13)
and ¢ < (, where {1 = 3 if k = 13; ¢, = [£] + [£] if K > 13. Then {; < i|T|
since [Z'| > k — [£] — [#]. By Corollary 1, we derive that Z’ is partitioned into
M =: M and B =: By such that (M, By, Py, ¢1) has Property $. Now we restrict
to all such pairs (i11,713) satisfying |[M;| < ¢; and M, is covered by P;. We check
that [M;]| > 2. Therefore 5t d since M is covered by P;. Thus there exists i5 with

0 < 45 < 5 such that 5|n + isd.

Now we apply Lemma 5 with p; = 5, ps = 11 and partition B;(5, 11) into two sub-
sets. Let P() = A(l]_, ]_3) U {11, ]_3}, (il,ig) = (i57i11),I = 817 P = PQ = A(E)7 1].) g
{3,19,23} and ¢ < {5 where ¢, = 5,6,8,11 if &k = 13,17,19, 23, respectively. Hence
B} is partitioned into Z; and Z, satisfying either

|Z,| < 3, T, is covered by Py, Iy = {i € Z'|i(P,) is even}
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or
|Z5| < ls, I is covered by P, Iy = {i € Z'|i(P,) is even}.

We compute Z;,Z; and we restrict to those pairs (i11,413) for which min(|Zy|, |Z5|) <
(5 and either 7; or Z, is covered by P,. We find that (i11,i13) = (4,2),(5,3) if
k = 13; (0,0),(5,3) if £ = 17; (0,0),(0,9),(7,5),(7,9),(8,6),(9,7), (10, 8) if &k = 19
and (0,0),(0,9),(1,10),(2,11), (4,0),(5,1), (5,7), (6,2), (6,8),(7,9), (8,10), (9, 11) if
k= 23.

Let (i11,713) be such a pair. We write M for the one of Z; or Z, which is covered
by P, and B for the other. For i € B}, we see that p { a; whenever p € Py since 17|a;
implies 5|a;. Therefore

(18) i(P2) is even for i € B and p { a; for i € B whenever p € Py,

since B C B;. Further we check that |M| > 1if k # 23 and > 3 if £ = 23 implying
31d.

By taking J = B, we get B =7 UZf UZ; and B =Z] UZ;. Then p € {2,7}
whenever pla; with i € Z;7 UZ; by (18). By computing Z3, Z; , we find that i’s have
the same parity in exactly one of Z;", Z; . Therefore we get from (17) that

(Cl1, az, as, Cl4) C ({1}’ {7}’ {14}7 {2}) or ({7}’ {1}7 {2}7 {14}) :

Let k& = 13 and (i11,413) = (4,2). Then we have M; = {0,5,10}, i5 = 0, M =
{3,9,12} and B = {1,6,7,8,11} since the latter set is not covered by P, = {3}.
Further i — 0, 70 = {6}, T = T, — {8, 11}, T2 = T; = {1,7}, ' — {1,6,11}, 7, —
{7,8}, Jh = {11} Jo = {8} Js = {1}, Ty = {7}. Therefore a3 = 1l,a3 = 7,a; =
14,a7 = 2 or ay; = 7,ag3 = 1,a; = 2,a7; = 14. The second possibility is excluded
since a;; = 7,a; = 14 is not possible. Further from (18), we get ag = 1 since
2 f ag and 7 1 a. Since 13|n + 2d and 7|n + d, we get (52) = (4%) = (%) and
— (&) = (2) = (%). We observe that 13|n+2d, 11|n+4d, 7|n+d, 5|n, 3|n, 2|n+d,
5|a; for i € M and S\al for i € M. Now we see that ay € {5,15} and ap = 5 is
excluded since (%) #* — (’71) Thus ag = 15. Next a; = 14,a, = 13 and a3 = 3.
Also as € {1,11} and a4 # 1 since (%) = (£) = —1. Similarly we derive that
as = 10,a6 = 1l,a7 = 2,a8 = T,a9 = 6,a1;0 = 5,a11 = 1 and a;2 = 3. Thus
(ag,ay, -+ ,a12) = (15,14,13,--- ,5,1,3). The other case (i11,713) = (5,3) is similar

and we get (ag,ay, -+ ,a12) = (1,15,14,--- 5. 1).

Let k = 17 and (i11,413) = (0,0). Then we have M; = {5,10,15} and i5 = 0.
We see from the assumption of Lemma 6 with & = 17, k" = 13 that 4 < 47 < 13.

Hence, from i,; € % 13{2p +pj:0<j< (ﬂ}, we get i17 € {5,10,11}. Further

M = {3,6, 12},B = {1,2,4,7,8,9,14,16}, iy = 0, Z0 = {9}, T} = {1,4,7,16}, 72 =
(2,8,14}, T = {1,4,9,14,16},Z; = {2.7,8}, Jy = {1,4,16}, Jp = {7}, J; = {14}
and Jy = {2,8}. Therefore a; = ay = a1 = l,a7 = T,a14 = 14,00 = ag = 2.
Thus ag = 1 by (18) and 2 1 ag,7 t ag. Now we see by Legendre symbol mod 17
that a1 = a4 = ag = a1 = 1 is not possible. The case (i11,413) = (5, 3) is excluded
similarly.
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Let £ = 19 and (i11,413) = (0,0). Then we have M; = {5,10,15,17}, i5 =
0,i17 = 0, M = {3,6,12}, B = {1, 4789141618}and23—0 We see

. . E . .
from 19 € 35111317{ +pj 0 <5< (p}} and 2 < 719 < 17 that 419 €

(3,5.6,9,10,11.12, 13,15} Further 0 — {9,18}, T} — {1,4,7, 16}, T2 — {2,8, 14},
TF = {1,4,9,14,16}, I = {2,7,8,18}, Ji = {1,4,16}, % = {7}, T = {14}
and Jy = {2,8}. Therefore a; = a4y = a;¢ = 1 which is not possible by mod
19. The case (i11,413) = (7,5) is excluded similarly. Let (i11,413) = (0,9). Then
My = {2,5,7,12,17}, i5 = 2,i7 = 5, M = {1,3,10,16}, B = {4,6,8,13, 14,15, 18},
iz = 1 and 459 = 3. We now consider (n + 6d)(n + 7d)---(n + 18d) = b'y".
Then P(b') < 13. By the case k = 13, we get (ag, a7, - ,a15) = (1,15,---6,5,1)
since 5la; and 3lajs. From 19n + 3d, we get (%) = (%%) = — (%) which
together with 13|n + 9d,11|n,7|n + d,2|n, 5|as, 17|as, 3|a; implies ag € {2,22},
a; € {3,21}, as = 5,a3 = 19,a4 = 2 and a5 = 17. Now from (%) = (“i‘;G) = (%),
we get ap = 22,a; = 21. Thus (ag, a1, -+ ,a15) = (22,21,---,6,5,1). The case
(111,713) = (7,9) is similar and we get (ag, ay, -+ ,a18) = (1,5,6,---,21,22). For the
pair (i11,413) = (10,8), we get similarly (ag, a1, -+ ,a13) = (21,5,---,6,5,1,3). This
is excluded by considering (n + 3d)(n + 6d) --- (n 4+ 18d) and k = 6. For the pairs
(111,713) = (8,6),(9,7), we get i19 = 0,1, respectively, which is not possible since
119 > 2 by the assumption of the Lemma.

Let £ = 23 and (ill,ilg) = (0,0) Then Ml = {5,10,15,177 20}, i5 = 0,@17 =
0, M = {3,6,12,19,21}, B = {1,2,4,7,8,9,14,16,18}, i3 = 0 and 419 = 0 since
23 1 aj9. We have i3 € {5,6,9,10,11,12,13,15,17,18} since 4 < i3 < 19. Here
we observe that 23 1 ajg and 4 < 53 < 19 in view of our assumption that k 1 a;
for 0 <i<k—FK and ¥ < i < k with & = 23,k = 19. Further ZJ = {9, 18},
T = {1,4,7,16}, 72 = {2,8,14}, T+ = {1,4,9,14,16},7; = {2,7,8,18}, J, =
{1,4,16}, J> = {7}, J5 = {14} and J; = {2,8}. Therefore ay = a4 = a1 = 1,a7 =
7,a14 = 14,ao, = ag = 2. This is not possible since (%) = (%) = (%ﬁ) = (g—g) =
(%) = 1. The cases (i11,713) = (0,9),(1,10),(2,11),(4,0),(7,9),(8,10), (9,11) are
excluded similarly. Let (i11,413) = (5,1). Then My = {7,10,12,17,22}, i5 = 2,417 =
10, M = {0,3,4,6,8,15,21}, B = {9,11,13, 18,

19,20} and i3 = 0. This implies either 23|ay, 19]ag or 23|ag, 19]ay. Further Z9 =
{9,18}, 73 = {11,20}, 7? = {13,19}, Z = {11,13,18}, Z; = {9,19,20}, J, =
{11},j2 = {20}7 jg = {].3} and j4 = {].9} Therefore a1 — 1,&20 = 7, a13 —
14,a;9 = 2. Further from (18), we get a9 € {1,2},a15 = 1 since 7 1 agais,2 1
as. However ag = 2 as 9 € 77,18 € Z7. Since (%) = (%) = 1, we see that

23 23
23|ay, 19]ag. By using <“—> = <%> = <W> we get (“—) = — (%) (%) =
() (%) = (2 and (%) = (52). Now om 28Ja, 19jay Ve, 13} +

d,11|n+5d,7|n+6d, 5|n+ 2d, 3|n, 2|n+ d, M, is covered by {5,17}, M is covered by
{3 19,23}, we derive that (ag,aq, -+ ,a) = (3,26, -+ ,6,5). The pairs (i11,i13) =
(5,7),(6,2),(6,8) are similar and we get (ag, ay, - - - ,a22) =(6,7,---,3,7),
(7,3,--+,7,6),(5,6,7,--- ,3), respectively.

3.4. Introductory remarks on the cases k > 29. Assume ¢; 1 d and g3 1 d. Then,
by taking mirror image (4) of (2), there is no loss of generality in assuming that
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@1 |n + igd, ga|n + ig4d for some pair (ig,4,,) with 0 < i, < ¢,0 < 4, < % and

further ¢, > k — k' if ¢o = k. For k = 61, by taking (n + 8d)--- (n + 60d) and
k = 53, we may assume that max(isg,ig1) > 8 if i59 > 2. Let Py = 0,p1 = q1,p2 =
@2, (i1, 92) = (igy,9q), Z=10,k)NZ, P =Py := A(q1,¢2) and £ < {; = ZpE’P1 (}ﬂ We
check that ¢; < $|Z'| since |Z'| > k — (qﬁlw - {q%] By Corollary 1, we get M =: M,
and B =: By with (M, By, Py, ¢1) having Property $). We now restrict to all such
pairs (ig4,,44,) for which |M;| < ¢; and M, is covered by P;. We find that there is
no such pair (i,,,1,) when k = 97.

3.5. The cases 29 < k < 59. As stated in Lemma 6, we have ¢; = 19, ¢y = 29 and
P, = A(19,29) C {11,13,17,43,47,53,59}. Then the pairs (i, i,,) are given by

k=29:(0,9),(1,10), (2,11), (3,12), (4,13), (15,5), (16,6), (17, 7), (18,8);
k=31:(0,0),(0,9), (1,10), (2,11),(3,12), (4,13), (11,1),

(12,2), (13,3), (14,4), (15,5), (16, 6), (17, 7), (18,8);
k=37:(0,0),(0,9), (1,10), (2,11), (3,12), (4,13), (17, 7), (18,8):
k=41:(0,0),(2,11), (3,12), (4, 13);
k=43:(0,0),(1,1),(3,12), (4,13), (5,14), (6,15), (7, 16), (8, 17):
k=47 (0,0), (1,1), (7,16), (8,17), (9,18), (10, 19), (11, 20),

(12,21), (13,22), (13,23), (14, 23);
k=53:(0,0),(1,0),(1,1), (13,22), (13,23), (14, 23), (14, 24),

(15,24), (15,25), (16, 25), (16, 26), (17, 26);
k=159:(0,0),(0,28), (1,0), (1,1),(2,1),(3,2), (17,27), (18, 28).

Let k = 31 and (i19, ing) = (0,9). We see that Py = {11,13,17}, M, = {4, 5,12, 16,
21,2527} and By = {1,2,3,6,7,8, 10, 11,13, 14, 15, 17, 18, 20, 22, 23, 24, 26, 28, 29, 30}.
Since M is covered by P;, we get 11 divides as, ayg, Ao7; 13 divides (12, aos and 17
divides ag4, as; so that i3y = 5,413 = 12,437 = 4. We see that ged(11 - 13- 17,a;) = 1
for ¢ € Bl- Now we take P() = 7)1 U {19, 29}, P1 = 11,p2 = 13, (il,ig) = (ill,i13> =
(5,12),Z = By, P = Py := A11L,13) \ Py = {5,31} and £ < by = 35 [5] = 8.
Thus |Z'| = |By| = 21 > 2{;. Then the condition of Corollary 1 are satlsﬁed
and we have M =: My, B =: By and (Ms, By, Ps,ls) has Property . We get
My = {1,3,7,8,18,23,28}. This is not possible since My is not covered by Ps.
Further the following pairs (i9,i29) are excluded similarly:

k=29:(0,9),(1,10), (2,11), (3,12), (4, 13), (15,5), (16,6), (17, 7), (18,8);
k=31:(1,10),(2,11), (3,12), (4,13), (18, 8).
Thus £ > 29.
Let k = 59 and (i19,199) = (0,0). Then we see that P, = {11, 13,17,43,47,53, 59},
M = {11,13,17, 22, 26,33, 34, 39, 43, 44, 47, 51,52, 53,55}, B, = {1,2,3,4,5,6,7,8,9,

10,12, 14, 15, 16, 18, 20, 21, 23, 24, 25, 27, 28, 30, 31, 32, 35, 36, 37, 40, 41, 42, 45, 46, 48, 49,
50, 54,56}, i11 = i13 = i17 = 0, {43,47,53} is covered by {43,47,53,59} =: P;. Let
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pla; for ¢ € By and p € P;. Then we show that i € {4,6,10}. Let 59|ay3. Then
{47,53} is covered by {43,47,53}. Let 43|ay;. If 43|a; with i € By, then ¢ = 4 and
43 - play with p € {47,53} since i(P;) is even. This implies either 53|ass, 43 - 47|ay or
47|ass3,43 - 53|ay. Similarly we get ¢ € {4,6,10} by considering all the cases 59|ay3,
59)as7 and 59 1 agzag7ass. We observe that 59 t ass since 6 < i5g < 53. Hence we
conclude that p t a; for i € By \ {4,6,10} and p € P;. Further we observe that

(19) isy € My U {19,29,38} U {6, 10}.

Now we take Py = P1U{19,29}, p; = 11, py = 13, (i1,42) := (0,0),Z = By \ {4, 6,10},
P =P = A11L,13)\ Py = {5,31,37} and £ < b, = 3 [¥] = 16. Thus
|Z'| = |Bi] —2 > 20y. Then the conditions of Corollary 1 are satisfied and we
have M =: My, B =: By with (My, By, Pa, l3) having Property $. We get My =
{5,15,20,30,31,35,37,40,45}, B, = {1,2,3,7,8,9,12,14, 16, 18, 21, 23, 24, 25, 27, 28,
32,36,41,42,46,48,49,50,54,56}, i5 = 07 31|(131,37’6L37 or 3]_|CL37,37|CL31. Now we
take P() = 7)1 U PQ U {19, 29},]91 = 5,])2 = 11, (il,ig) = (0,0),I = BQ, P = Pg =
A1)\ Py = {3,23,41} and £ < U3 = > p. (ﬂ Then by Lemma 5, we see
that M = {3,6,12,21,23,24,27,41,42,46,48,54} is covered by P and i(P3) is even
for i € B = {1,2,7,8,9,14,16, 18,28, 32, 36,49, 56}. Thus i3 = i3 = is = 0 and
p € {2,7} whenever p|a; with ¢ € B. Putting J = B, we have B = ZJ UZ3 UZ3 and
B =T7] UZ; with

T7 = {9,18,36}, Iy = {1,7,16,28,49}, I3 = {2,8,14, 32,56}
and

T = {1,9,14,16,36,49,56}, T = {2,7,8, 18, 28, 32}.

so that

Ty ={1,16,49}, T = {7,28}, J5 = {14,56}, Ji = {2,8,32}.

Hence (aj,a9,0a3,a4) € ({1},{7},{14},{2}) by (17). Thus a; = a1 = ag9 = 1,
a7 = Q9 = 7,014 = as6 = 14,as = ag = azgs = 2. Further we get ag = azs = 1 and
aig = 2 since 9,36 € Z and 18 € Z; . Since

(20) (%) — 1 for a; € {1,7},

we see that (g—é) =1forie {1,7,9,16,28,36,49} which is not possible by (19).

Let k = 41 and (i19,i29) = (2,11). Then we see that P; = {11,13,17}, M; =
{1,6,7,14,18,23,27,29}, B, = {0,3,4,5,8,9, 10,12, 13,15, 16, 17, 19, 20, 22, 24, 25, 26,
28,30, 31,32, 33, 34, 35, 36, 37, 38, 39}, i1, = 7,413 = 1,417 = 6. Further ged(ay, 11- 13-
17) = 1 for i € By. Now we take Py = P; U {19,29}, p1 = 11,py = 13, (iy,1i2) =
(7,1),Z =By, P =Py = A(11,13) \ Py = {5,31,37} and £ < by = 3° pp [%] = 13.
Then |Z'| = |By| > 2¢3. Thus the conditions of Corollary 1 are satisfied and we get
M =: My and B =: B, such that (Ms, By, Py, {5) has Property $). We have M, =
{0,3,5,9,10,20,25,30,35}, By = {4,8,12,13,15,16,17, 19, 22, 24, 26, 28, 31, 32, 33, 34,
36,37,38,39}, is = 0. Further 31 - 37|asag, 31 { azs. We take Py = P; U Py U
{19,29},p1 = 5,py = 11, (iy,i2) = (0,7),Z = By, P = P3 := A(5,11) \ Py =
{3,23,41}, £ < X cp, (ﬂ and apply Lemma 5 to see that M = {13,16,17,19, 28,34, 37}
is covered by Ps, i3 = 1,1(P3) iseven fori € B = {4, 8,12,22,24, 26, 31, 32, 33, 36, 38,39}.
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Further io3 = 17, iy € {2,11,21} U My U Mo U M U {4,22,31} or vice-versa. Here
we observe that i4; exists since 41 1 d. Thus 23 - 41| [] a; where i runs through the set
{2,11,21} U M; UMy U {4,22,31}. Therefore a; € {1,2,7,14} for i € Z; UZ3 where
B=TZ0UZ)UZ? B =17 UZ; with

79 ={4,22,31}, Iy = {12,24,33,36,39}, Z; = {8,26, 32,38}
and
T+ ={4,24,26,31,36,39}, T = {8,12,22,32, 33,38}
by taking J = B. We get
Ji = {24,36,39}, Jo = {12,33}, Jz = {26}, Ju = {8,32,38},

and Qg4 = Q3¢ = Q39 = 1, 12 = A33 = 7, Ao = 14, ag = Qg2 — A38 = 2 by (17) Since

(21) (%) — 1 for a; € {1,2),
we see that (ZT) = 1fori € {8,24,32,36, 38,39} which is not valid by the possibilities
of i41.

All other cases are excluded similarly. Analogous to (20) and (21), we use (%) =1
for

a; € {1,7Vif k = 37,53,59; a; € {1,2} if k = 31,41,47; a; € {1,14} if k = 43

to exclude the remaining possibilities.

3.6. The case k = 61. We have ¢; = 59,¢2 = 61 and P, = {7,13,17,29,47,53}.
Then the pairs (i4,1%,,) are given by (8,6),(9,7),(10,8),(11,9), i.e. (i + 2,i) with
6 <:<09.

Let (is9,161) = (8,6). Then P; = {7,13,17,29,47,53}, M; = {2,4,9,11, 14,15, 16, 20,
25,28, 32, 33,38, 39,41, 46, 50,53,54,60}, B; = {0,1,3,5,7,10,12,13,17, 18,19, 21, 22,
23,24, 26,27,29,30,31,34,35,36,37,40,42, 43,44, 45,47, 48,49, 51,52, 55, 56, 57, 58, 59},
17 = 4,413 = 2,417 = 16,199 = 9 and ay4, ag are divisible by 47,53. Further
ged(p,a;) = 1 for i € By and p € P;. Let Py = Py U{59,61},p1 = T,ps =
17, (i, iy) = (4,16), T = By, P = Py := A(7,17) \ Py = {11,19,23,37} and
C<tly =3 cp, (ﬂ = 15. Then 2¢; < |Z'| = |By| — 1. By Corollary 1, we get
M =: My, B =: By and (My, By, Py, ls) has Property $. We find that My =
{1,10, 12,21, 23,29, 30, 34,44, 45,48,56}, B, = {0,3,5,7,13,17,19,22,24, 26,27, 31,
35,36,37,40,42,43,47,49,51,52,55,57,58, 59}, i1; = 1,419 = 10, da3 = 21,37 = 30.
Now we take Py = P; U Py U {59,61}, p1 = 11,p2 = 59, (i1,i2) := (1,8), T = B,
P = P; = A11,59) \ Py = {31,41} and ¢ < f3 = 3 » [%] = 4. Then
203 < |Z'| = |Bs|. By Corollary 1, we get M =: M3 and B =: Bz such that
(M3, B3, Ps, l3) has Property $. We get M3 = {0,5,26,36} which cannot be cov-
ered by Ps. This is a contradiction. The remaining cases are excluded similarly.
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3.7. The cases k = 67,71. We have ¢; = 43,9, = 67 and P, C {11, 13,19, 29,31, 37,41,
53,71}. Then the pairs (i, i4,) are given by

k=67: (i,i),6 < i< 33;
k=T71:(i,),0 <i<35,i#24,25 and (24,0), (25,1), (26,2), (27, 3).

Let k = 71 and (443, i67) = (27, 3). We see that P; = {11,13,19,29,31,37,41,53, 71},
M = {4,5,8,12,13,15,17,18,26,29, 31,32,33,37,39,41,44,48,51,57,50}, B, =
{0,1,2,6,7,9,10, 11, 14, 16, 19, 20, 21, 22, 23, 24, 25, 28, 30, 34, 35, 36, 38, 40, 42, 43, 45,
46, 47,49, 50, 52,53, 54, 55, 56, 58, 60, 61, 62, 63, 64, 65, 66, 67, 68,69}, i1 = 4,413 = 5,
i19 = 13. Therefore {8,12,17,29,33,39,41} is covered by 29,31,37,41,53, 71 imply-
ing either isg = 12 or ig9 € {17,29,33}, i3y = 8. Let i € By and p|a; with p € P;.
Then there is a ¢ € P; such that pg|a; since i(P;) is even. Next we consider the
case i3; = 8. Then {12,17,29,33,41} =: M/ is covered by 29,37,41,53,71 and
g9 # 12. For 29 € M/, we may suppose that either 29|asg,41|ay7,29 - 41|asg or
29|agg, 41]a41,29 - 41]ag. Thus 0 or 58 in B; correspond to 29. We argue as above
that for any other element of M7, there is no corresponding element in B;. For
the first case, we derive similarly that 31|ass, 37|asg, 31 - 37|ag or 37|ay7,37 - 71|asy or
37|CL29, 37 - 71|CL63 or 41|(1177 37 - 71|CL58. Therefore

29-31-37-41-53- 71| [[(n +id) for i € M, U {3,27,70} U B,
where Bj = {2,54, 58,63} if i59 = 12 and {0, 58} otherwise. Further
(22) 171 € Ml U {27} U Bll and 171 7é 32.

For each possibility igg € {0,4,12,17}, we now take Py = P, U{43,67}, p1 = 19, py =
29, (ir,is) = (13,in), T = By \ B}, P = Py 1= A(19,29) \ Py = {17,47,59,61}
and £ =ly =3 p (%W = 11. Then |Z'| = |By| — 4 > 2¢;. Thus the conditions of
Corollary 1 are satisfied and we get M =: My and B =: By with (M, By, Pa, {3) hav-
ing Property $). We check that | M| < 5 only at i59 = 12 in which case we get My =
{9,11, 19,23, 36,53}, B = {0,1,6,7,10, 14,6, 20, 21, 22,24, 25, 28, 30, 34, 35, 38, 40, 42,
43,45, 46,47, 49, 50, 52, 55, 56, 60, 61, 62, 63, 64, 65, 67, 68,69}, 17 = 2, {9,11,23} is
covered by 47,59,61. Thus 47-59 - 61 | agajjags. Further pta; for i € By and p € Ps.
We now take Py = Py UP,U{43,67}, p1 = 11, py = 13, (iq,12) := (4,5),Z = By, P =
Py = A(11,13)\ Py = {5} and £ = {5 = [£] = 15. Then |Z'| = |B,| > 2(3. By Corol-
lary 1, we get M =: M3 and B =: B3 such that (M3, B3, Ps, {3) has Property $. We
calculate My = {0, 10, 25, 30, 35, 40, 50, 55, 60, 65}, By = {1,6,7, 14, 16,20, 21, 22, 24,
28,34,38,42,43,45,46,47,49, 52,54, 56, 58, 61, 62, 63, 64,66, 67, 68,69}, i5 = 0 and fur-
ther 5 1 agays. Lastly we take Py = Py U Py U Py U {43,67}, p1 = 5,py = 11,
(i1,42) == (0,4),Z = B3, P = Py := A(5,11) \ Py = {3,23} and £ = by = 3 p [¥].
By Lemma 5, we see that M = {16,22,24,28,43,46,47,49,64,67} is covered by
Pu, iy = isy = 1, B = {1,6,7,14,21,34, 38,42, 52,56, 61, 62, 63, 68,69} and hence
3 1 arassaszae and possibly 3 - 23|a;. Therefore a; € {1,2,7,14} for i € B\ {1}. By
taking J = B\ {1}, we have B\ {1} = ZY UZ} UZ; =7 UZ; with

79 = {7,34,52,61}, Z; = {6,21,42,63,69}, T, = {14,38,56,62,68}
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and
I; ={6,14,21,34,56,61,69}, Z, = {7,38,42,52,62,63,68}.
Therefore
J1 =16,21,69}, Jo ={42,63}, J3 = {14,56}, Jy = {38,62,68}.

and hence g =— A1 =— Agg — 1, 49 — Qg3 — 7, 14 = Qx5 — 14, 38 — Qg — Qg8 — 2 by
(17). Further we get agy = ag; = 1 and asy, = 2 by taking residue classes modulo 5.
Since (#) = (&) = 1, we see that (%) =1 for i € {6,21,34,38,52,61,62,68,69}
which is not valid by the possibilities of i7; given by (22).

Let k = 67 and (i43,7¢7) = (9,9). We see that P, = {11,13,19,29, 31, 37,41, 53},
M = {20,22,28, 31, 35, 38,40, 42, 46, 47,48, 50, 53,61, 62, 64,66}, B; = {0, 1,2, 3,4,
5,6,7,8,10,11,12,13,14, 15,16, 17,18, 19, 21, 23, 24, 25, 26, 27, 29, 30, 32, 33, 34, 36, 37,
39,41,43,44,45,49, 51,54, 55,56, 57, 58, 59,60, 63,65}, 117 = i13 = i19 = 9 and {38, 40,
46, 50,62} is covered by 29,31, 37,41, 53. Further pta; for i € B; and p € P; except
possibly when 29|asg, 41|ag2, 29-41]as;. Now we take Py = P1U{43,67}, py = 11,ps =
13, (i1,42) := (9,9),T = By \ {21} and P = Py := A(11,13) \ Py = {5, 17, 47,59, 61}.
If 5 1 d, we observe that there is at least 1 multiple of 5 among n + (i1 + 114)d,
0<i<band /< ZpE'P { W 1 = 23. Thus we always have ¢ < 23 = /5. Then
|Z'| = |Bi] — 1 > 245 since |B1| = 48. Thus the conditions of Corollary 1 are sat-
isfied and we get M =: My, B =: By and (May, By, Pa, l3) has Property $. We
have My = {0,1,2,3,5,6,7,8,14,19, 24,26, 29, 39,43, 44,49, 54, 56,60} which cannot
be covered by P,. This is a contradiction. The cases k = 67, (i43,767) = (7,7) with
0 < i< 28and k = 71, (igigr) = (4,4) with 13 < i < 28,i # 24,25 are ex-
cluded similarly as in this paragraph. The remaining cases are excluded similarly as
k =171, (i43,167) = (27,3) given in the preceding paragraph.

3.8. The cases k = 73,79. We have ¢; = 23,¢, = 73 and P; C {13,19, 29, 31, 37,47,
59,61,67,79}. Then the pairs (iy,,1,,) are given by

k=73 (6,2),(7.3), (8,4), 9.5);

k=179:(0,0),(1,1),(2,2),(7,3),(8,4),(9,5), (10,6), (11,7), (12,8),

(13,9), (14, 10), (15,11), (16, 12), (17, 13), (18, 14), (19, 15).
These pairs are of the form (i 4+ 4,14) except for (0,0), (1,1),(2,2) in the case k = 79.
Let k = 79 and (iz3, i73) = (8,4). We see that P, = {13,19, 29, 31,37, 47, 59, 61, 67, 79},

My ={1,3,10,12, 15,16, 18,19, 20, 25, 30, 38, 39, 40, 46, 48, 51, 58, 64, 78}, B; = {0, 2, 5,
6,7,9,11,13,14,17,21,22, 23, 24,26, 27, 28, 29, 32, 33, 34, 35, 36, 37, 41, 42, 43, 44, 45, 47,
49, 50,52, 53,55, 56, 57, 59, 60, 61, 62, 63, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76}, i13 =
12,110 = 1 and {3, 10, 15, 16, 18, 19, 30, 40, 46, 48, 78} is covered by 29, 31, 37, 47, 59, 61,
67,79. Thus

20-31-37-47-59-61-67-79 | H(n +id) for ¢ € {3,10, 15,16, 18,19, 30, 40, 46, 48, 78}.
Further we have

(23) irg € {10, 15,16, 18,19, 30, 40, 46, 48}
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and either ing = 19 or isg € {1,10,16,18}, i3 = 15, igy = 3,is0 = 19. Also for
p € P1, we have p t a; for ¢ € By since i(P;) is even for i € B;. For each possi-
bility 729 € {1,10,16,18,19}, we now take Py = P U {23,73}, p1 = 19,p» = 29,
(’il, 22) = (1,2’29),1 = Bl, P = PQ = A<19, 29)\P0 = {11, 17, 43, 53, 71} and ( = 62 =
> pePy (ﬂ =19. Then |Z'| > |By| — 2 > 205. Thus the conditions of Corollary 1 are
satisfied and we have M =: My, B =: By and (M, By, Pa, {5) has Property $ imply-
ing is9 = 19 in which case we get My = {0,6,9, 11,22, 24,26, 33, 34,43, 44, 55,60, 66 },
By ={2,5,7,13,14,17,21,23,27,28,29, 32,35, 36, 37,41, 42, 45,47, 49, 50, 52, 53, 56, 57,
59,61, 62, 63, 65, 67, 68,69, 70, 71, 72, 73, 74,75, 76}, i1, = 0,i17 = 9, {6, 24, 34} is cov-
ered by 43,53,71. Thus 43 - 53 - 71 | agagsass. Further p 1 a; for i € By and
p € Py. We now take Py = P; U Py U {23,73}, pr = 1l,p2 = 13, (i,19) =
(0,12),Z = By, P = P3 := A(11,13) \ Py = {5} and ¢ = (3 = [£] = 16. Then
|Z'| = |Bs| > 2¢5. By Corollary 1, we get M =: M3 and B =: B3 with (M3, Bs, Ps, (3)
having Property $). We calculate M3 = {7,17,32,37,42,47,57,62,67,72}, By =
{2,5,13,14,21,23,27,28,29, 35, 36,41, 45, 49, 50, 52, 53, 56, 59, 61, 63, 65, 68, 69, 70, 71,
73,74,75,76}, i5 = 2 and 5 { a; for i € Bs. Lastly we take Py = Py UP,UP3U{23, 73},
p1=D5,ps = 11, (i1,42) := (2,0),Z = B3, P = Py := A(5,11) \ Py = {3,41} and ¢ =
Uy = ep, (ﬂ By Lemma 5, we see that M = {23, 29, 35, 36, 50, 53, 56, 65, 71, 74} is
covered by Py, i3 = 2,141 = 36, B = {5, 13,14, 21,28, 41, 45,49, 59, 61, 63, 68, 69, 70, 73,
75,76} and hence a; € {1,2,7,14} for i € B. By taking J = B, we have B =
IVUI; UZ2 =T UZ; with

79 = {5,14,41,59,68}, Z; = {13,28,49,61,70,73,76},Z5 = {21,45,63,69, 75}
and
T+ = {13,21,28,41,61,63,68,73,76}, T, = {5,14,45,49,59,69,70,75}.
Thus
Ji = {13,28,61,73,76}, Jo = {49,70}, Js = {21,63}, J, = {45,69,75}.

and hence 13 = A28 = Qg1 = Q73 = A7 = 1, Q49 = Q70 = 77 91 = Ag3 = 14, g5 = Agg =
azs = 2 by (17). Further we get ay; = ags = 1 and a5 = as9 = 2 by residue modulo 5.
Since (%) = (%) = 1, we see that (%) = 1fori € {5,13,28,41, 45,59, 61, 68,69, 75,76 }
which is not valid by the possibilities of i7g given by (23). The other cases are excluded
similarly.

3.9. The case k = 83. We have ¢; = 37, ¢, = 83 and P, = {17,23,29, 31,47, 53,59, 61,
67,71,73}. Then the pairs (i4,4,,) are given by

(13,4), (14,5), (15,6), (16, 7), (17,8), (18,9), (19, 10),

(20,11), (21,12), (22, 13), (23, 14), (24, 15), (25, 16), (26, 17).
These pairs are of the form (i 4+ 9,7) with 4 <17 < 17.

Let (ig7,is3) = (13,4). We see that P; = {17,23,29, 31,47, 53,59, 61,67, 71, 73},
M, ={0,2,14, 16,18, 19, 20, 25, 26, 28, 29, 34, 36, 40, 41, 53, 56, 58, 64, 70}, By = {1, 3,
5,6,7,8,9,10,11,12, 15,17, 21, 22, 23, 24, 27, 30, 31, 32, 33, 35, 37, 38, 39, 42, 43, 44, 45,
46,47,48,49, 51,52, 54, 55,57, 59, 60, 61, 62, 63, 65, 66, 67, 68,69, 71, 72, 73, 74, 75, 76,
77,78,79,80,81,82}, i1y = 2,in3 = 18,49 = 0, i3 = 25 and {14, 16, 20, 26, 28, 34, 40}
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is covered by 47,53,59,61,67,71,73. Further p t a; for i € By and p € P;. For
each possibility i73 € {14, 16,20, 26, 28, 34,40}, we take Py = P; U {37,83}, p; =
23,py = 73, (i1,12) := (18,i73), T = By, P = Py := A(23,73) \ Py = {13,19,79} and
b=ty =3 cp, (%W = 14. Then |Z'| = |By| > 2{5. Thus the conditions of Corollary
1 are satisfied and we get M =: My, B =: By and (M, B, Ps, {5) has Property $
which is possible only if i73 = 14. Then My = {8,9, 11,22, 30, 35,48,49,61,68,74}.
Therefore 415 = 9,419 = 11 and i79 = 8. This is not possible by applying the case
k =73 to (TL + gd) cee (n + 81d) Similarly for (i37,i83) = (14, 5), we get 2.73 = 15,
irg = 9 and this is excluded by applying the case k = 73 to (n + 10d) - - - (n + 82d).
For all the remaining cases, we continue similarly to find that M, is not covered by
Py for possible choices of i73 and hence they are excluded.

3.10. The case k = 89. We have ¢; =79, ¢, = 89 and P, = {13,17,19, 23, 31,47, 53,
71,83}. Then the pairs (i,,,1,,) are given by (16,6), (17,7), (18,8), (19, 9), (20, 10),
(21,11). These pairs are of the form (i 4+ 10,4) with 6 <7 < 11.

Let (i7g,i89) = (16,6). We see that P; = {13,17,19,23,31,47,53,71,83}, M; =
{0,1,2,3,4,10,12,17,19, 24,26, 27, 30,33, 38,42,43, 44, 48,49, 56, 57,61, 64, 69, 72, 76,
78,82}, By = {5,7,8,9,11,13,14,15, 18, 20, 21, 22, 23, 25, 28, 29, 31, 32, 34, 35, 36, 37,
39,40,41,45,46,47,50,51, 52,53, 54, 55, 58, 59, 60, 62,63, 65, 66, 67,68, 70, 71,73, 74,
75,77,79, 80,81, 83, 84,85, 86,87, 88}, i3 = 4, iy = 10,419 = 0,493 = 3,451 = 2,
iy7 = 1 and {12,24,42} is covered by 53,71,83. Further p { a; for ¢ € By and
p € P1. Now we take Py = Py U {79,89}, p1 = 31,po = 89, (i1,i2) := (2,6),
T =B and P = Py := A(31,80) \ Py = {7,11,41,59,73}. If 7 { d, we ob-
serve that there is at least 1 multiple of 7 among n + (i13 + 13i)d, 0 < ¢ < 6
and ¢ < {y = ZPG% {%1 — 1 = 28. Thus in all cases, we have / < /[y and
|Z'| = |By| > 2¢y. Therefore the conditions of Corollary 1 are satisfied and we
get M =: My and B =: By with (My, By, P, {5) having Property $. We find
M, = {7,11,13,22, 25,29, 32, 36, 39, 40, 51, 53, 54, 60, 62, 67, 73, 74, 81, 84,88}, By =
(5,8,9,14, 15, 18,20, 21, 23, 28, 31, 34, 35, 37, 41, 45, 46, 47, 50, 52, 55, 58, 59, 63, 65, 66, 68,
70,71, 75,77, 79,80, 83,85, 86,87}, i = 4,411 = 7,in = 13 and {22, 36} is covered by
59,73. Further for p € Py, pta; for i € By \ {18}. We take Py = P, U P, U {79, 89},
P1 = 4].,]92 = 79, (il,ig) = (13, 16), 7 = BQ \ {18}, P = 7)3 = A(41,79) \P() =
{37,43,61,67} and € = {3 = 35 p [E] = 10. Then |Z'| = |Z] = |By| — 1 > 205
Thus the conditions of Corollary 1 are satisfied and we have M =: M3, B =: B3
and (M3, B3, P3, l3) has Property . We get Mz = {9,21,28,34,52,58}, B; =
{5,8, 14,15, 20, 23,31, 35, 37,41, 45,46, 47,50, 55, 59, 63, 65, 66, 68, 70, 71, 75, 77,79, 80,
83,85,86,87}, iz = 21,443 = 9 and {28,34} is covered by 61,67. Therefore p €
{2,3,5,29} whenever pla; for i € Bs. Now we take Py = Py UP, UP3U{79,89}, p; =
7,]?2 = 17, (’il,ig) = (4, 10), 7= B3, P = 7)4 = A(?, 17) \P() = {29} and ¢ = €4 =
(%W = 4. Then |Z'| = |Bs| — 1 since 46 € B3 and |Bs| — 1 > 2¢3. By Corollary 1, we
get M =: My and B =: By with (My, By, Py, £4) having Property $. We find M, =
(8,37,66}, By = {5, 14,15, 20,23, 31, 35, 41, 45, 47, 50, 55, 59, 63, 65, 68, 70, 71, 75, 77,
79,80, 83, 85,86, 87}, isg = 8 and P(a;) < 5 for i € By. Now we get a contradiction
by taking k = 6 and (n + 47d)(n + 55d)(n + 63d)(n + 71d)(n + 79d)(n + 87d) = b'y".
Similarly the pair (i79,is9) = (17,7) is excluded by applying k = 6 to (n + 48d)(n +
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56d)(n + 64d)(n + 72d)(n + 80d)(n + 88d). For all the remaining cases, we continue
similarly to find that M3 is not covered by P3 and hence they are excluded.

4. PROOF OF LEMMA 7

Assume that Q1 { d and @3 1 d. Then, by taking mirror image (4) of (2), there
is no loss of generality in assuming that 0 < ip, < Q1,0 < ig, < min(Q2 — 1, %)
Further iQQ > k— Kk if QQ = k. Let 7)0 = {Qo},p1 = Ql,pg = QQ, (il,ig) = (in’in)v
Z =1[0,k)NZ and P = P; := A(Q1,Q2) \ Po. Then |Z'| > k — (&W - [£]

Q2
and ¢ < ¢; where ¢, = Zpepl (ﬂ In fact we can take ¢ = Zpepl (ﬁ — 1 if
(k, Qo) = (79,23) or (k, Qo) = (59,29) with i; < 2 by considering multiples of 13,11

or 19,7, 11, respectively.

Let (k,Qo) # (79,73). Then ¢; < 3|Z'|. We observe that i(Py) = 0 for i € T’
since (Qo|d and by Corollary 1, we get M =: My, B =: By and (M, By, Py, {1) has
Property $. We now restrict to all such pairs (ig,,ig,) with |[M;| < ¢; and M, is
covered by P;. These pairs are given by

k Qo (Qh QQ) (ina iQ2)
29119 | (7,17) | (0,0), (0, 11)
371900 20| (7,17) | (0,0, (1,2)

7] 29 (7,17) | (0,0), (4,12)
59| 29 (7,17) | (1,1),(1,6)

71| 43 | (53,67) (0,0)

89| 79 | (23,73) | (0,0),(19,15)

Let (k, Qo) = (79,73) and (Q1,Q2) = (53,67). We apply Lemma 5 to derive that
either |Z;| < ¢1,Z; is covered by Py, i(P;) is even for i € Z, or |Zy| < ¢1,Z, is covered
by P, i(Py) is even for i € Z;. We compute Z;,Z; and we find that both Z; and Z,
are not covered by P; for each pair (is3,767) with 0 < 753 < 53,0 < ig7 < %

Let (/{J,Qo) = (37, 29),(@1,@2) = (7,17) and (i7,i17> = (1,2) Then Pl =
{11,13,19,23,37}. We find that M; = {3,7,10,13,14,17,23,25}, B; = {0,4,5,6,9,11,
12,16, 18, 20, 21, 24, 26, 27, 28, 30, 31, 32,33, 34, 35}, i11 = 3, 413 = 10 and {7,13,17}
is covered by 19,23,37. Further p { a; for p € Py, i € B;. Now we take Py =
PU{7, 17,29}, py = 11, py = 13, (41,42) := (3,10),Z = By, P = Py := A(11,13)\ Py =
{5,31} and ¢ = {y = Zpe% (ﬂ = 10. Thus |Z'| = |Z| = |By| = 21 > 20s.
Then the conditions of Corollary 1 are satisfied and we have M =: My, B =: By
and (Ms, By, P, ls) has Property $. We get My = {5,6,16,21,26,31}, By =
{0,4,9,11,12, 18,20, 24,27, 28, 30, 32,33, 34,35}, i5 = 1, 3l|as and 5 { aj;. Also
P(a;) < 3 for i € By and P(as;) = 5. Thus P(aspas; ---ass) < 5 and this is ex-
cluded by the case £ = 6. The other cases for k = 29,37,47 are excluded similarly.
Each possibility is excluded by the case k = 6 after showing P(ajas - ag) < 5 when
(]{Z, Qo) S {(29, 19), (37, 19), (37, 29), (47, 29)}, (’i7, i17) = (0, 0)7 P(CLQQCL23 cee CL27) <5
when (k’,Qo) = (29, 19),(@7,2'17) = (0,11), P(a30a31~~~a35) <5 when (k‘,@o) =
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(37, 19), (i7, i17) = (1, 2) and P((l40(141 tet a45) S 5 when (k‘7 Qo) = (47, 29), (’i7, i17) =
(4,12).

Let (k,@o) = (59,29),(@1,@2) = (7,17) and (i7,i17) = (1,1) Then 7)1 =
{11,13,19,23,37,47,59}. We find that M; = {0, 12, 14, 20, 23, 24, 27, 30, 34, 38, 39, 40,
45,47,48,53,56,58}, By = {2,3,4,5,6,7,9,10,11,13,16, 17,19, 21, 25, 26, 28, 31, 32, 33,
377 41,42,44,46749,51,54, 55}, 111 = i13 = ilg = i23 = ]_7 {30, 38,48} is covered by
37,47,59. Further p 1 a; for p € Py, i € B;. Now we take Py = Py U{7,17,29}, p; =
11,p2 = 13, (i1,42) :== (1,1), Z = By, P = Py := A(11,13) \ Py = {5,31,43} and ¢ =
U= ep, (ﬂ By Lemma 5, we get M = {6,11, 16,21, 31,32, 41,44, 46}, i5 = 1, 31-
43|azgaqy and i(Ps) iseven fori € B = {2,3,4,5,7,9,10,13,17,19, 25, 26, 28, 33, 37, 42,
49,51,54,55}. Further for p € Py, p 1 a; for i € B. Finally we apply Lemma 5
with 7)0 = Pl UPQ U {7,17, 29}, b1 = 5,]92 = 11, (il,iQ) = (1,1), Z = B and
P =P;:=A5,11) \ Py = {3,41,53}. We get My = {4,7,13,25,28,42,49, 54,55}
which is covered by Ps, i3 = 1, {42,54} is covered by {41,53} and i(Ps) is even for
i€ By =1{2,3,5,9,10,17,19,33,37}. Hence P(a;) < 2 for i € By. Since (%) = (35)
and (2%) # 1, we see that a; = 1 for ¢« € By. By taking J = B;, we derive that
either Z = () or Z; = () which is a contradiction. The other case (ir,i17) = (1,6) is
excluded similarly.

Let (k, Qo) = (71,43), (Q1,Q2) = (53,67), (is3, is7) = (0,0). Then P, = {7,11,13, 19,
23,71}. We get M, = {7, 11,13, 14,19, 21, 22, 23, 26, 28, 33, 35, 38, 39, 42, 43, 44, 46, 52,
55,56, 57, 63, 65,66, 69,70}, By = {1,2,3,4,5,6,8,9,10, 12, 15, 16, 17, 18, 20, 24, 25, 27,
29,30, 31, 32, 34, 36, 37,40, 41, 45,47, 48,49, 50, 51, 54, 58, 59, 60, 61, 62, 64, 68}, i7 = i1;
= i13 = ilg = i23 = 07 7:71 = 43. FUI'thGI', for p € 7)1, P T a; for 4 S Bl. Now we
take Pg = 7)1 U {43, 53,67}, P1 = 11,])2 = 13, (’il,ig) = (070),1 = Bl, P = 7)2 =
A(11,13)\ Py = {5,17,29,31,37,47,59,61} and £ = by = > p, [%] By Lemma 5, we
see that M = {5,10,15,17,20,29,30,31,34, 37,40, 45,47, 51,58, 59, 60, 61, 62, 68} is
covered by Ps, i(Ps) iseven fori € B ={1,2,3,4,6,8,9,12,16, 18,24, 25,27, 32, 36,41,
48,49,50,54,64}. We get i5 = i17 = igg = i31 = 0, and {37,47,59,61} is covered by
37,47,59,61. Thus 37 - 47 - 59 - 61|agrasraseas. Further p f a; for i € B and p € Ps.
We take P() = 7)1 UPQ U {43,53,67}, P = 5,p2 = ].1, (il,iQ) = (0,0),1— = BQ,
P =P; = A5, 1)\ Py = {341} and £ = (3 = > _p ’—g-‘ By Lemma 5,
we see that My = {3,6,12,24,27,41,48,54} is covered by Ps, i(Ps3) is even for
i€ By =1{1,2,4,8,9,16,18,32,36,49,64}. Thus iy = 0 implying iy = 0 and p = 2
whenever p|a; for ¢ € B;. By taking J = By, we have B; = Z;" UZ; with

75 ={1,4,9,16,36,49,64}, I; = {2,8,18,32}.

Thus a; = 1 for i € Z." and a; = 2 for i € I, since a; € {1,2} for i € B;. This is a
contradiction since 43|d, (%) = (%) and (35) # (&)

Let k£ = 89, Qo = 79, (Ql,Qg) = (23,73),(i23,i73) = (19, 15) Then 731 =
{13,19,29, 31,37, 47,59,61,67,79,89}. We find that M, = {1,9,10,12, 14,21, 23, 26,
27,29, 30,31,36,41,49,50,51,57,59, 62,69, 75}, B, = {0,2,3,4,5,6,7,8,11,13,16, 17,
18,20, 22, 24, 25, 28, 32, 33, 34, 35, 37, 38, 39, 40, 43, 44, 45, 46, 47, 48, 52, 53, 54, 55, 56, 58,
60, 61,63,64,66,67,68,70,71,72,73,74,76,77,78,79, 80,81, 82,83, 84, 85,86, 87}, i13 =
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10,419 = 12,499 = 1, 131 = 26,437 = 14 and {9, 21,27, 29, 41} is covered by 47,59, 61, 67, 89.
Thus igg € {9,21,27,29,41}. Further for p € Py, p 1 a; for i € B;. Now we take
Po = PrU{23,73,79}, p1 = 19,p2 = 29, (i1,i2) == (12,1),Z = By, P = Py =
A(19,29) \ Py = {11,17,43,53, 71} and £ = by = 3 p, [E] = 22. Thus |Z7'| = |Z] =
|B1| > 2¢5. By Corollary 1, we have M =: My, B =: By and (Mas, By, Ps, {s) has
Property $. We get My = {0,2,3,11,17,20,22,33,35,37,44,45, 54, 55,66, 71, 77},
By ={4,5,6,7,8,13,16, 18,24, 25,28, 32, 34, 38, 39, 40, 43, 46, 47, 48, 52, 53, 56, 58, 60,
61,63, 64, 67, 68,70, 72,73, 74,76, 78,79, 80, 81, 82, 83, 84, 85, 86,87}, i1, = 0,i17 = 3,
iy3 = 2 and {17,35} is covered by 53,71. Further p { a; for i € By and p € Ps.
We take Py = Py U Py U {23,73,79), p1 = 11, py = 13, (i1, is) = (0,10), = B,
P =Py = A1L13)\ Py = {5} and £ = {3 = 3 p [5] = 18. Thus || =
|Z| = |Bs| > 2¢3. Then the conditions of Corollary 1 are satisfied and we have
M = Mj, B =: Bs with (Mg, Bs, Ps,l3) having Property $. We get M3 =
{8,18,28,43,48,53,58,68,73,78,83}, B3 = {4,5,6,7,13,16, 24, 25, 32, 34, 38, 39, 40, 46,
47,52, 56, 60, 61, 63, 64, 67, 70, 72, 74, 76, 79, 80, 81, 82, 84, 85, 86,87}, i5 = 3. Lastly
we take Py = P; U Py U Py U {23,73,79}, p1 = 5,ps = 11, (i1, in) := (3,0),7 = By,
P =Py = A511)\ Py = {3,41} and £ = {4 = > 5 [5]. By Lemma 5, we
see that M = {4,6,34,40,46,47,61,64,67,76,82,85} is covered by Py, i(P,) is even
for i € B = {5,7,16,24,25,32,39,52,56,60,70,72,74,79,80,81,84,86,87}. Thus
i3 = 1,151 = 6 and p € {2,7,83} whenever pla; for i € B. Since 79|d, we see that
a; € {1,2,83,2-83} or a; € {7,14,7 - 83,14 - 83} for i € B. The latter possibility is
excluded since 7 1 (i — i) for all 4,7 € B. By taking J = B, we have B = 7 UZ;
with

T ={7,24,32,39,52,72,74,79,84,87}, I = {5, 16,25, 56, 60, 70, 80, 81, 86}

Then we observe that either a; € {1,2-83} for i € Z.” and a; € {2,83} for i € Z; or
vice-versa. This is not possible by parity argument. The other case (ia3,i73) = (0,0)
is excluded similarly.

5. PROOF OF LEMMA 8

Let 7 < k < 97 be primes. Suppose that the assumptions of Lemma 8 are satisfied.
Assume that ¢|d or ¢z|d and we shall arrive at a contradiction. We divide the proof
in subsections 5.1 and 5.2

5.1. The cases 7 < k < 23. We take ¢ =5 in (7) and (8). We may suppose that 5|d
if K =7,11 and 11|d if k = 13. Let 5|d. Then

(24) S C{1,6} or S C{2,3}
according as (%) = 1 or —1, respectively. Thus (24) holds if k = 7,11. Let 11|d. Then
(25) S C {1,3,5,15} or S C {2,6,10,30}

according as (7) = 1 or —1, respectively. Let 13|d. Then

(26) S C {1,3,10,30} or S C {2,5,6,15}
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according as ({5) = 1 or —1, respectively. Thus either (25) or (26) holds if 13 < &k <
23.

By observing that a;’s divisible by a prime p can occur in at most { W terms, we
have

p>5 H if k=711
(27) Ty <tyi= Q2,0 (5] =2 if 13< k<23
Spos o] =3 if k=23

where the sum is taken over all p < k. For the last sum, we observe that 7 and 11
together divide at most six a;’s when k£ = 23. We divide the proof into 4 cases.

Case I. Let 21 d and 31d. From (24), (25), (26), (10) and Lemma 1, we get

|T| <ty o= maX(fl(kaLO)+f1(k7670)7f1(k7270)+f1<k7370))+ (ﬂ 1fk:77117
! fi(k,1,0) + fi(k,3,0) + fi(k,5,0) + fi(k,15,0) + [§] if k> 11

since fi(k, a,d) is non-increasing function of a and Y, ve(a) < [4]. We check that
k=|T|+ |Ty| <t + 1t} <k, a contradiction.

Thus we have either 2|d or 3|d. Let k = 7,11. If 2|d, then S C {1} or S C {3}. If
3|d, we have S C {1} or S C {2}. By Lemma 2, we get |T'| < 51, We check that
k=|T|+|Ti| < %L+t < k by (27). This is a contradiction. From now on, we may
also that suppose that 13 <k <23.

CaseIl. Let 2|d and 3t d. Then S C {1,3,5,15}if 11|dand S C {1,3} or S C {5,15}
if 13|d. Let 2||d. From (10) and Lemma 1 with 6 = 1, we get
T < F(k,1,1) + F(k,3,1) + F(k,5,1) + F(k, 15,1) =: L.

Let 4[|d. From a; = n(mod 4), we see that S C {1,5} or § C {3,15} if 11|d and
either S =0 or S = {1}, {3}, {5} or {15} if 13|d. Therefore

|T| < F(k,1,2) + F(k,5,2) =: ts.
by Lemma 1 with § = 2. Let 8|d. Then a; = n(mod 8) and Lemma 1 with § = 3
imply
|T| < F(k,1,3) =
Thus |T| <max(ta, t3,t4). This with (27) contradicts (9).
Case III. Let 2 t d and 3|d. From a; = n(mod 3), we see that either S = ) or

S ={1},{2},{5} or {10} if 11|d and S C {1,10} or S C {2,5} if 13]d. By (10) and
Lemma 1, we get

7| < F(k,1,0) + F(k,5,0),
which together with (27) contradicts (9).

Case IV. Let 2|d and 3|d. Then S C {1}, {5}. By Lemma 2, we get |T| < &L We
check that k = |T| + |11 < 52 4t/ < k, a contradiction.
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5.2. The cases k > 29. Let 29 < k < 59 and 19|d. Then by Lemma 7 with Qy = 19,
we get 7|d or 17|d. Thus we get a prime pair (Q, Q') = (7,19) or (Q,Q’) = (17,19)
such that QQ’|d. Similarly we get (Q, Q") = (7,29) or (Q, Q') = (17,29) with QQ’|d
when 31 < k < 59 and 29|d. Let k = 71. Then we have either 43|d, 67|d or 43|d, 67 1 d
or 43 1 d,67|d. We get prime pair (Q, Q') = (43,67) with QQ’|d if 43|d,67|d. If
43|d, 67 t d, we get from Lemma 7 with @)y = 43 that 53|d and we take (Q,Q’) =
(43,53) such that QQ’|d. If 43 1 d,67|d, we get from Lemma 7 with Qo = 67 that
53|d and we take (Q,Q) = (53,67) such that QQ'|d. Similarly we get prime pairs
(Q, Q") with QQ’|d for each 61 < k < 97 are given in the table below. For ¢ < 17, we
see that

k >peg [E] =2 i 29 <k <61
(28) !ﬂhé}j(ﬁfwy: S g [E] —4 if 61 <k <97
proe Yoy [ =7 if k=07

where the sum is taken over primes < k.

Case I. Let 2 { d and 3 1 d. We take ¢ = 11 if k = 71, (Q,Q’) = (43,67) and

Q
q = 7 otherwise, in (7) and (8). From (%) = <%> and <a—,> = <&>7 we get

S C 8" = {s: s squarefree, P(s) < g, (%) = (%) , <é> = (%)} By considering
((g),(ﬁ)) — (1,1), (1, 1), (=1,1) and (=1, 1), we get four possibilities of S'.
For each value of k, we give below a table for (Q,Q’) and S’

k (Q,Q) S C S with S’ given by one of
20 <k <59 (7,19),(7,29) 11,307, {2, 15}, {3,101}, (5,6}
20 < k <59 | (17,19), (17,29) | {1,30,35,42}, {2, 15,21, 70}, 3, 10, 14, 105}, {5, 6,7, 210}
61 (11,59) {1,3,5,15), (2,6, 10,30}, {7, 21, 35, 105}, {14, 42, 70, 210}
67,71 (43,53) {1,6,10,15), {2, 3,5,30}, {7, 42,70, 105}, {14, 21, 35, 210}
71 (43,67) See (29)
71 (53,67) {1,6,10,15), {2, 3,5, 30}, {7, 42, 70, 105}, {14, 21, 35, 210}
73 (23,53) {1,6,70,1051, {2, 3,35, 2101, {5, 14, 21,30}, {7, 10, 15, 42}
73 (23,67) {1,6,35,210}, {2, 3,70, 105}, {5,7, 30, 42}, {10, 14, 15, 21}
79 (23.53), (53,73) | {1,6,70,105}, 12,3, 35, 210}, {5, 14, 21, 30}, {7, 10, 15, 42}
79 (23,67), (67,73) | {1,6,35,210Y, {2,3,70,105}, {5, 7, 30, 42}, {10, 14,15, 21}
83 (23,37), (37,73) | {1,3,70,210}, {2, 6,35, 105}, {5, 14, 15,42}, {7, 10, 21, 30}
89 (23.79), (73,79) | {1, 2,105,210}, (3,6, 35,70}, {5, 10, 21,42}, {7, 14, 15, 30}
97 (23.37), (23,83) | {1,3,70,210}, {2, 6,35, 105}, {5, 14, 15, 42}, {7, 10, 21, 30}

For k=71, (Q, Q") = (43,67), we get S C 5" with S’ given by one of

{1,6,10,14, 15,21, 35,210}, {2, 3,5, 7, 30, 42, 70, 105}

29
(29) {11, 66,110, 154, 165, 231, 385, 2310}, {22, 33, 55, 77, 330, 462, 770, 1155}.
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From the possibilities of S C S’ given by the above table, (10) and Lemma 1, we get
T| < t5:=max Y F(k,s,0)

ses’

where the maximum is taken over all the four choices of S’. This with (28) gives
|T| + |T1| < t5 +t}, < k a contradicting (9).

Case II. Let 2|d and 3 1 d. We take g = 7 for 2||d,4||d and ¢ = 11 for 8|d. Let 2||d.
Then S C {1,3,5,7,15,21,35,105} =: Sy. From (10) and Lemma 1 with 6 = 1, we
get
T| <> F(k,s,1) =tg
SES2

Let 4||d. Then we see that either S C {1,5,21,105} =: Sy; or S C {3,7,15,35} =:
Sso. From (10) and Lemma 1 with § = 2, we get

|T| < max Z (k,s,2)
86541
Hence, if 8 1 d, then |T| <max(tg,t7). This with (28) implies |T'|+ |7} | < max(tg, t7)+
t, < k, contradicting (9).

Let 8|d. Then we see from a; = n(mod 8) that S C {1, 33,105,385} =: Sg; or S C
{3,11,35,1155} =: Sg» or S C {5,21,77,165} =: Sg3 or S C {7,15,55,231} =: Ss..
Then

7| < max F(k,s,3) =:ts.
1<i<4
SESgi

by Lemma 1 with 6 = 3. This with (28) implies |T'|+|7}| < ts+t, < k, a contradiction.
Case III. Let 2 { d and 3|d. We take ¢ = 11. Then by modulo 3, we get either

S C {1,7,10,22,55,70, 154,385} =: Sa1 or S C {2,5,11, 14,35, 77,110,770} =: Ss».
By (10) and Lemma 1, we get

|T]<maxz (k,s,0)

86531

This together with (28) contradicts (9).

Case IV. Let 2|d and 3|d. Let 2||d. We take ¢ = 7. Then we see that either
S C{1,7} or S C {5,35}. By (10) and Lemma 1, we get |T'| < F(k,1,1)+ F(k,7,1)
which together with (28) contradicts (9).

Let 4[|d. We take ¢ = 13. From a; = n(mod 12), we see that
SCS €& :={{1,13,385,5005}, {5,65, 77,1001}, {7, 55,91, 715}, {11, 35, 143, 455} }.
Then

|T| <max » F(k,s,2)
S'€6
ses’

which together with (28) contradicts (9).
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Let 8|d. We take ¢ = 17. From a; = n(mod 24), we see that S C S =
{1,385,1105,17017} or S C S € &, where &, is the union of sets

{5,77,221,85085}, {7, 55,2431, 7735}, {11, 35, 1547, 12155}, {13, 85, 1309, 5005},
{17,65,1001, 6545}, {91, 187, 595, 715}, {119, 143, 455, 935}.

Let S C S” € &,. Then

|T| < max F(k,s,3) =: t.
s"ee ses”

Let S C 5. By Lemma 2, we get v/(1) < %51, This together with v/(1105)+1(17017) <
1 by 13-17|ged (1105, 17017) and v(385) < 1 by Lemma 1 gives |T| < %142, Therefore
|IT| <max(t19, £ + 2). This with (28) contradicts (9). O

6. PROOF OF THEOREM 4

Let k = 7. By the case k = 6, we may assume that 7 { d. Now the assertion
follows from Lemmas 8 and 6. Let k = 8. Then by applying the case k = 7 twice to
nn+d) - (n+6d) =0y?and (n+d)---(n+7d) =V"y", we get

(ao, - ,ag), (ar, - ,ar) € {(2,3,1,5,6,7,2),(3,1,5,6,7,2,1), (1,5,6,7,2,1, 10),
(2,7,6,5,1,3,2),(1,2,7,6,5,1,3), (10, 1,2,7,6,5,1)}.

This gives (ag, -+ ,a7) = (2,3,1,5,6,7,2,1),(3,1,5,6,7,2,1,10) or their mirror im-
ages and the assertion follows. Let & = 9. By applying the case k£ = 8 twice to
nn+d)---(n+7d) = Vy? and (n +d)---(n + 8d) = V'y"*, we get the result.
Let k = 10. By applying k = 9 twice, we get (ag, a1, ,as), (a1, a9, -+ ,as,ag) €
{(2,3,---,1,10), (10,1, --- ,3,2)} which is not possible.

Let k£ > 11 and k' < k be consecutive primes. We suppose that Theorem 4 is
valid with k replaced by k’. Let k|d. Then (%) = (%) for all 0 < 7 < k. By
applying the case k = k¥ to n(n +d)---(n + (K — 1)d) = V'y"* with P(b') < k', we
get k' < 23 and 1,2,3,5 € {ag,a1,a9, - ,ar_1} in view of (5) and (6). Therefore
(%) = (%) = (%) = 1 which is not possible.

Thus we may assume that k 1 d and k|n+id for some 0 < i < % by considering the
mirror image (4) of (2) whenever Theorem 4 holds at &’. We shall use this assertion
without reference in the proof of Theorem 4.

Let £ = 11. By Lemmas 8 and 6, we see that 11jn + id for 0 < ¢ < 3. If
11|n, the assertion follows by the case & = 10. Let 11|n + d. We consider (n +
2d) - -+ (n + 10d) = 'y with P(0/) < 7 and the case k = 9 to get (as,as,- -+ ,ai) €
{(2,3,1,5,6,7,2,1,10), (10,1,2,7,6,5, 1,3,2)}. The first possibility is excluded since

= (§) = (%¢2) = (1) = —1. For the second possibility, we observe P(ag) <
5 since ged(ap, 7 - 11) = 1 and this is excluded by the case k = 6 applied to
n(n + 2d)(n + 4d)(n + 6d)(n + 8d)(n + 10d). Let 11|n + 2d. Then by the case
k =8, we have (as, a4, - ,a1) € {(2,3,1,5,6,7,2,1),(3,1,5,6,7,2,1, 10),
(1,2,7,6,5,1,3,2),(10,1,2,7,6,5,1,3)}. The first three possibilities are excluded by
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considering the values of Legendre symbol mod 11 at as, as; as, a4 and ags, as, respec-
tively. If the last possibility holds, then ag = 1 since ged(ag,2-3-5-7-11) =1 and

this is not possible since 1 = (%%4) = (%) = —1. Let 11|n + 3d. We consider

(n+4d)---(n+10d) = b'y”? with P(b') < 7 and the case k = 7 to get (ay, -+, a10) €
{(2,3,1,5,6,7.2),(3,1,5,6,7,2,1),(1,5,6,7,2,1,10), (2,7,6,5,1,3,2), (1,2,7,6,5,1,3),
(10,1,2,7,6,5, 1)} which is not possible as above. This completes the proof for k = 11.
The assertion for k£ = 12 follows from that of £ = 11.

Let k = 13. Then the assertion follows from Lemmas 8, 6 and the case k = 11.
Let k = 14. By applying k =13 ton(n+d)---(n+12d) =b'y* and (n+d)--- (n+
13) = V"y"?, we get the assertion. Let k¥ = 15. Then applying k& = 14 both to
n(n+d)---(n+13d) and (n +d)--- (n + 14d) gives the result. Now k = 16 follows
from the case k = 15.

Let £ = 17. Then 17|n + 2d or 17|n + 3d by Lemmas 8, 6 and the case k = 15.
Let 17|n + 2d. Then by applying the case k = 14 to (n + 3d)--- (n + 16d) = V'y”
with P(V) < 13, we get (ag, a4, ,a16) € {(3,1,---,15,1),(1,15,--- ,1,3)}. The
first possibility is excluded by Legendre symbol mod 17 at as, ay. For the second, we
observe that ged(aq, 7-11-13-17) = 1 which is not possible by the case k = 6 applied
to (n+d)(n+4d)(n+7d)(n+ 10d)(n + 13d)(n + 16d). Let 17|n+ 3d. By considering
(n+4d)---(n+16d) = b'y? with P(V/) < 13, it follows from the case k = 13 that
(a4, aig) € {(3,1,---,14,15), (1,5, -- ,15,1), (15,14, - , 1,3),(1,15,--- ,5,1)}.
The first three possibilities are excluded by considering Legendre symbol mod 17 at
as, as. If the last possibility holds, we observe that a; = 1 since ged(ar, [[,<17p) =1

and then 1 = (%) = (“6%#) = —1, a contradiction. The assertion for k = 18

follows from that of £k = 17.

Let k£ = 19. Then the assertion follows from Lemmas 8, 6 and the case k = 17. By
applying k = 19 twice to n(n+d) - -- (n+18d) and (n+d) - - - (n+ 18d)(n + 19d), the
assertion for k = 20 follows and this implies the cases k = 21, 22.

Let k = 23. We see from Lemmas 8, 6 and the case k = 20 that 23|n+ 3d. We con-
sider k = 19 and (n+4d) - - - (n+22d) = b'y? with P(b') < 19 to get (a4, as, - , as) =
(1,5,---,21,22) or (22,21,---,5,1). By considering the values of Legendre symbol
mod 23 at a4 and a5, we may assume the second possibility. Now P(az) < 11 and
this is not possible by the case k = 11 applied to (n + 2d)(n + 4d) - - - (n + 22d).
Let k = 24. We get (ag,aq, -+ ,as3) = (5,6,---,3,7),(7,3,--- ,6,5) by considering
k =23 both to n(n+d)--- (n+22d) and (n+d)--- (n+ 23d). Further the assertion
for 25 < k < 28 follows from k = 24.

Let & > 29. First we consider £ = 29. We see from Lemmas 8, 6 and the
case k = 25 that 29|n + 4d or 29|n + 5d. Let 29|n + 4d. Then considering k =
24 and (n + 5d)(n + 6d) - - - (n + 28d), we get (as, a6, - ,a28) = (5,6,---,3,7) or

(7,3,--+,6,5). By observing 1 = (%) = (%) = (12—92) = —1, we may assume the
(=2)4

second possibility. Then a; = 1 implying 1 = (%) = (*5 ) = —1, a contradic-

tion. Let 29|n + 5d. Now by considering £ = 23 and (n + 6d) - - - (n + 28d), we get
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(a67a77"' 7a28) € {(5767 72673)a(6777"' a377)7(37267"' 76a5)7
(7,3,--+,7,6)}. Then we may restrict to the last possibility by considering the Le-
gendre symbol mod 29 at the first two entries in the remaining possibilities. It follows

that a3 = 1 implying 1 = (M) = <ﬂ> = —1, a contradiction. This completes the

29 29
proof for k£ = 29. We now proceed by induction. By Lemmas 8 and 6, the assertion
follows for all primes k. Now Lemma 3 completes the proof of Theorem 4. 0

7. PROOF OF THEOREM 1

Observe that for all tuples in (5) and (6), the product of the a;’s is not a square.
Hence, by Theorem 4, we may assume that 101 < k£ < 109. Assume (1). Then
ord,(apay - - - ag—1) is even for each prime p. Let 101 < k < 105. Then P(a4as - - - aip0) <
97. Now the assertion follows from Theorem 4 by considering (n + 4d) - - - (n + 100d)
and k = 97. Let k& = 106,107. Then P(agas---ajp2) < 101. We may suppose
that P(asas) = 101 or P(ajpiai02) = 101 otherwise the assertion follows by the case
k =99 in Theorem 4. Let P(asas) = 101. Then P(ag- - - a102) < 97 and the asser-
tion follows by & = 97 in Theorem 4. This is also the case when P(ajp1aip2) = 101
since P(ay---ajo) < 97 in this case. Let & = 108,109. Then P(ag- - ajp) < 101.
Thus either P(agay;) = 101 or P(ajpia102) = 101. Let P(agay) = 101. Then
P(ag---ajpe) < 97. We may assume that 97|agagaigar; or 97|agr - - - ajp1a102. Let
97|agagaiparr. Then P(ajgais---ajee) < 89 and the assertion follows by the case
k = 91 of Theorem 4. Let 97|ag; - - - a102. Then P(agag - - - ags) < 89 and the assertion
follows from the case k = 89 of Theorem 4. When P(ajp1a102) = 101, we argue as
above to get the assertion.

0
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