GRIMM’S CONJECTURE AND SMOOTH NUMBERS

SHANTA LAISHRAM AND M. RAM MURTY

ABSTRACT. Let g(n) be the largest positive integer k such that there
are distinct primes p; for 1 < ¢ < k so that p;|n + 4. This function is
related to a celebrated conjecture of C.A. Grimm. We establish upper
and lower bounds for g(n) by relating its study to the distribution of
smooth numbers. Standard conjectures concerning smooth numbers in
short intervals imply g(n) = O(n€) for any ¢ > 0. We also prove
unconditionally that g(n) = O(n®) with 0.45 < « < 0.46. The study
of g(n) and cognate functions has some interesting implications for gaps
between consecutive primes.

1. INTRODUCTION

In 1969, C.A. Grimm [8] proposed a seemingly innocent conjecture re-
garding prime factors of consecutive composite numbers. We begin by stat-
ing this conjecture.

Letn > 1 and £ > 1 be integers. Suppose n + 1,--- .n + k are all
composite numbers. Then there are distinct primes P; such that P;|(n + 1)
for 1 < ¢ < k. That this is a difficult conjecture having several inter-
esting consequences was first pointed out by Erdos and Selfridge [5]. For
example, the conjecture implies there is a prime between two consecutive
square numbers, something which is out of bounds for even the Riemann
hypothesis. In this paper, we will pursue this theme. We will relate sev-
eral results and conjectures regarding smooth numbers (defined below) to
Grimm’s conjecture.

To begin, we say that Grimm’s conjecture holds for n and £ if there are
distinct primes P; such that P;|(n+i) for 1 < i < k whenevern+1,...,n+
k are all composites. For positive integers n > 1 and k, we say that (n, k)
has a prime representation if there are distinct primes Py, P, . .., P, with
Pi|(n+7), 1 < j < k. We define g(n) to be the maximum positive integer
k such that (n, k) has a prime representation. It is an interesting problem
to find the best possible upper bounds and lower bounds for g(n). If n
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is the smallest prime greater than 7, Grimm’s conjecture would imply that
g(n) > n’ — n. On the other hand, it is clear that g(2™) < 2™ for m > 3.

The question of obtaining lower bounds for g(n) was attacked using
methods from transcendental number theory by Ramachandra, Shorey and
Tijdeman [15] who derived

logn 3
> - =
9(n) = ¢ <1oglogn)

for n > 3 and an absolute constant ¢ > 0. In other words, for any suf-
ficiently large natural number n, (n, k) has a prime representation if £ <
(logn/loglogn).

We prove:
Theorem 1.

(1) There exists an o < % such that g(n) < n® for sufficiently large n.
(ii) Fore > 0, we have |{n < X : g(n) > n}| < Xexp(—(log X )37°)
where the implied constant depends only on e.

We show in Section 3 that 0.45 < « < 0.46 is permissible in Theorem
1(1).

For real z,y, let U(z,y) denote the number of positive integers < x all
of whose prime factors do not exceed y. These are y-smooth numbers and
have been well-studied. In 1930, Dickman [3] proved that for any o < 1,

q; (0%
lim —(a:, %)
T—00 €T

exists and equals p(1/a) where p(t) is defined for ¢ > 0 as the continuous
solution of the equations p(t) = 1 for 0 < ¢ < 1 and —tp'(t) = p(t — 1)
for t > 1. Later authors derived refined results. We refer to [11] for an
excellent survey on smooth numbers. An important conjecture on smooth
numbers in short intervals is the following.

Conjecture 1.1. Let € > 0. For sufficiently large =, we have
U(x +x2°) — U(x,z) > x“.
This is still open. Assuming Conjecture 1.1, we have the following.

Theorem 2. Let € > 0. Then g(n) < n° for large n assuming Conjecture
1.1.

Let p; denote the 7th prime. As a consequence of Theorem 2, we obtain

Corollary 1.2. Assume Grimm’s conjecture and Conjecture 1.1. Then for
any € > 0,

(1) Pit1 — Pi < D§
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for sufficiently large 1.

If we assume Grimm’s conjecture alone, then Erdds and Selfridge[5]

have shown that

piv1 — i < (pif logpi)'/2,

which is something well beyond what the Riemann hypothesis would imply
about gaps between consecutive primes. Indeed, the Riemann hypothesis

implies an upper bound of O(p; / *(log p;)). It was conjectured by Cramér
[1] in 1936 that
pir1 — pi < (logp;)?

If Cramér’s conjecture is true, then the result of Ramachandra, Shorey and
Tijdeman [15] would imply Grimm’s conjecture, at least for sufficiently
large numbers. In [13], Laishram and Shorey verified Grimm’s conjecture
for all n < 1.9 x 10'°. They also checked that p; 1, — p; < 1+ (log p;)? for
i < 8.5 x 108.

It is worth mentioning that there are several weaker versions of Grimm’s
conjecture that have also been attacked using methods of transcendental
number theory. For an integer v > 1, we denote by w(v) the number of
distinct prime divisors of v and let w(1) = 0. A weaker version of Grimm’s
conjecture states that if n + 1,n + 2,...,n + k are all composite num-
bers, then w(Hle(n + 1)) > k. This conjecture is also open though much
progress has been made towards it by Ramachandra, Shorey and Tijdeman
[16].

We define g;(n) to be the maximum positive integer & such that

l

w([J(n+i) =1

i=1
forall 1 <[ < k. Observe that g;(n) > g(n). We prove

Theorem 3. There exists a y with ) < v < % such that
2 g9(n) < gi(n) <n’

for large values of n.

We show in Section 5 that v = % — ?T;o is permissible. This result will be

proved as a consequence of the following theorem which is of independent
interest.

Theorem 4. Suppose there exists 0 < a < % and § > 0 such that
m + m® m o
3) 3 {ﬂ—.) - w(-,)} > om

J J

Jj<m«~
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holds for large m. Then g1(n) < n” with
1-0(1—a)

5 )<

( 1
= max(« =.
g 5 9
for large n.
A conjecture coming from primes in short intervals states that(see for
example Maier [12]):

:L,CM

m(z+2%) — w(x) ~ as T — 00.

log x

Assuming this conjecture, we obtain for m — oo,

= e —w@»} N e

I<m® J J 7<m« log 7 I<m> J logm
logm/ logm
Taking u = bgt , we get
m+m m
> {ﬂ—.) -x(%}
j<me J J
~m / . = m“[—log(1 — u)]g = —m®log(1l — )
—u

as m — oo. Continuing as in the proof of Theorem 4, we obtain g (n) <

n“t with

1+ (1 —a)log(l —a)
2 +log(l — )

Since log(1 — a) ~ —a for 0 < o < 1, we see that

I1+(1—a)log(l—a) 1-a(l-a) 1 9
2 4 log(1 — «) ~ 2—« —5(1—04—4—04)(1—

).

a; = max(q,

N1
5)

1 9 a, 1 9 3
~ 2(1 a+a”)(1+ 2) = 4(2 a+a”+a’)
and the function }1(2 — a + o + o?) attains its maximum at o = % where
the value of a; ~ 0.4567. Hence, it is unlikely that we can get a result with
g1(n) < n? with v < .4567, by these methods. As such, this value g, (n) =
O(n®) seems to agree with the permissible value of 0.45 < a < 0.46 in
g(n) = 0(n").

It was noted by Erdos and Selfridge in [5] that “the assertion v < % seems
to follow from a recent result of Ramachandra [14] but we do not give the
details here.” In [6], Erdos and Pomerance noted again that “Indeed from
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the proof in [14], it follows that there is an o« > 0 such that for all large
n a positive proportion of the integers in (n,n + n®| are divisible by a
prime which exceeds nzs. Using this result with the method in [S] gives
g(n) < n2=< for some fixed ¢ > 0 and all large n.” However there is no
proof anywhere in the literature about this fact. We give a complete proof
in this paper by generalizing the result of Ramachandra [14] in Lemma 2.5.

2. PRELIMINARIES AND LEMMAS

We introduce some notation. We shall always write p for a prime number.
Let A(n) be the von Mangoldt function which is defined as A(n) = logp
if n = p" for some positive integer  and 0 otherwise. We write 6(x) =
qu log p. For real z, y, let U(z, y) denote the number of positive integers
< x all of whose prime factors do not exceed y. We also write log, z for
log log x. We begin with some results from prime number theory.

Lemma 2.1. Let k,t € Z and x € R. We have

(i) m(z) < Gz (1+ ll'(fg???)form > 1.
(i) pr > t(logt + logy t — c1) for some ¢y > 0 and for large t.
(iii) (z) < 1.00008z for x > 0.

(iv) O(p) > t(logt + logy t — c2) for some cy > 0 and for large t.

V) kI > 21k e *kFetmw for k > 1.

The estimate (i) is due to Rosser and Schoenfeld [18]. Inequalities
(1), (i4i) and (iv) are due to Dusart [4]. The estimate (v) is Stirling’s for-
mula, see [17].

The following results are due to Friedlander and Lagarias [7].

Lemma 2.2. Let 0 < € < 1 be fixed. Then there are positive constants cg
and ¢, depending only on € such that there are at most c; X exp(—(log X)%’E)
many n with 1 < n < X which do not satisfy

4) U(n + n,n) — ¥(n,n) > cn.

Lemma 2.3. There exist positive absolute constants o and ¢y with % <a<

% such that

3) U(n+n% n%) — ¥(n,n") > cn®.
for sufficiently large n.

Lemma 2.2 is obtained by taking « = [ = € in [7, Theorem 5] and
Lemma 2.3 is obtained by taking © = n,y = z = n® witha = 3 — 1
in [7, Theorem 2.4]. From [10, Theorem 2] and the remarks after that, a
permissible value of o in Lemma 2.3 is given by an o with 0.45 < o < 0.46.

The following is the key lemma which follows from the definition of g(n)

and relates the study of g(n) to smooth numbers.
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Lemma 24. Let z,y,z € R be such that V(x + z,y) — V(z,y) > 7(y).
Then g(|z]) < z.

Proof. Letx < n; < ny < --- < ny < x+ 2z be all y-smooth numbers
with ¢ > 7(y). Then, (ny, n, —ny) does not have a prime representation. In
particular, (|x], | z]) has no prime representation. Thus g(|z]) < z. O

The next result is a generalization of a result of Ramachandra [14].

Lemma 2.5. Let 31—3 <AL zig' For a = 1%’\ and for sufficiently large x, we
have
x + z“ x 1 A
6 _ - > - - / a
© > {r ) a2 g - e

2
n<lx®

where € > 0 is arbitrary small.

We postpone the proof of Lemma 2.5 to Section 4.

3. PROOF OF THEOREMS 1 AND 2

Proof of Theorem 1: (i) Let « be given by Lemma 2.3. We apply Lemma
2.4 by taking = n,z = y = n®. Since 7(y) = m(n%) < 2aﬁ)(;n < cn®
for sufficiently large n, the assertion follows from Lemma 2.4 and Lemma
2.3. As remarked after Lemma 2.3, a permissible value of « is given by
0.45 < o < 0.46.

(i7) Let € > 0 be given. By (i), we may assume that ¢ < 3. Since 7(n°) <
2612;71 < con© for sufficiently large n where ¢, is given by Lemma 2.2, the
assertion now follows from Lemma 2.4 by taking * = n,2 = y = n® and
Lemma 2.2. U

Proof of Theorem 2: Let € > 0 be given. We apply Lemma 2.4 by taking
r=mn,z=y =n Since m(y) = 7(n) < 2=%— < n* for sufficiently

elogn
large n, the assertion follows from Lemma 2.4 and Conjecture 1.1. U

4. PROOF OF LEMMA 2.5

We follow the proof of Ramachandra in [14] and fill in the details as we
goalong. Let o < §and 0 < § < 1. By taking ¢ = z*~! in [14, Lemma
1], we obtain

(7) Z {ﬂ(a:—i—xo‘) —W(%)}log% = (1 —a)z“logz + O(z?).
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We divide the interval [3,1 —a]as0< f=Fy <1 <...<fn=1—a
for some m. For0 < r < s < 1, let

®) Strs) =Y {w(x —

We would like to get an upper bound for S(3,1 —a) = 7" S(Bi, Bir1)-
We first prove the following lemma which is minor refinement of [14, Lemma
3].

Lemmad.l. Letx > land1 < R < S < 2'~%. For an integer d > 1, let

©) Ri= Y {[x:;dxa] - [%}}-

o T

>—w<§>}logﬁ.

R<n<S
Then
(10)
x + x” x (2 —€)x® S 1 1
—7m(=)p < ——log(=+2) (1 —
R;S{W< n ) 7T(n)}_ log z Og(R+ )< +O(R+10gz)>

+O(z max |Ry|)

where z > 3 is an arbitrary real number and € > 0 is arbitrary small.

Proof. Let
T= U ((£,$+x]mz).
R<n<S n n

From 7', we remove those which are divisible by primes < +/z and let T}
be the remaining set. We note that for each d, the number of integers in '
divisible by d is

¢ 1

— -+ R

d Z n i

R<n<S
Using Selberg’s sieve as in [14], we obtain the assertion of lemma. U
Let ¢(u) = u — [u] — 3. Then we can write
x® x + x® T
nd 17 Lg) = na g ) o)

The following result is a restatement of [14, Lemma 2] which follows from
a result of van der Corput (see [14]).

[.’L’—l-l’a} _ [az}

Lemma 4.2. Let uw > 1,V, V| be real numbers satisfying 3 <V < Vi <
2V.Vi >V +1landu < n < 2u. Then
n 1 3 1 1
11 —)=0Vz2logV + Vz2u 2 .
(11) Y. o) =0(VilogV +Viu2 +us)

V<n<»i
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To get an upper bound for S(f3;, Bi11), we take R = 2% S = 2P+ in
Lemma 4.1. Recall that 8;;1 < 1 — . We subdivide (R, S| into intervals
of type (V,2V] and at most one interval of type (V, V;] with V; < 2V. We
apply Lemma 4.2 twice by taking n = % and n = # to get

R;=0 ((méﬁ"“ 4 op2@fn-Dgs 4 (g)ﬂ (log x)2>
=0 ((a:l’%ad% + x%> (log x)2> :
since B;11 < 1 — a Let 3a — % << % and take z = 2. Then
zmax |Ry| = O(z'~2+2 (log z)?)

and 1 — %oz + %5 < a. From (10), we obtain

> e e} < B -

n n
zPi<n<zPit1

Therefore an upper bound for

rP<n<gl-
is
2z log x
0
{(B1 = Bo)(L = Bo) + (B2 = B1)(L = B1) + -+ (B — Brm—1)(1 = Brm—1) }-

We take (3;’s to be equally spaced and take m sufficiently large. Since

@ l-«a @
T [ = A 0t 2 - )
we obtain with (7) that
(12)
a a2 _ _
S {rEE) r)) 2 - ane  EEE
n<zh

where 1 — %a + %5 < aand € > 0 is arbitrary small.

Let%<)\< %andweputazﬁz%andézép\. Thenl—%a—k

%(5 < « and hence we obtain (6) from (12). O
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5. PROOF OF THEOREM 4 AND THEOREM 3

We begin with the proof of Theorem 4.

Proof. Recall that g;(n) is the largest integer & such that

l

w([Jn+4) =1

=1

for 1 <[ < k. Suppose that g;(n) > n?. Then g;(n) > n®. Let k = [n?].
Then

wP) >k, P=]]n+i).

e (5) = (5)

Now the intervals [n,n + k], [n/2,(n + k)/2], ... are disjoint intervals.
In fact, if we write I; = [n/j, (n + k)/j] = [a;, bj|(say), then it is easily
seen by > a; > by > as > by > agz--- by virtue of the condition that
k < n® with o < 1/2. A prime ¢; (say) lying in the interval /; satisfies
n < jg; < n+k and consequently is a prime dividing P. Since these primes
q; are all distinct, and all of these primes are greater than n/k > nl= we
deduce that there are at least 6k distinct primes greater than n'~® dividing
P. Let ¢’ > § be such that 6’k = [dk]. Since w(P) > k, there are at least
(1 — &)k other primes dividing P and (1 — §')k € Z. Also k!|P since P
is a product of k consecutive numbers. All the prime factors of k! are less
than or equal to & < n® < n'~“ since a < 1/2. Hence we get

By (3),

P > k! H p | (Rt

k<p<p(1_5/)k

Now we apply the bounds provided by Lemma 2.1. By Lemma 2.1 (i)
and (iv), we obtain

log H p | =0(pa—sk) — 0(k)

k<p<p_sik
>(1—0)klog(l — &)k + (1 —")k{logy(1 — 0")k — co}
— 1.00008k
>(1—8")klog(l — 0"k + k(czlogy csk — ¢4)
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where ¢3, ¢4 are positive constants. This together with k! > (£)* by Lemma
2.1 (v) and P < (2n)* imply

k‘ / ! !’
o2n > —(1 — &)k ¢5(log eshk)2n® =)
e

1 Y c k Y Y "1—a
= g(l — ") ¢5(log esk) 3(H)2 ' (2=9) 9" (1=a)

> 2n'y(275’)+6’(17a) > 2n7(275)+5(17a)2n

for large n since ¢’ > dand 1 — o > % > ~. This is a contradiction. Thus
gi(n) <k <n*<n. O

l—a

Proof of Theorem 3: From Lemma 2.5, we obtain (3) with a = 5% and
0= % + % — es’ for some 3—13 <A< % Now the assertion follows from (4).

Taking A = 55 + 2¢’ for instance, we get 7 < 1 — =i O

Remark: It is possible to improve the result we have obtained. However
the improvement is not substantial. Indeed the result of van der Corput has
been improved and using methods of Harman and Baker [2], it is possible
to obtain a small refinement. The details are rather technical and will be
discussed in a future paper by the junior author.

ACKNOWLEDGMENTS

We thank the referee for helpful remarks and careful reading of our pa-
per. We would also like to thank Sanoli Gun and Purusottam Rath for their
careful reading and corrections on an earlier version of this paper.

REFERENCES

[1] H. Cramér, On the order of magnitude of the difference between consecutive prime
numbers, Acta Arithmetica, 2 (1936), 23-46.

[2] R. C. Baker and G. Harman, Numbers with a large prime factor, Acta Arith. 73
(1995), 119145.

[3] K. Dickman, On the frequency of numbers containing prime factors of a certain
relative magnitude, Ark. Mat. Astr. Fys., 22 (1930), 1-14.

[4] P. Dusart, Inégalitiés explicites pour (X)), 0(X), w(X) et les nombres premiers, C.
R. Math. Rep. Acad. Sci. Canada 21(1)(1999), 53-59, 55.

[5] P. Erd6s and J. L. Selfridge, Some problems on the prime consecutive integers II,
Proc. Wash. State Univ. Conference on Number Theory, Dept. of Math., Washington
State Univ., Pullman, Washington, (1971), 13-21.

[6] P. Erdés and C. Pomerance, An analogue of Grimm’s problem of finding distinct
prime factors of consecutive integers, Utilitas Math., 24 (1983), 45-65.

[7] J.B. Friedlander and J. C. Lagarias, On the distribution in short intervals of integers
having no large prime factor, Journal of Number Theory, 25 (1987) 249-273.



GRIMM’S CONJECTURE AND SMOOTH NUMBERS 11

[8] C. A. Grimm, A conjecture on consecutive composite numbers, Amer. Math.
Monthly, 76, (1969), 1126-1128.
[9] P. Hall, On representatives of subsets, J. London Math. Soc., 10 (1935), 26-30.

[10] G. Harman, Integers without large prime factors in short intervals and arithmetic
progressions, Acta Arith. 91 (1999), 279289.

[11] A. Hildebrand and G. Tenenbaum, Integers without large prime factors, J. Theor.
Nombres Bordeaux, 5 (1993), 411484.

[12] H. Maier, Primes in short intervals, Michigan Math. J., 32 (1985), 221-225.

[13] S. Laishram and T.N. Shorey, Grimm’s conjecture on consecutive integers, Int. J.
Number Theory, 2 (2) (2006), 207-211.

[14] K. Ramachandra, A note on numbers with a large prime factor, J. Lond. Math. Soc.,
1 (1969), 303-306.

[15] K. Ramachandra, T. N. Shorey and R. Tijdeman, On Grimm’s problem relating to
factorisation of a block of consecutive integers, J. reine angew. Math. 273 (1975),
109-124.

[16] K. Ramachandra, T. N. Shorey and R. Tijdeman, On Grimm’s problem relating to
factorisation of a block of consecutive integers 11, J. reine angew. Math. 288 (1976),
192-201.

[17] H. Robbins, A remark on Stirling’s formula, Amer. Math. Monthly 62, (1955). 26-
29.

[18] J. B. Rosser and L. Schoenfeld, Approximate formulas for some functions of prime
numbers, Illinois Jour. Math 6 (1962), 64-94.

STAT-MATH UNIT, INDIAN STATISTICAL INSTITUTE, NEW DELHI, INDIA
E-mail address: shanta@isid.ac.in

DEPARTMENT OF MATHEMATICS, QUEEN’S UNIVERSITY, KINGSTON, ON, CANADA
E-mail address: murty@mast .queensu.edu



