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ABSTRACT. In this paper, we show that for each n > 1, the generalised
Hermite-Laguerre Polynomials G1 and G3 are either irreducible or linear

1 1
polynomial times an irreducible polynomial of degree n — 1.

1. INTRODUCTION

(e}

Let n and 1 < a < d be positive integers with ged(a, d) = 1. Let ¢ = § and let
(a); =ala+d)--(a+(j —1)d)

for non negative integer j. We define

[P dn—l n—1

d"x ta x fta dx
1 A ——
(@) (@)n—1 (o)1
where ag, a1, --a, € Z and P(lagay,|) < 2. Here P(v) is the maximum prime
divisor for |v| > 1 and P(1) = P(—1) = 1. We put
x
G(z) = Gy(z) =(@)nly(7)
=apz" + ap_1(a+ (n — l)d)x’“1 R
n—1 n—1
ay (H(a—l—id)) x + ao (H(a—i—id)) .

i=1 i=0
Schur [Sch29] proved that Gy with |ag| = |an| = 1 is irreducible. Laishram and
Shorey [LaiSho] showed that G 1 and G 2 are either irreducible or linear polynomial

F(z):=Fy(z) =ap

+CLO

times an irreducible polynomial of degree n — 1 whenever |ag| = |a,| = 1. For an
account of earlier results, we refer to [ShTi] and [FiFiLe]. We prove

Theorem 1. For each n, the polynomials Gi and G% are either irreducible or
linear polynomial times an irreducible polynomial of degree n — 1.

For Theorem 1, we prove the following lemma in Section 2.

Lemma 1. Let 1 <k < 5. Suppose there is a prime p satisfying
p>d,p > min(2k,d(d — 1))

and

k
(1) pIHa+ n—j)d H +(—1)d
Then G(x) has no factor of degree k.
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We compare Lemma 1 with [ShTi, Lemma 10.1]. The assumption on p in [ShTi,
Lemma 10.1] has been relaxed. For any integer v > 1, we denote by w(v) the
number of distinct prime factors of v and w(l) = 0. In Section 3, we give an
upper bound for m when w(Hf:_Ol (m +1id)) <t for some t. In Section 4, we give
preliminaries for the proof of Theorem 1. In Section 5, we complete the proof.

2. PROOF OF LEMMA 1
Let

Aj=ala+d) - (a+ (j—1)d).

For each 1 < ! < d and ged(l,d) = 1, we observe that ¢|Ay for all primes ¢ =
kd

I='a(mod d) and ¢ < %. Since p > a and p { Ay, we have p > 5. Let jo be
the minimum j such that p|(a + (j — 1)d) and we write o + (jo — 1)d = plp. Then
Jo > k since p{ Ag and we observe that 1 < [y < d by the minimality of jo. As in
the proof of [ShTi, Corollary 2.1], it suffices to show that
A 1
¢j:(>rdpj(])<k for1 <j<n.

We may restrict to those j such that o+ (j — 1)d = pl for some I. Then (j — jo)d =
p(l — lp) implying d|(I — lp). Writing | = lg + sd, we get j = jo + ps. Note that if
p|(a+ (i — 1)d), then a + (i — 1)d = p(lp + rd) for some r > 0. Hence we have

(2)
ordp(A;) = ordy ((plo)(p(lo + d)) - -+ (p(lo + sd)) = s + 1+ ordy(lo(lo + d) - - - (lo + sd))

for some integer s > 0. Further we may suppose that s > 0 otherwise the assertion
follows since p > d > ly. Let r¢ be such that ord, (lp +rod) is maximal. We consider
two cases.

Case I: Assume that s < p. Then p divides at most one term of {lp+id : 0 < i < s}
and we obtain from (2) and lp + sd < (s + 1)d < p? that ¢; < j:—t;%s' Thus ¢; < +
if s(p—k) > ksince jo—k+s(p—k)—k>1+s(p—k)—k. If p> 2k, then
s(p — k) > k. Thus we may suppose that p < 2k. Then p > d(d — 1). Since
p > %, we obtain s(p — k) > k if s > d — 1. We may suppose s < d — 2. Then
lo+sd <d—14(d—2)d < p and therefore ¢; = =+l < s+l <0

jotps — k+1+(k+1)s
Case II: Let s > p. Then

log(ly + sd) s
+ .
logp p—1

We have p > d+ 1. This with lp < d—1 < p < s imply log(lp + sd) <logs(d+1) =
log s + log(d + 1) < log s 4 log p. Hence

ord,(A;) < s+ 1+ ord,(lp + rod) + ord,(s!) < s+ 1+

S log s
+
p—1  logp

ordy(Aj) <s+1+

Since % = MTPS > 1+ Zs, it is enough to show that

1 1 log s
>1l+—F+-+
p—1 s slogp

El S
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Since s > p, the right hand side of the above inequality is at most 1+ p—il + 127 and
therefore it suffices to show

1 2 p
3 14—+ =< =
3) +p71+p_k
Let p > 2k. Then p > 2k + 1 > k + 2 and the left hand side of (3) is at most
1 2 2 k+2 p
1+ —+-——<1+-=""T2<Z2,
+2k+2k+1_ +k: k — k

Thus we may assume that p < 2k. Then p > d(d — 1) since p t d. Further d > 3
since p > %. Therefore the left hand side of (3) is at most

3 1 d P
1 <1 = < =,
RO I B R g Ry

Hence the proof. O

3. AN UPPER BOUND FOR m WHEN w(A(m,d, k)) <t
Let m and k be positive integers with m > kd and ged(m,d) = 1. We write
A(m,d, k) =m(m+d)--- (m+ (k—1)d).
Assume that
(4) w(A(m,d, k)) <t.

for some integer ¢. For every prime p dividing A, we delete a term m + i,d such
that ord,(m + ipd) is maximal. Then we have a set T of terms in A(m, k) with

|T| :kftiito.
We arrange the elements of T" as m + i1d < m +i2d < --- < m + i;,d. Let

to
(5) P = H(m +1i,d) > m'.
v=1
Now we deduce an upper bound for 8. For a prime p, let r be the highest power
of p such that p” < k—1. Let w; = #{m+1d : pl|_(m+i),m_+i eT}forl1<i<r.
By Sylvester and Erd8s argument, we have w; < [3¢]+ [%] < [%} Let h, >0

be such that [p’f,p%ll] <t < [’;’1]. Then [{m +id € T : ord,(n +id) < hp}| <

hp

to — wp,+1. Hence

r—1
ord,(B) < rwr + Z u(wy, — Wyt1) + hp(to — wh,+1)

].

It is also easy to see that ord,(P) <ord,(k — 1)!) if p { d and ord,(P) = 0 if p|d.
Therefore

u=hp+1
= Wp + Wp—1 + - + Why41 + hplo
h h
"Lk—1 Pook—1 vk
SZ{ @ J+hptO*ZLTJ :Ordp((kfl)!)‘i’hptO*Z{ .
e P =1 P w1 P

m'o <9 < (k= 1! [ o=

p<k
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where

. hyp o .
Lo(p) = min(0, hpto — 30,7, [E5H]) if ptd
—ordy((k —1)!) if p|d.
Observe that
(6) mto < (k—1)! Hp—ordp((k—m)_
pld

We also note that Lo(p) < 0 for any prime p. Hence for any ! > 1, we have from
(5) that

(7) m< (P)o < [ (k=D ] p™P | = Lk,

p<pi

4. PRELIMINARIES FOR THEOREMS 1
Let m and k be positive integers with m > kd and ged(m,d) = 1. We write
A(m,d, k) =m(m+d)--- (m+ (k—1)d).
For positive integers v, u and 1 <1 < p with ged(l, u) = 1, we write

m(v, p,l) = Z 1, 7(v) =7(v,1,1)

PV
p=l(mod pn)

O(v,p,l)= > logp.

p<v
p=l(mod pn)

Let p; ,,,; denote the ith prime congruent to ! modulo p. Let 0,,(2,1) = pit1,1,0—Pip,l
and W, (3,1) = (pi 1, Pit1,u,1). We recall some well-known estimates from prime
number theory.

Lemma 4.1. Let k € Z and v € R be positive. We have
(1) m(v) < (1 + 11}?5?) forv>1

(#7) ordy,(k —1)! > % — logl(()’;—pl) for k> 2.
1

(ii1) 2k e Fkbe™71 < k! < 27k e FkFera .

The estimates () is due to Dusart([Dus99]. The estimate (7i7) is due to Robbins
[Robb55, Theorem 6]. For a proof of (i7), see [LaSh04, Lemma 2(i)]. O
The following lemma is due to Ramaré and Rumely [RaMu96, Theorems 1, 2].

Lemma 4.2. Letd =4 and | € {1,3}. For vy <10, we have

8 b oo [5(-0002238) forv> 100

() (V7 1) = %<1_L\/3708158> fOI‘1010>VZVO
and

9 o gy o 500002238 for v > 100

( ) (Va ) ) = % (1 + L\/l%glsg) for 1019 > v > 1.

We derive from Lemmas 4.1 and 4.2 the following result.
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Corollary 4.3. Let 105 < m < 138 x 4k. Then P(A(m,4,k)) > m.

Proof. Let d = 4 and 10° < m < 138 x dk. Let [ € {1,3} and assume m = [(mod
d). We observe that P(A(m,d, k) > m holds if

O(m +d(k —1),d,1) — 0(m — d,d, 1) = > logp > 0.

m<p<m+(k—1)d
p=l(d)

From Lemmas 4.1 and 4.2, we have

O(m —d,d,1) 14 2 x 1.798158
m—d /
and
O(m+ (k—1)d,d,l) -1 2 x 1.798158
—d+dk -
mXiC) V10°
Thus P(A(m,d, k) > m holds if
2 x 1.798158 4 x 1.798158
12219090 b
( 108 Ydk > 108 (m —d)
which is true since
m 103 1
<1 -
ak =138 < i7osies 2
Hence the assertion. O

The following lemma is a computational result.

Lemma 4.4. Let | € {1,3}. Then 04(¢,1) < 24,32,60,200 according as pja; <
120, 250, 2400, 108, respectively.

As a consequence, we obtain

Corollary 4.5. Let d = 4, k > 6 and m be such that m < 120,250, 2400, 10°
when 6 < k < 8, 8 < k < 15, 15 < k < 50 and k > 50 respectively. Then
P(A(m,d, k)) > m.

Proof. We may assume that p; q; < m < m+(k—1)d < p;41,q4,; for some ¢ otherwise
the assertion follows. Thus p;y1,4; > d+m+ (k—1)d and p; 4; < m—d. Therefore
04(%,1) = pit1,a0 — Piag > d+m+ (k—1)d — (m —d) =d(k+1) > dk. Now the
assertion follows from Lemma 4.4. O

5. PROOF OF THEOREM 1

Let 2 < k < 5 and assume that G(z) has a factor of degree k. We take m = a+
4(n — k). Since n > 2k, we have m > 4k. We may assume that P(A(m,4,k)) < 4k
otherwise the assertion follows from Lemma 1 since o + 4(k — 1) < 4k. Thus
P(A(m,4,k)) < 4k < m.

Let £ < 6. Then P(A(m,4,k)) < 4k < 23 implying P(m(m + 4)) < 24. Then
m + 4 = N where N is given by [Leh64, Table ITA] for p < 23. For each such
N and for each 2 < k < 6, we first restrict to those m = N — 4 > 4k such that
P(A(m,4,k)) < 4k. They are given by k = 2, m € {21,45}. Here P(m(m+4)) =7
and since m = 1 modulo 4, the assertion follows by taking p = 7 in Lemma 1.
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Therefore k > 7. Let wy (k) := n}{%}g}w(A(a,ll, k)). If w(A(m,4,k)) > wyq, then
ae{l,:

there is a prime p satisfying (1) implying p > k > 7. Observe that 11|A(3,4, k) and
11|A(1,4,k) for k > 9. For k € {7,8}, if w(A(m,4,k)) > wi, then there are two
primes p > k dividing A(m, 4, k) but p t A(1, 4, k) and hence there is a prime p > 11
satisfying (1). Therefore by Lemma 1, we may assume that w(A(m,4,k)) < w.
Taking ¢t = wy, we obtain from (7) with p; = 7 that m < 104, 245, 2353 according
as k < 10,20, 400, respectively. This is not possible by Corollary 4.5.

Hence k > 400 and further m > 108 by Corollary 4.5. By Corollary 4.3, we may
further suppose that m > vg - 4k where v := 138. Since P(A(m,d, k)) < 4k, we
have w(A(m,d, k)) < m(4k) — 1. Taking ¢t = 7(4k) — 1 in (4), we obtain from (6)
that

k= (4k) 41  o—orda((k=1)) _ Ko _ordy(h—1)1)
(vo - 4k) <(k—-1)2 =7 2 .

By using estimates of ord,(k — 1)!) and k! from Lemma 4.1, we obtain

m(g)k <(27rk)éeXp(1;]€)> (2_k+2(k )

(2m)bexp(hy))
vo - VEk

since k > 400. By using estimates of 7(4k) from Lemma 4.1, we get
41og(vg - 4k) <1 1.2762 )

('UO . 4k)lc—7r(4l~c) <

or

(vo-4-e-2)F < (vg - 4k)™(4R) < (vg - 4k)™ @)

log(vg - 8-€) <

log(4k) log(4k)
The right hand side of the above expression is a decreasing function of k and the
inequality does not hold at £ = 401. This is a contradiction. (]
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